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PREFACE 


Th«  Third  IntematiorMi  Confer«fKe  on  Numoncol  Ship  Hydrodynamics  was  hold  in  Paris. 
Francs,  on  16-t9Juns  1961  atthsPatsisdssConorSs.ThaConferancowas  sponsorsd  iomtly 
by  ths  Miration  G6n6rate  pour  1‘Armsinsni.  ths  David  W.  Taylor  Naval  Ship  Ressarch  and 
Osveiopment  Canter  and  tha  Office  of  Naval  Research 

For  a  third  time  researchers  from  throuQhout  the  world  came  together  to  present  and  discuss 
their  latest  work  In  this  rapidly  evolvinQ  er'd  ir^reasmgly  more  Important  specialty.  While  the 
first  two  Confe.*ences  were  quite  Interrtational  in  character,  this  meeting  was  the  first  of  the 
series  held  outside  of  theUnited  States  and  hence  themultinationai  nature  of  thsresearchwas 
even  further  highlighted.  Perhaps  partly  because  of  both  the  location  in  Europe  and  the  large 
time  span  of  four  years  sir>ce  the  previous  meeting,  such  a  large  number  of  high  quality  papers 
were  submitted  that  the  Conferer^ce  duration  was  extended  to  four  days  from  the  origmslly 
planned  th'ee.  Even  so.  msrty  good  papers  had  to  be  rejected 

It  v.as  gratifying  to  see  that  so  many  researchers  are  tKklmg  the  important  and  difficult  vortax 
flow  problems.  On  the  other  hend.it  wesdiseppomting  to  receive  very  I'ttle  response  to  the  call 
for  (Mpers  m  the  ereea  of  boundary  layer  fiowa,  flow  induced  atructurel  vibrations,  and 
hydrodynsmk:  noise.  Perhaps  this  lack  ^  reaponsa  will  aerve  to  stimulate  rasearchars  to 
conatder  the  opportunitiea  in  these  challenging  areaa 

As  usual,  the  success  of  this  Conference  was  due  to  the  collective  efforts  of  e  large  number  of 
individuals  This  opportunity  is  taken  to  mention  the  contributions  of  those  whose  efforts 
would  otherwise  be  unrecorded.  The  personal  help  of  Professor  Daniel  Euvrard  is  gratefully 
acknowledged  Special  thanks  go  to  Mr  Arestier  and  his  staff  in  the  Reprography  Service  who 
worked  efficiently  in  preparing  all  the  preprints  associated  with  the  Conference.  Finelly,  we 
Wish  to  thank  Mrs  Chnstiane  Chamaud,  Seaetaty  to  tha  Conference  for  her  invaluable  assis 
tance  m  the  many  aspects  of  the  orgenUetion  of  the  Conference  Thanks  ere  also  d  ,e  to 
Mrs  Evelyne  lescureux  of  the  Documemeuon  Service  who  contributed  to  the  success  of  the 
Conference 
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STANCE  D'OUVERTURE 

OE  LA  TROISlfME  C0NF£RENCE  INTERNATIONALE 
O'HYDRODYNAMIQUE  NAVALE  NUM^RIQUE 

M«x  Auchftr 

Oirecteuf  du  6««iin  d'EtMit  dai  Carines 


Kesdanes  et  Messieurs, 


Je  vous  souhaite  i  tous  U  blenvenue  &  cette  3^e  Conference  Inter¬ 
nationale  d'HydrodynaaiQue  Navale  Nuoerique  et  j’espere  que  vous  y  trou- 
vere2  un  tr*,  grand  interfit. 

Oes  participants  sont  venus  de  tous  les  coins  du  monde  pour  y  assis- 
ter.  II  seralt  trop  fastidieux  d’erwmerer  ici  tous  les  pays  representSs. 
Le  rfisultat  d'yne  telle  representation  sera,  j*en  suis  stir,  que  les 
comnunications  presentees  et  discussions  qui  suivront.  assureront  une 
large  diffusion  Internationale  des  travaux  de  cette  conference. 

La  premiere  chose  que  j'ai  i  faire  maintenant  et  la  plus  inpor* 
tante  peut-etre  est  de  vous  presenter  I'lnoenieur  General  Touffait. 
Oirecteur  Technioue  des  Constructions  Navales,  oui  represente  Monsieur 
Martre,  Oeieoue  General  de  rAmement.  Monsieur  Martre  avait  Men  voulu 
accepter  la  Presidence  d’Honneur  de  cette  Conference.  Malheureusement, 
d'autres  obligations  dues  i  I'inportance  de  sa  charge  ne  lui  permettent 
pas  de  participer  personnellement  i  cette  seance  d'ouvetture  de  la  confe¬ 
rence,  ce  qu'11  regrette  tres  vivement. 

8ien  qu'il  ne  soit  pas  hydrodynamicien.l’lngenleur  General  Touffait 
a  un  lone  passe  d’architecte  naval  essertiellenent  pour  les  sous-manns. 
Les  probiemes  qui  lui  ont  ete  posesl'ont  amene  i  frequenter  les  hydro- 
dynamiciens  charges  d*etudier  le  conportement  de  ces  navires  en  irmer- 
slon  profonde,  mais  aussi  en  surface  et  en  plongee  i  falble  limersion. 

11  a  pu  alnsi  salsir  I'inportance  croissante  que  prenalt  dans  la  conduite 
de  ces  etudes,  le  calcul  nunerique  aide  par  I'existcnce  de  calculateirs 
de  plus  en  plus  rapides  et  puissants. 

Monsieur  I'lngenieur  General  Touffait,  e'est  avec  plaislr  quo  je 
vous  passe  la  parole. 


Je»n  Touff«it 

Directeur  T«chniqu*  de$  Constructions  Nsvsfes 


HesdaBses  et  floss  {eurs. 


Conhrmant  les  propos  <Je  Monsieur  Auchcr  je  me  dois  tout  d'abord 
d'expriaer  de  la  part  de  Monsteur  Martre  061^u6  66n6ral  pour  rArae* 
faent  ses  tr€s  vifs  regrets  de  ne  pouvoir  prtsider  I'ouvertur  de  ce 
CongrSs. 

En  tant  gue  Directeur  Technique  des  Constructions  Navales  de  la 
Marine  Natlonale  Frangaise,  c'est  un  honneur  et  un  platsir  pour  rsoi 
que  de  souhalter  la  bienvenue  A  tous  les  participants  de  cette 
Conference  sur  le  Calcul  Kunlrique  en  Hydrodynanique  Navale  ,  c’est 
aussi  une  tiche  difficile  pour  un  non  speciallste  d’essayer  de  vous 
dire  en  quelques  mots  comment  il  ressent  vos  preoccupations. 

C'est  un  grand  honneur  pour  le  8assin  d’Essais  des  CarSnes  de 
Paris  qul  fait  partle  de  ma  Direction  d’avoir  choisi  par  I’Officc 
of  Naval  Research  et  le  David  Taylor  Naval  Ship  Research  and  Develop¬ 
ment  Center  comme  premiere  institution  etangire  chargee  d’organiser 
hors  des  Etats-Ums  cette  Conference  sur  les  applications  des  methodes 
de  calcul  avancees  i  1 'Hydrodynanique  Navale 

de  suls  heureux  de  constater  que  vous  (tes  r)orbreuK»  que  beauroup 
de  participants  sont  venus  parfols  de  tris  lom  pour  assuter  S  cette 
Conference  ,  j'espire  cue  tous  trouveront  a  la  fois  un  vlf  interfet 
professlonnel  en  ecoutant  les  nocrbreux  exposes  techniques  prevus,  et 
un  vlf  interet  tounstique  en  visitant  Paris  en  dehors  des  seances  de 
travail. 

Neuf  ans  se  sont  deja  ecoulfts  depuis  le  9eme  Symposium  d'Hydro- 
dynamlque  Navale  tenu  a  Paris  en  1972  et  11  n'est  que  de  consulter 
les  articles  publies  a  cette  epoque,  et  les  conferences  qui  vont  &tre 
faltes  1C1  aujourd'hui  et  les  prochalns  jours  pour  apprecler  le  deve- 
loppement  qu'a  pris  le  calcul  numerique  dans  le  domaine  de  I'hydrodyna- 
mlquc  navale. 

Le  calcul  nusierique  est  devenu  a  la  fois  une  science  et  un  art 
qul  fait  que  les  theories  mathenatlques  les  plus  complexes  peuvent 
Stre  exploUees  par  les  Inginieurs 

Dans  un  passe  encore  recent,  les  Ingenieurs  cherchant  a  appro- 
fondlr  la  connaissance  des  phenopienes,soucieox,  cowie  moi,  d'obtemr 
ces  resultats  concrets  et  chiffris  susceptibles  d'6tayer  des  decisions 
en  matiire  d'archltecture  navale,  avaient  le  choix  entre  deux  possibl- 
lltes  extremes  :  linearlser  les  probiemes  ou  esperer  que  des  savants 
mathematlciens  arrlveraient  a  trouvcr  des  solutions  mathematlques  a 
des  systemes  d'equatlons  fort  complexes. 
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Hals,  la  linearisation  des  probltoes  pour  facMitler  la  resolution 
des  equations  a  fait  q'je  pendant  1on9teaps  tes  travaux  theoriques  des 
hydrodynaoiciens  ont  porte  sur  des  foraes  geonetriques  siaaples  ayant 
des  applications  assez  Hnitees  oour  I'lngenieur.  A  Toppose,  les  theo¬ 
ries  mathematiques  proclanees  rigoureuses  faisaient  appel  e  une  fomu- 
lation  si  conplexe  et  sans  solution  i  Thorizon  que  I'ingenieur  aux 
prises  avec  la  reallte  quotidienne  perdait  rapldec^ent  tout  cspoir  de 
resultat  et  pensait  qu'il  ne  s'agissait  U  que  d‘une  pure  speculation 
de  Tesprit. 

II  n'en  est  plus  de  meme  actuellecsent,  grice  au  developpenent 
continuel  de  la  capacite  des  ordinateurs  scientifiques  et  aux  progres 
dans  les  techniques  et  nethodes  de  prograonation  et  de  resolution  des 
equations. 

11  n'est  que  de  consulter  le  prograniae  de  cette  Conference  pour 
voir  que  la  resolution  des  probienes  non  lineaires  et  instationnaires 
-c'est-i-dire  des  probietnes  difficilesserrant  de  plus  pres  la  realite 
des  choses-  feront  I'objet  de  nouftreuses  connunications  la  resolution 
de  ces  probiemes  est  en  passe  de  devenir  ctonnaie  courante. 

Cependant  et  quelle  que  soit  la  conplexite  des  equations  auxquelles 
des  solutions  numeriques  sont  apportees,  quelles  que  soient  la  qualite 
et  la  precision  des  catculs  aboutissant  i  ces  valeurs  numeriques, 

I'espnt  contestataire  d‘un  ingenieur  architecte  naval  re  se  sentira  pas 
pleineiTent  rassure  11  aiinera  voir  sur  le  reel  de  preference,  4  rechelle 
de  12  pouces  par  pied,  4  dlfaut  sur  un  nxxieie  4  echelle  reduite,  les 
resultats  des  calculs  confrontes  4  des  nesures  experirnentales  et  si 
possible  corfortes  par  eux. 

L4  aussi,  Je  suts  sOr  que  de  non^ireux  auteurs  seront  heureux  de 
vous  montrer  1' accord  entre  leurs  calculs  et  les  resultats  exp6ritpentaux 
Certains  auteurs  dit-on  ont  mene  plus  confiance  dans  leurs  calculs  que 
dans  les  resultats  experinentaux  quand  ceux-ci  soni  obtenus  par  des 
noyens  de  nesures  sophistiques  et  deiicats. 

Aussi  et  gr4ce  au  calcul  nunenque,  gr4ce  aux  travaux  que  vous  avez 
effectues,  4  ceux  que  vous  allez  presenter  4  parttr  d’aujourd’hui,  4 
ceux  que  vous  poursuivez,  I'architecte  naval  se  sent  rassure  ca**  il  peut 
rapprocher  les  resultats  des  calculs  theoriques,  de  ceux  des  essais  sur 
fflodeies,  les  resultats  des  essais  sur  modeies  de  ceux  des  essais  sur 
reels,  les  resultats  des  calculs  theonques  de  ceux  des  essais  sur  reels 
Voir  evoluer  un  sous-marin  sur  une  trajectoire  perturbee  prevue  par  le 
calcul  et  dej4  ve*"  flee  par  un  essai  sur  modeie  libre  est  une  tres  grande 
satisfaction  et  justtfie  un  grand  merei  4  ceux  qui  le  pertnettent,  et  dont 
il  faut  aussi  saluer  le  pragnatisne  ou  la  modestie  quand  ils  savent  et 
osent,  au  vu  des  essais  sur  nodeic  ou  reel,  retoucher  leurs  theories  of 
certains  coefficients  hydrodynamiques  ' 

Nous  sonres  done  reconnaissants  4  tous  les  auteurs  qui  ont  bien 
voulu  apporter  leur  contribution  4  cette  Conference  et  je  remercie  4 
Tavance  tous  les  participants  qui  par  leur  intervention  depuis  la  salle 
vont  aniner  et  enrichir  les  debats. 

le  Coinite  de  Selection  a  eu  une  t4che  trfts  difficile  pour  faire  un 
choix  dans  les  sujets  de  cotfiunication  requs.  Bien  que  la  duree  de  la 
Conference  ait  et6  portee  de  3  4  4  jours,  il  n'a  ete  possible  oc  '■etenir 
que  la  noitie  des  sujets  soomis  au  Comite.  Que  les  auteurs  qui  n'ont  pas 
pu  etre  retenus  se  rassurent,  il  re  faut  pas  voir  dans  cette  decision 
qui  a  ete  pSnible  4  prendre  par  le  Conite  de  selection  un  manque  d'inte- 
ret  pour  leurs  travaux. 
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Pour  t«ra(ner,  je  voudrais  r«e«rcier  toui  ceux  qu)  ont  contribui 
iii  $ucc£s  de  cette  Conference. 

Tout  d'abord  les  org^nisates  Qui  par  leur  $outien  financier  en  ont 
assure  let  eoyens  cateriels  ;  je  veux  clter  sans  ordre  de  preference  : 

roffice  of  Kaval  Research  et  )e  hSRDC  c6te  £tats*Uris, 
la  Direction  des  Recherches,  etudes  et  Techniques. 

ainsi  que  la  Direction  Technique  des  Constructions 
Navales.  toutes  deux  ce  la  Miration  Cv^n^rale  pour 
TArceoent. 

Ensuite  ceux  qui  personnele^ent  ont  passi  o'*  '^s  appreciable  de 
leur  activite  dans  la  preparation  caterielle  oe  cette  Conference,  et 
qui  ont  eu  i  resoudre  un  certain  noebre  de  difficuUes  Hprevues  :  Je 
voudrais  citer  en  particulier  ; 

le  Oocteur  Robert  Whitehead  de  I'Office  of  Naval  Research, 
ringenieur  en  Chef  Jean*Claude  Oern  du  Bassin  d'tssais  des  Carencs. 
President  de  la  Conference. 

le  Oocteur  Henry  Hausshnq  du  David  Taylor  Naval  Ship  Research  and 
Oevelopient  Center,  Vice-President  de  la  Conference. 

Je  voudrais,  wintenant,  liesdaees  et  l^essieurs.  rassurer  les 
preaiers  auteurs  qui  doivent  parler  ;  je  ne  vous  iitpcrtunerai  pas  plus 
longtesps. 

Je  declare  ouverte  la  Sece  Conference  Internationale  d’Hydrodyna- 
eique  Navale  Nuserique,  et  Je  souhaite  que  vous  consorviez  tous  de  cette 
Conference  un  agreablc  souvenir. 
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Session  I 

NONLINEAR  WAVES 
AND 

WAVE  RESISTANCE 


JV.W«h*usen 
Session  Chsirmen 
University  of  Celifomia 
USA 
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SOME  FREE-SURFACH  PHENOMENA  AROUND  SHIPS  TO  BE  CHALLENGED 
BY  NUMERICAL  ANALYSIS 
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Abstract 

KURcrical  methods  arc  inportant  for 
prediction  of  wave  resistance  of  full 
ship  forns  which  can  not  bo  tackled  by 
linear  thin-ship  theory.  To  nakc  these 
nuBcrical  methods  oore  reliable^  detail 
investigations  into  the  characteristics 
of  nonlinear  free-surface  phenonena 
such  as  breaking  waves  around  ships  are 
necessary.  In  this  paper  sonc  recent 
studies  are  rovie*.cd  to  got  better 
understanding  of  frcc-surfacc  phenorena 
relating  to  breaking  waves  around  bow, 
shoulder  and  stern  of  ships.  First,  a 
nuRorical  study  on  the  air  bubble  en- 
train»ent  in  breaking  waves  around 
protruding  bulb  is  presented  together 
with  flow  visualization  test  results. 
Then  studies  on  the  freo«surface  shear 
flow  related  to  bow  wave  breaking  arc 
reviewed.  Finally,  interaction  of 
viscous  boundary  layer  at  the  free* 
surface  along  the  hull  and  the 
fernation  of  breaking  waves  is  ex* 
plained.  One  of  the  inportant  findings 
in  these  studies  is  that  frco-surfaco 
shear  flow  is  closely  related  with  the 
fornation  of  breaking  waves  around 
ships. 


1.  Introduction 

Prediction  of  wave  resistance  of 
ship  and  inprovenont  of  hull  forn  arc 
najor  objectives  in  the  research  of 
ship  wave  and  wave  resistance,  Inprovc* 
nent  of  the  prediction  method  widens 
the  aoility  of  hull  forn  inprovenont. 
Ceaseless  efforts  have  been  devoted 
hitherto  for  inprovenont  of  prediction 
method  and  hull  forn  design  of  low 
wave  resistance. 

In  1979  various  calculation  nethods 
were  presented  at  workshop  on  Wave 
Resistance  Conputations  hold  in  David 
W.  Taylor  Naval  Ship  Research  and 
Developnent  Center  U).  One  of  the 
najor  conclusions  of  the  workshop  was: 
The  wave  resistance  predictions  by 
first  order  thln-shlp  theory  arc  rather 
consistent  in  comparison  with  oxpori* 
mental  data  and  not  worse  than  the 


envelope  of  predictions  of  sccningly 
oorc  sophisticated  nethods  presented  at 
the  Workshop  for  the  Wiglcy,  Inui  S- 
201,  Series  SO  of  block  coefficient 
0.60,  and  ATHENA  hulls.  However,  the 
prediction  by  linear  thin-ship  theory 
is  unacceptable  for  the  full  forn  HSVA 
tanker. 

This  conclusion  encourages  us  to  use 
first  order  thin-ship  theory  for  the 
design  purposes  for  ships  of  block 
coefficient  less  than  0.60,  The  first 
order  thin-ship  theory  is  very  conve¬ 
nient,  since  wave  resistance  can  be 
calculated  rather  easily  by  integrating 
wave  resistance  fornula  which  is  ex¬ 
pressed  as  a  functional  of  ship 
ooonctry.  If  a  direction  of  inprovenont 
of  hull  forn  is  shown  even  qualitative¬ 
ly,  the  theory  boconcs  an  effective 
tool  foi  design  of  low  wave  resistance 
hull  forn. 

Fruitful  applications  of  first  order 
wave  resistance  theories  made  so  far  to 
design  problen  arc  based  on  the  follow¬ 
ing  pioneering  works: 

(1)  Series  of  studios  on  ship  forns  of 
nininum  wave  resistance  by 
Wcinblun  [2),  Vtchausen  ct  al  [3) 
Karp  ct  al  (4),  Maruo  and  Bessho 
151 . 

<2)  Studies  of  bulbous  bow  by  Wiglcy 
16]  and  Inui  (7]. 

(3)  Application  of  wave  pattern  anal¬ 
ysis  to  ship  forn  inprovement  by 
Inui  (7],  Sharna  (8),  Baba  (9)  and 
Tsutsuni  110). 

On  the  other  hand,  for  high  block 
coefficient  ships,  it  was  concluded  at 
Washington  Workshop  that  the  prediction 
by  linear  thin-ship  theory  was  un¬ 
acceptable,  Among  the  methods  presented 
at  workshop,  nun.crical  methods  which 
solve  nonlinear  frco-surfaco  conditions 
showed  good  prediction  of  wave  resist¬ 
ance  of  a  full  form.  For  instance  the 
methods  of  Dawson,  Chan  and  Chan  gave 
good  agreement  with  experimental  data. 
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Thus  we  aey  sey  that  the  numerical 
tacthod  plays  its  iraportant  role  on  the 
prediction  of  wave  resistance  of  full 
fonas  which  are  beyond  applicability  of 
conventional  linear  thin>ship  theory. 
Therefore  its  application  to  hull  forra 
design  is  anxiously  awaited  as  the  next 
stop. 

In  order  to  nako  clear  the  objective 
of  our  research  effort  in  dealing  with 
full  ship  foms  it  is  worthy  to  know 
first  what  portion  of  total  resistance 
of  full  for»s  is  attributed  to  wave 
resistance.  Soso  examples  of  the 
division  of  total  resistance  of  full 
ship  forms  are  shown  in  Fig.  1.1.  The 
resistance  predictions  wore  cade  based 
on  the  towing  tests  in  Nagasaki 
Expcricontal  Tank. 

The  viscous  resistance  consists  of 
frictional  resistance^  viscous  pres* 
sure  resistance  and  resistance  due  to 
roughness.  The  wave  resistance  consists 
of  wave  pattern  resistance  and  wave 
breaking  resistance.  Frcn  these  figures 
it  is  recognized  first  that  the  wave 
resistance  is  much  less  than  the 
viscous  resistance.  For  instance.,  wave 
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Png.  1.1  Examples  of  decomposition  of  total  resistance  of  full  ships 


resistance  of  a  ship  operating  at  low 
speeds  (Ship  A)  is  altnost  null  in  full 
load  condition.  liowover.  in  the  case  of 
a  ship  operating  in  higher  speeds,  for 
instance  Ship  B.  wave  resistance 


accounts  for  about  20%  of  total  resis¬ 
tance  at  the  designed  speed.  There  is 
an  enough  roon  of  research  effort  in 
reducing  wave  resistance  of  a  certain 
class  of  full  ships. 
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rig.  1.2  Ccconposition  of  total 

resistance  of  a  tanker  of 
Cb  ■  0. 80  in  ballast 
condition 

Fig.  1.2  shows  an  example  of  further 
dcconposition  of  wave  resistance  com* 
ponents  of  a  ship  with  and  without 
protruding  bow.  From  this  figure  it  is 
recognized  that  the  protruding  bow  is 
effective  in  reducing  wave  breaking 
component.  At  present,  however,  the 
reason  for  reduction  of  wave  breaking 
resistance  by  protruding  bow  has  not 
been  clarified  yet.  This  is  one  of  the 
important  problems  to  be  challenged  by 
numerical  analysis. 

In  13th  Symposium  on  Naval  Hydro* 
dynamics  held  in  Tokyo  in  1980  Chan 
and  Chan  presented  an  interesting 
numerical  work  on  the  effect  of 
protruding  bulb  (llj.  Numerical 
instability  in  calculating  bow  waves 
appeared  in  higher  Froude  number  tor  a 
ship  with  protruding  bulb  than  for  the 
ship  without  protruding  bulb. 

The  numerical  instability  experi¬ 
enced  by  Chan  and  Chan  at  the  bow 
suggests  the  non*existcnce  of  the 
potential  flow  leading  to  breaking  or 
the  instability  of  potential  flow  lead¬ 
ing  to  breaking.  It  is  considered  then 
that  the  protruding  bulb  suppresses  the 
formation  of  bow  wave  breaking. 

Chan  and  Chan’s  work  is  an  indica¬ 
tion  of  practical  use  of  numerical 
analysis  for  bow  wave  problem.  In  their 
method,  exact  boundary  value  problems 
wore  solved  within  the  framework  of 
potential  theory  by  numerically 
integrating  a  sot  of  time-dependont, 
three-dimensional  equations  in  a  body 
fitted  computatio.nal  nosh  system. 

On  the  froo-surfaco  around  full  ship 
forms  highly  turbulent  phenomenon  such 
as  wave  breaking  is  often  observed.  The 
treatment  of  such  a  flow  is  essentially 


beyond  the  ability  of  potential  theory. 
At  present  oven  the  mechanism  of  incep¬ 
tion  of  breaking  ship  waves  has  not 
been  explained  yet.  Detailed  investi¬ 
gations  into  the  mechanism  of  ship  wave 
breaking  are  indispensable  for  the 
development  of  sound  theories  and  nume¬ 
rical  analyses.  To  this  end  precise 
experimental  observations  of  the  free- 
surface  phenomena  around  a  ship  are 
considered  to  be  an  effective  way.  A 
knowledge  and  understanding  of  the 
phenomena  may  thrust  the  improvement 
of  both  theory  and  numerical  analysis. 

Uhen  the  flow  phenomenon  is  complex, 
analytical  or  numerical  approach  is  very 
difficult  unless  the  problem  is  simpli¬ 
fied.  In  the  process  of  simplification, 
efforts  arc  necessary  to  grasp  the 
essential  feature  of  the  phenomenon. 

The  topic  of  the  next  section  docs 
not  relate  directly  with  breaking  ship 
waves  which  are  dealt  with  in  the  suc¬ 
ceeding  sections.  Before  going  Into  the 
major  topics,  an  example  of  studies 
Inserted  in  which  experimental  observe 
tion  played  an  important  role  on  the 
simplification  of  a  problem  and  made  it 
possible  to  carry  out  numerical  analysis 
efficiently. 

By  showing  this  example  firstly,  the 
author  wishes  to  emphasize  the  necessity 
of  tight  linkage  of  oxporinontal  obser¬ 
vation  and  numerical  analysis  in  dealing 
with  complex  frce-surfaco  phenomena 
around  ships. 

In  Sections  3  and  4  some  recent 
studies  relating  to  breaking  ship  waves 
are  revievrod  and  attempts  are  made  to 
look  for  directions  of  further  studies. 


2.  Air  bubble  entrainment 
around  protruding  bufl) 

It  IS  often  observed  in  the  light 
load  condition  of  a  ship  with  protrud¬ 
ing  bulb  that  water  film  climbs  up  and 
covers  the  upper  part  of  the  protruding 
bulb.  The  water  film  usually  breaks 
there  as  shown  in  Fig.  2.1.  A  large 
amount  of  air  is  entrained  through  the 
process  of  breaking  of  water  film.  It 
hats  been  reported  that  those  air 
bubbles  flowed  into  the  propeller  as 
shown  in  Fig.  2.2  and  closely  associ¬ 
ated  with  the  occurrence  of  the 
excessive  vibration  of  a  ship  {12). 

In  order  to  find  a  reason  for  the 
entrainment  of  air  bubbles  from  the 
protruding  bulb  and  also  to  find  a  way 
to  prevent  the  entrainment,  numerical 
analyses  and  flow  visualization  tests 
wore  carried  out  in  Nagasaki  Experimen¬ 
tal  Tank. 


Fig.  2.1  Air  bubble  cntrainncnt 
at  protruding  bulb 


Fig.  2.2  Behaviour  of  air  bubbles 
observed  in  flow  visuali¬ 
zation  tests 


The  water  flow  which  climbs  up  the 
upper  part  of  the  protruding  bulb  falls 
down  again  in  a  form  of  water  film 
along  the  side  surfaces  of  the  bulb. 
This  water  flow  can  be  regarded  as  a 
kind  of  water  jot  which  adheres  to  the 
curved  surface  of  the  obstacle.  Accord¬ 
ing  to  this  observation  a  simple  two- 
dimensional  flow  toodol  which  represents 
the  flow  phenomena  around  the  bulb  was 
considered.  That  is>  a  sort  of  two- 
dimensional  near  field  problem  was 
considered  by  taking  the  transverse 
cross  section  of  the  protruding  bulb. 
Then  the  flow  characteristics  of  the 
water  jot  along  the  side  wall  of  the 
bulb  wore  analysed  by  means  of  a  finite 
difference  method  based  on  a  time- 
marching  technique.  The  procedure  of 
calculation  is  explained  in  Appendix. 

In  the  numerical  analysis  the  circular 
cylinder  is  surrounded  by  water  and  a 
water  jot  is  ejected  from  a  slit 


attached  to  the  side  wall  of  the 
cylinder.  Numerical  calculations  of 
transportation  of  air  bubbles  were  also 
carried  out  by  use  of  the  velocity 
field  calculated  by  the  finite  differ¬ 
ence  method.  Analysed  results  were 
compared  with  the  results  of  flow 
visualization  tests  by  use  of  simple 
models^  i.c.  a  water  jet  from  the  tap 
and  a  circular  cylinder  partially 
submerged  in  the  water. 

Fig.  2.3  shows  a  comparison  of 
experimental  and  numerical  results. 

Prom  this  figure  it  is  observed  that 
the  water  jet  ejected  from  one  side  of 
the  circular  cylinder  immediately  ad¬ 
heres  to  the  surface  of  the  circular 
cylinder  and  a  large  number  of  air 
bubbles  arc  transported  to  the  other 
side  of  the  cylinder.  The  nunetxcal 
analyses  explained  well  the  experiment. 

It  is  evident  that  this  strong 
adhesion  of  water  jet  to  the  curved 
surface  is  attributed  to  the  so-called 
Coanda  effect.  As  a  next  step#  the 
water  jets  were  attached  from  both 
sides  of  the  cylinder  as  shown  in  Fig. 
2.4.  The  air  bubbles  are  transported 
into  the  bottom  region  of  the  cylinder. 
On  the  other  hand,  when  the  water  jets 
wore  attached  to  the  side  surfaces  of 
a  rectangular  cross  section  shape,  the 
air  bubbles  wore  not  sent  into  the 
bottom,  but  scattered  away  from  the 
corners  of  the  section  as  shown  in 
Fig.  2.5. 

From  these  observations  it  is  con¬ 
sidered  that  the  reason  for  the  air 
entrainment  at  the  protruding  bulb  is 
due  to  the  adhesion  phenomenon  of  water 
jet  to  the  curved  surface  of  the  bulb. 

Based  on  this  finding,  a  means  to 
avoid  the  air  entrainment  was  consider¬ 
ed.  A  p<iir  of  small  strips  were 
attached  to  the  cylinder  surface  so  as 
to  separate  the  water  jet  at  the 
strips.  Fig.  2.S  shows  the  result  of 
attachment  of  the  strips.  It  Is  evident 
that  the  air  bubbles  are  scattered  away 
from  the  surface  of  the  cylinder. 

The  present  study  is  a  successful 
example  in  which  experimental  observa¬ 
tion  played  an  important  role  on  the 
simplification  of  the  problem  and  made 
it  possible  to  carry  out  numerical 
analysis  efficiently. 

In  the  following  sections  some 
recent  experimental  studies  related  to 
the  breaking  waves  observed  around  bow, 
shoulder  and  stern  of  a  ship  arc 
reviewed  with  some  possible  interpre¬ 
tations. 
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flow 


Pig.  3.1  Cross  section  of  brcAking 
bow  waves 


3.  Freo-surface  shear 


A  vertical  cross  section  ot  the 
breaking  bow  wave  is  shown  in  Fig.  3.1. 
The  photograph  was  taken  by  Kayo  and 
Takokuma  using  broken  pieces  of  sietal 
leaf  as  flow  tracer  (13}.  Body  plan  of 
the  nodel  is  shown  in  Fig.  3.2.  The 
principal  dimensions  are  as: 

t(1>-  6.0“,  B-l.O”,,  d-0.2",  Cb-0.80 

Fig.  3.3  shows  velocity  distributions 
in  the  longitudinal  center  plane  ahead 
of  the  bow  measured  by  means  of  a  5- 
hole  pitot  tube  of  3!nn  diameter.  In  the 
wave  breaking  region  near  the  free- 
surfacG  it  is  observed  that  the  upper 
layer  of  water  advances  with  a  small 
relative  speed  to  the  bow.  Below  this 
surface  layer  complex  vortical  tactions 
arc  observed.  Kayo  and  Takekuna  noticed 
a  rcscnblance  of  this  vortical  fluid 
motion  to  the  phenomena  of  decelerated 
stagnation  flow  with  separation,  c.g. 
the  flow  .normal  to  a  plate  with  a  thin 
splitter  plate  attached  to  it  as  shown 
in  Fig.  3.4. 


Fig.  3.2  Lines  of  a  ship  model 
used  for  experiments 

u  f. 
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Fig.  3.3  Measured  velocities  and  frce-surface  heights  in  front  of  bow 


Fig.  3.4  Retarded  stagnation  fiow 
with  separation  in  front 
of  a  flat  plate  with  a 
splitter  plate 

(from  Ref.  14) 


In  order  to  examine  whether  the  bow 
way©  breaking  phenomenon  has  the  same 
property  as  the  flow  separation.  Kayo 
and  Takekuma  decelerated  the  free- 
surface  ahead  of  the  region  of  bow  wave 
breaking.  For  this  purpose  a  thin  vinyl 
sheet  was  made  afloat  in  front  of  a 
ship  model  and  towed  smoothly  with  the 
sane  speed  as  the  model. 

As  shown  in  Fig.  3.5  the  front  of 
breaking  waves  advanced  forward 
considerably  with  the  vJnyl  sheet  and 
the  region  of  the  breaking  waves  ex- 
^  worthy  zo  notice  that  the 

artificial  re ’ardation  of  surface  flow 
stimulated  brea/^i  ^  waves  even  in 
the  case  of  low  Froude  number  (Pn  • 
0.091)  where  no  wave  breaking  had  been 
observed. 


without  vinyl  sheet 
U  ■  0.700”/® 

Fn  -  0.091 


with  vinyl  sheet 
U  -  0.700®/® 

Fn  •  0.091 


without  vinyl  sheet 
V  m  1.089®/® 

Fn  -  0.242 


with  vinyl  sheet 
U  »  1.089®/® 

Fn  -  0.142 


Fig. 


bow  waves  around  the  bow  of  a  full  shin  model 
with  and  without  artificial  retardation  of  freo-surface 
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Curther,  an  additional  experiment 
was  conducted  by  Kayo  and  Takekuaa.  That 
is«  air  jet  was  blowed  near  the  free- 
surface  so  as  to  accelerate  the  free- 
surface  in  front  of  the  bow  in  contrary 
to  the  previous  experiments.  Pig.  3.6 
shows  the  result  of  air  jet  blowing.  It 
is  observed  that  the  breaking  phenomenon 
is  reduced  slightly  by  the  accerelation 
of  free-surface. 

Towing  tests  were  also  conducted  by 
changing  the  size  and  location  of  the 
vinyl  sheet  in  order  to  find  the  effect 
of  breaking  waves  on  ship  resistance. 
Fig.  3.7  shows  comparative  curves  of 
residual  resistance  coefficients.  A 
result  for  the  case  of  air  blowing  is 
also  shown  in  this  figure.  A  remarkable 
resistance  Increase  by  use  of  vinyl 
sheet  was  shown.  Cn  the  other  hand«  a 
small  reduction  is  observed  for  the 
case  of  air  blowing  in  accordance  with 
a  snail  amount  of  reduction  of  bow  wave 
breaking. 


without  air  blowing 


Pig.  3.6  Acceleration  of  freo- 
surfaco  by  air  blowing 


Cond'^OA 


Mork 


Fig.  3.7  Comparison  of  residual  resistance  coefficient  curves  when  free- 
surface  shear  layer  in  front  of  bow  was  controlled  artificially 
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In  the  Above  experiments  the  free- 
surface  was  controlled  artificially  so 
as  to  magnify  the  phenomenon.  At 
present,  however,  it  is  not  known  well 
to  what  extent  of  free-surfaco  shear  is 
induced  in  front  of  the  bow  of  a  ship. 
In  the  case  of  a  horizontally  scai» 
submerged  circular  cylinder  the  free- 
surface  shear  was  measured  by  Honji 
I15J.  For  the  case  of  ordinary  bow 
forms  further  experimental  and  theore¬ 
tical  studies  are  anxiously  awaited. 

3.2  Characteristics  of  frce-surface 
flow  when  shear  is  applied  bn  it 

3.2.1  Laminar  separation  model 

In  the  previous  section  it  is 
noticed  that  near  the  free-surface  in 
front  of  the  bow  there  are  complex 
vortical  motions  surrounding  the  blunt 
bow.  It  was  also  found  that  artificial 
retardation  of  free-surface  makes  these 
vortical  motions  much  stronger. 

The  generation  of  such  vortex 
.motions  is  interpreted  as  a  stability 
problem  of  a  surface  of  tangential 
discontinuity  on  which  the  velocity 
tangential  to  the  free-surface  Is  dis¬ 
continuous.  This  tangential 
discontinuity  is  not  so  sharp  because 
of  the  viscosity.  In  this  case  the 
problem  of  stability  of  such  a  flow  is 
mathematically  similar  to  that  of  the 
stability  of  flow  in  a  laminar  boundaiy 
layer  with  a  point  of  inflexion  in  the 
velocity  profile  (161 . 

Kayo  and  Takekuna  conjectured  then 
that  the  front  of  bow  wave  breaking  can 
be  regarded  as  a  sort  of  separation 
point  of  boundary  layer  in  positive 
pressure  gradient  (equivalent  to 
positive  free-surface  slope  toward 
bow) .  Then  attempts  were  made  to  esti¬ 
mate  the  separation  point  of  a  simple 
shaped  body  such  as  a  circular  cylinder 
by  use  of  two-dimensional  laminar 
boundary  layer  theory.  In  their  esti¬ 
mation  upstream  splitter  plate  was 
supposed  in  front  of  the  scnl-submcrgcd 
circular  cylinder,  and  the  length  of 
the  splitter  plate  was  varied. 

The  condition  of  the  separation 
point  was  calculated  by  use  of  the 
approximation  method  duo  to  Xirm^in  and 
rohlhauson  (14): 


dx 


dx  ■  -0.33 


whore  U  is  the  potential  flow  velocity 
at  the  outer  edge  of  the  boundary 
layer  developed  on  the  free-surface. 

X  is  the  point  of  separation  measured 
from  the  leading  edge  of  the  assumed 


splitter  plate.  In  the  laminar  separa¬ 
tion  the  separation  point  is 
independent  of  the  Reynolds  number  as 
shown  in  the  above  equation. 

The  estimated  separation  points  are 
compared  with  the  forward  edge  of  up¬ 
stream  vortex  measured  by  Honji  for  a 
semi-submerged  circular  cylinder  of 
radius  r  ■  5cm  at  Reynolds  number  Ur/v 
m  10’  -  lO** .  Comparison  was  also  made 
with  Suzuki's  experiments  for  much 
larger  semi-submerged  circular  cylin¬ 
ders  (17).  The  radii  of  the  cylinders 
arc  0.13Sm  and  0.107m  respectively  and 


Fig.  3.8  Comparison  of  estimated 
separation  points  with 
measured  distance  s/r  of 
forward  edge  of  the 
upstream  vortex  in  Honji's 
experiment,  s  is  measured 
from  the  front  of  cylinder 
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Fig.  3.9  Comparison  of  estimated 
separation  points  with 
measured  distance  s/r  of 
forward  edge  of  breaking 
waves  in  Suzuki's 
experiment 
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thc-y  verc  towed  at  Reynolds  nuaJbers^ 
Ur/v  around  10*  (Froude  nuaber  U/*'2gr 
■  0.2  •  1.2),  Pigs.  3.8  and  3.9  show 
estis;atGd  separation  points  for  various 
assusod  lengths  of  upstreaa  splitter 
plate  attached  to  the  scai^subaerged 
cylinders. 

The  aeasured  distance  of  forward 
edge  of  the  upstreaa  vortex  in  Honji's 
experiaent  or  the  breaking  waves  in 
Suzuki*s  experiaent  secas  to  be  depen¬ 
dent  on  Reynolds  nusber.  Their  ciders 
of  aagnitudOr  however^  agree  with  the 
estisated  ones.  This  coaparison  en¬ 
courages  us  to  consider  the  inception 
of  bow  wave  breaking  as  a  sort  of  flow 
separation  at  the  free-surface  in 
positive  pressure  gradient.  Suzuki 
already  noted  this  physical  property  in 
his  expcriaental  and  theoretical 
studies  (17). 


3.2.2  Secondary  flow  aodcl 

After  establishaent  of  a  non-unifora 
initial  flow  under  the  influence  of 
viscosity,  the  shear  flow  field  is 
treated  approximately  as  an  inviscid 
flow  around  bow  when  the  approaching 
velocity  varies  in  the  depthwise 
direction.  This  fluid  dynaaic  problem 
is  essentially  same  as  the  secondary 
flow  problea  observed  around  obstruc¬ 
tion  in  river  bed  or  at  junction  of 
wings  with  an  aircraft  fuselage. 

Hawthorne  studied  such  flow  as  an 
inviscid  rotational  flow  problem.  He 
approxiaated  the  velocity  field  as  the 
fua  of  two  conponents  of  velocity  (18): 

UV  ♦  V 

where  U  is  the  velocity  in  the  x-direc- 
tion  varying  only  in  the  z  dir#*ction  as 
shown  in  Fig.  3.10.  V  is  the  vector  of 
two-dimensional  flow  around  the  body  in 
an  xy  plane  when  the  far  upstream 
velocity  is  unity.  V  is  invariant  with 
2  and  the  vector  UV  then  describes  the 
basic  quasi  two-dimensional  flow  around 
the  body  in  an  xy  plane.  Vector  v  is  an 
additional  saall  velocity  which  repre¬ 
sents  threc-diacnsional  effect. 

Xn  inviscid  steady  flow  the  equation 
of  motion  is  written  as: 

curl  (<uv  +  v)  X  curKUV  +  v))  -0 
with  continuity  condition 
div(UV  +  V)  ■  0 

The  perturbation  vorticity  (5,  hfC)** 
curl  V  in  the  directions  of  the  stream¬ 
line,  normal,  and  z-axls,  respectively, 
was  obtained  in  terns  of  U  and  V  under 
the  assumption  that|v|  is  snail  compared 


Fig.  3.10  Strut  in  shear  flow  and 

evolution  of  secondary  flow 


with  Uq,  where  q  is  the  scalar  of  V: 


t  f  (2i, 

U  q' 


?  -  0 


where  0  is  the  angle  between  the 
direction  V  and  the  x-axis. 

It  is  noted  that  the  perturbation 
vorticity  (i,  n>  is  proportional  to  the 
initial  shear  dl'/dz  and  tends  to 
large  values  near  the  stagnation  point 
(  Oq  ••  0  ).  This  theoretical  result 
explains  well  the  experimental  finding 
that  the  shear  flow  irtcnsified  by 
vinyl  sheet  induces  largo  vortical 
motions  around  bow. 

Hawthorne  calculated  C/(dU/dz) 
values  for  various  leading  edge  forms. 
The  results  arc  shown  in  Fig.  3.11.  Zt 
is  found  from  the  figure  that  the 
streamwise  vorticity  C  is  magnified 
more  strongly  for  blunter  leading 
edges  than  for  sharper  leading  edges. 

If  wc  look  bow  wave  breaking  as  a 
sort  of  secondary  flow,  this  theoreti¬ 
cal  calculations  help  us  to  explain 
tho  effect  of  protruding  bulb  in 
reducing  breaking  bow  waves.  That  is, 
the  protruding  bulb  is  effective  in 
sharpening  the  entrance  and  as  a 
result  reducing  the  secondary  flows. 

The  present  simple  inviscid 
theoretical  model  indicates  applicabil¬ 
ity  of  this  sort  of  approach  to  the 
study  of  flow  around  bow. 
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rig.  3.11  Strccinwisc  vortlcxty 

for  various  loading  edge 
forns 

y  H  coordinate  norstal  to 
original  flow 
t  •  thickness  of  profile 

4.  Effects  of  viscous 
bounHary  layer  aiong 
tKo  hull  surface  otT' 
fornation  of 
*TrcakinQ  waves 

4.1  Frcc-surface  flow  around  shoulder 
part  ot  tull  fores 

In  addition  to  the  bow  wave  break¬ 
ing,  breaking  waves  around  the  shoulder 
part  of  full  entrance  fonas  are 
sonetinos  observed.  In  the  previous 
section  it  was  found  that  shear  flow 
on  the  frco-surface  is  closely  related 
with  the  fornation  of  wave  breaking. 
Based  on  this  oxporii^cntal  finding  one 
nay  consider  that  viscous  boundary 
layer  developed  along  the  hull  surface 
affects  the  fonaation  of  breaking  waves 
developed  along  the  hull  as  the  case 
with  shoulder  wave  breaking. 

In  order  to  cxanlne  this  conjecture 
one  Side  of  the  entrance  part  of  full 
ship  Bodel  shown  in  Fig.  3.2  was 
roughened  artificially  so  as  to  magni¬ 
fy  the  phenomenon. 

Water  proof  abrasive  papers  were  put 
on  the  portsido  of  the  hull  surface. 


«ie  grain  size  of  the  abrasive  paper 
was  around  200ta  (No. SO  Japsnose  ..ndufc- 
trial  Standards) .  Then  shoulder  wave 
breaking  phenomena  at  port  and  star¬ 
board  parts  arc  compared  in  Fig.  4.1. 

On  the  roughened  surface  side  the 
breaking  waves  started  about  2%  Lpp 
forward  and  the  intensity  of  breaking 
phenomenon  was  inerc  sed.  Comparison  of 
measured  head  loss  be/.ind  shoulder 
breaking  waves  shown  in  Fig.  4.2.  It 
was  confirmed  that  the  head  loss  due  to 
wave  breaking  was  larger  for  the 
roughened  side. 

This  experiront  indicates  that  there 
is  an  interaction  between  viscous  shear 
flow  in  the  boundary  layer  near  the 
free-surfacc  and  the  fornation  of 
breaking  wave  at  shoulder  part  of  full 
ship  forns. 


U  .  -  0.21 


Fig.  4.1  Comparison  of  shoulder 

wave  breaking.  Portsido  of 
entrance  was  roughened  by 
abrasive  paper. 
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Fig.  4.2  Cowparison  of  headless 
distributions  behind 
shoulder  wave  breaking 
U//^-0.18,  V«0  at 
hull  side 


4.2  Froc-surfaco  flow  around  stern  of 


In  the  previous  section  character¬ 
istics  of  breaking  waves  around  the 
entrance  part  of  full  ferns  are 
discussed  mostly  enphasizing  the 
interaction  of  viscous  shear  flow  and 
wave  breaking. 

Around  stern  of  a  ship,  wave  break¬ 
ing  phcnoiaenon  is  also  observed  (19). 
Fig.  4.3  shows  stern  flow  patterns 
observed  by  Ooi  for  an  Inuid  S-103  (20). 
He  noticed  that  the  starting  point  of 
stern  wave  breaking  varies  with  Froude 
number.  Fig.  4.4  shows  wave  profiles  on 
the  hull  surface  of  S-103  and  arrows 
show  the  positions  of  starting  point  of 
stern  wave  breaking.  It  is  interesting 
to  notice  that  starting  points  appear 
on  steep  slope  of  wave  profiles  as 
observed  at  fore  shoulder  of  full 
forms.  Doi  calculated  viscous  boundary 
layer  taking  account  of  frcc-surface 
deformation.  Shape  factor  K  is  used  for 
estimation  of  boundary  layer  separation 
and  it  is  assumed  that  separation  will 
occur  when  the  shape  factor  becomes 
1.8.  In  Fig.  4.5  a  good  correlation  is 
shown  between  calculated  separation 
points  and  observed  starting  points  of 
stern  wave  breaking. 

This  study  nay  lead  us  to  consider 
that  the  formation  of  breaking  waves 
at  steep  wave  slope  is  closely  related 
with  the  viscous  shear  flow  developed 
along  the  hull  surface  as  observed  in 
shoulder  wave  breaking.  At  present, 


however,  conditions  of  inception  for 
breaking  waves  such  as  wave  slope, 
frec-surfacc  shear  stress  and  local 
velocity  arc  not  clarified  yet  and  are 
left  for  the  future  investigations. 


Fn  ■  0.28 


Fr  •  0.34 

Fig.  4.3  Stern  flow  patterns  of 
S-103  observed  by  Dol 
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S.  concluding  rcatarks 


FiQ*  4.4  Wave  profiles  on  hull 
surface  S-103  eeaaurcd 
by  Doi 


*  WMt  4f 

^  flO»  h  t*<r« 


Fig.  4.5  Comparison  of  observed 

starting  points  of  stern 
wave  breaking  with 
calculated  scpaiation 
points  (Doi  reference  20) 


In  the  present  paper  some  recent 
studies  were  reviewed  to  get  better 
understanding  of  frec-siirface  phenomena 
relating  to  breaking  waves  around  bow, 
shoulder  and  stern  of  ships. 

One  of  the  important  findings  in  the 
studies  is  that  free-surface  shear  flow 
is  closely  related  with  the  formation 
of  breaking  waves  around  ships.  Based 
on  this  finding  further  investigations 
have  to  be  pursued  to  understand  a 
general  nature  of  breaking  wave 
phenomenon.  The  followings  are  consid¬ 
ered  to  be  major  subjects  of  study: 

(1)  theoretical  and  experimental 
studies  of  free-surface  shear 
layer  in  front  of  the  bow  of  a 
ship 

(2)  Theoretical  and  n'jmcrical 
studies  on  the  formation  of 
vortical  notions  around  blunt 
bow 

(3>  Study  on  the  characteristics  of 
viscous  boundary  layer  at  the 
free-surface  along  the  hull  and 
Its  intciaction  with  breaking 
ship  waves 

In  these  areas  of  research  a  tight 
linkage  is  necessary  between  theory 
and  experiment,  and  at  the  same  time 
between  numerical  methods  dealing  with 
viscous  boundary  layer  problems  and 
frcc-surfaco  problems.  Ataong  these 
studies  experimental  observation  of  the 
free-surface  phenomena  is  Important  to 
grasp  the  essential  feature  of  the 
phenomenon.  This  makes  it  possible  to 
solve  the  problems  efficiently. 
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Appendix 

Numerical  method  employed  in 
calculating  flow  pattern  around 
two-dimensional  body  on  which 
the  water  jet  is  attached 

In  the  present  calculation  a  com¬ 
puter  program  which  was  developed 
priT&arily  for  the  analysis  of  two- 
dimensional  compressible  perfect  gas 
flow  was  used  (21) . 

In  low  Mach  numbers,  say  less  than 
0.5,  effect  of  compressibility  of  the 
fluid  docs  not  appear  and  the  similar¬ 
ity  of  flow  pattern  is  established 
between  compressible  fluid  and 
incompressible  fluid. 

In  this  computation  use  was  made  of 
Modified  FLIC  Method  developed  by 
Adachi  of  Mitsubishi  Nagasaki  Technical 
Institute.  The  method  Is  based  on  the 
well  known  FLIC  (fluid  in  coll)  method 
(22),  one  of  time-marching  techniques. 


23 


Modified  FLIC  Method  uses  trianguler 
eleaents  conventionally  used  in  finite 
cleaent  method  for  convenience  of 
application  to  arbitrary  boundary 
shape.  Fig.  A.l  shows  an  arrangement  of 
eleaents  around  a  cylinder. 


Fig.  A.l  Arrangement  of  triangular 
olcr.cnts  around  a  cylinder 


Fig.  A. 2  Notation  in  Eg.  A-l 


The  air  jet  was  ejected  with  speed 
0.25  Mach  and  with  atmospheric  pres¬ 
sure.  Then  gas  flow  patterns  around  a 
body  were  converted  into  water  flew 
based  on  the  above  mentioned  similarity 
law. 

Then  the  behavior  of  air  bubbles 
entrained  in  the  water  jet  was  analys¬ 
ed. 


Mathematical  equations  used  in  the 
present  calculations  arc  outlined  as 
follows. 

1.  Basic  equations  of  flow  analysis 

The  integral  form  of  conservation 
laws  of  mass,  nomentun  and  energy  are 
expressed  for  inviscid  flow  S  as: 

i  Is  F  *  Ic 


Tne  equation  of  state:  p  «  PRT  (A-2) 


whore 


0 


PE 


0  ' 
PI 
Pn 
PVn, 


(A-3) 


(A-4) 


0  :  density 

p  :  pressure 
T  :  temperature 

u.v  :  velocities  for  x,  y  directions 
E  ;  total  energy  ■  Cv  T  +  %(u*  +  v’) 

Cv  :  specific  heat  at  constant 
volume 

R  :  gas  constant 

direction  cosines  of  the 
outward  normal  vector  n  on 
contour  c  of  the  flow  region  S 
(See  Fig.  A. 2) 

Vn  :  velocity  for  n  direction  on  C 
2.  Finite  difference  opproxination 

Calculation  region  is  divided  into 
triangular  elements^  and  an  arbitrary 
element  taken  out  of  them  is  given 
with  symbols  as  shown  in  Fig.  A. 3/ 
where  i,  1  »  1«2,3  mean  vertex  or  its 
opposite  side.  Calculation  is  made  of 
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Fig.  A. 3.  Triangular  element 
and  its  notation 


3.  Equations  of  ssotion  of  entrained  air 
bubbles 


the  element  shown  in  Fig.  A. 3  by  Eq. 
{A-D  .  In  FLIC  laethod,  finite  differ¬ 
ence  with  respect  to  tine  is  nade  in 
two  steps.  In  Step  1,  ignoring  the 
convective  term  within  a  small  time 
interval  it,  an  intermediate  value  is 
obtained  from  Eq.  (A-1)  and  Eg.  {A-4) 
on  the  basis  of  the  value  F  at  t*n4t. 
In  Step  2,  a  value  F(n*^l) 
t»  <n+l)4t  is  obtained  from  the  conser¬ 
vation  laws  (the  fornula  in  parentheses 
in  Eq.  (A-D)  on  the  assumption  that  F 
flows  in  and  out  through  the  side  I, 

I  •  1«2«3  of  the  element  n.  The 
equations  are  given  below: 


“p  ’  “VDp 

■  (V„  -  Vp) 


Suffix  P  I  particle  (air  bubble) 

V  :  water 

Dp  :  diameter  of  particle 
Cd  :  viscous  drag  coefficient 
g  :  acceleration  of  gravity 
The  finite  difference  approx.’aaticn  of 
the  above  equation  is  written  asi 


Fn 


rn 


it 

So  I 


(A-S) 


u(nfl) 

’'P 


Vj'‘^  +  o-4t  |(1 


3 


Co 


where 


0 

^<n) , 

P! 


(A-6> 


Pj  «  *  ®n|PnV(Sn  ♦Spj) 


IVvs-V‘"'l(Vws  -V'"*)} 


i^-CDlV.»-Vp|it 


*  “l  •®n''ni  *  */(S„  ♦%!  I 


Or 

Suporfix 

Suffix 

Suffix 


:  area  oi  the  element  n 
:  length  of  the  side  7 
(n):  time  step  number  t«n4t 
0  I  element  number 
7  :  side  number 


(V: 


(n+l) 

P 


Vv»:  velocity  of  the  Nth  element 
‘  which  is  determined  by  the  flow 
analysis  explained  previously 
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FREE-SURFACE  POTENTIAL  FLOW  COMPUTATION 
USING  A  RNITE  ELEMENT  METHOD 


iLOomtn 

ftMMfCh  Inttrtutt  Ntthirittvit 
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Abstract 

the  exact  nonlinear  problem  of  the 
steady  three-dinenslonal  free  surface 
flow  past  a  surfacc*plercin9  body  is 
split  into  a  Keuaiann  problem  defined  by 
the  Z^place  equation  with  kinematic 
boundary  conditions  and  a  frec-surface 
correction  problem.  These  problems  are 
solved  alternately  until  the  converged 
solution  is  obtained.  The  thrcc'dimen*- 
sional  Neumann  problem  is  reduced  to  a 
system  of  two-dimensional  problems 
which  are  solved  by  means  of  a  finite 
element  method.  For  the  derivation  of 
the  free  surface  correction,  perturba¬ 
tions  of  the  potential  and  free  surface 
elevation  are  introduced,  which  have  to 
satisfy  the  Laplace  equation  and  both 
free  surface  conditions.  The  radiation 
condition  is  implicitly  taken  into 
account  by  the  free  surface  correction 
procedure.  The  results  are  shown  to 
agree  reasonably  well  with  experimental 
data  for  a  Scries  60  model. 


1.  Introduction 

The  problem  dealt  with  in  this  paper 
is  that  of  a  steady  irrotational  flow 
of  an  invlscid  incompressible  fluid  past 
a  body  in  the  presence  of  a  free 
surface.  This  nonlinear  boundary-value 
problem  is  described  by  the  Laplace 
equation  together  with  certain  kinematic 
and  dynamic  boundary  conditions.  The 
main  difficulty  in  solving  these 
equations  is  the  fact  that  boundary 
conditions  have  to  be  prescribed  at  a 
free  surface  which  is  initially  unknown 
and  has  to  be  determined  as  a  part  of 
the  solution.  One  can  avoid  this  diffi¬ 
culty  by  applying  linearization  of  these 
boundary  conditions  and  proscribing  them 
at  the  position  of  the  undisturbed  free 
surface.  But  this  may  be  inaccurate  in 
certain  cases;  the  importance  of  non¬ 
linear  effects  has  always  been  a  subject 
of  interest. 

With  the  increase  of  computer  speed 
it  has  become  feasible  to  solve  the 
exact  nonlinear  problem  by  purely  or 


partly  numerical  methods.  The  difficulty 
of  the  unknown  free  surface  position  is 
in  these  methods  usually  handled  by  first 
solving  the  Laplace  equation  in  a  fixed 
domain,  with  only  one  of  the  free  surface 
boundary  conditions  applied  at  an  assumed 
free  surface  position.  The  solution 
generally  docs  not  satisfy  the  boundary 
condition  that  has  been  dropped,  and  a 
correction  of  the  free  surface  is  necessary. 
Then  again  the  Laplace  equation  is  solved 
in  the  new  domain.  This  iteration  process 
is  repeated  until  the  solution  satisfies 
both  free  surface  conditions. 

Within  this  framework  various 
approaches  have  been  attempted  more  or 
loss  successfully.  The  Laplace  equation 
can  be  solved  by  a  finite  element,  finite 
difference  /!/  or  surface  singularity 
method  /2/,  and  can  be  combined  with 
either  the  kinematic  or  the  dynamic 
boundary  condition.  Moreover,  the  deriva¬ 
tion  of  the  free  surface  correction  can 
be  done  in  various  ways,  and  largely 
determines  the  success  or  failure  of  the 
method.  The  wrong  choice  may  cause 
divergence  /2/,  or  a  solution  with  waves 
upstream  of  the  body  or  without  any  waves 
at  all. 

In  the  present  method,  the  Laplace 
equation  with  the  kinematic  boundary 
conditions  is  solved  by  means  of  o  finite 
clement  method.  Perturbations  of  the 
I>otcntial  and  free  surface  elevation  are 
then  introduced  which  satisfy  the  Laplace 
equation,  the  bottom  boundary  condition 
and  both  free  surface  conditions  which 
have  been  linear ized  In  terms  of  these 
perturbations.  The  variation  of  the 
perturbation  potential  in  depth  direction 
is  rather  roughly  approximated  so  as  to 
reduce  the  correction  problem  to  a  two- 
dimensional  one.  But  since  in  the  course 
of  the  iteration  process  the  perturbations 
vanish,  neither  this  approximation  nor 
the  linearization  have  any  influence  on 
the  final  solution. 

After  the  formulation  of  the  problem 
we  shall  first  deal  with  the  solution 
of  the  Neumann  problem  obtained  from  the 
Laplace  equation  and  the  kinematic 
boundary  conditions.  Section  4  describes 
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the  free  surface  correction  procedure. 
Finally  the  results  of  socie  nuaterical 
tests  are  shown,  and  the  taethod  is  aj^lled 
to  a  Series  60  C0*O.6O  laodel  for  which 
expe  .mental  data  arc  av'.<ilable. 

2.  Formulation  of  the  problem 

The  system  of  coordinates  is  fixed  to 
the  ship  and  the  fluid  far  upstroom  is 
moving  with  constant  velocity  U©#  sec 


Fig.  1.  Coordinate  system. 

The  curvilinear  coordinates  are  chosen 
such  that  the  boundaries  of  the  computa¬ 
tional  domain  coincide  with  coordinate 
planes.  The  inflow  and  outflow  boundaries 
are  planes  x^^constant.  The  symmetry  plane 
Sv  and  the  sidewall  Sw  are  planes 
xlMConstant.  The  bottom  B  and  the  free 
surface  F  plus  the  ship  hull  Sh  are  planes 
x^*con8tant. 

The  generation  of  the  x^,  x^  and  x^- 
ccordlnate  lines  is  performed  as  follows. 
Ke  start  with  the  specification  of  the 
grid  points  along  the  intersection  line  1 
of  the  free  surface  and  the  ship  hull  or 
symmetry  plane.  The  x^  coordinate  lines 
on  the  free  surface  are  then  computed 
such  that: 

1.  at  the  hull  dx/dy»-slna,  whore 
tana  is  the  direction  of  the  Intersection 
line  1} 

2.  dx/dy«0  at  the  side  wall; 

3.  the  chord  lines  between  successive 
points  on  an  x*-line  are  of  equal  length; 

4.  in  each  interval,  the  angle  between 
the  x^-linc  and  the  chord  lino  is  equal 
at  both  nodes,  and  is  half  the  corres¬ 
ponding  angle  in  the  previous  interval. 

5.  on  the  ship  hull  Itself,  the 
xi-coordinatc  lines  follow  the  frame- 
lines. 

Upstream  and  downstream  of  the  ship  the 
xl-coordinate  lines  are  computed  in  the 
sane  way,  but  with  a  value  of  a  which  is 
zero  at  the  Inflow  and  outflow  boundary 
and  approaches  the  correct  value  at  the 
bow  or  stern  quadratically. 

>  The  same  method  is  used  for  the 
x'*-coordinate  lines,  only  then  there  are 
two  directions  to  bo  determined,  dx/dz 
and  dy/dz. 


The  flow  is  assumed  to  be  irrotational, 
incompressible  and  frictionless.  Under 
these  conditions  the  problem  is 
formulated  in  terms  of  a  velocity 
potential  ^(xl,  x^,  x^). 

The  mathematical  equations  for  the 
fluid  motion  are  then,  in  curvilinear 
coordinates: 

1.  In  the  computational  domain  the 
velocity  potential  $  must  satisfy  the 
Laplace  equation: 

✓g  3x^ 


2.  At  the  boundaries  of  the  region 
the  kinematic  boundary  condition  must 
be  satisfied: 


3.  At  the  free  surface  the  dynamic 
boundary  condition  must  be  satisfied: 


gn<x^,  x^>+Mg^^  -^)+  ?  ■  c 


4.  Far  upstream  the  influence  of  the 
ship  must  tend  to  zero: 

lira  t^U-x+C 

X-*-** 


5.  Far  downstream  the  velocity  must 
be  bounded. 

11m 

x-*+«*  ® 


6.  Because  the  solution  of  the 
equations  is  unique  to  within  an 
arbitrary  constant  wc  may  simply  require 
that  somewhere  in  the  computational 
domain  ♦(xl,  x^,  x5)»0. 

In  these  equations: 


1,  j  - 

9  ■ 


9 

n(x*,x^)- 

P(x\x^)- 


I,  2,  3 

metric  tensor  quantity 
determinant  g^^  matrix 
gravitational  acceleration 
free  surface  elevation 
pressure  distribution 


p  "  mass  density 

12  3 

X  ,x  ,x  •  curvilinear  coordinates 
♦  -  6(xSx^,x^)»voloeity  potential 

■  0  at  fixed  walls  and  exact 
free  surface 

■  U©  (uniform)  velocity  at 
Inflow/outflow  boundaries. 


The  unknown  quantities  are  the  velocity 
potential  ♦and  the  position  of  the  tree 
surface  n(x*,  x‘).  The  radiation 
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condition  4,  is  approxlaatcd  by  the 
prescription  of  a  unifora  Inflow  u©  at 
the  Upstream  SMundary  !•  The  downstream 
radiation  condition  5.  is  reduced  to 
the  specification  of  a  uniform  outflow 
at  the  outflow  boundary  0«  ^Is 
necessitates  the  introduction  of  a 
fictitious  wave  damping  over  at  least 
one  wave  length  near  the  boundary  in 
order  to  avoid  oscillations. 

The  Neumann  problem 

As  stated  before,  the  iterative 
procedure  for  solving  this  nonlinear 
problem  consists  of  the  solution  of  the 
linear  Neumann  problem  and  a  surface 
correction.  For  the  Neumann  problem  the 
position  of  the  free  surface  is  given 
by  an  initial  guess  or,  in  later 
iterations,  a  calculated  improved 
position.  At  this  surface  the  kinematic 
boundary  condition  is  applied  (velocity 
tangential  to  the  surface)  while  the 
dynamic  free  surface  condition  is 
ignored. 

The  use  of  a  finite  element  technique 
to  solve  the  three-dimensional  Neumann 
problem  would  lead  to  an  extremely 
largo  number  of  equations.  For  this 
reason  ths  thrce"dimensional  problem  is 
replaced  by  a  set  of  coupled  two- 
dimensional  problems  following  the 
method  of  Korving  /3/.  This  is  based  on 
the  assumption  that  the  variation  of  the 
velocity  potential  is  depth  direction  is 
smooth  enough  to  be  approximated  by  an 
interpolation  polynomial  of  third  degree. 
Therefore  the  computational  region  is 
divided  into  a  set  of  N«l  subregions 
separated  from  each  other  by  planes 
x3«constant.  In  oacli  subregion  the 
potential  is  approximated  by  a  third 
degree  polynomial  in  x^  that  agrees  with 
the  actual  values  of  the  potential  and 
its  derivative  in  x^-directlon  at  the 
boundaries  of  the  subregion.  As  the 
interpolation  polynomial  a  cubic  spline 
function  is  chosen  with  continuous  first 
and  second  derivatives  at  the  planes 
between  the  subregions: 

k-0 

(3.1) 

with 

j  -  1(1)  N-1 

)  “x^  Ix^-xJ 


Pig.  2.  Subregion  division. 
t^^*(x^)-  2(u-!i)^(un) 


We  now  apply  the  collocation  method, 
witich  implies  that  the  Laplace  equation 
is  solved  only  at  the  boundary  planes 
of  the  subregions.  This  means  that  the 
thrcedimonslonal  problem  is  reduced  to 
a  sot  of  twodimensional  problems  which 
arc  coupled  through  the  (^3) 2-terms. 

Substitution  of  the  above  approximations 
into  the  Laplace  equation  at  each 
x3aconstant  plane  yields  N  partial 
differential  equations;  the  continuity 
requirement  of  the  second  derivative  at 
the  planes  j»2(l)N-l  provides  N-2 
equations,  and  the  kinematic  boundary 
conditions  at  the  bottom  and  the  free 
surface  give  another  two  equations.  Thus 
wo  have  obtained  2N  equations  for  the 
2N  unknowns  and  4^,  J»l(l)N. 

To  solve  this  system  by  a  txnitc 
element  method  the  solution  is 
approximated  by: 

❖^<x\x^)-  ”  a^  p®^x^x^)  and 
s-l  * 

oj(x^x^)-  E  bj  p®(x*,x^)  (3.2) 

whore  p®(x^,x^)  is  a  set  of  linearly 
independent  functions.  The  Galcrkin 
method  now  implies  that  when  this 
approximation  is  substituted  into  the 
equations  the  inner  product  of  the 
equations  with  a  function  must  bo  zero. 
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This  gives  the  Integral  equation: 

p*  dx‘  dx^  + 

'l 

-I  dC-0 

’'t 


6  «  distance  between  planes 

*1  *"<*  >‘i+i 


-I  1 
1  >2  k 


-2  -1  O' 
I  0  -I 
\  \  \ 

I  0  -1 
0  12, 


In  order  to  transfona  the  system  Into  a 
diagonally  dominant  set  of  subsystems/ 
first  a  Is  introduced  with: 


A*  “  operator  connected  with 

the  Laplace  equation 
»  surface  of  x^-xj  plane 

«  contour  of  surface  Si 

(n^$,j^)^"f^"  0:  kinematic  boundary 
condition 

a^.dC  -  /a(i)4(i)dC  with  /a  dC 

connected  with  the 
formula  defining  an 
element  of  area 
do*/a  dC  dx3  with  Z 
measured  along  Ti 

«4  -0 

J  ■  1  i»j 

An  equation  without  second  derivatives 
obtained  by  partial  integration  (Greens 
theorem) : 

p^dxdy*  -  yV^Vp®  dxdy  + 

+  ds  (3.4) 

r 

This  loads  here  to  the  following 
integral  equation: 

uflfli  ^  *  !!il  » o'-’ * 

3x“  Ix^  "  Sx" 

1 

♦  -r  <§  - 


Substitution  of  this  transforisation  makes 
It  possible  to  calculate  the  eigenvalues 
and  eigenfunctions  of  the  dominant  terms 
of  the  equation: 

j  i.j-KUN 


together  with 


following  from  the  continuity  of  the 
second  derivative  of  the  spline  function/ 
and  4^3*0  Jal/K 


The  eigenfunctions  of  4^  and  42^  are 
found  to  be 

cos(1-l)6j  and 
^  ^  3  sin  Sj^  sln(j-l)fij 

^ut"  “  7  ^1  2Vcos  ' 

respectively/  and  the  eigenvalues  arc 


1/  i,  (1)N 
0/  8  "1,2 
s  •1(1)M 


°lj  ■  “j  Y,c-l(l)3 

..I  1.  n  ij* 


■  \  1-j-l/N 

■  1  i»j-2(UN-l 


By  transforming  4^  and  4*i  to  4*’ 
according  to:  ^ 


43  - 


♦;j-  j.t-KDN 

and  multiplying  the  system  of  equations 
with  the  transpose  of  the  matrix  of 
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ei9en£unctions  (sp  ^ ,  we  obtain  the 
required  diagonally  dominant  set  of 
subsystems.  Then  each  subsystem  may  be 
solved  Independently  provided  that  this 
is  part  of  a  process  of  successive 
iteration.  The  reduction  to  this 
diagonally  dominant  form  is,  however, 
only  possible  if  the  angles  between  the 
coordinate  lines  are  at  least  45  degrees. 

The  solution  is  obtained  by  the  use 
of  triangular  finite  eleMnts  in  each 
plane  Si,  with  shape  functions  pS  such 
that  at  nodal  point  r 
Within  an  element  that  contains  nodal 
point^s,  p®  is  a  linear  function  of  xl 
and  and  pS(x*,x^)*0  in  all  other 
elements.  The  calculation  of  the  metric 
tensor  quantities  in  the  elements  is 
based  on  the  assumption  that  the  base 
vectors  along  the  and  coordinate 
lines  are  constant  in  each  element,  but 
the  components  of  the  base  vector  in 
x^-direction  are  linear  functions  of 
x^  and  x2.  This  leads  to  the  result  that 
in  each  element  is  constant,  G*^  and 
G^^  are  linear  and  G^l,  G^2  0^2  are 

quadratic  in  and  x^.  Substitution  of 
these  functions  Into  the  Integral 
equation  (3.S),  together  with  the  linear 
expression  for  p®  {and  ^  and  ,  shows 
that  all  terms  of  the  first  two 
integrands  are  of  second  order  in  x*  and 


f  -f  at  z-n 

Again  the  problem  is  a  nonlinear  one. 

It  is  simplified  by  introducing  a 
disturbance  potential  ^  and  a  surface 
correction  5  according  to: 

n 

where  ♦  is  the  solution  of  the  Neumann 
problem  and  n©  Is  ,tho  free  surface 
elevation  on  which  this  solution  was 
based.  For  instance,  when  rjo"® 
everywhere,  ^  is  the  double  body 
potential;  in  fact  this  is  normally 
used  as  a  first  approximation  to  start 
the  iteration  process. 

In  the  spirit  of  the  low  speed  theory 
wc  suppose  these  corrections  an  ^ 
and  their  derivatives  to  be  sufficiently 
small  to  allow  linearization  of  the  free 
surface  boundary  conditions. 

Thus  we  obtain: 

1. 

2a.  1^0  at  fixed  boundaries  and 

inflow/outflow  boundaries 
(4.5) 

2b.  - 


g5+CCj^+D5y+A<>j^+B<»y-Q*0 


After  the  calculation  of  ip  the 
values  of  and  $^3  are  computed  by 
backsubstituticn.  From  the  values  of  the 
velocity  potential  at  the  nodal  points 
the  velocity  can  be  calculated  by  a 
central  difference  method. 

4.  The  free  surface  correction. 

Since  in  the  solution  of  the  Neumann 
problem  the  dynamic  free  surface 
condition  has  not  been  taken  into  account, 
the  pressure  at  the  free  surface  generally 
will  not  have  its  desired  (usually 
constant)  value.  One  might  try  to  correct 
the  free  surface  shape  by  simply 
substituting  the  calculated  velocities 
into  the  dynamic  free  surface  condition, 

l.e,  by  putting  in»6p/pg  where  ip  is  the 
deviation  from  the  specified  pressure;  but 
this  docs  not  Iced  to  a  wavcliko 
solution  /4/.  Presumably  it  is  essential 
to  apply  a  correction  derived  ftora  both 
free  surface  conditions. 

In  contrast  to  the  solution  of  the 
Neumann  problem,  the  free  surface 
correction  is  calculated  in  the  Cartesian 
(X/y»2)  system.  The  equations  to  bo 
satisfied  by  the  corrected  potential 

are: 

1.  I.aplace  equation:  (4.1) 

2.  Kinematic  boundary  conditions 

g^  at  all  boundaries  (1.2) 

3.  Dynamic  boundary  condition: 


A  *  G+B^2  G  • 

B  ■  IWg  H  ■ 

C  •  B  - 

D  •  F  - 

■  GE+HF 

Q  - 


Obviously,  the  solution  of  (4.4)-(4,7) 
with  no"0  everywhere  gives  the  "double 
body  linearized"  flow  which  is  the  final 
result  of  c.g.  the  method  of  Dawson  /5/. 
But  Since  wc  want  to  calculate  the  exact 
solution  t>f  the  nonlinear  problem,  we 
have  to  continue  the  iterative  procedure 
until  eventually  the  corrections  it  and 
C  vanish.  The  final  solution  is  then  that 
of  the  last  Neumann  problem.  So  neither 
the  linearization  nor  any  other 
approximations  made  in  the  derivation 
of  the  surface  correction  have  any 
influence  on  this  final  solution:  only 
the  convergence  properties  might  be 
affected.  The  free  surface  correction 
problem  is  now  simplified  as  follows. 
Firstly  wc  ignore  the  ship  hull  boundary 
condition.  Furthermore,  we  approximate 
the  depthwisc  variation  of  the 
dlsturbanco  potential  by 

.cosh  a(z+H) 

Mx,y,z)  -  cSiinnr" 

where  a  is  a  coefficient  to  bo  determined. 
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In  this  Wdiy  the  botton  boundary 
condition  at  t«-H  is  satisfied. 

The  free  surface  is  divided  into 
small  elements  (dx,&y);  in  each  element 
the  disturbance  potential  is  locally 
approximated  by 

t(x,y,i)-(A^+A,x  +  DjV  +  AjX^  +  CjXy  + 
+  +  Ajx^  +  CjxV  ♦ 

♦  Cj-y^  ♦  — 

<4. 8) 


and  the  surface  correction  by 

5 (x,y) ■  a^+ajX+bjy+ajX^+Cjxy+bjy^^ 

+a3X^+C2xV+C2Xy^+b2y^+. . . 

(4.9) 

Where  x  and  y  are  local  coordinates  with 
the  origin  at  the  centre  of  the  eloxscnt 
(ix,iy). 

The  expressions  (4.8)  and  (4.9)  are 
substituted  into  the  equations  (4.4), 
(4,6)  and  (4.7),  which  have  to  be 
satisfied  for  all  x  and  y  within  the 
element.  Thezefore  the  sum  of  the  terms 
of  equal  powers  in  x  and  y  must  be  zero. 
With  the  approximations  (4,8)  and  (4.9) 
this  means  tiiat  in  the  free  surface 
conditions  an  error  of  0(ix3,Ay2)  is 
made. 


In  this  way  a  system  of  fifteen 
equations  is  found  in  twenty  unknowns 
plus  an  unknown  value  of  o. 

Elimination  of  the  coefficients  of  p  and 
the  coefficients  a3,  C2,  C3  and  b3  of  C 
(which  arc  dependent)  results  in  the 
relations: 

«2  *■  -  j  (|  -  Xg)  (4.10) 


-9*^  (4.11) 


witli 


E*— Eg*+>iJ(E*Fll*) 
F*»-Fg**VeH*(E+Fll*) 

<;*-?f/2o2 

8  •a  tanh  0(11+0^) 

For  a  two  dimensional  case  this  means 
if 

B*“l4»2*‘'g*(?  -  B 

9  9 


When  we  start  with  an  undisturbed  free 
surface  (n^-O),  E-B*»0  in  the  first 
cycle,  so  a*2g*  and  a2'*j^  (Q/^-a^) . 

For  the  threedimensional  case,  equation 
(4.10)  is  multiplied  by  2(Q/^-Aq) , 

2.2  <?-Ao>*21>2  , 

9  9  9 

(4.13) 

and  equatic~  (4.11)  is  written  as: 

■>  Q 

with  T*E*aj+F*bj+H*Cj+H*^b2+g*':^F  ♦ 
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again  8%a  has  been  used.  Eliminating  a 
from  (4.13)  and  (4.14)  we  find 

.j-rig'^S-a  )* 

9 

ili/49*<  (|-a^)  2-8g*2  (|-a^)  (T-bj)  (4.15) 

in  which  we  have  to  use  the  positive 
sign  for  correspondence  with  the  result 
for  the  twodlmensional  case. 

Obviously  more  equations  in  the  same 
unknowns  are  needed.  These  are  found  by 
requiring  continuity  of  C  and  Its  first 
and  second  derivative  between 
neighbouring  elements*  For  simplicity, 
the  coefficients  ci, 02^03  .*n  (4,9)  are 
put  zero,  which  implies  continuity  of 
^xy* 


Fig,  3.6  approximation  in  one  element. 

Using  a  spline  approximation  in 
y-direction  with  continuity  up  to  the 
second  derivative  at  the  boundaries  of 
the  clctMints  (at  the  points  (o,j^Ay/2)  in 
each  olenont)  one  obtains  the  relations 

+^2^*^*'  3-l(l)n.  (4.18) 
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The  bou.iddry  conditions  3C/3y*0  et 
y»yi  and  y*yn*yv,«  arc  is^lcaontcd  by 
defining 


Equation  (4.18)  relates  the  coefficients 
in  neighbouring  olesents;  the  solution 
is  obtained  similtanoously  for  a  whole 
row  of  elecicnts  at  one  x-position. 
Siailarly  the  continuity  of 
x-derivatives  at  {0,+  Ax/2)  would  lead  to 
an  icplicit  relation~requlring  a 
sisultancous  solution  for  the  whole  free 
surface.  Presua£d>ly  this  could  lead  to 
a  solution  with  waves  upstreoa  of  the 
disturbance.  It  is  here  that  we  take 
into  account  the  radiation  condition: 
we  require  continuity  of  kx  and  Cxx 
only  at  the  upstreaa  point  (0,  Ax/2)  in 
each  clczaent: 

«.19) 

Where  the  right  hand  side  is 
evaluated  at  (0,«Ax/2)« Proa  <4. IS)  and 
tho  spline  relations,  the  coefficients 
can  be  coaputed,  and  Z  ia  found  for  the 
X'position  considered.  Then  the  equations 
for  the  next  row  of  elcs^nts  are  solved. 
Therefore,  a  disturbance  at  a  certain 
X'pesition  can  only  cause  waves 
downstreanj  upstrean  its  influence  is 
only  transmitted  by  tho  solution  of  the 
Neumann  problem.  A  similar  "nuftorical 
radiation  condition*  has  been  used  by 
Dawson  /$/,  who  approximated  tho  free 
surface  condition  by  ono*8ldcd,  upstrean 
finite  differences. 


As  has  been  mentioned  in  Section  3, 
in  the  solution  of  the  Ncamann  problem 
a  uniform  outflow  is  prescribed.  This 
night  cause  errors  due  to  wave  reflections 
or  instability  unless  the  free  surface 
shape  is  made  to  conform  with  this 
uniform  flow  by  the  imposition  of  an 
artificial  wave  damping.  To  this  end  a 
pressure  distribution  on  the  free 
surface  is  introduced  such  that  tho 
waves  gcncraiod  by  the  ship  arc  cancelled 
at  the  outflow  boundary.  The  pressure 
distribution  is  connected  with  the  free 
surface  clcvu*-ion  according  to: 


with 


“  X'coordinatc  of  outflow  boundary 
■  x^-A,  where  A  ■  wave  length  at 
the  symmetry  plane. 

In  this  way,  n*n  "o  at  the  outflow 
boundary. 


As  has  been  shown  by  Bal  /6/  this 
pressure  distribution  has  a  negligible 


influence  on  the  flow  in  the  vicinity 
of  the  ship  provided  that  the 
downstream  boundary  is  not  too  close 
to  the  stern. 

5.  Discussion  of  results 

It  is  known  that  in  numerical  methods 
defined  in  curvilinear  coordinate  systems 
one  has  to  be  particularly  careful  in  the 
calculation  of  the  metric  coefficients; 
different  approximations  may  give  totally 
different  results  though  they  may  converge 
to  the  same  solution  for  vanishing  grid 
S(>aclng3.  In  Chapter  3  it  has  been 
xaentioned  that  a  linear  variation  of  g|^ 
and  and  a  quadratic  variation  of 

jind  g22  within  one  clement  is  allowed. 
The  importance  of  this  assumption  is 
illustrated  in  Pig.  4.  which  shows  the 
solution  of  the  trivial  problem  of  a 
unlfo.m  flow  without  free  surface, 
calculated  in  a  ronorthogonal  coordinate 
system.  With  the  above  assumption  the 
exact  resuljt  is  found,  bur  when  within 
each  element  all  G^)  are  kept  constant, 
significant  errors  occur  in  tho  whole 
computational  domain. 

Another  test  of  tho  solution  of  the 
Neamann  problem  concerned  the  flow  past 
a  sphere  at  the  centre  of  a  square 
channel  for  which  the  analytic  solution 
is  known.  The  channel  width  amounted  to 
S  sphere  diameters,  tho  computational 
do.main  extended  from  3  diameters  upstrean 
to  7  diameters  downstream  of  the  centre 
of  the  sphere.  Tno  following 
discretisations  were  used; 

1.  3  planes  in  depth,  with  228 
elements  on  each  plane; 

2.  $  planes  xn  depth,  with  228 
elements  each; 

3.  3  planes,  864  elements  each; 

4.  3  planes,  1892  elements  each. 

In  Figs  5  and  6,  the  differences 
between  the  numerical  and  the  analytic 
solution  ire  shown.  It  appears  tnat  only 
with  the  .argest  number  of  elements  a 
reasonable  accuracy  near  tho  stagnation 
point  is  obtained;  a  comparison  of  the 
results  with  discretisations  3.  and 

4,  suggests  a  second-order  accuracy. 

The  influence  of  the  number  of  x^-pianes 
is  more  noticeable  at  the  bottom  of  the 
channel,  which  is  as  expected;  the  nunber 
of  elements  makes  less  difference  here, 
because  at  some  distance  the  details  of 
the  body  geometry  have  lojs  influence. 
Obviously  small  elements  arc  required 
to  resolve  the  large  gradients  near  the 
stagnation  points;  for  bodies  with  a 
fine  bow  and  stern  a  larger  element  size 
will  bo  permissible. 

The  complete  solution  method  has  been 
applied  to  tho  Series  60  Cqb0.60  model 
which  has  been  a  test  case  of  the 
Workshop  on  Ship  Wave  Resistance 
Computations  /7/.  In  Fig.  7  the  results 
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ot  the  present  »cthod  for  three  Froude 
numbers  arc  cospared  with  cxpcrlzuntal 
results.  The  cxpcrlscnts  were  done  with 
a  ncdcl  free  to  sink  and  trln,  while  In 
our  calculations  this  has  not  been  taken 
into  account;  therefore  cosplcte 
agrccncnt  cannot  be  expected.  Even  so 
the  results  are  rather  disappointing. 
Particularly  there  Is  a  phase  shift  in 
all  wave  profiles.  This  nay  partly  be 
attributed  to  the  fact  that  the  wave 
elevation  had  to  be  extrapolated  froa 
the  points  witere  the  surface  correction 
is  applied  (a  rectangular  grid)  towards 
the  hull.  Therefore  another  calculation 
was  taadc  in  which  one  row  of  grid  points 
coincided  with  the  hull  surface  though 
the  nonorthogonality  was  not  taken  Into 
account.  In  tht  three  iterations 
perforned  this  resulted  in  a  different 
wave  profile  that  showed  a  better 
agrccaent  with  the  cxpcrlsicntal  phase. 
Anyhow  the  results  are  nuch  less 
accurate  than  those  of  Dawson  /7/, 
although  the  present  oethod  uses  the 
exact  free  surface  conditions.  This 
cannot  be  due  to  the  neglcctlon  cf 
slnkagc  and  trira  only,  because  for 
Fn*0.22  Darfson's  calculations  concerned 
a  fixed  tsodcl,  too. 

The  change  of  the  wave  profile  In  the 
course  cf  the  iteration  process  is 
displayed  In  Fig.  9.  After  6  Iterations 
the  wave  profile  has  converged  reasonably 
well  along  the  first  but  further  aft 
the  wave  height  still  Increases.  The 
phase  difference  between  the  nunerical 
and  the  experieental  profile  Is 
gradually  decreasing,  but  we  do  not 
expect  it  would  ultimately  disappear. 
Most  loportant  of  all  is  the  very  slow 
convergence  near  the  stern.  The 
downstream  marching  surface  correction 
method  implies  that  in  this  region  the 
free  surface  deviation  will  converge 
most  slowly. 

The  wave  resistance  has  been 
calculated  from  the  calculated, 
wave  pattern  behind  the  model  by 
applying  a  formula  used  in  experimental 
"transverse  cut"  methods.  It  agrees 
reasonably  well  with  the  cxperincntal 
data,  apart  from  an  Fn-independent 
ocotiibution  from  the  viscous  drag. 

The  calculations  for  the  Series  60 
model  wore  performed  with  three 
x^-plar.cs  with  3062  elements  on  each; 
each  iteration  required  86  seconds 
execution  time  on  a  CDC  Cyber  175 
computer.  Including  I/O  time,  the  costs 
amounted  to  I  210  per  iteration. 

6.  Conclusions 

The  method  presented  should  in 
principle  converge  to  the  solution  of 
the  exact  problem  without  any 
linearization.  This  advantage  over  most 
other  methods  has,  howe/er,  not  been 


borne  out  by  the  results  obtained  up 
to  now.  The  application  to  the  flow  past 
a  sphere  showed  the  necessity  of  a  large 
number  of  elements  near  blunt  bodies. 

For  free  surface  flows,  the  iterative 
procedure  used  for  correcting  the  free 
surface  shape  converges  slowly  in  the 
downstream  part  of  the  computational 
domain.  «Ji8  means  that  the  computation 
time  becomes  excessively  large  -unless  a 
coarse  grid  Is  used  and  the  resulting 
largo  discretisation  errors  are  accepted. 

It  might  be  that  the  solution  of  the  free 
surface  correction  problem  has  been 
simplified  too  much,  e.g.  by  the 
prescription  of  the  depthwise  variation; 
in  that  case  a  more  accurate  calculation 
of  the  correction  might  accelerate  the 
convergence  and  reduce  the  total 
co^utation  time. 

Other  rccorrsondablc  refinements  are  the 
incorporation  of  the  effects  of  slnkagc 
and  trim  bi»  a  repositioning  of  the  ship 
in  each  iteration,  and  the  specification 
cf  boundary  conditions  at  the  sidewalls 
which  give  a  bettor  representation  of 
the  flow  In  an  Infinite  domain. 

Though  the  calculations  have  shewn  the 
possibility  to  arrive  at  a  converged 
solution,  nuch  remains  to  be  done  before 
the  present  method  is  useful  for  practical 
applications. 
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Ab»tf«ct 

It  W&9  found  by  Miyota  that  ihlpa  In  itoady 
straight  course  In  deep  water  generate  nonlinear 
waves  naaed  Free  Surface  Shock  Wave.  Alaoat 
all  ships  generate  free  surface  shock  waves  In 
the  rteighborhood  of  ships  in  the  thin  layer  sdja* 
cent  to  the  free  surface  and  they  contribute  to 
reslatsnce.  Their  typical  eharacterlsUcs  that 
have  been  expsrtaentally  clarified  Indicate  that 
they  are  nonlinear  nondlsperslve  waves  governed 
by  nonlinear  equations.  The  theoretical  explana* 
tlon  of  the  new  wave  tsaking  phenoaenon  is  at** 
tecBpted  by  a  newly  devek^ed  caodlfled  MAC- 
oethod.  The  coceputed  results  for  a  2>D  rectan¬ 
gular  body  and  )-D  wedge  nodsls  are  coopafed 
with  experimental  ones  in  the  fom  of  wave  pro¬ 
file  and  distribution  of  velocity  ocnponente.  The 
typical  characteristics  of  the  nonlinear  waves 
around  bows  which  are  experbsentally  verified 
are  also  dreonst rated  by  the  n  ^erical  computa¬ 
tions. 

1.  Introduction 

In  1977  one  of  the  authors  intuitively  found 
the  existence  of  a  kind  of  nonbnear  waves  in  the 
vicinity  of  s  ship  in  steady  straight  course  In 
deep  water.  Since  then,  our  attention  has  been 
focused  on  the  wave  motions  In  the  vicinity  of 
ships.  The  experimental  investigations  at  the 
Ax^rlsental  tank  of  the  University  of  Tokyo 
have  demonstrated  that  these  waves  havo  proper 
characterlitics  that  deserve  the  term  of  nonlinear 
wave*^'*?  They  ire  so  analogous,  in  many  re¬ 
spects.  to  shock  waves  in  supersonic  flow  and 
shallow  water  shock  waves  *^that  they  are  named 
free  surfKe  shock  wave  (Mjaetlmes  abbreviated 
as  '*SSW  In  this  paper). 

The  experimental  tnvestlgitlonB  have  shown 
that  FSSHs  occur  around  ships  of  any  hull  form 
and  that  they  contribute  to  ship  resistance  in  a 
quite  different  manner  (roe  linear  waves.  The 
role  of  PSSWs  played  tn  ship  resistance  Is  espe¬ 
cially  important  for  ships  of  wide  beam-length  or 
of  shallow  draft On  the  other  hand  it  has 
come  to  be  clearly  understood  that  the  bulbous 
bow  is  very  effective  not  only  for  the  cancella¬ 
tion  of  linear  dispersive  waves  but  also  for  the 
attenuation  of  resistance  due  to  FS.SWe* 

Anyway,  tlie  phenomenon  of  FSSK  ie  most  impor¬ 
tant  for  the  clarincation  of  the  wave-making  of 
ships  and  for  the  design  of  hull  forms  of  minimum 
resistance.  Hitliout  further  advanced  Investiga¬ 


tions  into  this  new  phenomenon  no  significant 
progress  will  be  expected. 

Suppose  that  waves  are  classified  Into  linear 
and  nonlinear  ones.  FSSKs  evidently  belong  to 
the  Utter,  l.e. .  they  are  nnite  amplitude  waves 
governed  by  nonlinear  equations.  Therefore, 
neither  a  potential  theory  nor  a  Fourier  analysis 
t.an  be  applied  to  this  problem. 

At  the  present  time  nonbnear  wave  phenomena 
are  the  aubject  of  extenalvo  study  In  many 
branches  of  physica  and  engineering.  In  the 
field  of  fluid  dynamics  solitary  waves  tn  shallow 
water  and  shock  waves  in  suj^rsonlc  flow  have 
been  famihar  nonlinear  waves  for  a  long  lime, 
and  FSSWs  will  share  the  terra  of  nonlinear  wave 
in  fluid  dynamics. 

Some  nonlinear  waves  have  the  dispersive 
pn^erty  end  the  othoie  the  dissipative  one.  In 
concern  with  "cUsslcar  gravitational  waves  on 
water  surface,  the  dispersion  is  very  important 
tf  the  depth  of  the  water  Is  deep  enough.  Kaves 
havlnc*.  different  wave  number  have  different 
velodtlet  and  nonlinear  steepening  of  the  wave 
can  be  compensated  by  the  dispersive  spread. 
Itowever.  If  the  depth  of  water  is  email,  the 
phase  volodly  U  equal  to  l.e.,  the  disper¬ 
sion  Is  not  Important.  In  this  case,  nonlinear 
effects  become  conspicuous.  The  most  important 
nonlinear  effect  Is  the  steepening  of  wave  front. 
FSSKs  are  obviously  very  analogous  to  the  tatter 
case,  though  tho  depth  of  water  Is  deep,  as  can 
be  understood  by  tho  experimental  results 
Therefore,  we  will  bo  sble  to  claim  that  FSSKs 
ace  nonlinea)  nondisporelve  waves. 

It  seems  very  difficult  to  theoretically  explain 
FSSWt  because  they  are  governed  by  nonltnoar 
equations  Tho  most  popular  method  of  solution 
Is  a  numerical  procedure  which  it,  in  many  cases 
very  powerful  for  tho  problem  of  nonlinear 
waves  In  this  paper  a  modlfletl  Marker-and- 
Cell  method  Is  adopted  for  tho  analysis  of  l>ow 
waves  in  front  of  a  2*D  rectangular  floating  body 
and  those  around  a  wedge-shaped  9-1)  body. 

The  Stanford  University  Modified  Markor-And- 
Coil  iSU^lMAC)  method  developed  by  Chan  and 
Street  ’  ' '  'is  further  modified  so  as  to  make  the 
doiaileit  analysis  of  FSSWs  around  the  bow  possl 
bie  The  poverrung  equations  are  the  Navier- 
Stokes  equations  and  these  nonlinear  partial  dif¬ 
ferential  equations  are  resolved  into  finite-differ¬ 
ence  equations  in  two  or  three  space  dimensions 
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Th«  free*surf8ce  and  body'-surfaco  conditions 
are  carefully  treated.  The  Icoprovcd  version  of 
SUKMAC  scheoe  Is  called  the  Tokyo  University 
Modified  Markcf>And‘Ccll  (TU»{MAC)  cecthod  in 
this  paper. 

In  Chapter  3  the  characteristics  of  FSSHs  are 
briefly  summarized  with  experimental  results, 
most  of  which  are  concerned  with  FSSWs  around 
wedge  models.  For  the  readers  who  are  interest¬ 
ed  in  the  other  vast  experimental  results,  the 
previous  works  in  the  refercnces^^'^^'wlU  pro¬ 
vide  fruitful  Information.  Some  discussions  on 
the  nonlinear  equations  arc  also  added  In  this 
chapter.  Tho  modifications  of  the  MAC  method 
and  the  computational  procedures  are  described 
In  Chapter  4.  In  Chapter  5  bow  waves  in  front 
of  a  2-D  rectangular  body  are  exporlmcntally 
examined  and  they  aro  compared  with  the  calcu¬ 
lated  results  by  theTUMMAC  scheme,  in  Chapter 
6  the  TUMMAC  scheme  is  extended  into  a  three- 
dimensional  one.  which  offers  numerical  solutions 
of  nonlinear  bow  waves  in  the  vicinity  of  wedges 
of  finite  draft. 

Normal  and  oblique  FSSWs  both  have  opportu¬ 
nity  to  occur  depending  on  Froude  number  and 
entrance  angle but.  experiments  and  calcula¬ 
tions  In  this  paper  aro  mostly  undertaken 
under  the  condition  which  generates  oblique 
FSSWs. 

2.  Nomenclature 

1>T  time  Increment 

OX  longitudinal  width  of  a  cell 

OY  lateral  width  of  a  coll 

DZ  vertical  height  of  a  celt 

d  draft  of  model 

Fd  Froude  number  based  on  d 

Fh  DO  based  on  h 

Fh*  DS  based  on 

Fn  D2  based  on  model  length 

g  gravitational  acceleration 

II  U'/2g 

h  shallow  water  depth 

‘Kj  equivalent  shallow  water  depth 

P  pressure 

pQ  pressure  at  free  surface 

Rn  Reynolds  number  based  on  d 

T  time 

U  speed  of  uniform  stream 

u.v.w  disturbance  velocity  components  in  x.  y 
and  s  directions,  respectively 
AV  velocity  change  across  wave  front 

X  axis  parallel  to  model  centerline,  posi¬ 

tive  aftward.  origin  at  FP 
y  axis  parallel  to  model  beam 

z  axis  vertical,  positive  upward 

a  entrance  angle 

i5  shock  angle  (angle  of  wave  front  line) 

i;  wave  height 

V  kinematic  viscosity 

0  density  of  water 

»  P/p 

(subscript) 

1.1, k  denoting  x,y  and  z  directions,  respec¬ 

tively 

n  nonnal  to  shock  front 

t  tangential  to  shock  front 


(superscript) 

n  denoting  time  step 

3.  Characteristics  of  Free  Surface  Slwck 
Waves  and  Their  Govern  ng  Equations 

3.1  Characteristics  of  Free  Surface  Shock  Waves 

The  characteristics  of  FSSWs  arc  entirely  dif¬ 
ferent  from  those  of  linear  dispersive  waves. 

The  typical  characteristics  arc  1)  formation  of 
lines  of  discontinuity.  2)  unsteadiness  and  steep¬ 
ness  of  wave  crests.  3)  satisfaction  of  the  shock 
relation.  4)  systematical  change  of  tho  angle  of 
wave  front  (shock  angle).  S)  nondisperslve  prop¬ 
agation  and  6)  dissipation  of  wave  energy  into 
momentum  loss  far  behind. 

In  Pig.t  (a)  some  wave  pattern  pictures  are 
present,  which  are  photographed  with  aluminum 
powder  fllm  on  the  water  surface.  With  the  in¬ 
crease  of  the  entrance  angle  of  the  ship  model  the 
angle  of  tho  foremost  wave  crest  increases  and  a 
black  region  appears  where  the  aluminum  powder 
cannot  pass  across  the  wave  front.  The  discon¬ 
tinuity  of  tho  water  flow  is  Intensified  by  tho  in¬ 
crease  of  shock  angle.  Fig.l  (b)  illustrates  the 
change  of  FSSW  formation  duo  to  change  of  ad¬ 
vance  speed.  Doth  normal  and  oblique  FSSWs 
occur  depending  on  entrance  angle  .tnd  Froude 
number  based  on  draft.  A  normal  PSSW  is  trans¬ 
formed  Into  an  oblique  one  with  the  increase  of 
advance  speed  when  tho  entrance  angle  is  not 
very  large,  whereas  it  cannot  be  transformed  and 
remains  to  be  normal  when  the  entrance  angle  is 
very  largo  In  Pig.  2  a  result  of  visualizing 
tho  free  surface  flow  is  seen,  in  which  the  paths  of 
small  paper  tips  aro  distorted  by  tho  lines  of  dis¬ 
continuity.  FSSWs  are  nonlinear  waves  that  form 
lines  of  discontinuity  across  which  water  particles 
undergo  sudden  abrupt  change  in  velocity. 

Tho  appearance  of  a  wave  crest  around  a 
round-nosed  model  in  Fig.  3  is  very  similar  to  tur¬ 
bulent  boro.  Tho  wave  profile  is  not  smooth  but 
it  is  steep  and  accompanies  unsteady  motions. 

Tho  vectors  of  disturbance  velocity  aro  shown 
in  Fig. 4.  which  are  obtained  from  the  measure¬ 
ment  of  flow  field  in  the  vicinity  of  the  front  of 
the  foremost  nonlinear  wave  generated  by  a 
wedge  model.  A  small  5-hoIe  pitot  tubo  whose 
outer  diameter  is  2.1i3m  Is  made  use  of.  At  tho 
points  circled  In  Fig. 4  measurement  was  impossi¬ 
ble  because  of  too  great  disturbance  velocity. 

In  tho  flow  region  adjacent  to  the  free  surface 
both  X  and  y  components  of  the  disturbance  vo- 
locittos  show  abrupt  change,  i.e. .  the  disturb- 
anco  velocity  is  remarkably  great  behind  tho 
wave  front  and  it  Is  discontinuously  reduced  at 
tho  wave  front.  Tho  values  of  u  and  v  aro  so 
great  behind  the  wave  front  that  they  can  never 
be  interpreted  as  a  disturbance  velocity  due  to 
tho  orbital  motion  of  linear  dispersive  waves. 
Instead, the  distribution  of  the  horizontal  veloc¬ 
ity  components  u  and  V  is  similar  tn  that  of  non¬ 
linear  shallow  water  waves  such  as  turbulent 
bore,  showing  abrupt  velocity  change  at  tho  wave 
front  and  constantly  largo  disturbance  velocity 
behind  the  wave  front. 


The  physical  shock  relation  Is  that  tho  tan- 


gentia)  coapor.ent  of  the  velocity  change  acroes 
wave  front  Is  null  while  the  component  of  the  vel* 
ocity  change  normal  to  the  wave  front  is  great. 

In  other  words  velocity  vectors  are  suddenly  dls~ 
torted  outward  at  the  wave  front  by  the  violent 
disturbance  velocities  normal  to  the  wave  front. 
The  measured  components  of  the  velocity  change 
are  shown  in  Fig. 5.  The  tangential  component 
AVt  is  approximately  negligible  for  the  three 
cases,  wt^e  the  normal  component  AVn  is  very 
large  especially  in  the  flow  near  the  free  surface. 
The  PSSWs  are  phenomena  that  occur  in  the  thin 
flow-layer  near  the  free  surface  and  they  approx¬ 
imately  satisfy  the  sltoch  relation  there.  The 
PSSW  can  be  a  kind  of  shock  wave. 


The  angles  of  front  lines  of  the  foremost  waves 
around  bows  of  wedge  models  are  measured  and 
figured  in  Fig. 6.  It  Is  clearly  observed  that  the 
angle  of  the  wave  front  to  the  centerline  of  the 
models  (shock  angle)  is  systematically  varied. 
The  angle  Increases  with  the  increase  of  entrance 
angle  and  with  the  decrease  of  advance  speed. 
This  systematical  change  h  very  analogous  to 
that  of  shock  waves  in  shallow  water*\  which 
satisfies  the  following  rclailon. 


tane(/l  ♦  8Fh*sin*6  -  3) 
2tan*S-  I  ♦  / 1  ♦  8Fh^sln*0 


where  Fh  »  U//^  (2) 

This  properly  is  al:?  most  Interesting  and  impor¬ 
tant.  since  the  wave-crest  angle  of  linear  dis¬ 
persive  waves  (Kelvin  waves)  docs  not  depend 
on  the  entrance  angle  nor  tho  draft.  There  aro 
two  kinds  of  FSSW,  namely,  oblique  and  normal 
ones,  as  stated  before,  and  the  experimental 
results  In  Fig, 6  are  confined  to  obllquo  ones.  It 
1$  noted  that  normal  FSSWs  whoso  8  is  r/2  occur 
when  a  is  great  and  advance  speed  is  low. 

If  tho  foremost  waves  around  wedgo  toodcls  are 
certain  shock  waves,  it  will  be  imagined  that  the 
discontinuity  will  be  intensified  with  tho  increase 
of  shock  angle.  Tho  wave  height  and  tho  longi¬ 
tudinal  position  of  tho  maximum  height  are  meas¬ 
ured  jn  a  line  parallel  to  tho  centerline.  Tho 
resu't  Is  shown  in  Fig. 7,  With  the  forward  shift 
of  wave  crest,  l.e. .  with  the  increase  of  shock 
angle  the  wave  height  which  is  the  measure  of 
tho  strength  of  discontinuity  Is  linearly  In¬ 
creased. 

The  concept  of  equivalent  shallow  water  depth 
was  introduced  for  tho  practical  purpose  of  im¬ 
proving  the  method  of  hull  form  design'*'*;  The 
equivalent  shallow  water  depth  is  calculated  from 
the  measured  shock  angle  8  of  wedge  models  ac¬ 
cording  to  Eqs.(l)  and  (2).  i.u..  Fh  is  deter¬ 
mined  by  Eq.(l)  and  thonKi  is  derived  by 
Eq.(2),  The  calculated  equivalent  shallow  water 
depth  is  illustrated  in  Fig. 8.  Tho  equivalent 
shallow  water  depth  Is  approximately  independent 
of  the  advance  speed.  This  implies  that  FSSWs 
do  not  have  dlsr^slvo  property,  since  tho  veloc¬ 
ity  of  wave  is  that  Is  independent  of  ad¬ 
vance  speed  when  the  above  analogical  simplifica¬ 
tion  is  adfflittable. 


Fig. 8  Depandenco  of  equ>.:'«nt  snallow 
water  depth  on  advance  ipcvd 
(wedgo  model) 


iw  t»e  t'>  \ 


Fig, 9  Measured  velocity  vectors  illustrating 
discontinuity  and  diffusion  process 
of  free  surface  shock  wave  fnm  stern 


neighborhood  of  tho  front  of  a  FSSW  from  the 
storn  of  a  2-D  model  ship  of  simple  hull  form. 

In  this  case  FSSWs  aro  superposed  on  tho  linear 
transverse  wave.  At  tho  front  of  FSSW  tho 
water  flow  undergoes  abrupt  drop  In  velocity  In 
tho  thin  layer  adjacent  to  the  free  surface  and 
consequently  the  vertical  distribution  of  velocity 
vectors  becomes  very  steep  Immediately  behind 
the  wave  front,  whereas  it  is  nearly  uniform  be¬ 
fore  tho  front.  The  steep  slope  is  due  to  the 
remarkable  disturbance  velocity  in  the  forward 
direction  normal  to  wave  front.  It  Is  noted  that 
tho  steop  slope  is  gradually  attenuated  and  tho 
velocity  distribution  tends  to  bo  uniform  far  be¬ 
hind  the  wave  front.  This  shows  a  kind  of  dlf- 


Fig.9  shows  measured  velocity  vectors  in  the 


/u$lon  process  and  indicates  the  role  of  vlscosl* 
ty.  The  appearance  of  the  wav#  front  In  Pie.  3 
also  suggests  that  the  dliperslon  Is  not  lapor- 
tant  for  FSSWs  but  that  the  diffusion  and  the 
disslpaUon  wUl  have  the  possibUlty  to  play  a  ala- 
Sis?”*.  behind  ships  the  effect  of 

^■i>iW8  is  revealed  In  noesentua  loss«  and  ihe 
resistance  duo  to  PSSWs  Is  approximately  jaeas- 
ured  by  integrating  the  OMaontua  loss*'*:  This 
roMns  that  the  energy  of  FSSh's  Is  dissipated 
Into  soocthlng  different  from  wave  energy. 


Tile  governing  equations  for  fluid  flows  are 
the  equation  of  continuity  and  the  equation 
or  Exitlon  as  follows  for  Incoaprcsslble  flow. 
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whorou  a  p(;*h),  (7) 

Neglecting  the  diffusion  toras,  this  equation  is  a 
RonUr.ear  hyperboUc  equation  which  is  the  same 
with  the  equation  of  compressible  flow.  If  the 
equivalent  shallow  water  doplh^^*^  is  Introduced. 
I.e.,  h  Is  replaced  by  Ti,.  the  problem  of  FSSVfs 
can  bo  solved  In  the  same  manner  with  shallow 
water  waves.  However,  the  equivalent  shallow 
water  depth  was  introduced  only  for  the  purpose 
of  developing  a  practical  method  of  hull  form  to- 
provAflent.  and  this  way  is  not  suitable  for  the 
thoorotlcal  Interpretation  of  the  neit  phenomenon. 

The  simple  one-dtoenslonal  nonlinear  equations 
familiar  to  nonlinear  wavo  problems  are  the 
Burgers  equation  and  the  K-dV  equation,  which 
are  described  as  follows,  respectively. 
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Alttough  Eq.H)  U  really  the  governing  equation. 
It  is,  in  the  classical  boundary  value  problems, 
only  dealt  with  as  a  boundary  condition  in  an  In¬ 
tegrated  form.  I.O..  the  so-called  dynamic  bound¬ 
ary  wndition  For  most  of  the  theories  of  wavo 
resistance  the  governing  equation  is  Eq.(3) 
which  Is  a  linear  equation  that  snalytically  ctves 
linear  solutions.  The  NavIcr-StoVes  equations 
2'o,  however,  the  nonlinear  equations  which  may 
hav  t  possKiihty  of  generating  nonlinear  waves 
Incl  jdJng  FSSWs.  To  handle  with  the  problem  of 
FFohs  the  linearization  of  the  equations  cannot 
be  actoinod,  and  the  nonlinear  equations  are  to 
uo  solx'ed. 

Tho  gov.inlng  eiiualloni  for  ,!iallow  wafer 
wsvos  are  aa  follows. 


(5) 


The  di.feronco  between  the  above  two  equations 
Is  only  on  tho  right-hand-side  term.  I.e..  the 
difference  of  the  second  and  the  third  deriva¬ 
tives.  However,  the  characteristics  of  waves 
expressed  by  the  two  equations  are  quite  differ¬ 
ent.  The  term  of  second 'derivative  In  the 
Burgers  equation  works  with  dissipative  property, 
whereas  that  of  third  deilvatlvo  in  the  K-dV 
equation  works  with  dispersive  property.  Thus 
the  two  equations  aro  the  typical  governing  cqu^ 
tlon».  for  nonUnear  dissipative  waves  and  non¬ 
unoar  dispersive  waves,  respectively.  The 
gov^nlng  equation  for  supersonic  shock  waves  Is 
the  Burgers  equation ’>**>  The  steepening  of 
waves  caused  by  the  nonlinear  convection  term  is 
bslancod  with  the  dlsslpativo  oifocl  of  the  diffu¬ 
sion  term. 

It  will  bo  noted  that  the  Navlor-Stokos  equa¬ 
tions  are  very  similar  to  the  Burgers  equation. 

The  nonlinear  convective  terms  in  the  Navlor- 
Stokes  equations  may  steepen  tho  wave  slope  and 
irus  steepening  may  bo  eased  by  the  diffusive 
terms.  In  general,  shock  waves  are  formed  as  a 
balance  of  .ho  convoctivo  terms  of  tho  equations 
and  the  wave-form  easing  tendency  of  diffusion 
*?*“?•  ‘^berolore.  the  Navlor-Stokes  equations 
s^uld  bo  tho  governing  equation  for  the  analysis 
01  nonUnear  nondlsperslve  waves  l»»  tho  vicinity 
of  ships,  Tho  viscous  tonns  are  retained, 
because  they  will  play  an  important  role  through 
either  a  physical  process  or  a  numerical  process. 

The  numerical  procedure  will  not  be  very  prop¬ 
er  for  the  analysis  of  linear  dispersive  waves. 


4'* 


since  the  solution  Is  very  sensitively  influenced 
ny  the  boundary  condition  on  the  outer  bound¬ 
aries  ox  the  limited  computational  daaaln.  This 
may  partly  because  of  the  property  of  dispersive 
propagation.  However,  FSSWs  are  local  non¬ 
linear  waves  whose  solution  can  be  derived  as  a 
rwult  of  the  balance  of  convoctlvo  and  diffu5i''o 
effwts  at  the  wave  front.  Therefore,  the  nu¬ 
merical  solution  will  bo  leas  sensitively  influenced 
by  the  outer  boundary  conditions. 


4,  Modified  Marker-And-Ccll  Method 
4.1  Finite-Difference  Representations 

The  Navler-Stokes  equations  In  conservation 
form  are  transformed  Into  finite-difference  repre¬ 
sentations  In  the  same  manner  with  t5»e  SUKMAC 
scheme  but  in  three  space  dimensions.  Terms 
that  Involve  only  space  derivatives  are  approxi¬ 
mated  by  central  differences.  The  .:-dlrectlonal 
finite  difference  representation  is,  for  examplo. 
as  follows. 
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From  Bq  (10)  and  t)io  similar  representations 
tor  tlio  followings, 
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n*l 


tha  following  equation  la  obtained. 
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T^o  D  terms  do  not  vanish  in  gcnoral,  because  of 
the  errors  In  the  numorlca)  proccdurc>  whereas 
DHO  is  required  to  rigorously  conserve  mass. 
In^?'  (nM)-th  step  and 

D|j]^  in  Eq.(12)  Is  sot  zero. 

The  equation  for  the  pressure  is  derived  as. 
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Ijll*  °11lc-l 
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(16) 


Ri}k  is  defined  when  u,  v,  w  are  given  and  then 
the  pressure  «r  s  p/p)  is  derived  by  the  following 
equation. 
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Eq.(17)  Is  iteratively  solved  and  tho  obtained  pre~ 
ssure  Is  substituted  In  Eq.  (10)  so  that  the  veloci* 
ty  components  at  the  (n*l)-th  step  aro  obtained. 

For  2'D  cases  the  toras  Including  v  or  y  aro 
dropped  In  the  above  equations. 

^.2  Boundary  Conditions 


The  kinematic  free  surface  condition  is  satis* 
fled  by  the  movement  of  marker  particles.  In  the 
2*D  case  the  particle  velocities  aro  obtained  from 
the  u  and  w  fields.  The  wave  profile  is  defined  by 
the  new  positions  of  the  markers  in  the  same  man* 
nor  with  the  original  MAC  method^  M  When  this 
method  Is  applied  to  3*0  cases  the  new  wave 
height  Is  obtained  at  irregular  positions  of  the 
disturbed  water  surface,  which  makes  tho  two* 
dlaen<!ional  Interpolation  difficult.  Therefore, 
the  old  positions  of  marker  particles  are  iterative* 
ly  obtained  so  that  tho  now  positions  are  located 
straJghtly  above  tho  center  of  the  cells. 

For  tho  dynamic  free  surface  condition  "irregu* 
lar  stars*  of  tho  SUMMAC  method  aro  made  use  of 
so  that  P«Po  is  satisfied  at  tho  exact  location  of 
the  free  surface. 

On  tho  surface  of  tho  floating  body  the  free* 
slip  condition  is  applied.  The  waterllnes  of  3*D 
bodies  do  not  coincide  with  tho  diagonals  of  the 
cells.  Instead,  they  bisect  tho  horizontal  sides  of 
the  cells  so  that  tho  positions  whore  u  and  v  are 
evaluated  aro  located  on  the  body*surf3ce. 

The  computational  domain  1$  limited  within  tho 
depth  two  or  three  times  as  deep  as  draft,  and 
velocities  aro  smoothly  connected  with  tho  double 
model  flow  in  tho  deeper  region. 

The  simple  and  convenient  outer  boundary 
condition  is  made  use  of.  i.e. ,  the  velocity  com* 
ponents  on  the  cells  st  the  outer  boundtrles  are 
extrapolated  from  the  neighboring  Inner  colls 


along  the  local  flow  direction,  and  they  are  as* 
sumed  same  with  tho  velocity  components  on  tho 
neighboring  inner  cells. 

S.  Nonlinear  Waves  In  Front  of  a 
Rectangular  2»D'Modcr 


Tho  2*D  nonlinear  waves  generated  In  front  of 
a  rectangular  floating  body  are  supposed  to  es¬ 
sentially  have  the  same  characteristics  with  those 
of  an  usual  3*D  bow,  though  they  will  have  much 
more  violent  appearance.  Therefore,  the  slmplo 
cases  of  2*D  flows  aro  studied  in  this  chapter, 

5.1  Experimental  Results 

A  box*shapcd  model  RM!  in  Fig.  10  was  manu* 


Fig, 10  Rectangular  model  (RMl)  for  2-D 
experiments 


Fig,  11  Observed  bow  waves  In  front  of 
RMl  (d  >  0,15m,  Fd  s  0.9) 
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Fig.  12  Tlnao  sequence  of  calculated  2*D 

<ff3ve  profile  (d  *  O.lSm.  Fd  *  0.9) 


Fig.  13  Calculated  velocity  vectors  at  dif¬ 
ferent  Froude  numbers  (d  «  9.2m) 


Fig. 14  Comparison  of  measured  and  calcula¬ 
ted  velocity  vectors  (d  ■  O.lSm, 

Fd  »  0.9) 


Fig.  IS  Comparison  of  disturbance  velocity 
vector  distribution  between  a  2-0 
model  (RMl,  d  3  0.2m,  Fd  -  O.S) 
and  a  simple  3-D  model  (WM2. 
d  a  O.Oem.  Fd  =  1.39) 


factored  for  a  2-D  flow  to  be  realized  in  the  tow¬ 
ing  tar.lc.  The  side-walls  are  necessary  to  realize 
a  2-D  flow  though  they  simultaneously  have  an 
unfavorable  effect,  i.o. .  they  generate  waves  and 
interact  with  the  flow  caused  by  the  box-part. 
Thus,  it  is  very  difficult  to  roaL*c  a  complete  2'D 
flow  :  therefore,  it  is  assumed  that  a  2-D  flow  is 
locally  realized  on  the  vortical  piano  on  the  cen¬ 
terline  of  the  model.  Wave  profiles  and  velocity 
components  aro  measured  on  this  plane  with  a 
wave  recorder  of  point  lowering  typo  and  a  five- 
hole  pitot  tube. 

Some  examples  of  wave  pictures  aro  shown  in 
Fig. 11.  Tho  appearance  of  the  wave  front  looks 
turbulent,  which  is  similar  to  tho  appearance  in 
Fig. 3  of  a  3-D  case.  The  wave  slope  is  steepened 
here  and  it  seems  to  bo  eased  by  some  dissipative 
effect,  which  results  in  tho  turbulent  appearance. 
At  tho  condition  in  Fig. 11  the  waves  in  front  of 
tho  bow  are  not  steady  but  they  periodically 
change  their  shape  and  position  of  wave  front. 

The  unsteadiness  of  tho  waves  will  have  certain 
connection  with  tho  nonlinearily  of  the  phenome¬ 
non. 

5.2  Calculations  by  TUMMAC 

Tho  2-D  version  of  tho  TUMMAC  roothod  is  ap¬ 
plied  to  tho  case  in  Fig. 11.  The  domain  of  com¬ 
putation  is  as  shown  In  Fig.  13.  Tho  number  of 
coil  Is  about  2500.  The  floating  body  is  impul¬ 
sively  started  and  the  calculation  is  continued 
until  T*U/d  *  48  (T  =  6.6  sec)  with  tho  Interval 
of  DT'U/d  3  O.Ol,  i.o.,  the  calculation  is  repeat¬ 
ed  4800  times. 

Tho  tbno  sequential  development  of  the  wave 
profile  Is  present  In  Fig. 12.  A  steep  wave  is 
generated  in  front  of  the  body  and  it  is  attenuat¬ 
ed  and  Anally  reaches  to  tho  wave  profile  that 
agrees  well  with  tho  measured  mean  wave  profile 
at  T‘U/d  *  48,  ifowevor.  tho  calculated  wave 
profile  at  T<U/d  a  48  is  not  tho  steady  solution, 
but  it  Is  cljangod  through  the  further  computa- 
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tional  step»  Into  the  wave  profile  saae  with  that 
at  T*U/d  B  32,  and  then  Into  that  at  T‘U/d  -  4G. 
The  waves  pcrfcdically  change  their  shapes  with 
the  period  of  about  2  second.  The  unsteadiness 
cf  the  wave  is  also  revealed  In  the  calculation. 
Throughout  the  above  computation  artificial  vis* 
easily  is  intn>duc<‘d.  i.e. .  the  Reynolds  number 
based  on  draft  is  assumed  100.  When  it  Is  as* 
suaed  200  the  slope  of  the  wave  becomes  extreme¬ 
ly  steep  and  the  computation  cannot  be  continued. 
T!ic  artifidal  viscosity  is  necessary  In  order  to 
obtain  steady  solutions  by  the  present  scheme. 

The  calculations  are  carried  out  at  other  differ¬ 
ent  conditions  and  the  influence  of  Froude  number 
is  illustrated  in  Fig.  13  in  which  wave  profiles  and 
distributions  of  velocity  vectors  are  compared  be¬ 
tween  two  advance  sreed,  i.e..  Fd  =  0.5  and  0.1. 
At  Fd  3  O.i  the  elevation  of  the  free  surface  Is 
comparatively  negligible  and  the  velocity  vectors 
near  the  free  surface  arc  oriented  horlxontalty  or 
somewhat  downward,  while  at  Fd  ~  0.5  the  con¬ 
spicuous  wave  with  steep  slope  at  the  front  Is 
generated  and  it  is  naturally  accompanied  with 
upward  oriented  velocity  vectors  at  the  wave 
front.  The  cost  outstanding  difference  between 
the  two  conditions  consists  in  the  difference  of  the 
orientation  of  the  flo^v  In  the  vicinity  of  the  free 
surface.  Fig.  13  Indicates  that  the  conspicuous 
wave  Is  generated  when  the  advance  speed  ex¬ 
ceeds  a  certain  value.  At  the  boitocn  corner  of 
the  body  the  flow  is  separated  and  consequently 
a  tremendous  vortical  motion  appears.  This  will 
have  sono  Influence  on  the  flow  near  the  free  sur¬ 
face.  though  the  details  are  not  studied 

Extensive  expermcntal  results  of  2-D  waves  by 
floating  \»dlcs  can  bo  found  In  the  paper  by  K. 
SuruhPy  and  our  expcrLmcntal  results,  most  of 
which  are  abbreviated  here,  will  be  reported  m 
the  near  future. 

The  distribution  of  velocity  vectors  is  compared 
between  experiment  and  calculation  In  Fig.  14. 

The  region  where  measurement  was  possible  Is 
limited.  The  agreement  Is  not  complete  but  satis¬ 
factory.  The  distribution  of  disturbance  velocity 
vectors  calculated  bv  the  TUMMAC  method  In  a  2-D 
case  is  compared  with  that  measured  in  the  >-2 
plane  of  the  flow  around  a  ship  model  of  simple 
hull  form  in  Fig.  15  The  figure  of  the  3-D  case 
shows  the  disturbance  velocity  vectors  of  tho  flow 
near  tho  Iront  of  an  Intense  FSSW  In  both  cases 
the  disturbance  velocity  vectors  aro  great  and 
oriented  upward  and  outward  near  and  behind  tho 
wave  front,  while  they  aro  considerably  weakened 
in  the  outer  region.  U  is  supposed  that  the  es¬ 
sential  characteristics  ol  tho  nonlinear  waves 
around  tho  bow  aro  not  quite  different  between 
each  other, 

6.  Nonlinear  Bow  Waves  of  a  Wedge  Model 

Tho  3'D  version  of  tho  TUMMAC  method  is  made 
use  of  for  the  theoretical  explanation  of  tlio  bow 
waves  of  a  wedge  model  whoso  characteristics  aro 
experimentally  invcstlgalod'''  and  summarized  in 
Chapter  3.  The  wedge  model  whoso  entrcnco  an¬ 
gle  is  20  degree  (wedge  angle  is  40  degree)  Is 
served  for  the  compulation  in  case  d  =  0  im  tho 
dimensions  of  a  coll  are  DX  ■  O.OSm,  D\  -0.0l82in, 
DZ  -  0.025m.  Tho  arrangement  of  the  cells  at  the 
undisturbed  condition  Is  illustrated  In  Fig  16. 


The  number  of  the  cells  Is  about  5500.  The  time 
incrcoent  DT'U/d  is  0.01  or  0.05  .  the  calculat¬ 
ed  result  In  case  DT*U/d  =  0.05  agrees  well  with 
tho  case  of  smaller  time  increment. 

O.i  Bow  Wave  Formation 

For  the  3-D  cases  the  wedge  model  is  constant¬ 
ly  accelerated  from  rest  until  it  reaches  to  the 
assumed  advance  speed  when  T*U/d  =  5.  The 
time  sequence  of  the  calculated  wave  pattern  Is 
shown  In  Fig.!?.  At  T*U/d  =  20  the  wave  pat¬ 
tern  reaches  to  tho  steady  state.  During  the 


Fig. 16  Cell  arrangement  for  3-D  case  at 
initial  condition 
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Hg.l7  Time  sequence  of  wave  pattern 
around  wedgo  model  =  20®, 
d  -  0  Im.  Pd  1.01) 
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Fig.  Id  Longitudinal  distribution  of  velocity 
coroponents  (a  *  20®.  d  =>  O.lra, 

Fd  =  1  01,  y/d  »  0.8,  Smm  below 
free  surface) 


Fig  20  Longitudinal  distribution  of  velocity 
cofo{)oncnts  (oi  =  20®.  d  =  0  Im. 

Fd  -  I  01,  y/d  -  0.8.  40mr>  below 
free  surface) 


-•  »«,»  K»iy4  iHi* 


Fig  21  Distribution  of  velocity  vectors 

(o  =  20®,  d  --  0  Im.  Fd  =  l.Ol,  5ram 
below  free  surface) 
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Pig.  26  Effect  of  diffusion  terras  on  wave 
formation  (o  «  20'^.  d  a  O.lra. 

Fd  s  1.01.  T‘U/d  «  O.OJ 


sequence  the  foremost  waves  from  the  bow  first 
become  conspicuous  and  magnify  their  height  and 
slope,  and  then,  the  second  waves  which  have 
comparatively  smaller  height  and  slope  appear  be* 
hind  them.  The  calculated  wave  elevation  in  the 
vicinity  of  tho  bow  of  the  wedge  is  compared  with 
experiment  in  Fig.  16.  Tho  calculated  result  is  a 
little  rough  in  comparison  because  of  the  finite 
horizontal  width  of  the  cell,  flowover,  the  steep 
bow  wave  zs  numorlcally  obtained  and  it  approxl’ 
nately  agrees  with  experiment,  showing  groat 
angle  of  wave  crest  tc  tho  centerline.  It  should 
be  noted  that  the  height  of  tho  waves  shown  in 
Figs. 17  and  U  is  multiplied  by  2  This  is  a  case 
of  oblique  FSSWs  that  are  analogous  to  oblique 
shock  waves  in  supersonic  flow.  Khen  tho  en« 
trance  anglo  is  increased,  normal  FSSWs  occur 
being  detached  from  the  bow.  which  one  can  ob¬ 
serve  at  tho  bows  of  large  tankers  or  bulk  carri 
ers.  Tho  T'JMMAC  method  can  explain  both  kinds 
of  FSSWs.  because  there  exists  no  essential  dif- 
ferenco  between  tho  two. 

In  the  above  calculation  tho  kinematic  viscosity 
of  water  is  artificially  increased  up  to  2.5  ^  10"^ 
and  tho  Reynolds  number  based  on  draft  is  as¬ 
sumed  to  bo  50.  Tho  cell  Reynolds  number  is 
about  25.  This  treatment  is  necessary  to  obtain 
stabilized  solution.  The  effect  of  tho  diffusive 
torois  will  bo  discussed  later  on. 

6.2  Velocity  Components 


Tho  calculated  velocity  components  arc  compar¬ 
ed  with  measurement  on  the  two  curved  lines  par¬ 
allel  to  and  below  tho  free  surface  by  (l.COSra  and 
0.040m  respectively  in  Figs.  19  and  20.  The 
agreement  is  good  and  tho  characteristics  of  tho 
nonlinear  bow  raves  that  have  been  experimental¬ 
ly  clarified  are  also  evidently  observed  in  the  cal¬ 
culated  results.  For  example,  tho  v-component 
becomes  to  be  a  remarkable  value  behind  tho  wave 
front. 

In  Fig  21  velocity  vector  distributions  aro  com¬ 
pared  on  the  curved  horizontal  piano  which  is 
parallel  to  and  very  close  to  tho  disturbed  free 
surface.  Near  tho  wave  crest  measutemont  was 


iepossible  because  of  the  abrupt  upward  and  out¬ 
ward  change  of  flow  direction.  In  both  exper- 
bsental  and  coaputatlonal  results  the  velocity 
vectors  are  suddenly  distorted  outward  at  the 
wave  front,  though  it  is  attenuated  near  tho 
side-walls  of  tho  computational  dxialn  Ln  the  up¬ 
per  figure.  This  property  of  the  horizontal  ve¬ 
locity  change  Is  one  of  the  isost  significant  fea¬ 
ture  of  the  free  surface  shock  waves  around  the 
bow.  Tho  theoretical  approach  can  also  explain 
the  occurrence  of  the  nonlinear  nondisperslve 
wave  syatca  when  the  Navler-Stokes  equations 
are  numerically  solved. 

In  Plg.21  the  lines  of  maximum  wave  height  are 
drawn  and  they  agree  fairly  well  between  each 
other.  Experimental  invcatlgations  show  that  the 
locatkm  of  tlds  line  Is  dependent  on  Froude  num¬ 
ber  based  on  draft  and  entrance  angle. 

Therefore,  the  theoretical  explanation  of  tholocs- 
tion  of  the  line  is  very  important  practically  as 
well  as  theoretically,  because  tho  angle  of  this 
line  to  the  centerline  of  the  ships  has  intimate 
relation  with  wave  resistance.  The  decrement  of 
the  angle  usually  leads  to^tho  reduction  of  wave 
resistance  due  to  FSSWs*'. 

6.3  Effect  of  Draft  on  Wave  Formation 

The  formation  of  tho  FSSWs  around  the  bow  Is 
dependent  on  the  draft  of  tho  body.  With  the  de¬ 
crease  of  tho  draft  the  anglo  of  the  wave  front 
(shock  angle)  decreases  and  tho  wave  height  is 
simultaneously  lowered  as  can  be  observed  in  the 
pictures  in  Fig. 22  which  were  photographed  at 
tho  constant  speed  of  advance.  This  physical 
property  is  analogous  to  the  t'ccurrcnco  of  shock 
waves  in  supersonic  flow  and  it  1$  imagined  that 
a  critical  speed  exists  and  It  Is  a  function  of 
draft. 

The  ctxsputations  by  tho  TUMMAC  method  have 
been  carried  out  on  tho  three  draft  conditions  of 
Fig. 22.  Tho  results  are,  illustrated  in  Figs.  23, 

In  which  the  lines  of  maximum  wave  height  aro 
shown.  It  must  be  noted  that  these  lines.  In 
general,  do  not  accord  with  linos  of  wave  front 
observed  in  Fig, 22.  The  calculated  lines  quallta- 
tivoly  agree  with  measurements.  The  dependence 
of  tho  wave  form  on  draft  is  evidently  realized  by 
the  present  calculations.  Tho  phase  of  tho  bow 
wave  is  shifted  aftward  and  the  wave  height  is 
decreased  with  tho  decrease  of  draft,  which  is 
another  significant  property  of  FSSWs, 

6  4  Shock  Relation 

The  velocity  change  across  tho  front  of  FSSWs, 
as  stated  in  Chapter  3.  satisfies  tho  shock  rela¬ 
tion.  Ihe  velocity  component  normal  to  tho  wave 
front  solely  undergoes  sudden  abrupt  change 
across  the  wavo  front,  while  the  tangential  com¬ 
ponent  is  retalrsd  constant.  The  calculated  re¬ 
sults  aro  shown  in  Fig.  24  together  with  some  ex¬ 
perimental  results  in  dotted  lines.  The  numbers 
in  parentheses  indicate  tho  x-dircctional  coordi¬ 
nate  of  tho  calculated  positions  from  the  bow  in 
centimeter.  Tho  above-mentioned  shock  relation 
is  almost  satisfied  by  tho  clalculated  velocity  vec¬ 
tors.  and  it  is  clear  that  the  shock  anglo  is  rap¬ 
idly  reduced  with  tho  decrease  of  draft.  Tho  oc¬ 
currence  of  tho  nonlinear  nondisperslve  waves 
(FSSWs)  has  been  demonstrated  by  not  onzy  ex- 
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p«riaental  analyses  but  also  theoretical  cakuta- 
tions. 

6.5  Effect  of  Diffusive  Terns 

The  klneaatic  viscosity  is  artificially  increased 
so  that  stable  realistic  solutions  cao  be  obtained. 
The  diffusive  toms  in  the  Navier-Stokes  equa¬ 
tions  play  a  significant  role  in  the  course  of  the 
cooputatlon  of  nonlinear  nondisperslve  waves. 

The  effect  of  the  diffusive  terns  is  Illustrated  in 
Fig  25.  in  which  It  Is  shown  that  the  wave  slope 
becones  extreaely  steep  and  the  wave  profiles 
show  unrealistic  feature  by  the  too  strong  contri¬ 
bution  of  the  nonlinear  convective  torns  when 
Rn  «  200  while  realistic  wave  profiles  are  obtained 
when  Rn  «  50.  The  wave  profiles  in  case  Rn  «  $0 
have  a  steep  slope  at  the  wave  front  and  the 
slope  is  eaodorate  behind  the  crest  which  is  the 
coanon  feature  of  oeasured  profiles  of  PSSWs*^^ 

Ir:  tho  neighborhood  of  ships.  Tho  calculated 
wave  elevation  in  caso  Rn  a  200  Is  ooepared  with 
the  realistic  calculation  at  Rn  °  50  In  Pig. 26. 

The  steep  unrealistic  wave  elevation  is  observed 
and  tho  coaputation  cannot  bo  continued  further. 

The  Introduction  of  the  artificial  viscosity  is 
unavoidable  when  tho  TUMMAC  acthod  is  nadeuse 
of  for  the  conputailon  of  nonlinear  free  surface 
waves.  The  nonlinear  convective  terns  in  tho 
flnlto-dlffercnco  equations  oust  be  balanced  by  a 
ccnsldorablo  easing  effect  of  tho  viscous  diffusion 
terns  In  the  course  of  nucoerlcal  conputation. 
while  it  nust  bo  also  noted  that  tho  calculated 
first  and  second  derivatives  of  velocity  are  eased 
by  tho  discrete  representation  of  tho  velocity  dis¬ 
tribution. 

Fron  the  physical  point  of  view  tho  diffusive 
effect  have  a  considerable  possibility  to  play  a 
significant  rolo  in  the  formation  of  FSSKs.  which 
is  supported  by  the  extensive  experimental  re¬ 
sults.  Tho  appearance  of  tho  FSSWs  cannot  bo 
naturally  understood  without  tho  dissipative  ef¬ 
fect  by  a  kind  of  vl^slty.  In  tho  field  of  super¬ 
sonic  How  LlghthlU ’'clarified  tho  effect  of  diffu¬ 
sive  torois  In  the  formation  of  shock  waves  and 
ho  showed  that  tho  conservation  equations  for 
supersonic  flow  can  bo  transformed  Into  tho 
Burgers  equation.  Tho  FSSWs  are  very  analogous 
to  shock  waves  in  supersonic  flow  and.  therefore, 
tho  rolo  of  dissipation  can  bo  analogically  recog¬ 
nized,  1.0. .  the  FSSWs  may  bo  formed  as  a  result 
of  the  balance  of  the  nonlinear  convective  effect 
with  tho  diffusive  effect.  For  futhor  vorllicatlon 
tho  governing  equations  of  tho  present  problem 
must  bo  converted  into  tho  Burgers  equation, 
bccduso  the  similarity  of  the  Navler-Stokes  equa¬ 
tions  to  tho  Burgers  equation  only  Indicates  the 
possibility  from  tho  theoretical  point  of  view. 

7.  Conclusion 

Tho  nonlinear  nondisporslvo  waves  around 
ships,  called  "free  surface  shock  waves"  have 
beon  explained  by  tho  solutions  of  tho  newly  im¬ 
proved  modified  MAC  method.  It  has  been  veri¬ 
fied  that  the  typical  characteristics  of  free  sur¬ 
face  shock  waves  are  also  roahzcd  In  tho  numer¬ 
ical  solutions.  Ships  In  forward  motion  generate 
nonlinear  nondisperslve  waves  (free  surface 
shock  waves)  as  well  as  linear  dispersive  waves 
(Kelvin  waves)  Tho  estimation  of  wave  resist¬ 


ance  must  inevitably  Include*  sound  evaluation 
of  resistance  due  to  free  surface  shock  waves  as 
well  as  Kelvin  waves. 

The  TUMMAC  scheme  Is  powerful  for  the  analy¬ 
sis  of  free  surface  shock  waves  which  are  fLnlte 
amplitude  waves  governed  by  nonlinear  equations. 
Tho  present  TUMMAC  scheme  will  be  further  Im¬ 
proved  so  that  tho  stable  stale  is  attained  more 
easily  and  it  can  bo  applied  to  ships  of  general 
hull  form.  The  design  method  for  optimum  hull 
forms  will  bo  greatly  Improved  by  making  uso  of 
the  Improved  version  of  the  TUMMAC  method. 

Tho  compulations  have  been  carried  out  by  the 
computer  system  of  the  Computer  Center,  tho 
University  of  Tokyo. 

Tho  authors  wish  to  express  special  gratitudo 
to  Or.  R.  K.-C.  Chan.  JAYCOR.  California,  for 
his  invaluable  suggestions  with  respect  to  com¬ 
putational  techniques.  They  also  wish  to  thank 
Mr.  Kanal  who  supported  tho  experiments  and 
Miss  K.  Kobukc  who  has  carefully  typewritten 
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byH  A.  Sutukl  *od  H  iUjiUni 

NUMERICAL  EXPLANATION  OF  NONLINEAR  NONOISPERSiVE  WAVES  AROUND  BOW 


Ohcusslon 

5y"*rCmven 

As  pointed  out  In  your  paper,  in  the  olcu* 
lations  with  the  TU^ViAC  prcgraa  an  artificial 
viscosity  of  Z.SMO’’^  had  to  be  used  in  order 
to  get  reasonable  results.  In  Section  6.5  you 
discuss  the  physical  relevance  of  viscosity  for 
the  FSSU  ;  though  this  aay  be  an  arginent  in 
favour  of  your  use  of  the  Navier-Stokes  equations, 
it  has,  of  course,  nothing  to  do  with  tiie  insta> 
bility  encountered  in  the  calculations  at 
Re  ■  200.  If  the  effect  of  viscosity  would  be 
so  large,  your  results  would  be  of  no  relevance 
for  wave  breaking  at  full  scale. 

The  artificial  viscosity  nas  Just  been  used 
for  gluing  the  free  surface  together,  as  shown 
in  Fig  26.  What  the  results  would  look  like  for 
even  higher  viscosity  values  can  only  be  guessed. 
Did  you  investigate  this  ? 

What  is  precisely  the  cause  of  the  break¬ 
down  at  higher  Re  is  hard  to  say  ;  the  deviations 
do  not  represent  the  usual  polnt-to’point  oscil¬ 
lation  resulting  froo  a  too  large  grid  Reynolds 
nusber.  Fig.  2$  suggests  that  a  wave  is  reflected 
by  the  downstreao  boundary  ;  therefore  it  oay  be 
advisable  to  reconsider  the  s1«pU  extrapolation 
applied  there. 

Authors*  reply 

It  is  very  hard  to  discuss  the  effect  of 
Reynolds  nusber  or  the  diffusion  terns,  because 
finite  difference  treatwents  require  either  im¬ 
plicit  or  explicit  diffusion  in  oost  cases.  The 
FTCS  schene  of  the  TUftiAC  prograa  requires  an 
articial  viscosity,  while  an  upstrean  differen¬ 
cing,  w^ich  does  rot  require  the  Introduction 
of  an  artificial  viscosity,  includes  iaplicit 
diffusion  terns.  One  can  conpute  tne  sase  wave 
formation  by  the  upstreass  differencing  at  Re*** 
These  are  problens  concerned  with  nunertcal 
stability  and,  as  you  pointed  out,  the  physical 
role  of  viscosity  cannot  be  discussed  with  these 
coaputational  results. 

Our  arguoent  on  the  effect  of  viscosity 
on  wave  foraation  is  based  on  experisiental 
results  (Ref.  4  and  the  successive  experfsents 
which  is  to  appear)  The  waves  around  wedge 
tiodels  are  ruled  by  Froude  nuniber  based  on 
draft  and  sioultaneously  the  wave  elevation 
suffer  fron  scale  effect,  i.e. ,  waves  of  a 
smaller  model  are  more  attenuated. 


'Hie  nost  substantial  aspects  of  FSSW  are 
generation  of  very  steep  waves  and  singular  for¬ 
mation  of  the  wave  system.  The  TUtWC  program 
can  explain  these  nonlinear  wave  tsaking  phenome¬ 
na,  The  phenomena  following  the  steep  wave  gene¬ 
ration  are  wave  breaking,  turbulence  on  the  free 
surface  and  energy  deficit,  to  which  the  present 
computations  are  not  available. 

The  wave  profiles  in  Fig.  25  are  supposed 
not  to  be  reflected  by  the  downstream  boundary. 
However,  we  consider  it  is  important  to  improve 
the  open  boundary  conditions  for  better  agree¬ 
ment. 


Discussion 
by”Choung  H.  Lee 

It  is  an  impressive  correlation  between 
the  calculated  wave  pattern  around  the  wedge 
model  with  the  measured  results.  However,  I 
notice  in  Fig.  18  and  19  that  the  calculated  free- 
surface  elevation  ahead  of  the  wedge  has  a  sub¬ 
stantial  suppression  Just  ahead  of  the  wedge 
whereas  the  observed  free  surface  appears  to 
behave  like  a  monotonically  decreasing  function 
as  X  decreases  from  zero.  I  wonder  if  there 
should  be  an  additional  constraint  in  your  cal¬ 
culation  that  Zxx  /  0  for  X  <  0  to  model  the 
measured  phenomenon. 

Authors*  reply 

The  suppression  of  wave  Just  ahead  of  the 
weoge  is  pressumably  due  to  the  abrupt  Increase 
of  wave  height  at  the  bow  and  to  the  way  of 
finite  differencing.  This  unfavorable  results 
cannot  be  observed  in  computations  by  upstream 
differencing.  The  treatment  of  the  conditions 
for  the  cell  at  the  fore-end  of  a  wedge  is  very 
important  and  difficult.  The  additional  cons¬ 
traint  may  not  be  necessary  for  the  future  im¬ 
proved  version  of  the  TUtWAC  program. 


Discussion 
by  K^Hori 

It  is  very  interesting  that  the  free  sur¬ 
face  disturbance  velocities  show  abrupt  changes 
in  the  flow  region  adjacent  to  the  free  surface. 
The  discusser  wonders  why  such  a  flow  can  be 
reproduced  by  use  of  extrapolation  technique  in 
matching  the  free  surface  condition.  The  discusser 
supposes,  if  the  observation  is  true,  the  flows 
in  the  ’adjacent  region"  should  be  treated 


sialtarly  to  boundary  layer  flows  where  eauch 
smaller  oeshes  are  used  than  those  for  potential 
flows.  $0  H  seeas  also  strange  that  such 
"abrupt  flows"  can  be  reproduced  by  use  of 
rather  coarse  oeshes  which  are  the  saae  for 
all  the  doesain.  Though  it  is  not  clear  how  esany 
points  within  the  “adjacent  region"  are  used 
in  the  extrapolation  (perhaps  no  nore  than  one  !), 
the  final  results  nay  be  suspected  to  fall  in 
different  results  when  tsesh  sizes  are  changed. 
Have  you  exaained  ?  if  you  isay,  please  show  us 
how  puch  such  "abrupt  changes"  are  realized 
in  your  coeputations,  like  in  Fig.  9 

Authors'  reply 

Fundacen^.  undcrstandir.g  of  the  phenoaenon 
is  cost  ioportant  for  tins  problea.  The  non¬ 
linear  free  surface  phenooena  are  not  boundary 
layer  separation  but  essentially  nonlinear  wave 
Baking  phenoaena,  which  1  have  verified  by 
expericents.  The  qualitative  success  of  our 
TlHHAC  solutions  also  indicates  that  they  are 
nonlinear  wave  tsaking  phenomena. 

It  is  well  known  that  the  I'AC-sethod  can 
cope  with  nonlinear  wave  probleas  especially 
in  2-0  shallow  water  probleas.  The  steep  velo¬ 
city  slope  is  a  consequence  of  nonlinear  waves 
which  generate  discontinuity.  The  coeputed 
velocities  near  the  free  surface  are  present 
in  Figs,  19  to  20.  which  show  good  agreeaent 
The  change  of  the  ditrensions  of  celts  does 
not  give  serious  difference  to  the  solutions. 
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A  RAY  THEORY  FOR  NONLINEAR  SHIP  WAVES  AND  WAVE  RESISTANCE 


Bohyuft  Yim 

0«vid  W  Taytor  Naval  Ship  lt«t«arch  and  Oavalopmant  Centar 
Betheada,  Maryland  200B4,  U  SA. 


Abstract 

Analytical  and  nuacrlcal  sethods  for 
application  of  ray  theory  In  co^utlng  ship 
vavcs  are  Investigated.  The  potentially 
fgpftrtsnt  role  of  ray  theory  in  analyses  of 
nonlinear  waves  and  wave  resistance  is  deaon- 
strated.  The  reflection  of  ship  waves  froa 
the  hull  boundary  is  analysed  here  for  the 
first  tlffle. 

When  a  wave  crest  touches  the  ship  sur¬ 
face,  the  ray  exactly  follows  the  ship  surface. 
When  the  wave  crest  Is  nearly  perpendicular  to 
the  ship  surface  the  ray  is  reflected  tuny 
tines  as  it  propagates  along  the  ship  surface. 
Many  rays  of  reflected  eleaentary  waves 
Intersect  each  other.  The  envelope  to  the  first 
reflected  rays  fores  a  line  like  a  shock 
front  which  borders  the  area  of  large  waves 
or  breaking  waves  near  the  ship. 

For  the  Wlglcv  hull,  ray  paths,  wave 
phases,  and  directions  of  eleaentary  waxes 
are  cos^uted  by  the  ray  theory  and  a  cethod  of 
coaputing  wave  resistance  Is  developed.  The 
wave  phase  is  coapared  with  tluc  of  linear 
theory  as  -  function  of  ship-beaa  length 
ratio  to  Identify  the  advanceoent  of  the  bow 
wave  phase  which  influences  the  design  of  bow 
bulbs.  The  wave  resistance  of  the  Wlgley  hull 
is  cooputed  using  the  anplitude  function  froD 
Hichell's  thin  ship  theory  and  compared  with 
values  of  Mlchcll's  wave  resistance  The  total 
wave  resistance  has  the  phase  of  huap  and  hollow 
shifted  considerably. 

Introduction 

Significant  developacnts  in  the  ship  wavr 
theory  have  been  axde  in  recent  years.  ^These 
Include  the  application  of  ray  ihcoryW^*  and 
the  cxperlaental  discovery  of  a  phenotacnon 
called  a  free  surface  shock  wavc.^ 

Because  a  ship  is  not  thin  enough  to  apply 
both  the  thin  ship  theory  and  the  coapllcated 
free-surface  effect,  theoretical  development 
of  an  accurate  ship  wave  theory  has  been  slow. 
The  problem  should  be  evalxiated  differently 
from  the  conventional  means.  Ray  theory  has 
been  used  in  geometrical  optics  or.fer  waves 
having  staall  wave  lengths.  Ursell^  used  the 

*A  complete  listing  of  references  is  given 
on  pages 


theory  to  consider  wave  propagation  in  non- 
unifore  flow,  and  Shen,  Mayer,  and  Keller^  used 
it  to  investigate  water  xmves  in  channels  and 
around  Islands.  Recently  Keller^  developed  a 
ray  theory  for  ship  waves  and  pointed  out  that 
the  theory  could  supply  useful  Inforsution 
about  the  waves  of  thick  ships  at  relatively 
slow  speeds.  However,  he  had  difficulty  ob¬ 
taining  the  excitation  function  for  wave  ampli¬ 
tude  and  solved  only  a  thln-shlp  problca. 
and  Kajltani^  applied  the  Jrscll  ray  theory*  to 
ship  waxes,  using  the  amplitude  function  froa 
linear  theory. 

Beeaui.c  the  ray  is  the  path  of  wave  energy, 
it  is  not  supposed  to  penetrate  the  ship  surface: 
and  this  was  emphasized  by  Keller.^  However, 
neither  Keller  nor  Inui  and  Kajitanl  consider 
nonpenetraiien  of  the  ray  seriously.  Recently 
Yln^  found  the  existence  of  rays  which  emanated 
froa  the  ship  bow  and  reflected  froa  the  ship 
surface. 

In  the  present  paper,  further  study  has 
revealed  nany  bow  rays  rcncctlng  froa  the 
ship  surface,  creating  an  area  in  which  these 
rays  intersect  each  other.  The  envelope  to 
the  first  reflected  rays  forms  a  line  like  a 
shock  front  which  borders  the  area  of  large 
waves  or  breaking  waves  near  the  ship.  This 
will  be  referred  to  as  the  second  caustic.  This 
phenomenon  was  observed  by  Inui  et  al.'  In  the 
towing  tank  and  called  a  free  surface  shock 
wave  (FSSW).  Much  has  been  done  concerning  the 
theoretical  investigation  of  FSSW  by  introduc¬ 
ing  a  fictitious  depth  for  a  shallow  water  non- 
dlspersive  wavc.^ 

The  ray  equation  and  the  ship  boundary 
condition  are  analyzed  further  to  show  the 
existence  of  reflecting  rays,  except  in  the 
case  of  a  flat  mdgeliko  ship  surface.  The 
ray  path  is  very  sensitive  to  the  initial  bound¬ 
ary  condition  near  the  bow  or  the  stern,  and 
should  be  identified  at  downstream  infinity 
not  by  the  initial  condition.  The  conservation 
law  of  wave  energy  in  the  nonunifore  flow  is 
different  froa  that  of  the  unlfora  flow  due  to 
Che  exchange  of  energy  with  the  local  flow.® 
Therefore,  the  linear  wave  anplitude  as  a 
function  of  i.>icial  wave  angle  near  the  bow 
or  stern  is  meaningless  and  cannot  be  used  in 
the  ray  theory.  It  Is  shoxm  that  the  amplitude 
function  for  the  ray  theory  matched  with  the 
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linear  theory  far  dovnacreaa  la  reaaonable  and 
likely  to  produce  a  reaaonable  result  as  In 
the  tvo  distenslooat  theory.^ 

The  wave  phase  In  the  ray  theory  la  ob¬ 
tained,  together  with  the  ray  path.  Indepen¬ 
dent  froa  the  amplitude  function.  Both  the 
phase  and  the  ray  path  are  quite  different  from 
the  prediction  of  linear  theory  near  the  ship. 
The  rays  far  dovnstreaa  are  straight  ns  In  the 
linear  theory  yet  have  phases  different  froa 
the  linear  theory;  they  are  parallel  to  the 
linear  ray  with  the  saae  wave  angle  but  do 
not  oolnelde.  The  difference  in  wave  phases 
is  the  aaln  factor  that  nakes  the  wave  resis¬ 
tance  different  froa  the  linear  theory.  Ray 
paths  and  phase  difference  are  computed  for 
various  parameters  of  the  Vlgley  ship,  with  and 
without  a  bulbous  bow.  The  ray  paths  for 
different  drafts  and  different  beam-length 
ratio  of  the  Vlgley  hull  are  slightly  different, 
widening  the  wave  area  near  the  hull  for  the 
wider  beam  and/or  larger  draft.  However,  the 
phase  difference  is  more  sensitive  to  the  beam- 
length  ratio  and/or  draft-length  ratio,  by 
always  advancing  the  linear  wa\e  phaae. 

The  wave  resistance  of  the  Vlgley  hull  Is 
computed  and  shown  to  have  a  considerable  shift 
of  phase  of  hump  and  hollow. 

The  most  Interesting  phenomenon  of  a  ship 
vlth  a  bulbous  bow  is  the  reduction  of  slopes 
of  rays  and  the  second  caustic,  l.o.,  the 
larger  the  bulb,  the  greater  the  reduction. 

This  fact  was  observed  In  the  towing  tank.^ 

There  exists  a  bulb  site  vhich  totally  cllai- 
nates  the  reflecting  rays,*^  However,  the  phase 
difference  due  to  the  bulbl*  Is  very  snail 
showing  that  the  phase  difference,  which  has 
been  observed  in  the  towing  tank,  is  the  effect 
cf  nonuniform  flow  caused  by  the  sialn  hull. 


By  ellslnatlng  S*  froa  these  two  equations  U 
<^talncd  a  dispersion  relation 

»x  +  V  ■  0 


where  i  Is  the  double  model  potential.  Vhen 
steady  state  motion  is  assua^  with  respect  to 
the  moving  coordinate  systca,  0  -  xyz. 


Vhen  the  angle  between  the  normal  n  to  the 
phase  curve  s  and  the  axis  is  denoted  by  6, 


Then  the  wave  number  vector  Is  defined  by 

k  y  k,T  y  kjj  y  v  + 

•  nk  -  Ik  cose  +  Jk  sine  at  i  -  0 
Froa  equations  (2)  and  (^) 


k  r  ■ _ ^1^ 

[u  cosS  +  V  slnej 


These  results  arc  an  approximation  within 
the  order  of  F^,  and  the  phase  function  and  Its 
related  equations  are  all  limited  to  their 
values  at  *  •  0,  Thus,  from  now  on,  unless 
otherwise  mentioned,  all  the  physical  values 
are  at  *  •  0.  The  ray  equation  of  ship  waves 
is  obtained  from  the  lirotatienallty  of  the 
wave  number  vector 


The  concept  of  ray  theory  In  ship  waves  Is 
analogous  to  tnc  concepts  used  In  geometrical 
optics  and  In  geometric  acoustics.  A  ship  Is 
considered  advancing  with  a  constant  velocity 
-U  which  is  the  direction  of  the  negative  x 
axis  of  a  right  handed  rectangular  coordinate 
system  0-xya  with  the  origin  0  at  the  ship  bow 
on  the  mean  free  surface,  i-O,  z  Is  positive 
upwards. 

First  the  phase  function  s(x,y.z)  Is  de¬ 
fined  so  that  the  equation  (s  •  constant) 
represents  the  wave  front  where  the  value  of  s 
Is  the  optical  distance  froa  the  wave  source, 
e.g.,  the  ship  bow.  Vhen  Keller^  developed 
his  ray  theory  of  ships  by  expanding  boundary 
conditions  and  a  solution,  %rhlch  should  satisfy 
both  the  Laplace  equation  and  the  boundary 
conditions,  in  a  series  of  Froude  number  squares 
F  ,  he  obtained: 


Froa  Equations  (4)  through  (6), 

{2  sln6  (u  sin©  -  v  cos6) 

+  cos6  (u  cos9  -f  V  sine))  || 

+  {2  cose  (-U  slnO  +  V  cose) 
+  sine  (u  cosO  +  V  sine)} 

•  2  sine  (cose  ^  +  sine  ~) 


s  -  -1  (S  +  •  Vs)  at  z  •  0 


Thu  i»  the  rey  equation  uhlch  can  be 
aolved  by  the  aetbod  of  charactcrUtlca,  and 
U  equivalent  to  aimltaneoua  ordinary  differ* 
ential  equationa. 

dy  {v-  H  aln6  (u  coad  +  v  sln9)) 
dx  {u*  H  coad  (u  coed  v  alnO)} 

{2  ainS  (cose  |H  ♦  *tn0 

-  2  cos9  (cos9  1^4-  alne  |^))^^(2ain0(u  alQe(9) 
-  V  cose)  +  eos9  (u  coa9  +  v  aio9)} 

Here  u  cofl9  -f  v  tin  9  is  the  velocity  cosyonent 
nortul  to  the  phase  curve  of  tha  flow  relative 
to  the  ship.  Because  the  wave  is  stationary 
relative  to  the  ship,  the  phase  velocity 
through  the  vater  surface  should  be 


through  the  stagnation  point  vhere  u  and  v  arc 
the  velocity  coaponeot#  of  the  total  velocity 
caused  by  the  double  txxJel  source  distribution 
D  and  the  unifom  flov  relative  to  the  ship. 

In  the  linear  ship  wave  theory  a  soooth 
source  distribution  produces  tvfo  systeas  of 
regular  ship  waves:  the  bow  and  the  stern 
waves  starting  fro«  the  bw  and  atcm, 
respectively,  represented"  as 

»/2 

C(*.y)  “  j  A(9)  exp  {i  S|J  (x.y,9))  d9  (14) 
-1/2 

where 

Sj  •  sec^9  {(x-x^)  cos9  +  y  slnO}  (IS) 

Xj  >  the  X  coordinate  of  the  bow  or  stern 


-  U  COS0  -  V  Slfl0 

the  group  velocity  is  one^half  of  the  phase 
velocity,  thus  the  ray  direction  in  Equation 

(8)  Is  along  the  resultant  of  the  group  velo¬ 
city  taken  noraal  to  the  phase  curve  and  of  the 
velocity  of  the  basic  flow  as  Ursetl  has  shown.^ 
Because  the  wave  energy  is  propagated  at  the 
group  velocity,  the  ray  path  is  interpreted  as 
the  path  of  energy  relative  to  the  ship.  This 
can  be  obtained  by  solving  Equations  (8)  and 

(9)  with  the  proper  initial  condition,  the 
phase  s  can  be  obtained  froa  equations  (4)  by 

s  •  Jk  dr 

as  in  potential  theory:  sCx.y)  is  a  function  of 
(x,y)  but  is  unrelated  to  the  integration  path. 
However, 


ds  •  k  cos©  dx  +  k  sin©  dy  (10) 

can  be  solved  together  with  the  ray  equations 
along  the  ray  path. 

Rays  of  Ship  Waves  and  Linear  Theory 

To  investigate  Che  path  of  a  ray  of  a 
ship  wave,  a  ship,  represented  bv  a  double 
aadel  source  distribution  a  (x,y)  on 
y  ■*  0,  h>z>-h,  is  considered.  Although  the 
linear  relation  between  the  source  strength 
D  and  the  ship  surface 

y-sf(x.z)  (11) 

is 


g  -  acceleration  due  to  gravity 

A(9)  •  anplltude  function  which  is  a 

function  of  source  distribution  a 

The  regular  wave  ;  is  the  solution  of 
linear  ship  wave  theory  far  froa  the  ship,^* 
Actually,  it  is  easy  to  sec  that  the  exponential 
function  satisfies  both  the  Laplace  equation 
and  the  linear  freo>surface  boundary  condition 
for  any  value  of  xi.  Havelock  Interpreted 
Equation  (14)  by  discussing  the  Integrand  as 
eleoentary  waves, l.e,»  the  regular  waves 
are  aggregates  of  eleaentary  waves  starting  froa 
the  bow  and  stern  of  a  ship.  The  noraal 
direction  of  each  elesentary  wave  crest  Is 
n  •  T  co8«  ♦  J  sin©. 

Because  the  local  disturbance  of  the  double 
sodel  decays  rapidly  away  fron  the  ship,  even 
in  nonlinear  theory  in  the  far  field,  the 
regular  wave  should  be  of  the  fora  of  Equation 
(14)  with  possibly  different  values  of  xj  and 
A(©).  When  the  integral  of  ;  is  evaluated  by 
the  acthod  of  the  stationary  ph.ase^^  by  taking 
roots  of 


^  (x.y.o)  -  0  (16) 


or 


2  (an^©  ^  ^  tan©  +1"0  (17) 

In  general  two  values  of  ©  are  obtained  for  a 
given  value  of  each  x  and  y,  satisfying. 


the  actual  double  nodel  ship  body  streanline 
should  be  obtained  by  solving 


^  V 

3x  “  u 


(13) 


|y| 


(18) 


67 


Furthcraor«,  when 


\ 


jtanal  ■  8*** 
or 

6-35  <l«g 

and  the  value  of  the  lntcgr.il  of  Equatioa  (14) 
for  any  x.y  la  x/|y^8'3  can  be  evaluated  by 
the  stationary  phase  eethod  as  the  tua  of  tvo 
waves:  transverse  waves  (0  dee  <  |6|  <  35  deg) 
and  divergent  waves  (35  deg  <  |6)  <  90  deg). 

Except  for  the  solitude  function  exactly 
the  saee  result  for  the  relation  of  x.y  and  6 
as  In  the  linear  theory*  can  bo  obtained  froa 
Equation  (8)  by  substituting  u  «  I  and  v  •  0. 
Thus,  this  swans  that  the  energy  of  each 
eleaentary  wave  propagates  on  the  unlfom  flow 
along  a  straight  line  ray.  The  rays  are  con* 
fined  in  x/ly|  g  6*,  both  of  the  eleeentary 
vavos  at  6  •  0  and  6  -  deg  correspond  to  the 

ray  y  /x  -  0,  and  6  •  35  deg  corresponds  with 
the  ray  x/|y!  •  8^.  one  ray  between  these  tvo 
rays  corresponds  to  tvo  eleeentary  waves  where 
one  It  transversel  and  the  other  is  divergent. 

When  the  velocity  Is  not  unlfora  due  to  thi 
flow  perturbation  caused  by  a  ship,  the  ray  is 
not  straight  but  curved  near  the  ship  as 
shown  In  Figure  t.  It  Is  Icnown  that  wave  energy 
flux  divided  by  the  relative  frequency  with 
respect  to  the  coordinates  for  which  the  fluid 
velocity  U  sero.  Is  conserved  along  the 
curved  ray  tube.^  If  the  coordinates  are  fixed 
in  space,  then  the  ship  wavea  arc  unsteady 
relative  to  the  fixed  coordinates  snd  the 
frequency  is 


s^  •  U  k  cos*»  (19) 


because  only  the  transforaation  of  coordinates 
<x*y)  to  (x  -  Ut»  y)  Is  needed  to  get  the  un¬ 
steady  flow.  Strictly  speaking  the  relative 
frequency  is 

s^  •  fc  u  eosd  -f  k  V  sln6 

but  for  our  discussion,  the  approxleate  value 
serves  the  purpose.  This  seans  that  for  a 
wnlfora  flow  the  wave  energy  is  constant 
along  the  ray  because  for  a  unlfora  flow  u  -  U, 

V  -  0,  k  -  g/(lf2  eos26),  and  6  la  constant 
along  the  atraigh'  ray.  However,  the  wave 
energy  Is  not  constant  along  the  curved  ray  In 
nonunlfom  flow,  but  is  dependent  upon  the 
local  velocity  cocfonents  and  6  because  Che 
relative  frequency  Is  a  function  of  the  local 
velocity  and  6  as  In  Equations  (5)  and  (19)  and 
6  changes  along  the  curved  ray.  The  wave 
energy  will  change  considerably  along  the 
curved  ray  near  the  bow  or  stem  because  u  and 

V  change  to  zero  at  the  wave  source,  the 
stagnation  point,  while  In  the  far  field  it 
will  be  constant  along  the  ray  as  In  linear 
theory.  Near  the  stagnation  point,  the  wave 
rnnber  Increases  according  to  Equation  (5)  and 
the  wave  energy  also  increases  due  to  the  energy 
conservation  lav.®  Thus,  the  wave  aay  break  near 
the  stagnation  point. 

Because  wave  asplltude  Is  so  difficult  to 
obtain  fron  the  ray  theory^,  the  llrnwr  theory 
has  been  consldtied  as  an  approxlnarlon.^  A 
good  result  was  obtained  for  a  two  dlaenstonal 
flow  problen.9  However,  oxtrese  care  is  needed 
In  the  three  dimensional  theory  because  6  chang¬ 
es  by  a  large  amount  along  the  ray,  near  the 
stagnation  point,  and  tie  vavi  energy  depends 
upon  6.  The  matching  aaplitude  function  of  ray 
theory  with  the  values  from  linear  theory  should 
be  done  at  the  far  field  where  ^  and  the  direct¬ 
ion  of  the  ray  are,  respecltvely,  identical  for 
both  cases  for  each  elementary  wave.  In  addi¬ 
tion,  the  Initial  condition  has  to  be  taken  In 
the  neighborhood,  but  not  exactly  at,  the  stag- 
national  point  because,  although  the  stagnation 
point  Is  the  wave  source,  at  the  stagnation 
point  the  ray  equations  are  Indeieratnant,  u 
and  v  being  rero.  However,  because  of  the  large 
change  of  u  and  v  near  the  stagnation  point,  the 
ray  path  is  very  sensitive  to  the  It  lal  values 
of  X,  y  and  **,  the  nearer  Co  the  sta^uatlon 
point,  the  more  sensitive.  Therefore,  the  iden¬ 
tification  of  ray  paths  should  be  correlated 
with  the  values  of  ^  at  Infinity.  Then  all  the 
ray  paths  can  be  properly  and  uniquely  Identified 
by  •«-. 

Since  perturbations  of  the  ship  decay 
rapidly  away  fron  the  ship.  6  also  rapidly 
appr^rachea  The  relation  between  the  initial 
value  and  the  value  at  Infinity  of  ^  has  little 
meaning,  although  It  was  alsunderstood  before^*^ 
because  6  changes  very  rapidly  near  the  stag¬ 
nation  point. 


Figure  I  •  Ray  Paths  for  a  Wlgley  Hull 
(b  -  0.1.  h  -  0.0623) 


Rayg  of  Ship  Vave«  and  Ship  Bound«rt«s 


Ship  wave*  created  by  a  saooth  »hlp  bull 
propagate  as  regular  bov  and  stern  waves  fros 
tlie  bov  and  stem  stagnation  points  to  infinity 
along  rays.  Because  a  ray  carries  the  vave 
energy  It  cannot  penetrate  the  ship  surface.  If 
the  linear  frec-aurface  condition  Is  considered 
with  the  exact  bull  boundary  corJitlon,  as  has 
been  popular  In  recent  ship  wave  analysis*  » 
the  straight  raya  %dileh  pass  through  the  hull 
boundary  have  to  be  considered.  For  a  ray 
theory  with  Che  exact  bull  boundary  condition* 
the  ray  is  not  allowed  to  penetrate  the  ship. 

In  fact,  when  the  Initial  wave  crest  touches 
the  ship  boundary  It  can  be  proved  that  the 
ray  of  such  a  wave  grazes  along  the  ship 
boundary  without  penetrating  the  ship  boundary. 

In  Equation  (8)  when  the  wave  crest 
touches  ttU  hull 


Uhen  the  wave  crest  Is  perpendicular  to 
the  ship  hull 


If  Equation  (26)  is  inserted  into  Equation  (8) 

^  -  une  -  i  (27) 

dx  u 

The  ray  also  touches  the  ship  Initially. 
However,  Equation  (9)  is  not  coapatlble  with 
Equation  (26)  on  the  hull.  This  can  be  proved 
In  a  slailar  way  as  follows: 

Differentiating  Equation  (26)  with  respect 
to  X  along  the  ship  hull 


because  »  is  the  angle  between  the  normal  to 
the  crest  and  to  the  axis,  and  the  velocity 
normal  to  the  ship  hull  Is  ccro  on  the  bull. 
Equation  (8)  then  becomes 


Inserting  Equation  (26)  into  Equation  (9)  gives 

d9  ,  2  tane  (I;  tanC  |y)  -  2(|^  ■>-  tang 
u  (1  +  ^  Une) 


showing  that  the  ray  touches  the  ship  hull 
streasllne  from  Equation  (1)1. 


Wlien  the  wave  crest  touches  the  hull, 
from  Equations  (11)  and  (U) 


From  Equations  <25),  (27),  and  (29),  noting 


and  from  Equations  (20)  and  (21) 


Differentiating  Equation  (22)  vltn  respect  to 
X  along  the  ship  hull 


However,  inserting  Equation  (20)  Into  Equation 
(9)  yields 

col9  ^  ■  ect^O  ^  -  cotO 
do  3y  3y  (24) 

^ - - — ;r~ - 


Equations  (28)  and  <30>  arc  compatible  only 
when  f^^  •  0,  or  fx  •  constant. 

That  is,  only  when  the  ship  is  a  flat  plate 
does  the  ray  of  the  wave,  whose  crest  is  perpen¬ 
dicular  to  the  ship,  follow  the  ship  boundary. 
This  scans  that  when  the  ship  bow  Is  like  a 
wedge,  the  ray  of  the  bow  wave,  whose  crest  is 
perpendicular  to  the  wedge  surface,  initially 
follows  the  wedge  surface. 

When  the  ray  equations  arc  solved  nur.cr- 
ically  by  the  Rungo-Kutta  method,  with  Initial 
values  near  the  bow  stagnation  point,  the  ray 
touches  and  follows  the  ship  boundary  at 


where  a  Is  the  half  entrance  angle  of  the  ship 
bow  and  >i<  denotes  the  Initial  value  of  9 


Differentiating  Equation  (21)  with  respect  to 
X  along  the  hull  yields 

_9  _v  ^  ~  u  '^x  3x  ’  u  Sy  ^  9y  3x  (26) 
<4X  u  u 

From  Equations  (20).  (21),  (22),  and  (26) 
it  can  be  shown  Chat  Equations  (23)  and  (24) 
arc  equivalent.  That  is,  when  the  wave  crest 
touches  the  ship  boundary,  the  ray  equations 
and  the  ship  hull  streamline  equations  are 
equivalent. 


Khcn  increases  from  this  value  the  ray 
moves  gradually  away  from  the  ship  as  shows  in 
Figures  I  through  4.  The  rays  arc  curved  near 
the  ship  but  at  far  downstream  they  are  straight 
and  the  ray  direction  becomes  exactly  the  same 
function  of  6  as  the  linear  theory.  Thus  at 
infinity  the  rays  are  Inside  (dx/dy|  -  8^. 
However,  when  9»  approaches  zero,  the  curved 
ray  near  the  ship  gradually  approaches  the 
ship,  and  eventually  crosses  the  ship  boundary, 
as  In  Figures  1  through  4.  Here  the  wave 
reflection  should  be  considered  Co  prevent  the 
ray  penetration  of  the  ship  hull. 


Figure  2  -  Ray  Path9  for  a  Wlgley  Hull 
(b  -  0.2,  h  -  0.0625) 


Figure  3  •  Ray  Paths  for  a  Wiglcy  Hull 
(b  -  0.2.  h  -  0.03> 


X 

Figure  4  -  Ray  Paths  for  a  Wlgley  Hull  (b  •  0.5,  h  •  0.0625) 
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Ray  Reflection 

There  are  tio  waves  coslcg  froa  places 
ocher  than  Che  ship  how  or  Che  ship  stem.  In 
the  ray  theory*  Che  fl )w  field  perturbed  by  the 
ship  deflects  the  ray  path  starting  froa  the 
ship  bow  toward  the  ship.  Thus*  sose  rays 
of  bow  waves  lap Inge  on  the  ship  hull* 

Because  the  ray  theory  is  for  saall  Froude 
nusbero  and  the  wave  phenoeenon  Is  considered 
only  on  the  free  surface.  It  is  reasonable  to 
consider  only  reflected  waves*  as  In  geoeetrlcal 
optics*  neglecting  transsltted  waves  when  the 
oncoalng  waves  laplnge  on  Che  ship  hull. 

Let  the  ray  at  the  wave  angle  $  on  the 
ship  boxodary  (x,y)  be  reflected  to  6r  and 
fx  •  tan^o  OS  In  Figure  S. 

Then* 


Mgure  3  •  Angles  of  Waves  RetUctlng  on 
the  Ship  Hull 

Uhene\er  the  ra>  Intersects  the  ship 
boundary  at  (x,y)  with  angle  u,  then  the  value 
of  at  (x,>)  will  be  changed  to  -  ", 

and  x.y*"  are  continuously  calculated  by  the 
Runge-Kutta's  ncthod.  Then  the  ray  will  reflect 
as  in  F  ’ures  1  through  4.  Here  If  *^0  Is  aero, 
It  is  easily  seen  in  Equation  (^1)  that  the 
Inplnging  ray  angle  changes  to  ■•(^for  the 
reflected  ray  angh  This  fact  can  be  easily 
shown  to  be  tgrue  even  for  eg  e  0  by  Just  the 
rotation  of  the  coordinate  systie.. 


Nuaerical  Expcrloencs  of  Ray  Paths  and 
>ree  burfacc  bhock  Waves 

Because  the  ray  equations  can  be  solved 
only  nuBerlcally*  careful  nuoerical  experieents 
with  the  ray  equations  cuy  give  valuable  In¬ 
formation.  For  slBpilclCy.  the  WlgUy  hull 
source  distribution  with 


2"  dx 


where 

f,  -  2  b  (l  -  (^1'')  (33) 

h  -  "hi 

Is  considered  for  various  numbers  of  b  and  h 
which  are  related  to  the  hull  beam  and  draft* 
respectively.  The  actual  hull  shape  corre¬ 


sponding  CO  the  source  Equation  (33)*  is  ob¬ 
tained  by  plotting  the  b<^y  screaaline  passing 
through  stagnation  points  as  Che  solution  of‘ 


where  u  and  v  corresponding  to  Equation  (32), 
are  shown  in  Appendix  A  together  with  u^,  u  , 
and  v„  for  the  ray  equation.  Equations  (8)? 

(9)*  and  (10),  together  with  the  screaaline 
equation*  arc  solved  by  the  Runge-KuCCa  nethod 
with  initial  conditions  (x,y*d)  near  the  stag¬ 
nation  points  with  V  ious  values  of  6. 

Hany  ray  paths  both  reflecting  and  non- 
reflecting  froa  the  surfaces  of  » irlous  Wlglcy 
hulls  arc  shown  in  Figures  1  through  4.  These 
paths  were  cospuced  by  a  high  speed  Burroughs 
coaputer  at  David  Taylor  Kaval  Ship  Research 
and  Devclopaent  Center.  The  reflection  condi¬ 
tion  is  Incorporated  in  the  high-speed  coaputa- 
tion  with  a  routine  to  find  the  Intersection  of 
the  ray  and  the  ship  boundary  which  is  pre¬ 
calculated  and  saved  in  the  acaory.  The  step 
sizes  of  integrations  and  interpolation  were 
detemined  after  ainy  nuaerical  tests,  and  the 
shown  results  arc  considered  to  be  reasonably 
accurate.  For  a  given  initial  condition,  the 
solution  is  stable  and  converges  well. 

In  Figures  1  through  4,  soac  coaaon  fea¬ 
tures  of  rays  can  be  drawn  as  follows,  The 
rays  in  -  r/2  <  $•  <  0  far  behind  the  ship 
behave  like  rays  of  linear  theory  except  wave 
phases  are  advanced  in  the  ray  theory  and  those 
near  s«,  •  0  are  rays  propagating  froa  the  ship 
bow  and  reflecting  froa  those  of  ship  hull. 

Th<'  rays  near  the  ship  arc  very  different  froa 
the  linear  theory  as  Inui  and  Kajitani^  pointed 
out.  The  curved  rays  froa  tha  bow  have  a  far 
larger  slope  than  those  of  linear  theory  and 
the  phase  of  each  ray  Is  considerably  advanced. 
The  bignltude  of  the  phase  difference  is  nore 
sensitive  to  the  ocan-lcngth  ratio  and  the 
draft-length  ratio  than  the  aagnltude  of  the 
ray  slope. 

When  «  35  deg,  the  ray  will  be  the 
outennost  ray  and  the  ray  angle  at  will  be 
aporoxifflately  tan”^  8  -  as  in  the  linear  theory 
and  there  is  the  corresponding  initial  value  of 
«  or  near  the  bow,  or  the  origin.  However, 
the  di  which  Is  corresponding  to  a  single  value 
of  *»  is  very  sensitive  to  saall  changes  of  x 
and  y  near  the  crijln.  At  a  fixed  point  near 
the  origin  there  exists  a  unique  corresponacncc 
between  0^  and 

When  froa  the  which  is  corresponding  to 
"**  -  35  deg.  the  initial  value  of  i:!j[  increases, 
6*.  also  increases  and  the  ray  angle  decreases. 

In  geucral,  when  ■  0,  is  still  .a  negative 
va^ue  When  Increases  further,  0»  approaches 
zero  and  the  ray  pass  is  very  close  to  the 
stern.  At  this  point,  there  exists  a  certain 
Incrctwnt  of  Oj  which  Oiaxee  the  ray  barely 
touch  the  ship  stern,  at  9^  •  When  9i 

slightly  Increases  from  9^^,  the  ray  reflects 
ftoa  the  ship  hull  near  the  stern.  With  the 
Increment  of  the  reflection  point  swvos 
toward  the  bow.  When  ©  -  O^j  the  ray  once 
reflected  touches  the  stern  again.  When  0^ 
incre.asc8  further  from  on,  the  rcy  reflects 
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twice  (roa  the  ship  hull.  In  this  way,  further 
incrcacnt  of  aakcs  the  ray  reflect  froa  the 
ship  hull  three,  four  ...  tlaes.  However,  at 

near  the  value  of  a,  the  ray  tries  to  pene¬ 
trate  the  ship  hull  at  the  starting  point  of 
the  bow.  This  cannot  be  allowed  because  this 
kind  of  ray  should  coae  froa  outside  of  the 
ship.  Let  the  border  point  of  di  be  $iu. 

This  acans  that  rays  of  initial  value  of  & 
between  <  Oi  <  ^iu  reflect  froa  the  ship 
hull.  As  is  clear  in  Figures  I  through  4, 
in  general,  all  the  rays  before  reflection  do 
not  intersect  each  other.  However,  reflected 
rays  Intersect  other  rays.  The  once  reflected 
rays  intersect  not  only  with  each  ray  once 
reflettcd  froa  ship  boundary  points  close  to 
each  other,  but  also  with  at  least  one  ray 
before  reflection. 

In  the  stationary  phase,  each  ray  has  an 
aaplltudc.  Likewise  in  the  ray  theory,  each 
ray  carries  it's  energy.  The  reflected  ray  aay 
have  approxlDatcly  the  saac  energy  as  the  ray 
at  -  010  or  -.  0  where  the  aoplltudc 
(uncUon  of  the  linear  theory  is  In  general 
norc  significant  tlian  aaplltudes  of  the  other 
values  of  04*.  Because  the  phase  rust  be 
approxlaately  close  to  each  other  for  the  waves 
near  0«  •  0,  the  wave  height  of  the  once  re¬ 
flected  ray  aiy  be  close  to  three  tloes  tlut 
of  the  transversal  wave  for  0^  -  0.  When  the 
envelope  of  the  once  reflected  waves  is  drawn, 
the  dead  In  bounded  by  the  ship  surface  and 
the  envelope,  denoted  by  Da»  aust  be  dlstir<'tly 
different  froa  other  doaalns  because  In  Da 
there  arc  not  only  once  reflected  rays  but  also 
twlc  or  aultl-rcflccted  rays  on  which  aore  than 
three  reflected  rays  intersect  by  an  arguaent 
slallar  to  that  used  for  the  once  reflected 
rays.  The  envelope  of  the  once  reflected  rays 
behaves  like  the  shock  front  which  was  observed 
(n  Japan. ^ 

In  general,  a  line  Is  called  a  caustic  when 
on  one  side  of  the  iine  one  can  tlnd  a  continuous 
distribution  of  rays  Sut  not  on  the  othei  side, 
and  along  tin,  c.ausilc  cht  wave  slope  is  found 
10  be  large  Tne  wave  near  the  rav  angle  'V  - 
35  deg'  is  the  caustic,  and  the  wave  height  near 
the  caustic  far  downstrean  can  be  obtained  by 
an  application  of  the  Airy  function  In  the 
linear  theory.  The  envelope  of  the  once  re¬ 
flected  rays  nav  be  a  kind  of  caustic  fonaed 
by  the  refracted  bow  wave  rays  due  to  the  non- 
uniform  flow  perturbed  by  the  ship.  Shen, 

Xeyer,  and  Keller^  studied  such  caustics  caused 
by  the  sloping  beach  of  channels  and  around 
islands.  Thus,  the  additional  caustic  of  ship 
waves  may  be  called  the  second  caustic  of  sMp 
waves,  and  should  not  be  confused  with  the  first 
caustic  which  is  the  known  caustic  at  '»«  -  35 
deg. 

Second  Caustic  of  Ship  Waves  of  Various  Ships 

For  the  Wiglcy  hull,  several  different 
values  of  paranvtcrs  b  and  h  were  taken  to 
find  ttielr  effect  on  lh<  second  caustic.  In 
addition,  the  effect  of  a  bulbous  bow  on  the 
sccord  caustic  was  considered.  The  nost 
distinguishable  physical  characteristic  of  the 
second  caustic  is  its  distance  frou  the  ship 
hull.  This  is  related  to  the  distance  of 


reflected  ray«  froa  the  ship  hull.  If  the 
Qu=2>er  of  reflection  rays  Increases,  nr  if  ©i 
increases  froa  ©io,  the  oaxlata  distance  be¬ 
tween  the  ray  and  the  ship  hull  decreases. 

The  dlsunce,  before  or  after  the  ray  reflection, 
approximately  behaves  like  a  sine  curve.  The 
distance  between  the  ray  before  the 
first  reflection  and  the  ship  hull  divided 
by  the  X  coordinate  of  the  point  of  the  first 
reflection  a/xj  is  plotted  In  Figure  6  for 
/arlous  ships.  The  value  of  a/xi  for  different 
values  of  ei  arc  approxlaately  the  saae  for  a 
given  hull  and  are  related  to  the  area  between 
the  second  caustic  and  the  ship  hull  where  there 
aiy  be  breaking  waves  or  turbulent  waves.  Thus, 
if  the  area  is  large,  viscous  dissipation  of 
energy  becomes  large.  Accordingly,  the  twasured 
ao&entua  loss  behind  the  ship  for  the  breaking 
waves  becoaes  large. 

The  values  of  a/xj.  Increase  with  Increas¬ 
ing  beaa-lcngth  ratio  However,  the  aost 
Interesting  part  is  the  effect  of  the  bulbous 
bow. 10  When  the  bulb  sire  Is  Increased  or  the 
doublet  strength  Is  Increased  the  curvature  of 
the  rav  near  the  bow  becomes  less,  although  the 
streamline  near  the  bow  Is  such  that  the  en¬ 
trance  angle  is  slightly  large.  The  values  of 
a/xi  decrease  with  increasing  bulb  size,  and 
eventually  the  ray  for  -.  0  cannot  propag.tie 
without  penetrating  the  ship  hull  at  the  begin¬ 
ning.  That  Is,  there  is  no  reflecting  ray 
coming  out  of  the  bow  with  a  bulb  of  the  proper 
size,  as  shown  In  Figure  7. 


Figure  6  -  Width  of  the  Second  Caustic 
a/X|  for  Wiglcy  Hulls 
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Figure  7  -  Rays  of  the  Wlgley  Ship  (b  •  0.2*  h  •  0.0625)  with  Bulb 
(radlua*  •  0.0214L*  depth*  Zj  •  0.5h> 


These  phonoeena  associated  vlth  the  second 
caustic  arc  exactly  the  saso  as  chose  of  the 
"free  surface  shock  wave"  which  was  observed 
In  the  towing  tank. 

Finally  It  should  be  pointed  out  that  the 
ray  of  the  wave  whose  crest  is  perpendicular 
to  the  hull  surface  follows  exactly  along  the 
flat  surface  as  was  proven  by  £^iaatlon$  (28) 
and  (30)  and  the  following  paragraphs.  Tills 
'wans  that  rays  originating  froa  the  vertex 
of  a  wedge  very  llkelv  never  reflect  on  the 
wedge  surface.  This  Is  because  rays  near  the 
ray  which  follows  the  ship  surface  did  not 
intersect  each  other  near  •  •it/2  +  a,  or 

•  ’12  Rays  near  0  lopjngc  on  the 
ship  surface  due  to  the  effect  of  the  water¬ 
line  curvature  of  the  ship.  Therefore*  if  a 
ship  has  a  wedge  bow,  the  second  caustic  oust 
be  found  near  or  behind  the  shoulder.  Be¬ 
cause  Che  first  caustic  near  the  bow  oay  be 
very  prooinent  and  both  waves  near  the  first 
caustic  and  waves  near  the  stagnation  point 
break,  careful  experlacntal  analysis  and  norc 
theoretical  study  of  the  bow  near  field  nay  be 
needed . 


Wave  AapliCude  and  Pltasc 


A<6)  -  P(e)  +  1  Q(6) 


(34) 


cay  be  taken  as  an  approxlnacion  froa  the  linear 
theory  but  the  phase  difference  xi  aust  be  ob* 
tained  froa  aacching  with  the  near  field.  If 
the  near  field  is  al«o  expressed  by  the  linear 
theory 

0  1 


■■♦‘l-I  ko  /  / 


(35) 


where  f^  is  the  derivative  of  Equation  (11)  with 
respect  to  x.  When  the  inner  integiand  of 
Equation  (35)  Is  integrated  with  respect  to  x, 
the  value  with  the  Halt  x  1  will  fora  stern 
waves  and  the  value  with  the  Halt  x  -  0  will 
fons  bow  waves. Then  Che  bow  waves  can  be 
represented  by 

’ll 

S’  f  \ 

-’1/2 


Because  the  perturbation  due  to  a  ship* 
or  both  regular  waves  and  local  disturbances* 
decays  at  far  field,  the  linear  theory  Bust 
hold  in  the  far  field.  In  particular,  the 
wave  resistance  can  be  calculated  froa  the 
energy  passing  through  a  vertical  plane  x* 
constant  far  dovnstrcaa;  the  linear  theory 
which  Is  properly  aatched  to  the  near  field  of 
the  ship  will  be  used  for  calculating  the  wave 
resistance.  As  explained  in  Equation  (14)  and 
the  following  paragiaphs*  the  expression  for 
regular  waves  far  dovmstreaa  is  known  to  be  ot 
the  forn  of  Equation  (14)  where  the  aoplltude 
function 


where 

(6)  -  .  1  Q,  (37) 

When  the  phase  s  is  conpuCed  froa  Equation 
(10)  along  with  the  ray  path  from  Equations 
(8)  and  (9)  considering  that  s  ■  0  at  the  bow 
near  the  origin*  there  are  two  results  different 
froo  those  of  linear  theory.  (1)  the  ray  path 
is  deflected  as  if  the  elementary  wave  of  the 
linear  theory  started  from  (xi,0)  not  froa  the 
origin*  and  (2)  the  phase  change  denoted  by 
As  should  be  considered.  That  is,  the 
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«quivalenc  linear  cleaentary  wave  aay  b« 
vrUScn  at 

A.  ($)  exp  [l  k  sec^$ 

^  ®  <38> 

|(x*Xj)  cos9  y  aln&l  +  i  ''p  ^*3 

where  xj  is  obtained  as  an  intersection  of  the 
tangent  to  the  ray  at  •»  and  the  x  axis  and 

k^is  -  k^s  -  k^  sec^6  {(x-Xj)  cost  ■*■  y  sln0| 


Wave  Resistance 

If  all  the  eleaentary  waves  are  assused  to 
be  propagated  without  reflection*  the  asplitude 
function  and  the  phase  difference  studied  in 
the  previous  sections  will  supply  enough  Infor- 
AitioD  for  the  calculation  of  wave  resistance. 
Because  at  far  downstreaa*  the  wave  height 
tsiy  be  considered  linear*  the  Havelock  wave 
resistance  fomula^^  tuiy  be  used  for  the  waves 
represented  by  Equations  (36)  through  (40)* 
considering  that  the  wave  with  the  changed 
phase  S2j^  (6)  has  the  aeplitude 

(f,  .  1  Q,> 


8^  (0)  ■  ds  -  *J  SCC&  (40) 

can  be  obtained  at  any  point  along  the  ray. 

In  general,  xj  is  negative  and  82  (0)  is 
positive  eeanlng  that  the  bow  wave  phase  in  the 
ray  theory  is  larger  or  core  advanced  than  the 
phase  of  the  linear  theory.  This  fact  has  long 
been  observed  in  experinents  in  towing  tanks. 


The  advanceaent  of  wave  phase  is  conputed 
for  various  ships  and  the  values  ol  82  and  xi 
at  X  ■  2  arc  shown  in  Figures  8  through  10. 

When  the  bean-length  ratio  increases  and/or 
the  draft-length  ratio  increases,  the  values 
of  i2  increase  and  the  values  of  Xj  decrease 
for  all  values  of  0**,  As  coapared  with  tlie 
Increocnt  of  the  slopes  of  rays  near  the  ship* 
the  increocnt  of  the  phase  angle  is  acre 
sensitive  to  the  bean-  and/or  draft-to-length 
ratios. 

The  most  Interesting  phenotwnon  about  the 
phase  difference  is  in  regard  to  the  bulbous 
bow, 10  That  is,  the  phase  differences  for  hulls 
with  and  without  bulbs  are  al»st  the  sane  even 
with  a  considerably  larger  bulb.  In  the  past, 
because  of  the  observed  phase  difference  of 
ship  waves,  the  bulb  was  located  far  forward 
to  obtain  good  bow  wave  cancellation. “ 

According  to  the  present  analysis,  if  there  is 
no  other  reason,  the  bulb  position  need  not  be 
far  forward.  Because  the  nonunlforn  flow  cre¬ 
ated  by  the  ship  is  ouch  aorc  significant  than 
that  of  the  bulb,  as  far  as  phase  change  is 
concerned,  both  the  ship  bow  waves  (in  general, 
positive  sine  waves)  and  the  bulb  waves 
(negative  sine  waves)  propagate  through  the 
sane  region  and  cancel  each  other. 

As  for  the  aoplitude  function,  although 
it  was  shown  by  Doctors  and  Dagan^  that  ray 
theory  produced  the  best  result  for  a  two- 
dioenslonal  subaerged  body  even  though  they 
used  a  linear  aeplitude  function,  the  surface 
piercing  thrcc-diaensional  case  say  be  quite 
different.  The  aaplicude  function  Is  nalnly 
related  to  the  singularity  strength  which  sat¬ 
isfies  the  ship  hull  boundary  condition  and 
some  Inprovesent  eight  result  by  considering  the 
sheltering  effect.  However,  in  the  present 
study,  the  linear  amplitude  function  is  used  to 
simplify  the  problem,  showing  the  effect  of 
curved  rays. 
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FlSyre  10  -  Md  -a.  o<  «  Wi^Uy  Hull  <b  •  0.2,  h  •  0.0625)  with  and  without 

iulb  (r  •  0.02851. 


the  phase  difference  of  each  clreentai-y  wave 
does  oot  chan|c  Ik'V  wave  resistance  froa  the 
linear  theory. 

The  etern  wave  aaplitudc  Is  exactly  the 
sane  as  the  linear  value 

A.  ('’)•?  ♦  IQ 
a  a  ^s 

but  the  phase  difference  (0  should  be  con> 
puted  by  the  ray  theory  together  with  the  ray 
path  which  is  shown  in  Figure  ll.  Thor,  it  is 
also  obvious  that  the  stern  wave  resistance  is 
the  sate  as  the  linear  stern  wave  resistance. 
The  total  wave  resistance  aay  be  obtained  slal* 
larly  by  considering  that  the  total  wave  a&pli- 
tude  la 


•  O.Th) 

considered  to  be  totally  Biasing  in  the  wave 
resistance.  J  in  the  SrettensKy  formula  for  bow 
waves  would  stsrt  rv5t  fron  rero  but  freo  a 
certain  ruaber  alnlaua  1  ■  J|  such  that 


whiere  vi  is  the  value  of  froB  which  bow 
waves  start  to  reflect.  If  c,  •  i, 

and  •  ,  •  2  for  J  Jj,  and  it  ft, 

■  j  •  2  for  J  j.  Jj.  ► 

The  result  is  shown  in  figure  12  where  a 
considerable  shift  of  the  phase  of  hus?*  and 
hoi  ow  of  the  wave  rt distance  du  to  bow 
stem  wave  interaction  is  noticeable. 


lhs„  (") 

♦  IQ^)  e  '''  ♦  (P^  ♦  IQ^) 

ik^  <»28  <“>  ■  > 

c 

Here,  the  bow  and  stern  wave  interaction  ap¬ 
pears  in  the  wave  resistance.  That  is.  only 
the  interaction  tern  changes  due  to  the  pliasr 
change  caused  bv  the  nonunlfora  flow.  Thia 
fact  is  exactly  the  same  as  in  iwo-ditacnsional 
theory  ^ 

The  actual  cooputation  of  wave  resistance 
is  perforeed  by  the  Srettensky  forcwla  using 
the  relation 


ftj  -  cos"*  (^)  -  tan"*  (dj^  -  1)**  <45) 

and  the  corresponding  values  of  sj  arc  obtained 
by  interpolation.  When  a  portion  of  elcccntary 
waves  near  Q*  -  0  is  reflected  froa  the  ship 
hull,  the  larger  part  of  the  energy  in  this 
portion  of  elementary  waves  will  be  dissipated 
by  breaking  vaves,  and  the  wave  resistanro  will 
decrease,  but  the  aonentua  loss  due  to  breaking 
vaves  will  Increase.  If  such  «i>ergy  was 


Figure  ll  -  Ray  Paths  of  Stern  Waves  of 
a  Vigley  Hull  (b  -  0.2,  h  -  O.C625) 
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Figure  12  -  Wave 
Ulgley  Ship  <b 


Feelstence  of  the 
-  0.2,  h  -  0.0625) 


flow  due  to  the  double  DOdel.  Thu*,  the  Mti- 
llaeer  effect  of  water  wave*  1*  not  totally 
analyted  here,  ^'cvc^thele*»,  the  present 
theory  suppUe*  a  great  deal  of  hope  to  an 
entirely  different  approach  to  the  ship  wave 
theory  -  the  ray  theory. 

Although  the  atrlctly  linear  aspJltude 
function  Ic  used  for  slispllclty  in present 
study,  a  slightly  Inproved  aaplitude  function 
eav  be  easily  incorporated  by  adding  the 
sheltering  effect  or  othet  effect*.  However, 

It  should  be  noted  here  that.  In  any  case,  the 
bow  wave  resistance  and  the  stern  wave  rests- 
taoM  are  the  sane  as  the  results  ulthout  the 
ray  theory  and  the  effect  of  the  ray  theory 
would  appear  as  a  shift  of  the  phase  of  husp 
and  hollow  in  the  total  wave  resistance.  There¬ 
fore,  the  coaputatlonal  results  would  not  natch 
the  results  of  towing  tank  cxperltaents  unless 
the  viscous  boundary  layer  effect  on  thej^tern 
wave  or  soste  other  effect  Is  considered. 

Acknovledgeaents 


Discussion 

Recently  Eggers*^  obtained  a  dispersion 
telallon  Iron  a  lou  speed  ftee-surface  boun- 
dary  condition  which  was  a  slightly  oodlfied 
version  ol  the  one  BabalS  used.  Eggers  shoved 
that  there  uaa  a  snail  region  near  the  stag¬ 
nation  point  uhere  the  vave  nunber  beeane 
negative:  since  this  uas  not  pernlsslble  lor  a 
•aave  and  It  could  be  Interpreted  to  nean  that 
there  uaa  no  uavc  In  the  region.  He  suggested 
thst  his  lorn  night  help  alleviate  the  sen¬ 
sitivity  ol  the  Initial  condition  to  the  ra> 
paths.  According  to  the  energy  conservation 
Uw8  Ol  the  wave  propagating  through  non- 
unlfora  flow  the  wave  energy  flux  is  proportion¬ 
al  to  the  wave  nusber  along  the  ray  tube. 

When  the  vave  nunber  along  a  ray  Is  considered, 
although  the  Keller  dUperslon  relation  has  an 
Infinite  wave  nuaber  only  at  the  stagnation 
point,  the  Eggers  dlaperalcn  relation  Ms  an 
infinite  wave  nueber  In  the  flew  near  the  bow. 
Thus,  near  such  a  singular  point  or  a  singular 
line,  waves  nay  break  and  the  present  theory 
cannot  be  applied.  When  Eggers^  eqwtlon  was 
incorporated  Into  the  ray  e<iuatlon  in  the 
present  lay  coflpuier  prograa  It  was  found  that 
the  ray  path  was  still  very  sensitive  1°  » 
saall  change  of  Initial  value  fVVi 

curved  ray  aiiH  reflected  fron  the  ship  hull. 

In  the  experlntnts?  conducted  at  Tokyo 
tniverslty,  the  second  caustic  can 
and  near  the  second  caustic  the  flow  field  I* 
violently  different  froa  the  linear  theory. 
However,  It  aeeas  that  extreme  caution  is 
needed  to  distinguish  the  second  caustic  fr^ 
the  first  caustic.  The  case  of  cxperlacnts 
with  wedges  Is  Interesting  because,  according 
to  the  present  theory,  there  cannot  be  a  seco^ 
caustic  on  the  wedge  although  the  first  caustic 
should  be  there.  However,  the  wave  phases  of 
the  wedge  should  be  advanced  and  quili  sensitive 
to  the  draft-  and  beaa-length  ratios  d^  to  the 
nonunlfora  flow  caused  by  the  wedge.  ^  the 
other  hand,  the  present  theory  is  still  not 
exact  although  It  taVea  Into  account  the  effect 
on  the  propagation  of  water  waves  of  nonunlfora 
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Appendix  A 

For  the  computation  of  ray  paths  of  a 
ship,  the  flow  velocity  and  Its  derivatives  on 
(x,y,o),  u,v,ux»  V.  ,uy  arc  needed.  AWlgley. 
hull  has  the  doublb  model  source  distribution 

i  *1 
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DISCUSSION 
o<  th*  p«p«r 
byB 

A  RAY  THEORY  FOR  NONLINEAR  SHIP  WAVES  AND  WAVE  RESISTANCE 


Oucuuton 
6y  Mfyata 

I  Ifllnlk  It  H  A  <HfficwU  {•«*c>b)ori  to  cOf'f^Kt 
i%onho«jr  wavo$  10  tne  near»^»o»4  404  oo'jliooar 
propa^atlo''  0^  i>f<ar  wavo<.  for  the  author  s 
seoofvj  cauittc  to  he  urHjofstoM  n  w»'l  te  oece^* 
$ary  to  dcrvjn^trate  thf  vanattoo  of  wave  fror.t 
lioe^  wUh  the  change  of  a4vuv:e  ^pee4 

Ir  •fiy  opotor  the  ray  theory  shouU  he  appMetf 
to  dispersive  p-ow^atioo  of  lif<ear  waves  after 
they  a»c  Influenced  hy  free  surface  shock  wave'¬ 
ll  the  tiffe  of  9efteratton 

Author  s  replay 

I'-ofessor  Miyata's  conneht  u  deeply  atpre* 
cuted  because  all  of  h»s  e*perineotal  results 
are  c’ocely  related  to  the  present  study 

Certainly  all  th^  waves  deperd  upon  the 
advance  speed  as  m  the  ordinary  ship  wave  tneorv 
However,  in  the  ray  theory,  ray  path,  reflection, 
phase  difference,  etc  can  he  represented  without 
specific  mfortvatlon  of  advance  speed  The  appro- 
sl^ate  wave  fom  can  he  sketched  hy  representing 
the  phase  as  k^(ji  cos  •  ♦  y  sin  )  ♦  k^j  's  where 
inverse  Froude  nuoiher  square  appears  as  a  factor 
using  an  appropriate  aaplilude  function,  as  m 
the  representation  of  linear  waves  by  the  method 
of  stationary  phase  However,  the  seconvd  caustic 
line  Itself  In  the  present  approach  Is  not  a 
function  of  Froude  number,  although  the  wave 
form  in  the  vicinity  Of  the  caustic  ray  change 
a-.cOiding  to  the  Froude  fHisber 

The  large  difference  between  the  second 
caustic  and  the  nondispersive  shock  wave  could 
be  that  for  the  second  caustic  no  unusual  assi/»p- 
tlon  was  needed  to  justify  thn  shock-wave-llke 
phenewenon  while  the  nondispersive  shock  wave 
can  never  exist  without  the  sniall  depth  which 
had  to  be  just  assumed  for  ship  waves  in  the 
deep  wate*" 
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A  NUMERICAL  APPROACH  OF  THE  NONLINEAR  WAVE  RESISTANCE  PROBLEM 

O  Daube  and  A.  Dultau 
LatMratoira  d'lnformati^ua 
pour  ta  M4oan(Que  at  taa  Sciancaa  da  ringiniaur 
8  P  30. 91406  Ofsay  Cadax  (Franca) 


ABSTRACT 

In  this  paper  a  nuaerioal  «tho4  for  solving 
the  non  linear  wave  resistance  problca  for  a 
ship  viih  constant  forvard  speed  is  presented. 

An  Iterative  procedure  is  used, at  each  step  of 
vhich,a  linear  problea  vith  known  boundaries  is 
solved  by  distributing  Rankine  sources  over  the 
vetted  hull  and  a  finite  pan  around  the  ship 
of  the  free  surface. a  convenient  fom  for  the 
free  surface  conditions  is  derived  from  the  re¬ 
al  ones. 

Results  for  the  $erie  <0  and  for  the  Uigley 
hull  are  presented  and  compared  with  experimen¬ 
tal  and  other  ntrurical  results. These  results 
teem  to  be  quite  satisfactory. 

I  ISTRODDCTIOV 

In  the  last  decadeiS  lot  of  numerical  work 
has  been  devoted  to  the  very  old  wave  resistan¬ 
ce  problea  for  a  ship  moving  w.th  a  constant 
forward  speed. This  fact  was  evidenced  by  the 
first  two  International  Conferences  on  N'umerical 
Ship  Hydrodynamics  and  by  the  Workshops  on  ship- 
wave  resistance  which  took  placein  Washington 
(Nov  1979)  and  in  Tokyo  (Oct  1980). 

The  development  of  high-speed  computers  and 
of  numerical  methods  enable  the  niaerician  hy- 
drodynaaicists  to  try  to  deal  with  the  complete 
non  linear  problem, in  order  to  gct-it  is  at  lea 
at  expected  so-  a  better  evaluation  of  the  wave 
resistance  of  a  ship  and  if  possible  a  practical 
prograce  to  compute  it. 

The  classical  way  to  deal  with  non  linear  pro¬ 
blems  IS  to  solve  a  sequence  of  linear  problems, 
the  solutions  of  which  arc  expected  to  converge 
to  the  solution  of  the  original  non  linear  pro¬ 
blem. When  there  exists, as  a  part  of  the  unknowns 
,a  free  surface, the  classical  way  is  to  start 
the  computations  with  an  initial  guess  of  the 
location  of  this  free  surface  and  thcn,etep  by 
step,  to  compute  successive  locations  of  it. We 
use  in  this  paper  this  approach. 

We  shall  first  recall  the  non  dimensionnal 
physical  equations  and  then  derive  an  unique 
free  surface  condition  to  be  applied  on  the 
successive  locations  of  the  fvee  surface. Then, 
at  each  stap  of  the  iterative  proccdure,we  solve 
a  linear  harmonic  problem  with  known  boundaries 
which  arc  the  vetted  hull  and  the  free  surface 
location  computed  at  previous  step. Once  this 
problea  is  solved, ve  compute  the  hydrodynamic 


characteristics  and  especially  the  wave  resista¬ 
nce  coefficient  and  the  new  free  surface  eleva- 
tion.then,if  necessary, the  iterative  procedure 
is  continued. 

The  numerical  basis  of  the  work  is  the  Hess 
and  Smith's  singularity  method  (1]. Rankine  sour¬ 
ces  are  distributed  on  the  vetted  hull  and  on  a 
finite  part  of  the  free  surface.Kisaencal  tests 
concernig  the  extension  of  the  paneled  free  sur 
-face  have  been  performed  and  are  presented. 

The  results  presented  concern  the  wave  resis¬ 
tance  coefficient  and  the  wave  profile  along 
the  hull.Wavc  field  around  the  ship  is  also  vi¬ 
sualised. 

These  results  are  seen  to  be  quite  satisfac¬ 
tory  and  it  IS  emphasised  that, after  some  par¬ 
ticular  points  will  be  cleared, the  method  will 
provide  an  efficient  way  to  get  a  good  evalua¬ 
tion  of  the  wave  resistance  for  a  sufficiently 
large  class  of  ships  and  >roude  number. 

More  details  concerning  this  paper  can  bo 
found  in  the  Doctoral  Thesis  of  the  first 
author  Ul> 

II  PHYSICAL  equations 

All  equations  are  written  in  non-dimensionnal 
fora  with  respect  to. 

-  U*  the  constant  forward  speed  of  the  ship 

-  L  the  half  length  of  tne  ship 

-  g  the  acceleration  of  gravity 
The  Froude  nisber  F  is  defined  by: 

/Tgb 

We  also  define  a  parameter  u  by  : 


The  basic  hypothesis  are  those  of  an  irrota- 
tionnal  flow  of  incompressible  inviscid  fluid 
with  influence  of  gravity. 

In  a  frame  fixed  to  the  ship, (see  fig.  l),the 
steady  state  problem  can  be  stated  as  follows* 
let  be  D  the  fluid  domain 
M  the  vetted  hull 

FS  the  free  surface 

Ve  must  find  a  velocity  potential  in  D, 
satisfying  : 

-  0  in  0  (1) 

II. I  Boundaries  conditions 
a)  On_thahun_  M_ 
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b)  On_the^ff«g^gurfaee;_FS 

A  slip  cineaatic  condition  : 

^-0 


<i) 


(3) 


A  constant  pressure  dynaaic  condition  : 
VZ  -  0  (4) 


c)  ‘ 

The  tlov  beeooes  unifora  and  the  free 
surface  elevation  vanishes. A  radiation  con* 
dition  IS  also  required  to  iapose  dovnst* 
reaa  propagation  of  the  vaves.Its  nuserical 
ispleaentation  will  be  discussed  later. 


m.  TRANSFORMATION  OF  THE  FS  CONTHtlOSS 


As  It  vas  said  in  the  introductiontve  vant»ac 
each  step  of  the  iterative  procedure. to  solve  a 
probles  vith  known  boundaries. For  this  purpose 
ve  need  only  one  condition  on  the  assused  loca¬ 
tion  of  the  free  surface. This  unique  is  derived 
frcQ  the  two  real  one  (3)  and  (4)  in  the  follo¬ 
wing  Banner 

Let  be  : 

L  a  free  surface  screaaline 

M  a  p^int  on  L 

-  30M  unit  tangent  vector  to  L 

^  W  in  M 

0  curvilinear  abscissa  of  M  on  L 

(^see  figure  2) 

If  V  IS  the  velocity  at  M.the  cir.eeatic  condi¬ 
tion  <3)  Bay  be  written  as  below  : 

v.5«.v> 

.  »  <» 

V  •  II  v|l  . 

This  fcro  to  derivate  the  dynaaic  condition(4) 
with  respect  to  0  and  then  taking  into  account 
the  relations  (5) .we  obtain 


-5o‘*2V=-Ti  •  “  ‘’”'^5 

It  Bay  be  noticed  that  the  fora  of  relation(6) 
IS  very  siailar  to  the  classical  linearized  con¬ 
dition  if  we  assuBe  0  -  x  and  V-I.Cut  in  rela¬ 
tion  <6). the  condition  is  written  on  the  exact 
location  of  the  free  surface. 


The  radiation  condition  has  not  yet  been  taken 
into  account. This  is  achieved  in  a  siailar  Ban¬ 
ner  to  Dawson's  one  15). The  second  derivative 
which  appears  in  relation  (6)  is  transfomed  by 
upstream  finite  difference  along  the  streasline 
L  using  the  values  of  the  potential  4  at  M  ard 
at  forcier  points  on  L.  (  see  figure  2) 
k-p 


3^4 


“ik*i- 


(7) 


At  this  stage  the  question  which  arises  is  to 
Bake  a  convenient  choice  of  the  nusber  of  points 
and  for  the  coefficients  . 

In  12]  an  analysis  of  difference  equation 


h 


U 

2 


0 


<8) 


analog  of  the  ordinary  differential  equation  : 


figure 


2 


0  .  -  0  (8) 

shows  that  3  reasonable  choice  for  p  seeBs  to 
be  p-4  <e.g.  3  points  of  discretization)  in  or¬ 
der  to  avoid  a  too  mportant  wave  daaping  which 
is  inherent  to  such  transforaations.FurthcrBore, 
the  coefficients  a  ^  are  chosen  so  that  the 


vanish  in  the  Taylor  expansion  of  the  right 
hand  term  of  (7) . 

This  analysis  shows  also  that  the  transforaa- 
tion  (7)  introduces  in  fact  a  slight  Froude  nutsr 
ber  shift  and  that  the  DaxisuD  grid  size  Bust 
vary  as  the  fundaoental  wave-length. e.g.  as  the 
square  of  the  Froude  nuober.This  fact  probably 
prevents  nose  of  the  nuserical  sethods  to  handle 
low  Froude  nirsbr-s ,say  F<0.2,at  least  on  a  cla¬ 
ssical  sequential  coaputer. 

IV.  ITFRATIVF.  FROCEDllRE 

Ve  shall  now  define  Borc  precisly  the  problen 
Pn  to  be  solved  at  each  step. 

IV. I  Forculation  of  the  problen  Pn 
At  each  step  <n}  of  the  iterative  procedure, 
we  solve  .  .  .4 

find  a  potential  4^  ^  which  satisfies  . 

V’5  -  0  in  d"  (10) 

l.^(»*''‘'V  0  on  J)''-nVs"  (11) 

.  X  a.  k'.y'.i?  ~  (12) 

where  l^*,Fs”,C>"  are  respectively  the  wetted 
hull, the  free  surface  location, the  fluid  doDain 
coaputed  at  the  previous  step  (n-1) 
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is  alinear  boundary  operator  deduced  froa 
Che  relations  (2), (6), (7)  : 


As  for  there  are  coefficients  8.j^ 

Co  eeeeute  the  first  derivative  : 


if' 


(13) 


- 2n~  onFS^fU) 

mu  2(V^)'*  Sz 

where  S  is  defined  by  Cj^Oj  • 


IV. 2  Nunerical  aethod 

The  basic  nuaerical  tMthod  suit  be  able  to 
deal  with  the  successive  locations  of  the  free 
aurface.Moreover  the  problea  Pn  is  an  exterior 
hamanic  one. So, the  Hess  and  Soith's  singularity 
aethod  (1}  seees  to  be  veil  adapted  to  the  reso> 
lucion  of  Pc, despite  the  quite  unusual  fora  of 
Che  boundary  condition  (14). Another  advantage 
IS  that  only  a  2D  surface  has  to  be  paneled  and 
not  a  3D  domain  as  in  finite  difference  or  fini¬ 
te  elcaents  aethods. 

As  done  by  Davson  {3]  ithe  vetted  hull  and 
a  finite  part  around  the  ship  of  the  free  surfa¬ 
ce  FS  are  divided  in  saall  quadrangular  panels. 
On  each  of  the  panel  n*i  a  constant  density  Q 
of  Rankine  source  is  distributed. Let  be  * 

Q  the  column  vector  of  the  source  density 

$  Che  column  vector  of  the  values  of 
the  potential  at  the  center  of  ^panel 
n*  1  . 

fL  the  column  vector  of  the  vaiues  of  the 
derivatives  <d(/dl)  of  the  potential 
in  the  direction  1. 


There  exist  square  matrix  A$  and  AiL  such  : 


90* 


(16) 


where  z  means  the  elevation  of  the  free 
surface  acupoints  on  the  free  surface  streamline 
L  (see  figure  2) 

Then  the  Kt.ovledge  of  Che  free  surface  eleva¬ 
tion  at  upstream  point,  enables  to  cos^utc  the 
elevation  at  point  by  : 


k-3 


-jvS-k” 


)/3.(,  (17) 


Finally, With  the  assixi^cion  cade, the  new  point 
IS  defined  by 


z”**  by  relation  (17). 


^t  is  implicit  that  the  free  surface  elevation 
IS  assumed  to  vanish  upstream  of  the  paneled  pa¬ 
rt  of  the  free  surface, in  order  to  start  the  com¬ 
putations  with  relacioi.  (17). 

The  value  of  the  velocity  modulus  which  appears 
in  relation  (17)  is  calculated  with  the  help  of 
the  coefficients  3  .  and  the  values  of  the  po¬ 
tential  : 


„<ii«i) 


■  li  «<"• 


(n*l> 


IV  4  Susmry  of  the  iterative  procedure 
The  Iterative  procedure  cay  be  described  as. 


-  AJL.Q 

The  boundary  conditions  (13)  and  <I4)  are  then 
written  ac^e  center  of  each  pand.which  involve 
a  linear  system  with  unknown  Q  .This  system  is 
solved  by  a  Causs-Seidel  like  ^thod. 

Onc£  the  the  new  values  of  the  source  dersi- 
Cics  Q  are  known.one  can  compute  the  velocity 
at  the  Center  of  each  panel  and  then  the  hydro¬ 
dynamic  characteristics  as  the  wave  resistance 
coefficient  and  the  free  surface  elevation. 

IV. 3  Computation  of  the  free  surface  elevation 

In  this  scctior.we  make  an  assumption  which 
will  have  to  be  removed  in  further  developments 
of  the  proposed  method. 

We  assise  that  the  free  surface  streamlines 
have  always  the  same  projection  in  the  plane 
(z*0)  .This  IS  kept  true  during  the  whole  ite¬ 
rative  procedure  and  foi  any  Froude  number. This 
hypothesis  is  in  fact  a  slow  ship  one. These  pro¬ 
jections  are  the  double  model  atreamlines  in  the 
plane  (zoQ). 

The  free  surface  elevation  is  calcula^-d  by 
integrating  the  third  component  of  the  cinema¬ 
tic  condition  (3). 


I 

V  Tt 


(16) 


Yes 


The  calculations  arc  stopped  when  the  diffe¬ 
rence  between  two  successive  locations  of  the 
free  surface  becomes  sufficiently  small 
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V.  CO«7CT4TiOjC  C7  THS  rfAVE  PXSH>TA3:CE 


Ve  coaut«  the  veve  resi«t*uce  coefficient 
defined  by  : 


where  p  i*  the  volssic  density  ^f  the  ^ratcr, 
end  ^  the  diseotiounal  wave  re«Uc«c?e> 

Thi*  i*  achieved  by  intetsMtint  the  pret»(.re 
force*  oa  the  wetted  hull. At  e  point  t(yt,ytzy 
of  the  hull  H»tbe  preesurr  coefficient  C  ie 
defined  by  :  ^ 

C^(«.y,i)  -  vz*V^-l  (18) 

*o  thet 

c^-  //„  (uz.v^-Dl.TdS  (19) 

because  of  rouad*off  error*  it  *e^  prefer** 
ble  to  coapute  the  tena  in  z  by  u*irg  SrAe* 
theorcs: 

a^zo.iis  - 

where  VL  i*  the  v*ve  profile  along  the  hull. 
The  tecood  part  cf  the  integral  (1$)  {*  calcu* 
lated  in  a  ela**ical  numerical  way. 

VI.  EXTfN^lOX  or  THE  PAhtm)  FREE  Sl^AFACE 

In  order  to  eatieate  the  aintoua  dovnatreea 
exteoiion  of  the  paneied  free  «urface,*everal 
nveericat  te«t«  were  oade  on  the  Serie  fO  hull. 
Only  the  firat  *tep  of  the  iterative  procedure 
de*eribed  in  *e«.  IV  ha*  been  contidered  and  the 
calculation*  were  &ade  for  different  cxcen*ion* 
of  the  paneled  free  aurface  and  for  aeveral 
froude  Dusbci  F. 

If  DARK  is  tho  distance  between  the  bov  and 
the  dcvnstreaa  boundary  of  the  paneled  free 
surface >nomali red  with  respect  to  Liit  is  shown 
on  fig.  3  and  i  the  variation  of  the  wave  resis* 
tance  coefficient  C  a*  a  function  of  DARR  for 
two  Froude  nvc4ers,’T-0.25  and  F»0.2S. 

It  can  be  seen  that  for  short  distancee  DARK, 
the  wave  resistance  coefficient  strongly  ossci* 
late*  and  that  for  greater  value*  o  PARR.tbe^ 
coeffl^-Ient  C  *****  to  tend  to  a  eean  value 
A  stripjAich  Mpreseote  a  variation  of  iZ 
around  C  is  drawn  on  the  figures  and  it  can  be 
•ein  that  a  reasonable  value  of  DAkR  is  about 
one  half  Iv^gth  of  the  ship. This  fact  confires 
the  appreciation  given  by  Dawson  (3]. 

fins  ly.ic  i  shown  on  figure  S  a  typical  pa* 
neling  ch.  free  surface. 

In  the  vb. le  cal  olationSithe  lateral  exten* 

«  V..  ot  he  panelc.*  .'ree  s.rface  was  taVen  equal 
to  i*.b8  **>(1  the  upstrea*  extension  equal  to 

\i.  (ji  )  b, 

•A  i  oeteneination  of  DARR  is  rather 

etBpir;cal(and  it  would  bo  desirable  to  treat 
in  a  better  vav  the  downstrea*  boundary »suiy  be 
by  eriiing  an  absorption  condition  as  Orlanshi's 
on*  1-.I. 


figure  S 

VII.  PXSULTS 

In  this  sectlon.w*  prAftnt  the  result*  which 
were  obtained  with  the  help  of  the  presented 
sethod  for  two  ships  : 

-  The  Sene  60  Cb  0.6  hull 
*  The  Vigiey  hull  defined  by 

y-«0.l(l-x^)<l-(»2)')  if  a<0 
yO.l(l-x)  if  s.^0 

-1  <  V  <  ♦! 
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Our  result*  will  b«  coeparc4,wheQ  possible, 
with  experlsentel  detss  end  with  other  nuserleet 
results ,aainly  with  the  results  which  were  pre** 
sented  et  the  Workshop  oc  Ship  Weve-Resistenee 
CelcuUtions  (WsshiDiton  }<ov  I97d). 


VII. I  Description  of  the  results 

X  We  give  the  varietioe  o£  the  Weve'resistacce 
coeffsciettt  C  : 

■icvjs 


where  S  is  the  wetted  hull  at  rest. 

The  relation  between  the  coefficient  C  and  the 
coefficient  C  defined  in  sec.  VI  is: 

*  m2 


X  We  give  the  wave  profile  n  along  the  hull, 
Rorsalized  with  respect  to  2vi/g 
Let  be  h  the  free  surface  elevation  with  res* 
pect  to  Lithen  there  is  the  relation  : 

T  •  p  -  uh 

X  Ve  give  at  lastvievs  of  the  wave^field  around 
the  hulliSooe  iso'height  lines  and  the  crest  * 
lines  of  the  free  surface 


Vri.2  Serie  60 

VII.2. l^_Vave;resistance_coeff!cf*nt 

On  the  figure  6  ve  ha\e  reported  the  experi- 
Bcntal  values  given  by  Todd  «4}  and  those  given 
bp  “uang  anfl  «*0N  Kererek  (5]  <in  fact, the  values 
in  IS]  are  values  of  *.h«  residual  resistance). 
The  results  ve  obtained  are  also  rerorted  oa 
this  figure  i. 

Ro<jghl>,it  <.an  be  said  that  the  aspect  ot  the 
experiaental  curves  is  found.Kovhever,signif I** 
cant  difference*  can  be  observed  at  both  ends 
of  our  curve. For  low  values  of  r.this  fact  can 
be  explained  by  the  too  great  site  of  the  free 
surface  panels  (see  sec.  III). For  F  >  0.3$, the 
difference  can  be  explained  by  the  fact  that  in 
our  calculations, the  ship  is  assuaed  to  fixed. 
The  ieportance  of  sinkirg  and  tria  is  well  known 
and  will  be  evidenced  in  VII. 3  for  the  Vlglcy 
hull. 

On  figure  7, in  addition  of  experiaental  datas, 
ve  have  reported  numerical  results  for  the  fixed 
ship  given  by  other  authors:  Dawson  (3]  .Cuevel 
a  Delhosseau  (6)  .Cadd  |7I. 

-  The  Dawson's  result*  ere  everywhere  smaller 
.han  cur’s, which  seeas  to  contira  that  it  is  io- 
portant  to  take  into  account  the  non-linearities. 

~  the  nain  difference  with  the  Cuilloton's  se~ 
thod  used  by  Cuevel  and  al.  is  that  our  curve 
does  not  show  so  distinct  hollov  and  duop  a* 
those  they  obtained. 

-  there  is  a  good  agreec.ent  betx«n  our  results 
and  Cadd'ones  up  tp  F«0.3.The  Cadd's  curve  does 
not  seem  to  exhibit  a  flat  part  about  F'O.S.and 
any.r«y  he  dtd  not  give  result*  for  F  >  0.32 

On  figures  8  and  9, are  shown  the  calculated 
w-ve  profiles  along  the  hull  for  F-0.30  and  F» 
0.32.We  have  also  reported  the  Huang  and  Von 
kercakek's  exp-ritsental  profiles  |S1  and  those 
which  were  calculated  by  Dawson  (5)  and  Cuevel 
et  al.  (o) 

Two  points  nay  be  noticed. 

a)  the  hollows  and  the  crest  of  the  second 


figure  C-  a.  7 

wave  alojg  the  hull  are  found  slightly  down- 
sireaa  of  the  experiaental  one. This  difference 
is  an  illustration  of  the  Froude  nisber  shift 
introduced  by  the  transfortucion  of  the  free 
surface  conditions(*ee  sec.  IID.The  calculated 
profile  for  F-0.30  sees*  to  be  closer  to  the 
experiaental  one  for  F*0.32  chan  to  the  profile 
for  F-0.30  , 

b)  Concerning  the  bow  wave, it  can  be  obser¬ 
ved  that  its  calculated  crest  lies  upacreas  of 
the  experiaental  one  for  F  <  0.32, and  downstream 
for  r  >  0.32. 

The  aapUtude  of  the  bow  wave  is  found 
saaller  than  the  real  one  by  each  author. This 
is  probably  due  to  the  (act  that  that  the  panels 
are  not  enough  refined. 

On  figure  10, are  gathered  the  calculated  pro¬ 
files  for  all  Froude  nux^ers.The  following  * ell- 
knovn  phenoeenon  can  be  observed: 

-downscreao  displaceeent  of  the  low  wave 
when  F  increases. 

-disappearance  of  the  second  hull  wave  when 
I  increase*. 

In  fi>'ore  11,  a  per<peol  ive  view  of  the  wave 
irouiyi  the  <hip  for  F  •  0  3  iv  s.f>,ivn.  It 
flwist  b(  tw'tio.'d  that  the  4-ioordiriUos  hive  been 
cruttip.ied  five  tine*.. 
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Vlt.3  Wigtey  hull 

This  tull  is  defined  anslyticsUy  by 
-  I  <  X  <  ♦! 

y  •  0.1(1  -  x*>  for  s  >  0 

y  -  -0.1(1  -  x*)(l  -  6  Hi*)  for  -  0.125  <  *  <  0. 

VII.3.1  Wsye 

In  llxur«  12,  we  hivc’reported  the  expcritecnul 
dsts  Iron  Uckenby  (8|  ,  the  nuserieal  rcsolts 
froo  Delhomeau  (6)  *  Dawson  |3|  and  our  own 
results.  The  observations  we  have  aide  concerning 
the  Seric  60  hull  nay  also  be  Bade  in  Che  case  of 
the  Vigley  hull.  In  particular,  the  necessity  of 
taking  into  account  the  sink  and  trio  in  order 
to  iaprovc  the  ijuality  of  the  results  is  one  aore 
tittt  evidenced. 

Let  t  be  the  non*diaens{onal  weight  of  the  ship 
ani  V  the  non^diaensional  voluae  of  the  wetted 
hull  at  rest.  Then  we  have 

P  .  vV 

where  v  is  the  paraoeter  defined  in  section  IX. 
The  tria  angle,  o.  is  Chen  defined  by 

tan  (a>  -  (C^  -  P)/Cjj  (20) 

Unfortunately,  at  this  point,  nuaerical  trou* 
bles  are  to  be  expected.  In  fact,  and  P  are 
of  the  saee  order  of  aagnitude  (^  0.1).  Thus, 
a  relative  error  of  t  Z  on  these  values  (which 
actually  would  be  a  rather  good  accuracy,  with 
regards  to  discretisation  and  round>off  errors) 
would  involve  an  absolute  error  on  Cg  ~  P  of 
aagnitude  10'*.  Meanwhile,  Cy  is  of  aagnitude 
10*^.  One  can  Iseediately  sec  that  using  rela¬ 
tion  (20)  to  coRpute  the  tris  angle  o,  requires 
a  Duch  higher  accuracy  on  Cg  and  P  than  it  can 
reasonably  expected. 

This  is  the  reason  why  we  have  neglected  the 
tritt  angle  and  we  have  computed  the  sink  by 
the  approxiaate  relation 

v/h  Syj,  i  ^2  ■  ^ 

where  SL.  is  the  surface  of  the  waterline  section 
of  the  null. 


Figure  12 


Even  with  this  rather  rough  approxiaation, 
regarding  to  the  restrictions  on  Cg  -  P  steted 
before,  the  wave  resistance  curve  is  greatly 
loproved  as  can  be  teen  in  figure  13,  the  range 
of  Fro  Je  masbers  lor  which  our  results  are 
close  to  experitsental  dates  have  been  wided. 
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VII<3.3  Cr<«t^lint« 


Ihe  discrepancy  increases  with  the  Froude  ni»- 
ber  arki  shows  that  the  tria  angle  can  no  longer 
be  neglected  for  higlier  Froude  nvebers.  The 
results  froa  Dawson  (3)  «  plotted  on  both 
figures  12  and  13.  show  the  sane  influence 
of  sinSc  and  tria. 


Figure  13 

VX 1 . 3.2__tfive^profi«e_4ioflg_the_hun 
Figures  14  and  IS  show  the  coaputed  wave 
profiles  along  the  hull  for  F  •  0.313  and 
F  •>  0.4S2.  Ve  have  also  reported  Shen  anl 
Cross  experioental  data  and  results  which 
have  been  coaputed  by  Dethorscau  ct  al  (b] 
and  Dawson  (3)  .  SiaiUr  remarks  as  for  the 
Serie  60  can  be  aade  here. 


the  crest  tines  are  defined  (see  section  IV. 3) 
as  the  lines  along  which  the  vertical  derivative 
^  of  the  potential  vanishes.  These  lines  for 
%*•  0.266  and  F  ■  0.3S  are  shown  in  figures  16 
and  17. 


<1  tfjti  •  .fU 
lpt(  It  cM 


Figure  16 


laetft  it  ViSi  •  .ISO 


Figure  17 
CONCLUSIOS 


The  aethod  that  we  have  presented  here  was 
found  to  bw  etficient  for  the  copulation  of  the 
r»o  linear  flow  around  o  ship,  ^nd  especially 
for  the  evaluation  of  the  wave  resistance,  at 
least  for  the  class  of  hull  which  were  used.  The 
results  we  have  obtained  show  the  iaportance  of 
taking  into  account  the  non  linearities.  This 
fact  is  well  evidenced  by  cosparing  our  results 
with  hose  of  Dawson. 

However,  soae  points  have  to  be  inproved  and 
two  can  be  pointed  out 

*  Ve  have  to  reaove  the  assieption  made  in  sec 
tion  XV.3  concerning’  the  projections  of  the 
frce-sorfacc  strcaallncs  on  the  plane  (t  ■  0) 

•  The  sink  and  tria  aust  be  core  correctly  coe- 
puted. 

RE^£RE^^CES 

)l)  Hess,  J.L..  Saith,  A.M.O.:  "Calculation  of 
Potential  Flow  About  Arbitrary  body",  tro- 
gress  in  Aeronautical  Science,  vol.  8,  Per-, 
ganen  Press,  1967. 

1 2)  Daube,  0.  :  "Contribution  au  Calcul  Kon  Li- 
nAaire  de  la  Resistance  de  Vagues  d'un 
tiavire".  Doctoral  Thesis,  Unlvcrsitb  de 
Paris  VI,  1980. 

(3|  Dawson,  C.U.  :  "Calculation  Vith  the  XYZ 
Free  Surface  Prograa  for  Five  Ship  Models" 
Workshop  on  Ship  Wave  Resistance  Caleulation, 
DTNSRrC,  Ctov.  1979. 

(4)  Orlanski,  1.  :  "A  Siaple  Boundary  Condition 
for  Urieunded  Hyperbolic  Flows",  Journal  of 
Coaputational  Physics,  vol.  21,  1976. 

(S|  Huang,  T.T.,  Von  Kercrek,  C.  ;  "Shear  Stress 
and  Pressure  Distribution  on  a  Surface  Ship 
Model  ;  Theory  and  Experinenis",  9ih  Sj-epo- 
siua  on  Naval  Hydrodynaxics,  OVR,  Paris, 1972. 


79 


(6)  DelhotES«4u.  C..  Cutvcl,  P.,  Cordonn{er,J>P. 
"The  Culllecoc's  K«tbod"»  i^rkehop  on  Ship 
W«ve  Re«l$Unce  Catculacioo,  DTNSRDCf  }iov. 
1979. 

(7)  Cadd«  C.E.  :  "Contribution  to  Vorkahop  on 
Ship  Vave  Retistance  Calculation"*  DTNSRDC, 
Nov.  1979. 

(8)  lacVenby*  H.  :  "An  Invcatlgation  into  the 
Nature  and  Interdependance  of  the  Coapo- 
nenta  of  Ship  Resistance"*  Transactions  of 
the  Royal  Institute  of  Naval  Architects, 
Vol.  107,  196S. 


Session  II 

NONLINEAR  WAVES 
AND 

WAVE  RESISTANCE 


JK  McCarthy 

SMVon  Ch<irn4n 

Ojvtd  W.  Taylor  Naval  Slvp 

Raaearch  and  Oevelopmant  Center 

USA 


81 


NUMERICAL  STUDIES  OF  THE  NEUMANN-KELVIN  PROBLEM’ 
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Abstract 

Keuaann-Xelvln  problea  of  the  two- 
diaensloial  flow  past  a  seal-subnerged 
circular  cylinder  is  solved  nueerlcally 
by  three  kinds  of  aethods,  the  integral 
equation  nethods  in  which  a  wave  source 
is  used  as  the  kernal  function,  the  aul- 
ti-pole  expansicn  aethod,  and  the  so- 
called  boundary  elcaent  nethod  in  which 
Rankine  type  of  singularities  are  used. 
The  problen  has  an  eigen  solution  which 
satifies  the  hoaogcnecus  boundary  cond¬ 
ition  (zero  noraal  velocities;  on  the 
body  surface,  that  is,  it  has  infinitely 
nany  solutions.  An  additional  condit¬ 
ion  required  to  fix  the  solution  unique¬ 
ly  is  to  give  the  value  of  strean  func¬ 
tion  on  the  body  surface.  The  solution 
of  which  strean  function  vanishes  on  the 
body  surface  is  proposed  frca  the  disc¬ 
ussion  on  the  nass  conservation  under 
the  linear  free  surface.  The  flow  for 
the  slightly  different  value  of  the  str- 
eara  function  frccj  zero  Is  shown  to  be  an 
approxieate  flow  around  the  body  with  a 
slight  sinkage.  By  using  this  fact  the 
cethod  to  estlnatc  the  wave  resistance 
of  the  body  free  to  sink  is  -proposed. 

1.  Introduction 

Consider  the  two-dlzsensional  problen 
of  the  steady  free-surface  flow  past  a 
body  which  pierces  the  water  surface. 

It  is  well  known  that  the  free  surface 
condition  is  nonlinear,  particular 
near  the  front  and  rearstagnatlon  poi¬ 
nts.  The  ncnlinear  problen  night  be 
solved  by  iteration  procedure-  As  the 
first  step  of  the  procedure  the  linear 
solution  or  the  doubl''-ffiodel  solutioi. 
is  taken  usually.  In  th<»  present  paper 
the  Neuaann-Kelvln  solution  !s  treated 
as  it  Is  consl<J‘^r*  d  t  t*-  <  first  appro- 
xiaatlon  of  the  <-xcc»  u. niln-ir  ‘xact 
problen. 

The  Ile»iiiann-Xelvln  jr-M  -  I  ii  *.r  t 
seal-5ubnerged  circulir  •viiut.  i  ... 

first  solved  nu’terlciilj  f>,  !■»  .  - 

Mlzuno  They  found  i>  - 

len  has  infinitely  nany  i  >lut!'*i  ..  . 
that  the  wave  resistance  car.  hiv« 
value.  These  astonishing  f*cts  t  i  •• 
been  re-^ognl^ed  wld»lv.  F^r  th*  tfr 


dlnensional  problen,  Bessho  [3]  discuss¬ 
ed  that  the  Neuaann-Xelvln  solution  is 
not  detemined  uniquely  without  the  add¬ 
itional  condition  in  relation  to  the  so- 
called  line  integral  terns.  In  his 
discussion  to  Bessho,  on  the  basis  of 
the  singularity  of  the  line  integral 
tern,  Eggers  t**]  indicated  the  possibil¬ 
ity  of  existence  of  the  eigen  solution. 
Bessho  C53,  also,  showed  that  the  eigen 
solution  exists  for  a  two-dlpenslonal 
plate  vertically  piercing  the  water  sur¬ 
face.  Recently  Ursell  [63  proved  for  a 
senl-subnerged  circular  cylinder  that 
there  is  a  unique  least-singular  solut¬ 
ion  which  has  finite  velocities  at  the 
corners  between  the  body  surface  and  the 
linearized  free  surface.  It  is  also 
indicated  free  his  discussion  that  there 
are  Infinitely  nany  solutions  depending 
on  the  singularity  in  the  corners. 

The  Airther  step  to  be  studied  on 
this  problca  is  which  solution  is  to  be 
selected  as  an  appropriate  approximation 
for  the  exact  nonlinear  solution  and/or 
what  phencaena  the  eigen  solution  noans. 
The  validity  of  detorainlng  the  approp¬ 
riate  approxinatlon  should  be  justified 
after  the  nill  nonlinear  problen  is  sol¬ 
ved.  However,  Suzuki  [7,83  proposed  an 
additional  condition  to  fix  the  solution 
uniquely  froa  the  discussion  on  the  con¬ 
servation  of  nass  under  the  linearized 
free  surface. 

The  proposed  condition  is  that  the 
wave  heights  along  the  ship  sides  are 
zero  (equal  to  the  statical  wave  surface 
).  Although  this  condition  looks  curi¬ 
ous  at  a  glance,  his  argument  is  eased 
on  the  reaswing  that  the  forces  acting 
on  the  body,  say,  wave  resistance,  are 
to  be  deduced  from  the  taaeroscopic  phys¬ 
ical  quantities,  say,  mass,  notaentun. 

In  the  two-dlnenslonal  problen  the  alt¬ 
ernative  condition  Is  that  the  value  of 
the  stream  function  vanishes  on  the  body 
surface{ equal  to  upstream  free  surface). 

It  was  shown  by  Bessho  (53,  Suzuki 
(7,8]  that  the  flow  for  the  slightly 
Jtff»r.*nt  value  of  the  stream  function 
•  r'"  •  rn  la  m  anproxlnate  flow  around 

«  Jy  wit>  a  slight  sinkage.  By 

♦1  f*ct  the  wave  resistance  of  a 
’  V  ink  can  be  estimated  app- 
•  thi  to  be  an  advati- 
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cage  of  the  present  sethcd,  for  the 
usual  wave  resistance  theories  give  the 
wave  resistance  coly  for  the  fixed  ships. 
It  was  reported  by  scce  authors  at  Wasi- 
Ington  Workshop  on  Ship  Wave  Resistance 
Cosputatlons  (1979)  that  the  wave  resis¬ 
tance  for  the  ships  free  to  sink  Is  con¬ 
siderably  larger  than  the  fixed  ships. 

The  present  ssethod  secas  to  be  expected 
for  estlaating  the  wave  resistance  of 
the  ships  free  to  sink  and  trla. 

In  the  present  paper  the  Heuaann- 
Kelvln  pr<*lea  for  a  scai-subcerged  cir¬ 
cular  cylinder  is  solved  nuaerlcally  by 
using  throe  aethods.  One  of  thoa  is 
the  integral  equation  aethod  in  which  the 
wave  source  potential  is  used  as  the  ker¬ 
nel  function.  The  second  one  Is  the 
aulti-pole  expansi<xi  aethod  used  by 
Ursell  [6].  The  third  one  is  the  ao- 
called  boundary  clcacnt  aethod  (BEM)  in 
which  Ranklne  type  of  singularities  are 
use  Such  aethods  are  recently  used 
successfully  in  the  surface  flow  problen* 
c.g.,  Dawson  C93.  for  the  nonlinear  pro- 
blen.  e.g.,  Hess  till.  They  used  the 
sources,  vortices  as  the  singularities 
and  the  derivatives  were  calculated  by 
finite  difference  technique.  In  the 
present  paper  a  boundary  eleaeut  aethod 
is  presented,  In  which  the  nuoerlcal 
differenciation  is  avoided  by  using  a 
partial  integration.  This  method  impr¬ 
oves  the  accuracy  of  the  solution. 

The  fundamental  difficulty  of  apply¬ 
ing  the  BEM  to  the  free-surface  flow 
consists  in  treati.  ^  the  so-called  radi¬ 
ation  cond., there  are  no  waves  upstream. 
Sene  methods  have  been  proposed,  e.g., 
upstreaa-fiftlte-dlfference-  and-open- 
boundary  technique  by  Salvesen-Korcr.ek 
ClOj,  Dawson  (93,  BEM-and-eigen  asyapto- 
tlc-hybrld  method  by  Yeung-Boucer  Cll)» 
rigid-boundary  method  by  Hess  tlO],  inl- 
tlal-value-problon  nethod  by  Haussllng- 
Coleaan  (123  daaplng-devlce  aethod  by 
C.han  (133. 

In  the  px  ent  paper  a  doulets-least- 
square  method  is  presented,  in  which  two 
artificial  doublets  are  located  downst¬ 
ream  to  cancel  the  downstream  waves  gen¬ 
erated  by  the  body  or  to  cause  no  waves 
infinitely  downstream  and  the  radiation 
conditio,  the  wave  heights  both  in 
front  of  the  body  and  after  the  doublets 
vanish,  Is  satisfied  on  some  points  of 
the  radiation  region  in  a  sense  of  least 
square.  This  technique  has  less  depen- 
decy  on  the  truncation  point  of  the  do¬ 
wn  stream  region  and  it  will  be  easy  to 
apply  the  technique  to  the  nonlinear 
problem  or  the  three  dimensional  problem. 
The  another  advantage  Is  that  the  forces 
acting  the  body  can  be  obtained  by 
calculating  the  Lagally  forces  acting  cn 
the  point  doublets  not  by  integrating 
the  pressure  on  the  body  surface, 

2.  Heurmnn-Kelvln  Solutions 

(2-13  Ropresentatlcna  of  the  Heumann- 
lut  1  on 


The  Keumann-Kelvln  problem  is  a  boun¬ 
dary  value  proles  of  a  free-surface 
flow  past  a  semi-submerged  body,  the 
free-surface  condition  is  linearized  and 
the  body-surface  cenditien  is  exactly 
given.  let  the  cccplex  potential  of 
the  two-diftenslonal  Keumann-Kelvln  solu¬ 
tion  be; 


P(2)  »  «(z>  f  lT(z) 
■-Uz  +  fu), 


where  11("1)  means  the  uniform  flow  in 
the  negative  x-directlon,  f(z>"e(z)*ip(z) 
the  disturbed  complex  potential  and  z« 
xtiy  (see  Figure  1,  dlsregax^l  the  down¬ 
stream  point  doublets  at  the  ncment). 

Let  the  elevation  of  water  surface  be 
n(x).  Tl;e  kinematic  condition  of  the 
free-surface  is  written  as  the  following 
after  linoarized: 

t{x,0)  -  n(x>. 

Here,  we  assume  that  the  value  of  the 
sti>eaa  function,  T,  is  zero  cn  the  free 
surface  befor  linearized.  The  lineari¬ 
zed  dynamical  condition  of  t.Se  free-sur¬ 
face  is 


♦x(x,0>  -  «n(x>  »  0, 

where  Ellmlnatlcn  of  n  between 
the  above  two  conditions  gives  the  line¬ 
arized  free  surface  c<»iditlon  as  [Kehau- 
sen-Laltcn,15}: 


<jj(x,o)  -  }c<>(x,0)  «•  0,  on  ■■'(!) 


The  boundary  condition  on  the  body  sur¬ 
face  is  written  as: 

«r.  -  -  i  •  »• 

where  t»  subscript,  n,  denotes  the  de¬ 
rivative  in  normal  direction,  alternat¬ 
ively, 

Y  •  ^  .  y  «  Vjj(const.),  cn  H.  •*•(2-?) 

The  complex  potential  of  the  Neunann- 
Kolvln  solution  can  be  represented  as 
follows: 

or,  in  the  alternative  form, 

r{z)’U  (2:c)-«'(c>G„U:?))<)s. 

...(3.2) 

Where 


The  contribution  fron  the  external-:sur- 
face,  Tf  wixl  vanish  as  it  beco&e  infi¬ 
nitely  far  froa  the  body.  The  kernel 
function.  G(z;Oi  in  the  representat¬ 
ion  (3-1)  can  be  replaced  by  the  cosplex 
potential  of  wave  source,  Wq(z;c),  as 
defined  in  Appendix  A.  Purtheraore, 
partial  integrations  of  the  Integral 
on  F,  using  the  relations  in  Appendix  A, 
^Ives  the  other  representation  of  f(z) 

Where  Fp,  P,\  are  the  end  points  of  the 
body.  T.ne  second  tera  corresponds  to 
the  so-callcd  line  integral  tera  in  the 
three-diaenslon  Neuaann-Kelvin  solution. 
The  expression  (3-2)  can  be  rewritten 
siailarly  oy  the  wave  vortex  potential, 
k'r(z;c)«as  defined  in  Appendix  A: 

The  Integral  on  the  free  surface  Fa»  Fp 
vanishes  by  itself  and  the  line  Integral 
tera  disappear. 

If  wo  assuae  the  Neu&ann-Kelvln  sol¬ 
ution  defined  inside  the  body  then  we 
obtain  froa  eq.(^-li2)  the  following 
representations  expressed  by  surface  so¬ 
urces,  noraar  doublets,  vortices  and 
tangential  doublets: 


...(5-1) 

f(z).-/„vW,„4aiiCuW(j53^,  ■  •  -(5-2) 


f(r)»-/MYW-ds, 


where  subscripts  P,  A  c^an  the  values  at 
the  points  Pf,  Pa  respectively. 

C2-23  Ei«en  Solution  and  Zero-Vertical 
p\ux"Tt;^ -  - 

In  the  last  section  we  assume  Inpli- 
cltly  that  the  velocity  potential  and 
the  streara  function  are  continuous  even 
at  the  corners,  P?,  Pa*  However  the 
continuity  of  the  v.'loclty  at  the  corn¬ 
ers  has  not  b»'en  postulated  nor  used. 
Urseli  (b}  froved  that  n  the  velocity 
la,  too,  acs’iued  to  be  continuous  at  the 
-'orners,  th^-ro  isauxil'iue  solution  which 
t  •  cailt'd  h  act  singular  solution  by  hin. 
H  r.j'®',  ■jrsy'l’oxr.  r<r  expr*  solcn  for  the 
.^'’a^r.-K•  Ivin  Ooiuticn  is  to  >‘!ve  »f.e 
o<  .'.'iti/<‘ct  to  ^hv  abov*'  assu- 

'f'-l-n. 

«  ’i’V  ’h*'  i  t  *o»T*t  c^'ntral  Inte- 

>  ’  «  '  (  V',  ihit  Is,  Ttc  coutlnuity  rc- 

'  ' '  ’  '  .  1  '!■  ii  '1' ,  a*  ih''  comers. 

'  t  i  .s  A--*''  *11'^  con¬ 


tour  intersects  the  free  surface  (y*0) 
at  right  angle.  If  not  so,  we  oust 
deal  Kith  the  oore  complicated  flow 
model.  Vhen  the  velocities  are  assumed 
not  to  be  continuous  at  the  corners,  the 
Green's  type  of  expression  (6-1)  can  be 
written  as  follows: 

f<z)-/jj{«n(C)W(j(z;;)-«WQ^Jds 

where  A0f*#fF-^rH»  and  O^p,  OgK  means 
the  x-velocltles  at  the  corners  ext  the 
free  surface  and  on  the  body  surface, 
respectively.  By  using  the  free  sur¬ 
face  condition  (1)  at  the  corners,  the 
body  surface  ccndltlons  (2-1,2)  and  the 
right  angle  interscctlcn,  we  can  obtain 
the  following  relations  I3u2ukl,16): 


That  is,  the  x-veloclty  difference  at 
the  each  corner  must  coincide  with  each 
other  and  the  value  of  the  stream  func¬ 
tion  on  the  body  surface  is  prescribed 
in  terms  of  the  difference. 

There  is  a  least  singular  solution 
fo(t)  when  Ae£*0  as  proved  by  Ursell. 

Let  the  difference,  f(z)-f0(z),  be  Cpfjj( 
z).  Then  we  get: 


satisfy  the  body 


Both  f(z)  and  fo(z> 
surface  ccnditlon,  l.e. 

Jo  _  J0*_  Jx  „ 

7n  •  TrT  •  3n  »  ^ 

or,  from  eq.(8), 
0-y*i(l*AO^) 


where  f(2)"0(s)*l«'(z),fo(z)*0o(2)*i«'0(e) 
Hence  fh(z)  satisfy  the  homogeneous 
condition  on  the  body  surface; 

^  .  0,  cn  11.  ■•■'^3) 
and  it  also  must  satisfy: 


where  fin(z)*0h^*^*^’^h('?  •  is  •. 

that  hasunit  x-vel'-:lty  d!x'f.»rence 


at  the  each. corner,  as  shovn  by  Eggera 
C^ii5i»  Wrsell  Cl6j,  the  y-veloclty  div¬ 
erges  iogarithaicaliy  at  the  corners. 

So,  ve  call  l'h(z)  singular  eigen  solu¬ 
tion  since  it  has  no  effect  cn  the  nors- 
al  velocities  on  the  body  surface. 

Thus,  when  the  velocities  of  the  Keusann 
-Kelvin  solution  is  not  assuacd  to  be 
continuous  at  the  corners,  the  solution 
can  be  written  in  the  sua  of  the  least 
singular  solution  fo(a)  and  the  singular 
eigen  solutica:^  Cpfh(z).  The  coeffici¬ 
ent  of  the  singular  eigen  solution,  Cp, 
can  be  given  arbitrarily  .  Therefore, 
the  Heuaann-Kelvln  probleo  can  be  said 
to  have  infinitely  aany  solution.  The 
additional  cMidition  to  deteralne  the 
solution  (9)  uniquely  Is  to  give  the  va¬ 
lue  of  CP,  or  altcrnatveiy,  the  va¬ 
lue  of  the  streaa  functjdnon  the  body 
surface,  TH- 

Althcoigh  the  additional  condition  is 
to  be  given  so  that  the  solution  becooes 
a  good  or  appropriate  approxlaatlost  of 
the  f-jil  exact  solution,  it  is  difficult 
at  the  present  stage.  In  the  free  sur¬ 
face  flow  problca  we  are  concerned 

nainly  with  the  forces  acting  cn  the 
body,  say,  wave  resistance,  slnkage 
force,  which  are  considered  as  related 
to  the  ciacrosccplc  quantities,  say,  nass, 
aocetua.  So,  here  we  take  notice  of 
the  flow  flux  cut  of  the  free  surface. 

Vc  have  assuced  that  the  value  of  the 
streao  function  Including  a  uniforo 
flow  vanishes  on  the  free  surface  infin¬ 
itely  upstreao.  Thence,  the  value  of 
the  streats  function  on  the  body  surface, 
?H.  ceans  the  flow  flux  out  of  the  free 
surface  (y*0)  In  front  of  the  body. 

As  for  the  least  singular  solution,  the 
flew  flux  is  l/<  atjd  the  wave  ejevatlona 
at  the  corners  wn  is  1.  When  Cp»2  or 
i^r*-l,  the  flow  flux  vanishes.  So  we 
call  the  solution  zero-vertical  flux 
flow  and  the  solution  is  'consiSerc^  to 
show  the  approxic^te  flow  appropriate 
in  the  above  ^enttcnod  sense. 

It  is  only  pointed  out  here  that  the 
Neunann-Kclvln  solution  (9)  can  be  ded¬ 
uced  by  the  other  procedure,  the  perturb¬ 
ation  process  (Suzuki, 16).  In  the  pro¬ 
cess  the  coefficient  Cp  turns  out  the 
value  at  the  each  corner  of  the  non- 
hcaogenecus  pressure  tern  in  Ujo  free 
surface  condition  of  second  order. 
Thence  the  solution  <9>  can  be  also 
considered  as  the  linear  approxinatlcn 
including  a  part  of  the  higher  order  so¬ 
lutions. 

Sore  Nuperlcal  Results 

By  using  the  nucerlcal  aethod  to  be 

r/loned  in  the  next  chapter,  soae  cal- 

-  lens  are  perforr.ed  for  the  flow  past 
»  ^alx'-lRsersed  circular  cylinder  (the 
rdllus*3).  The  streaollnes  of  the 
le^st  singular  solution  ar<  shown  in 
Plguer  a.  It  shows  that  a  quantity 
of  •ater  flux  through  the  upstreata  free 
surface  and  that  It  flows  Into  tnrough 
the  dcwnstr*»an  free  surface,  Tlie  strong 


vortex-like  flow  around  the  circle  is 
also'Shcwn.  We  could  not  accept  such  a 
flow  pattern.  The  streanllnes  of  the 
singular  eigen  solution  are  shown  in 
Figure  3,  the  wave  heights  in  Figue  ft 
and  the  value  of  the  velocity  potential 
CO  the  circle  in  Figure  5*  last  two 
ones  are  obtained  by  a  boundary  cleaent 
{method  to  be  aentioned  In  sectl«a  3-3' 
-nie  zero-vertical  flux  flew  is  shown 
in  Figure  6.  It  appears  to  be  rational 
rather  than  the  least  singular  solution. 

Nuaerlcal  Method 
(3-13  Integral  Equation  Method 

We  applied  three  nuaerlcal  aethods. 
The  first  one  is  the  integral  equation 
aethod  of  which  unknowrsare  the  wave 
sources  The  sources  are  linearly  dist¬ 
ributed  cn  the  line  segaents  which  coa- 
pose  the  centour,  Hj,  In  Figure  1,  subaer- 
ged  inside  the  body,  the  subaergence  ( 
ratio  of  the  radii)  being  SM.  The  cal¬ 
culation  technique  is  sinlXar  to  Webstdr 
*s  (173,  theu^  the  present  case  is  two- 
dlisenslwjal  and  the  wave  sources  arc 
used  Instead  of  the  Ranklne  sources. 

It  has  sane  advantages  for  the  free  sur¬ 
face  flow  as  pointed  by  hlaself  coepared 
to  Hess-Saith  aethod.  The  coaplex  pot¬ 
ential  is  written  in  the  following  fora 
free  eq,(5-l,  6)  and  the  analytic  ccntl- 
nuatim  for  the  regular  part: 


where  the  subscripts  F,  ,Ai  acansthe  val¬ 
ues  at  the  corner  points  Ppl.PAl  od  Hi. 
In  cq.(lft).  Cp  oust  be  given  previously 
by  the  relation  (10).  The  boundary 
integral  equation  ox'  zcro-noraal  veloc¬ 
ity  is: 

Re(^l-z*f(z)))»0,  on  h.  ■■■(l6) 

The  alterilative  Dlrlchlet  condition  for 
the  streaa  function  is: 

I|j^(-z*f(r))»TH»  '■•(17) 

where  is  given  by  the  additional 
condition: 


The  discretized  fornulae  are  coitled  ( 
refer  to  (163  In  Japanese  version). 

An  examrie  of  the  source  distribution 
for  the  various  cases  is  shown  In  Figure 

9, 


This  aethod  was  first  presented  by 


surface  condition,  t'n  *  ' 


Ursell  Cl83  In  the  wave-body  problca  and 
it  was  developed  by  hla  16"}  to  the 
Neuaann-Kelvin  prc4>lea  for  the  two-dise- 
nslonal  seol-subnerged  circle.  The 
saae  acthodwas  presented  by  the  auther 
Ll!|,l6j  in  a  little  different  fora: 


*K<V''5A>- 

where  Wg,(z;0),  W  (z;0)  are  the  wave- 
doublets  in  direction  of  x,  y,  respec¬ 
tively,  located  at  the  origin,  and  bn(s) 
is  the  so-called  wave-free  potential: 


rfere,  it  is  to  tc  noted  that  the  seccnd 
tera  in  the  above  integrand  degenerates 
into  the  residue,  1/2  ^(z),  when  z  is 
CO  Fa  or  Pp.  Divide  Pa,  Fp  into  saall 
segaents  and  assuae  that  ^  is  constant, 
^J**^^^*  each  segaent,  APj.  By 
using  Ln^-T^and  integrating  by  part  we 
obtain: 


The  strength,  c«,  of  the  l-th  tera  is 
detcrained  by  tne  boundary  cendition  (2- 
1)  or  (2-2).  The  streaallnes  and  the 
forces  were  aainly  calculated  by  these 
two  aethods.  The  results  coincides 
with  each  other,  but  aulti-pole  expan¬ 
sion  aethod  has  an  advantage  in  saving 
coaputlng  tine  .though  only  for  the  cir¬ 
cular  cylinder.  The  strengths,  oj,  op 
of  the  wavy  terns  are  shown  in  Figure  fo. 

C3-33  Boundary  Eleaent  Method 


In  this  aethod  the  representation  (3- 
2)  is  directly  used.  To  avoid  a  trun¬ 
cation  trouble  at  downstreaa,  or  to  can¬ 
cel  the  downstreaa  propagating  waves, 
artificial  doublets  in  two  directions 
are  located  at  appropriate  downstreaa 
point  (see  Figure  1).  The  streaa  func¬ 
tion  is  written  as  follows; 


•••(20) 


Here, 


for  z^  on  H,*-'(21-2) 

where  zi  is  the  nlddle  points  of  the  i- 
th  segment  of  H  and 

C«(t-z)-L»(i:-z)m»Cc-s) 


“jj(C-z)(log(5-z)-l). 

Vihen  Zjis  on  Fa  or  Fp,  eq.(21-2)  becomes: 

»p(xi>.j|si.ss  tL*(C-xi)Lp  .  ••■Ul-3) 

J 

Next,  consider  the  unlforn  flow  in¬ 
side  the  body  and  we  get  for  z  outside 
the  body: 


Where  Pq  Rcans  the  free  surface  Inside 
the  body.  Subtraction  of  the  above  eq¬ 
uation  frera  eq.(22)  gives: 

❖jj(2)'*/g(fnL-YLn)ds-/p^td3, 

where  T(z)—y4^(z).  By  using  tn-«g, 
^n*'**s»  partial  Integraticn  gives: 


•••(21) 

tp(i)./„(*„(?)i.(A-0-»(0L„(i-i:))a», 

•••(22) 

Where  ^a»  ^b  stream  function  for 

doublets  in  direction  of  x,  y, 
and  L  is  the  real  part  of  the  complex 
Ranklne  source  potential: 

•S“lcg(i-C). 

The  RHS  of  eq.(21)  is  transformed  into 
the  following  form  by  using  the  free- 


-IfMs.  •••(22-1) 

Here,  Uie  third  trrn  vanishes  when  z 
Is  CO  Pi  or  Fp  and  the  residao  ,  1/2  vu  . 
Is  to  bo  added  to  the  RIIS  when  z  Is  on 
H.  The  velocity  potential  •  Is  Inde¬ 
finite  by  a  oonstanb,  the  artificial 
c^dition  is  required,  e.g.; 

/,j»d3-o.  •••(Zb) 

After  discretizing  eq.(22-l>,  we  have: 
♦„(s  )-jSj  (!,( i-  z) )  -Y,,(T(  £-s  > 

-tL*(C-s>]pP.  ■■■(.2Z-2) 

where  Sj  means*  (zj )  and  the  foubscrlpt, 
•,  of  the  first  tern  denotes  that  it 
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does  not  Include  the  values  at  the  corn¬ 
ers.  The  conrtitlon(2ft)  bceoaes: 

SSjAHj-O. 

Substitution  of  eq.(21-3>i(22-2)  into 
eq.(20)  gives  the  si&ultaneous equations 
for  the  unknowns  Sj,  A,  B  and  the  given 
When  zj  is  on  H; 

JSJ  )3ipj ) 

■■■(25-1) 

When  Zi  is  on  or  Pp. 


where  Wod(2)  Is  the  cceplex  potential 
excluding  the  doublets  potential  CXllne- 
Thoason,203  and  C-A+13.  As  for  only  the 
wave  resistance  we  can  nore  easily  cal¬ 
culate  it  by  the  strength  of  the  dwb- 
lets: 

C„-2ic>(A**BMe’''’^'',  ■■■(28) 

where  zp^XD+iyo- 

ft.  Wave  Hesistance  for  a  Body. 

‘  Pree  to  SlnT^ 

Consider  the  flow  for  the  value  of 
Cp  in  eq.(9)  which  deviates  slightly 
froB  2: 

Cp»2f2>cs,  ••■(29) 

or  froB  eq.(8>,(10) 


-A^^(5l)-Bd3(5i)-CLnzi-C)lp^. 


•••(25-2) 

As  for  the  singular  eigen  solution,  the 
sec^d  and  third  tcra  in  the  RHS  of  eq. 
(25-1)  Bust  be  coltted. 

The  slaultaneous  equations  (25)  have 
two  eigen  vectors  corresponding  to  the 
two  doublets.  The  two  Indefinite  vec- 
ers  are  to  be  deteralned  by  the  so- 
called  radiation  condition; 

•••(26) 


for  two  segaents,  aPj  ,  in  far  field. 
However,  to  get  astaole  solution  it 
is  needed  to  lapose  the  condition  over 
a  quater  wave-length  by  scans  of  least 
squares  (see  Figure  ft).  The  well-known 
Rcthod  SVD  (singular  values  decceposi- 
tion)  (193  was  very  powerful  subroutine 
for  obtaining  the  eigen  vectors  and 
also  the  least  squares  solutions. 

The  present  BEM  is  easy  to  be  fercu- 
lated  and  to  be  nunerically  solved  and 
it  turns  out  to  have  the  high  accuracy 
cceapared  with  the  slailar  sethod  pro¬ 
posed  earlier  (see  Appendix  B  for  the 
frec-surface  flow  past  a  point  vortex). 

There  is  another  advantage  in  the 
present  nethod,  l.e.,  the  forces  acting 
on  the  body  can  be  calculated  by  the  ex- 
tented  Legally  forces  acting  on  the  dou¬ 
blets  instead  of  the  pressure  integra¬ 
tion  over  the  body  surface.  Only  the 
fcrnulae  shall  be  shown.  The  cooplex 
force  Cp"Cjj-iCy  acting  cn  the  body  can 
be  written  by  the  sun  of  the  doublets 
Legally  force,  Cp,  and  the  dynaalcal 
Archenldean  force,  tBessho,3»53s 


C,,*2C. 


(V. 


■•■(27) 


When  8  is  assuxed  to  »  snail,  the 
value  of  the  strean  function  on  the 
is:aglnary  surface  below  the  body  sur¬ 
face  by  s  is  given  as  the  following: 


’r(x,y-5)»f(x,y)-5|~(x,y) 


-7„+s 


-0  •••(31) 

where  Z"\fly  is  en  the  body  surface  and 
the  perturbed  velocity^  y  is  assuaed  to 
be  of  higher  order  then  unlfora  flow. 

It  turns  out  that  the  flow  for  eq.(29) 
represents  approxiitately  the  zero-vert¬ 
ical  flux  flow  past  the  surface  sunken 
by  s  fron  the  original  body  surface. 

To  confira  it  the  streanlines  of  the 
above  approxlnate  flow  and  the  zero- 
vertical  flux  flow  past  a  really  sub- 
aerged  circular  cylinder  by  s  are  ccc- 
pared  In  Figure  11. 

The  wave  resistance,  Cw»  and  the 
sinkage  force,  -Cy,  are  drawn  via  sink- 
age  by  the  above  approximation  inFig.l2. 
The  curves  can  be  drawn  only  by  the 
three  values  of  then  since  the  forces 
are  the  quadratics  of  Cp  or  s: 


C^-Xjs'.XiS.X,, 

C^-V,s‘t7|S*V,. 


) 


■■■(31) 


In  the  figure  the  forces  calculated  for 
the  really  sunken  circular  cylinder  are 
plotted  too  (exact  linear).  They 
show  good  agreement,  in  particular, 
for  the  sinkage  force. 

The  equllibrlun  condition  for  the 
body  free  to  sink  is; 


Cy»C3(A)-0. 


Cp»2i*:/jj^^ppn(?)d5, 


■■•(32) 


where  C  (^)  is  the  change  of  the  buoyan¬ 
cy  force  for  the  dipping  s  of  the  body 
of  which  displacesient  is  d.and  €5(40)  ■ 
do  is  /gSo.  So  is  the  sectlcnatarea 
below  the  still' water  surface.  Figure 
12  telles  that,  if  d-do,  the  equlllbriua 
state  does  not  occur  atKa«0.4,  and  the 
sinkage  force  is  larger  that  the  hydro¬ 
static  force  however  deeply  the  circle 
sinks.  When  the  displacecent  is  assuced 
to  be  negative  <-2do),  eq.  (22)  lias  two 
roots  as  shown  in  Figure  12.,  The  snal- 
ler  one  (black  square)  shows  the  stable 
equilibriun  state. 

Thus  we  can 

know  the  dipping  and  the  wave  resistance 
for  the  circle  free  to  sink  though  the 
negative  dlsplacezient  is  not  realistic 
and  the  circle  is  pressed  up  over  the 
atatlcal  water  surface. 

The  sinkage  curves  for  the  circular 
cylinder  of  various  displacement  are 
in  Flgur  13  and  the  wave  resistance 
curves  for  the  cylinder  free  to  sink  in 
Figure  1*1. 

5.  Wave-Free  Solution 
and  Double-Model  Approxiaiations 

As  shown  in  Figure  12  the  Neuaann- 
Kelvin  problen  has  a  wave  free  solution 
of  which  wave  resistance  is  zero  for  an 
approximate  sinkage  or  coeficient,  Cp, 
of  the  singular  solution.  Zt  can  be 
proved  generally  for  Icngituginally 
sycsetrlc  body  il^].  As  an  example 
the  streamlines  of  the  wave-free  sol- 
tlon  is  shown  in  Figui'e  15*  The  sur¬ 
face  sources  obtained  by  the  method 
mentioned  in  secticn3-l  are  compared 
with  the  double  model  solution  In  Figure 
1^ . 

The  sources  of  the  wave-free  solution 
are  a-sysmetric  longitudinally  and  they 
are  close  to  the  double-model  solution. 

In  other  words  the  double-model  solut¬ 
ions  nay  be  good  approxlmatlw  of  the 
wave-free  Feuswinn-Kelvln  solutions  and 
they  become  wave-free  for  some  Froude 
numbers  as  shown  in  Figure  17.  Further¬ 
more,  as  pointed  out  by  Kotic  Morgan 
(21),  the  double-model  approximations 
have  infinitely  many  values  of  wave  re¬ 
sistance  related  to  the  line-integral 
terms.  From  the  above  two  reasons  a 
double-model  approxiaation  might  be  sel¬ 
ected  by  the  consideration  on  the  mass 
conservation,  say,  shelerlng  effect  [223, 
or  on  the  ccnditico  of  being  free  to 
sink. 

>.  ConoUsions  and  Acknowledgement 

Ihe  main  results  are  the  followings: 

1)  The  singular  eigen  solution  ex- 
sists  in  the  two-dimensional  Neuaann- 
Keivin  problen. 

2)  The  zero-vertical  flux  flew  is 
rational  rather  than  the  least-slngiiar 
solution  froa  the  view  point  of  the  mass 
conservation. 


3)  The  present  boundary  clement 
method  is  suprior  to  the  finite-differ¬ 
ence  method  in  the  cccputlng  time  and 
the  accuracy. 

ft)  The  singular  eigen  solution  repr¬ 
esents  approximately  the  flow  past  a 
slightly  sunken  body  and  its  strength  Is 
proportional  to  the  sinkage. 

5)  The  wave  resistance  for  a, body 
free  to  sink  and  at  any  displacement  can 
be  approximately  calculated  by  using  the 
above  relation. 

6)  Seal-submerged  circular  cylinders 
are  unstable  to  sink  unless  it  has  a 
negative  displacement. 

7)  The  double-model  approximations 
are  close  to  the  wave-free  solution. 
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Appendix  A.  Wave-Kernel  Punctlwis  and 
Their  Relations.  ' 

The  coaplex  potential  of  a  wave  sour¬ 
ce  located  at,c  is  written  as  the  follo¬ 
wings  : 

WQ(a;c)-los(z-c)+log(z-c)+2S,(<z-t), 


fO  for  Re<z)>0, 

S^(z)«e  ^’^*E,(-lxz)+ 

^  l28le 

for  Re<z)<0, 

Ej^(z)-|  —  du  for  |arg<z)|<». 


free  surface,  P,  and  the  strength.  A,  B, 
of  the  artificial  doublets  arc  the  un¬ 
knowns.  The  wavc/helghts  are  shown  in. 
Figure  B-1.  In  spite  of ‘the  rough 
spacing  the  agreement  with  the  exact' so- 
luti^s  are  very  satisfactory.  The  ob¬ 
tained  forces  acting  bn  the  vortex .are 
ccnpared  in  Table  B-1  with  the  exact  va¬ 
lues  'and  the  values  obtained  by, the 
other  DEM  in  which  the  derivative  is 
calculated  by ' the ' f ive-p oint . centra 1 _ 
finite-difference  method.  It  is  clear 
that-the  present  method^is  suprior  to 
the  finite-difference  method  in  saving 
computer  time  and  memories. 


For  a  wave  vortex  we  have: 
Hr<z:?).-itiog(z-?)-iog<z-;>-2s^(z-c)]. 
For  a  wave  doublet  in  x-dlrection, 

(Z-C). 

in  y-direction, 

They  have  the  following  relations: 


and 


As  for  the  free-  surface  condition  they 
satisfy  the  following  relations: 


-0, 

-0. 

■0, 

■0, 


for  Z"0. 


Appendix  B.  Free-Surfaee  Plow  past  a 
Vorte^. 


’fhe  lincari7.ed  free-surface  flow  past 
a  vortex  of  the  vortlclty,  r,  submerged 
by  h  is  solved  by  the  BEM  mentioned  in 
section  3-3-  The  boundary  Integral  eq- 
atlon  is  written  in  the  following  form: 

5^(x>+K/(,»(5>L<x-C)<lE-A»j(x)-B»g<x) 

•Iajjjlog(x+lh), 


where  the  stream  function, V'Cx)  on  the 


Pig. 11  Comparison  of  streamlines. 


DISCUSSIONS 

ofth«p«p«r 

bytCSuzuU- 


NUMERICAL  STUDIES  OF  THE  NEUMANN-KELVIN  PROBLEM' 
FOR  A  TWO-DIMENSIONAL  SEMI-SUBMERGED  BODY 


Discussion 
by.iT.  tT  Hearn 

I  can  lunerdlately  appreciate  the  advantage 
of  calculating  directly  the;forces  acting  on  the 
body  enploying  Legally  .forces  rather  than  nuae* 
rically  integrating  the  pressure  over  the  wetted 
surhce.  furthemore  given  that  the  additional 
downstream  doublets  permits  fulfillment  of  the 
appropriate  radiation  condition  then  numerical* 
ty  your  modified  6£H  approach  provides  a  welcomed 
panacea.  Certainly,  considerable  effort  is 
saved  through  deployment  of  Rankine  sources. 
However,  it  is  not  clear  how  the  selected  posi¬ 
tion  of  the  doublets  affects  the  solution  in 
general  and  in  terms  of  the  fk  and  ^  contri¬ 
butions.  Could  you  please  elaborate  on  how  the 
doublets  are  positioned  and  explain  why  the 
upstream  downstream  constants  associated  the 
linearised  dynamic  free  surface  condition  are 
zeroised  in  the  text.  7he  author  is^thanked 
for  an  interesting  comparison  of  the  different 
numerical  techniques. 

Discussion 
by  H.  Lenoir 

Professor  Suzuki's  approach  appears  to 
be  extremely  interesting,  I  should  like  to 
make  certain  remarks  concerning  the  linearized 
free  surface  condition. 

•  The  condition  Ox  *  author 

is  not  the  one  that  can  be  most  generally  .cons¬ 
tructed  eliminating  the  height  of  the  free  sur¬ 
face  between  the  kinematic  and  dynamic  equa¬ 
tions.  In  fact,  we  obtain  ; 

•  KT  ♦  C|,  ■  Kf  ♦  C^ 

Upstream  downstream 

•  If  we  allow  for  the  fact  that  the  solu¬ 
tion  is  defined  except  for  an  arbitrary  addi¬ 
tive  constant,  then  it  may'be  decided  that 

Cj  ■  0. 

•  But  then,  the  problem  for  the  stream 
function  depends  on  two  arbitrary  constants, 
one  on  the  body,  the  other  on  the  free  surface 
downstream. 

Moreover,  if  two  such  arbitrary  constants 
are  applied,  together  with  an  associated  stream 
function,  the  corresponding  potential  can  be 
reconstructed,  and  it  meets  all  the  conditions 
that  can  be  expected,  in  particu1ar-it  has  the 


same  farfield.behaviour  as  the  well  known  Green 
function. 

Can  you  specify  the  reasons  you  have 
imposed  C2  •  0,  i.e.  a  homogeneous  free  surface 
condition  both  upstream  and  downstream  ? 

Discussion 
by  G.  Fernandez 

1^.  Le  Noir  has  indicated. that  his  analysis 
of  ti)e  problem  showed  that  the  complete  de|termina- 
tion  of  the  stream  function  of  the  problem  required, 
knowledge  of  two  constants.  !  should  like  to  say 
this  opinion  appears  to  be  logical.  The  equations 
of  the  Neuoann-Kelvin  problem  are  obtained  by  linea¬ 
rization  so  that  some  informations  are  lost.  Now 
I  have  conducted  a  study  based  on  the  method  of 
matched'asymptctic  expansions,  in  the  case  of  a 
semi-submerged  body,  with  a  Froude  number  (based 
on  the  draft)  of  order  1.'  In  this  case,  it  can  be 
shown  that  the  indeteraination  of  the  solution  of 
the  Neumann-Kelvin  problem  can  be  removed  by  exa¬ 
mining  the  local  non-linear  behaviour  of  the  flow 
in  the  vicinity  of  the  ship. 

In  the  two-dimensional  case,  the  local  study 
concerns  two  points  :  the  bow  and  stern  ;  we 
therefore  really  require  two  constants.  One  of 
th^  is  linked  to  the  flow  of  fluid  lost  in  the 
Jet  developing  in  front  of  the  body  when  the  Froude 
number  1$  high  enough.  The  second  is  linked  to 
^e  behaviour  of  the  fluid  aft.  It  can  be  used 
to  impose  the  regularity  of  the  solution  at  this 
point. 

It  therefore  appears  to  be  difficult  to 
obtain  a  global  condition  involving  a  relation 
between  the  forward  and  afterward  flows  as  your 
paper  suggests. 

Thus  my  question  complements  Mr.  Lenoir's  : 
can  you  explain  why  in  your  specific  case  a 
degree  of  freedom  can  be  suppressed,  leaving 
only  an  arbitrary  constant  ? 

Author's  reply  to  G.  Fernandez,  H.  Lenoir  and 

Hearn 

The  difference  between  our  solutions  is 
due  to  the  difference  of  the  flow  models  dealt 
with  us.  At  .first  it  must  be  noted  that  in  the 
present  paper  any  momentum  (mass)  flux  flow 
(ex.  splash-like  phenomenon  as  pointed  out  by 
6.  Fernandez)  1$  not  assumed.  So,  we  started 
from  the  exact  kinematic  cor.dition  on  ^e  free 
surface  which  can  be  written  in  terms  of  stream 
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function  «s’: 


y  ■  ^  -.y  ■  const,  on  y  •  n(x)*  ••••  (^*0 

♦(here  n  denotes  the  elevation  of  the  free  sur¬ 
face.  The  constant  value  of  RKS  on  the  upper- 
streaa  frM  surface  coincides  Mith.the  value 
on  the  downstreaa  free. surface. >That  Is  because 
the  upperstrean  and  downstreaa  free  surfaces 
are  the  same  streaallne.  When  linearizing 
eq.'(S-l)  we  obUln„the.fo11ow1i>9. expression 
without  loosing  generality  : 

^  ■  n  oh  y  ■  6 . (S-2) 

This  condition  corresponds, to  the  condition^ 

Cl  ■  Cj,  of  the  discussers.  On  the  above  asswp- 
tlon  there  are  still  infinitely  many  solutions 
as  aentioned  in  the  paper When  we  deal  with 
the  Booentia  flux  flow  (Ci#  C2)  the  problea 
have  solutions  of.oore  degree  of  freedom.  The 
N-K  solutions  Might  be  said  to  diverge  in  wide 
range,  the  siaplest  one  is  the  least  singular 
solution  (Ursell),  the  wider  one  is  for  the 
case  of  momentun  flux  flow.  The  present  paper 
deals  with  the  middle  case  of  problem.  The. 
author  have, tried  to  obtain  numerically  the 
solution  for  Ci  #  C2  by  using  the  preseiit 
methods  but  unfortunately  the  stable  and  signi¬ 
ficant  solution  could  not  be  obtained.  This 
fact  might  not  tell  the  question  aoainst  the 
‘existence  of  the  moment  flux  solution.  The 
author  would  like  to  hope  that  the  discussers 
present  numerical  results  for  the  momentum  flux 
flow  which  must  give  us  new  and  important  sug¬ 
gestions  for  the  complicated  problem  laid  't¬ 
ween  the  physical  phenomena  and  the  simplified 
theory. 

As  for:the  location  of  the  artificially  , 
introduced  doublets  in  BEM,  we  may  select  any 
position  in  principle  only  in  order  to  delete 
the  oscillatory  waves  far  downstream. in  the 
linear  theory.  However,  in  order  to  make  the 
doublets  not  affect  the  flow  near  the  object, 
the  doublets  oust  be  located  two  or  three 
wave  length  downstream  far  from  the  object 
at  the  moderate  Froude  number.  The  effect  can 
be  easily  estimted  by  the  Rankine  doublet 
properties.  The  depth  of  the  doublets  is  also 
arbitrary.  But  it  is  desirable  that  the  dou¬ 
blets  are  located  at  the  depth  of  several  times 
length  of  the  free  surface  segments  but  not  $0 
deep,  as  the  draft  of  the  obstacle.  This  is 
only  the  technique  related  to  the  accuracy  in 
tiic  numerical  calculations. 
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Abstract 


A  new  aethod,  the  parabolic  approxinatfon,  U 
presented  for  eatculatlnj  ship  waves  and'ship 
wave  resistance,  vin  It  Laplace's  equation  Is 
replaced  by  a  Schrddinqer  equation  In  which  dis¬ 
tance  along  the  ship  Is  the  tiae-like  coordl- 
rtate.  This  equation  can  be  solved  nuaerically 
by  marching  from  the  bow  to  the  stern. 

He  show  analytically. .for  some  typical  cases, 
that  the  parabolic  approximation  yields  results 
In  good  agreement  with  the  solution  of  the  exact 
linear  problem,  for  small  values  of  the  froude 
number.  Ue  find  that  the  Interaction  term  In 
the  wave  resistance  R»  which  Is  the  part  of  R 
that  oscillates  as  the  Froude  nwiber  varies.  !$> 
predicted  exactly  by  the  parabolic  approxima¬ 
tion,  but  the  non-osclllatory  part  Is  not.  In 
most  cases  the  exact  and  parabolic  results  for 
this  part  differ  by  less  than  13X. 


1 .  Introduction 


In  the  theory  of  ship  waves,  the  flow  about 
the  ship  and  the  wave  motion  must  be  determined 
simultaneously  everywhere  because  the  flow  Is 
governed  by  an  elliptic  partial  differential 
equation.  Consequently  It  .Is  difficult  to  cal¬ 
culate  then.  But  the  waves  travel  only  from  bow 
to  stern,  and'at  low  Froude  number  they  are  con¬ 
fined  within  19,47^  of  this  direction.  There¬ 
fore  ft  ought  to  be  possible  to  calculate  the 
waves  by  starting  at  the  bow  and  marching  toward 
the  stern,  in  the  direction  In  which  the  waves 
propagate.  Just  as  Jf  this  were  the  tise-llke 
direction  and  the  governing  equation  were  para¬ 
bolic.  In  fact  this  Is  the  case  In  the  para¬ 
bolic  approximation  (Keller  1979). 

We  shall  present  the  parabolic  approximation 
and  use  It  to  solve  the  flow  problem  both  for  a 
thin  ship  and  for  a  pressure  distribution  on  the 
free  surface.  Then  we  shall  compare  the  results 
with  the  exact  solutions  of  these  problems. 

Both  the  exact  and  the  parabolic  solutions  are 
expanded  for  low  Froude  number  F,  at  which  the 
parabolic  approximation  shou1d.be  most  accurate. 
The  purpose  of  this  analysis  fs^to  find  out  how 
accurate  the  parabolic  approximation  1$  In 
simple  cases  where  the  exact  solution  Is  known. 
This  will  help  us  estimate  how  accurate  it  1$  In 
cases  where  the  exact  solution  Is  not  known. 


The  problem  Is  formulated  In  Section  2,  the 
parabolic  approximation  is  Introduced  In  Section 
3  and  the  solution  for  a  thin  ship  Is  obtained 
in  Section  Sand  compared  there  with  the  exact 
result  of  MIchell  for  a  ship  with  sharp  bow  and 
stern.  At  low  Fi.both  wave  resistance  results 
consist  of  a  bow  term,  a  stern  term  and  an  In¬ 
teraction  term,  'ftemarkably.  the  interaction- 
term,  which  oscillates  as  F  varies.  Is  precisely 
the  same  In  the  two  cases.  The  other  terms  are 
similar  In  form,  and  numerically  they  are  In 
good  agreement,  as  Is  shown  In  Table  1.  In 
Section  6  we  compare  the  two  results  for  ships 
with  rounded  bow  and-stern.  This  is  a  severe 
test,  because  the  parabolic  approximation  should 
not  be  expected  to  be  good  In  this  case.  Never¬ 
theless  It  still  yields  results  in  fair  agree¬ 
ment  with  those  of  the  MIchell  theory,  as  Is 
shown  In, Table  2.  In  Sections  7-9  we  make 
similar  comparisons  for  the  flow  past  a  steady 
pressure  distribution  on  the  free  surface,  which 
Is  analogous  to  the  flow  past  a  fiat  ship.  Here 
also  the  agreement  between  the  parabolic  solu¬ 
tion  and  the  exact  solution  Is  quite  good. 
Finally  In  Sections  10-13  various  modifications 
of  the  parabolic  approximation  are  discussed. 


Side  view 


Hgure  V.  Top  and  side  views  of  the  ship.  The 
top  view  Is  also  used  in  Sections  7-9  to  repre¬ 
sent  the  domain  In  which  p^(x.y)  Is  different 
from  tero. 


2.  ForamUtfOR 


^  He  seek  the  velocUy  potential  Ux  *  4(x*y»z) 
and  the  free;surface  2  ■  n(x;2)  of  an  Inviscfd 
'fnconpressible  fluid  fIot>^ng  past  a  ship  mUH 
surface  B,  ahd/or  past  a  vressure  distribution 

P^(x>y)  oii  the  free  surface.  (See  Figure  1.) 

The  fluid  has  density  p  and  velocity  U  along  the° 
x>ax1$  at'lnflnltyi’the  2-ax1s  points  upward,  g 

is, the  acceleration  of  gravity,  k  ■  gU*^  and  p* 
vanishes  at  Infinity.  Ulth  these  definitions,' 
the  potential  equation  and  the  boundary  condir 
tions,  lineariz^  for  ^  and  n  smalU  are 


*  i  *6  ■0,  z<0» 

XX  ^yy  ^zz,  * 

(2.1) 

(2.2) 

*xx  *  '‘♦z  *  5  > 

(2.3) 

»  0  ,  as  z  »  r*  . 

(2.4) 

4  ■  o(x"'^*)  as  X  »  . 

(2.5) 

Here  S  Is  the  projection  of  the  free  surface  on 
2*0.  When  p^  •  0  these  are  the  linearized , 
equations  for  flow  past  a  ship,  while  when  the 
ship  is  absent,  they  describe  the  flow  past  the 

pressure  distribution  p^« 

The  wave  resistance  ft  Is 


ft  •  -p  j  (Wjj  +  9z)'’j(^S  .  (2,6) 


Here  n^  Is  the  x-coovonent  of  the  unit  nortnal  n 
pointing  out  of  the  fluid. 


3.  The  Parabolic  Approxlnatlon 
Following  Keller  (1979). we  write 

♦(x.y.z)  ■  u(x.y,z)e^^  .  (3.1) 

Here,  as  usual,  ♦  is  the  real  part  of  the  right 
side  of  (3.1)  and  we  shall  use  the  same  conven* 
tion  In  the  rest  of  this  paper.  By  substituting 

(3.1)  into  (2.1)-(2.5),  we  obtain  an  equivalent 
set  of  equations  for  u. 

The  parabolic  approxinatlon  <s  obtained  by 
dropping  from  these  equations.  He  shall 
call  the  solution  of  the  resulting  problem  u^. 
This  approximation  is  valid, when  u^^^^  Is  negli¬ 
gible  compared  to ku^,  I.e.  when  u  1$  a  slowly 
varying  function  of  x.  It  is  convenient  to  re¬ 
write  this  problem  In  terns  of  e^*^. 

The  resulting  equations  can  be  obulned  from 

(2.1) -(2.5)  by  replacing  by  21k*5  ♦  kV  In 

(2.1)  and  (2.3).  In  this  way  we  obUin  the 
following  equations,  from  which  we  omit  the 
superscript  p: 


ZikJji  ♦  k*.  *  *yy  * 

|i.  -  u|4otl  B  ,  (3.3) 

3"  3"  p3(i(,y) 

BIk,;,  +  k^.  t  k.j  -  -  ■  .  on  S  ,  (3.4) 

♦  0  as  z  ,  (3.5) 

♦  •  0  for  X  < 

Relation  (3.6)  1$  the  equivalent  for  the 
parabolic  approximation  of  the  upstream  condi¬ 
tion  (2.5).  In  It  x^  denotes  the  abscissa  of 

the  bM,  or  the  upstream  end  of  the  pressure 
distribution.  (See  Figure  1.)  Equation  (3.2) 
is  a  SchrtJdlnger  equation,  in  which  x  plays  the 
role  of  time.  Thus  the  system  (3.2)-(3.6)  can 
be  solved  nimerlcally  by  starting  at  x  ■  x,  with 
^  •  g  and  marching  toward  the  stern. 

4.  6reen*s  Function  and  6reen*s  Theorem 


To  solve  (3.2}-(3.6)  we  define  the  adjoint 
Green's  function  G(x,y,z,x',y',z')  by 


CG,  ♦  A  ♦  G^  ♦  G„ 

.  8»5(x-!('-)s(y-y:)s(k-k') 


(4.1) 

Z  <  0  . 


-BIG^  +  kG  ♦  Gj  •  0  .  z  ■  0  ,  (4.2) 

Gj  •  0  as.z  *  -»  ,  (4.3) 

G  •  0  for  X  >  X'  .  (4.4) 

In  Appendix  A,  G  If  calculated  and  Its  asymp¬ 
totic  fora  for  k  large  Is  found  to  be 

»/2 

G~-8k  I  d9  t(e)sln[km(9)(x-x')] 

•  cos[ksec^esln9(y-y')]e'‘*3*3'!“'^3d8  , 

for  X  <  X'  .  ,,_5, 

G  ■  0  ,  for  X  >  x’  . 

Here  t(B)  and  a(9)  are  defined  by 

t(6)  •  sec\  ,  (4.6) 

.(8).lel^.  (4.7) 


By  using  Green's  theorem  we  can  reformulate 
the  problem  (3,2)-(3.6)  as  the  Integro-dlfferen- 
tial  equation  (see  Appendix  B) 


♦(x,y,z)  ■  ^  I  G*  dy* 


pJ.Olz'.o 


Here  H  is  the  water  line  and  n*  1$  the  outward 
unit  normal  to  the  curve  of  Intersection  of  B 
with  a  plane  x  ■  constant.  When  (x.y.z)  1$  on  8 


96 


or  on  $«  the  right  side  of<(4.8)  has  to  be 
nu1t1p11ed:by'2. 

The  equivalent  of  (4.8) 'for  the  exact'probla 

(2.1).(2.5).1s  [Hehausen  (1973)]< 

♦(x.y.2)  ■  I  («o„  -  5t„)iis 

•  J  Mr  ■ 

The  Green's  function  6  has  the  asyvptotic  fora 
(4.5)..for  k  large  with  the  functions't(d)  and 
n(e)  defined  by 

1(6)  ■  s«*e  ,  (4.10) 

•(e)  ■  secfl  ,  (4.11) 

The  asynptotie  expressions. for  G  and  G  are 
anost  identical »  differing  only  in  the  defini* 
tions  of  •(e)  and  t(6).  In  both  cases  we  have 

1(6)  »  1  ♦  O(e^)  ,  (4.12) 

m(6)  •  1  ♦  ^  +  0(6^)  .  (4.13) 

The  integral  in  (4.9)  can  be  evaluated  asyap- 
totically  for  k  large  by  replacing  sin  and  cos 
by  exponentials  and  using  the  sethod  of  sta* 
tionary  phase.  The  phases  of  the  four  exponen* 
tials  which  occur  are  stationary  at  the  roots  0 
of  the  equation 

J  (1  +  2tan^9)  •  «i'(e)cose  .  (4.14) 

When  a  is-given  by  (4.11),  for  each  sign  this 
equation  has  two  roots  which  lead  to  the  trans* 
verse  and  longitudinal  waves,  and  (4.S)  becoaes 
the  well-known  Kelvin  ship  wave  pattern.  There 
are  no  real  roots  of  (4.14)  outside  the  angle 
|tan‘V/xl  ■  19.47*.  Mhen  «  Is  given  by  (4.7), 
(4.14)  can  be  written  as  a  quadratic  equation 
for  tan^9.  It  has  one  positive  root  which 
yields 

tan6  ■  (1  -  4y2/«^)-'/^  -  .  (4.15) 

In  order  that  (4.15)  satisfy  (4.14),  the  sign  In 
(4.1$)  Bust  be  the  saoe  as  that  in  (4.14).  Thus 
in  the  parabolic  approxination  there  is  only  one 
stationary  point  for  each  choice  of  sign.  It 
corresponds  to  the  longitudinal  wave.  There  are 
no  real  roots  outside  the  angle 

Itan'V/x!  -  tan"'  1/2  -  26,56*  .  (4.16) 


S.  Thin  Ships 

We  shall  now  consider  the  flow  past  a  thin 
ship  with  its  surface  given  by  y  ■  and 

with  p^  ■  0.  For  such  a  ship  (3.3)  becoaes 


•  ♦Ur  ,  y  ■  0+  .  (5^1). 

For  the  parabolic  approxioation  we  use  (4.8) 
while  for  the  original  problen  we  use  (4.9),  and 
in  both  cases  we  neglect  second  order  tenas  in 
the  thickness.  Then  if  H  denotes  either  6'or  0 
we  can  write  both  results  in  the  fora 

4(x.0.z)-'^  J  H(x,0,z,x',0.z') 

(5.2) 

•  fjj,(x*.z')dx'dz’  . 

Here  8^  is  the  projection  of  8  on  the  plane 
y  •  0. 


Sinilarly  we  neglect  second  order  terns  in 
the  thickness  in  (2.6}‘,  use  (5.2),  and  obtain 

R  -  .2pu  I  ♦j^fj^dS 

2  ^2  ®  r2  ? 

.  .  (  [  dxdz  r(x,z)  [  I  dx'dz' 

L  .b{x)  X  i(x'). 

(5.3) 

•  f^*(x',z*)H^(x,0,z,x',0,:*)dx'dz'  . 


Here  z  •  •b(x)  is  the  equation  of  the  ship's 
profile  (see  Figure  1). 


Upon  substituting  (4.$)  into  ($.3)  we  obtain 
the  asynptotie  fom  of  ft  for  k  large.  We  can 
write  it  as 

t/2 

R.icSk  I  46  «(6)t(6)[P(6)*  ♦  ll(e)‘]  , 

0  (6.4) 


where 
P  ♦ 


IQ  •  J  dx 


bU) 


•  f  62*1k»(6)x  _ 


(6.5) 


For  the  exact  problen  ($.4)  is  correct  for  any  * 
value  of  k,  but  for  the  parabolic  approximation, 
it  is  Just  asymptotic  for  k  large. 


To  expand  ($.4)  for  k  large,  we  integrate  by 
parts  with  respect  to  z  in  ($.5)  and  get 


P  ♦  iQ 


.  ,1k»(6)xjL<lil^  , 

'  Ik  sec^6 

.  j-ksec^6b(x)l 


4,[«.-b(x)] 

k  SK^6 

(5.6) 

dx  . 


How  integrating  each  tern  in  (5.6)  by  parts  with 
respect  to  x  leads  to 


1 

p  4  IQ  -  — -  f  Jx2,0)e 

ikSec^6B(e)  1  2 

-  f,(x,.0). 


itai(d)X| 
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{IiR(0)X9 
-f^(xg.O)e  ^ 

1  ♦  *s^«^0b*(x2)C»(6)]"* 


f,(x,.0).> 


-1km(d}x- 


1  +  isec^6b'(x2)C«7e)r'  i 


(5.7) 


We  next  use  (5,7)  In  (5,4)  end  obtain,  after 
soBe  algebra, 


^  r  lj(8j)t4n^y^  ♦  J(62)tan^Y2 

-  2tar»Y^tarry2|b'(x2)nb'(xj)l 
9/2 

•  J  C"(e)r^(8){t  ♦  sK^eC.W)]'^ 

0 

•  cos(k(xj  -  x,).(0) 

,  lj'(x,  )seA 

• 

,  b'{x,)seA  1 

■  »"•'[  ■.(6)  '3)  .  (5-8) 


«/2 


j(e)  •  wn'« 


»(9}(«^(0)  *  tan^Ssec^e} 


(5.9) 

The  angles  Y).  Yj.  4"^  83  tn  (5.8) 

are  defined  in  Figure  1. 

The  integral  in  (5.8)  can  be  evaluated  as>np> 
totically  for  k  large  by  the  Method  of  sta¬ 
tionary  phase.  8y  using  (4,12)  and  (4.i3),  we 
obtain  after  some  algebra 

R  .  ?pa^id  {0(s,)tjn^j  ♦ 

-  (2«)'^^f  «jrtr,tjnYjSl'i6,slne2 


C05(F‘'  ♦  8,  ♦  63  *  f)) 


(5.10) 


In  (5.10)  M  have  IntroJuced  the  froude  ninbtr  f 
defined  by 

F  .  U(9L)''^^  .  (5.11) 

where  L  ■  x^  ■  Xj  is  the  length  of  the  ship. 

Relations  (5.9)  and  (5.10)  hold  for  both  the 
exact  problem  and  for  the  parabolic  approxima¬ 
tion.  They  show  that  B(e)  and  t(9)  appear  only 
In  o(e).  This  leads  to  the  reoarhable  result 
that  the  Interaction  term  In  the  wave  resis¬ 
tance,  which  Is  the  part  of  R  that  oscillates  as 
F  varies,  Is  predicted  exactly  by  the  parabolic 
approximation.  The  only  difference  between  the 
exact  and  parabolic  results  Is  In  the  expression 
for  J(B). 


We  now  substitute  (4.10)  and  (4.11)  Into 
(5.9)  and  Integrate  to  obtain  for  the  exact 
problem 

0,(8)  ■  tan^etl  ♦  SInBtane  log  ■ 

(5.12) 

Formula  (5.10)  with  0(6)  given  by  (5.12)  Is 
exactly  the  expression  derived  by  heller  and 
Ahluwalla  (1975)  from  the  HIchell  thin  ship 
theory. 

»y  substituting  (4.6)  and  (4.7)  Into  (5.9)  we 
obtain  for  the  parabolic  approximation 

Op(6)  •  tan^B  (5.13) 

j/2  3 

^  [  _  scc’^6  d9  _ _ 

I  (1  ♦  t  ♦  un^6scc^6) 

To  test  the  validity  of  the  parabolic  approxima- 
tioft  for  a  thin  ship  we  present  in  Table  1 
values  of  J^(S)  and  0^(8)  based  upon  (5.12)  and 

(5.13)  respectively,  for  various  values  of  8. 

The  agreenent  is  renarkably  good  for  small 
values  of  8.  i.e.  for  a  slender  ship.  The  para¬ 
bolic  approximation  becomes  less  good  as  $ 
approaches  t/2.  However  the  error  never  exceeds 


8 

J,(6) 

Jp(6) 

0.05 

0.248  X  10'^ 

0.257  X  10'^ 

O.l 

0.098  X  10'’ 

0.102  X  10"' 

0.15 

0.215  X  10’’ 

0.227  X  lO’’ 

0.25 

0.057 

0.061 

0.5 

0.192 

0.213 

1.0 

0.504 

0.569 

1.57 

0.667 

0.753 

Table  1.  J^(B)  and  3^(8). 


The  right  side  of  (5.10)  vanishes  when 
*^1  "  ^2  *  cusped  at  bow 

and  stern,  so  then  R  ■  o(F^).  To  get  a  non-zero 
asymptotic  result  In  this  case,  we  proceed  as 
follows,  and  set  8^  •  Bg  ■  n/2  for  simplicity. 
Ve  integrate  (5.6)  by  parts  twice  with  respect 
to  X  to  obtain 


P  ♦  IQ 


i>ja($)x9 
e  * 

i?B^(8)sec^9 


x<’'2> 
ltoi(e)x, 
p  . 

k^Vbjsec'e 


(5.14) 

^x'^l’' 
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We  noK  substitute  {5.t4}  Into  (S.4)  end 
evaluate  the  interactfon  tera  for  k  Urge  by  the 
■ethod  of^statfonary  phase.  This  yields  for  a 
ship  with  cusped  bow  and  stern  and  6%  •  6^,  •  ' 
5/2,  the  result  *  *  ^ 


*2  ^2^,/ksec  eb(x2-t2]| 


2t  f^Cx2-t^-b(x2-r)]e 


Idt  . 
.1(6.1) 


R.ffiSiffl! 


{Ec,  ♦  ECj  -  (.zWh  CjCj 

•  C0S{F-*  ♦  f))  .  (5.15) 


We  now  evaluate  these  Integrals  asyaptotically 
by  the  saddle  point  nethod  and  after  sone 
algebra  we  obtain 

2k^'^sec'e[o(e)]'^^ 


c,  ■  Ifxxtx,)  .  1-1.2. 

(5.16) 

,  -lr(e,62) 
le 

e’'*‘®’*'9,(sL)'/' 

The  constant  E  in  (5.1$)  is  define  by 

•j-aTOp- 

-e  j 

2k^^^sec^0[«(6)]'^^ 

n/Z 

1  lr(0.6,) 

E  •  (  do  ■  . 

1  «^(0)see’o 

(5.17) 

^  1  a(0,8,) 

-  e'»/M 

(6.2) 

As  before  we  see  that  the  interaction  term  is 

Here 

the  satoe  for  both  the  exact  solution  and  the 
parabolic  approxlnaticn.  The  two  results  for  R 
differ  only  In  the  values  of  C.  By  substituting 
(4.10)  and  (4.11)  Into  (5.17)  and  evaluating  the 
Integral  nuaerlcally  we  obtain 


*  0.53  . 


(5.18) 


Slailarly  after  using  (4.6)  and  (4.7)  In  (5.17) 
we  obtain 

Ep  -  0.56  .  (5.19) 

The  agreenent  between  ($.18)  and  (5.19)  is  again 
remarkably  good. 


6  Thin  Ships  with  Rounded  Bow  and  Stern 


r(6.fi(),  •  \  tan*'{B(e)Csec^e  tan  g|3'b  , 


i  -  1 

,2  . 

(6.3) 

a(0.6,) 

tan^B, 

\l/4 

♦  1)  , 

1 

/ 

1  •  1 

»2  . 

(6.4) 

9,  •  2L' 

lloft  fjx. 
t-0  *  * 

-  (-i)'t^))  . 

1  ■  1 

.2  . 

(6.S) 

As  before  we  substitute 

($.2)  Into  (5 

.4)  and 

evaluate  the  interaction  term  asynptottcaliy  by 
the  method  of  stationary  phase  to  get 


The  thin  ship  approximation  Is  based  on  the 
assumption  that  both  f(x)  and  if^(x)|  are 

snail.  Therefore  It  1$  rot  valid  for  ships  with 
rounded  bow  and  stern.  N.vertheless  this  case 
provides  a  severe  test  of  the  parabolic  approxi¬ 
mation.  Near  the  bow  and  stern,  varies 

rapidly  with  x  and  therefore  so  does  u,  whereas 
it  was  assuned  that  u  varies  slowly  with  x. 

Hence  the  parabolic  approx ioiation  should  be  poor 
in  this  case.  He  shall  see  that  it  Is  still 
surprisingly  good. 


Let  us  split  the  integral  In  (5.6)  In  two  at 
X  ■  0,  set  X  •  x^  ♦  t^  In  the  first  integral  and 
X  ■  x^  -  t^  in  the  second,  and  obtain 

. 


P  ♦  IQ  - 


ksec  ( 


■  2tf,(x,  ♦  t*)  -  2tf^Cx,*t^,-k(x,n^)] 


-kSK^eb(x,«t‘)  ^ 

•  e  '  dt 


,)'/2  1km(9)(J 


k!ec‘< 


2tf^(x2  -  t') 


R  -  (>slV(9Jm(5,)  ♦  gf^Bj) 

■  9,9j(2»)''^f  N(6,6j))  . 


Hire 


2  cost-J-  r(9,9)| 

3TO) 


(6.6) 


(6.7) 


eos[F'^  -  r(0.e])  -  rCO.Sj)  ♦  |) 

■  <i(0,S,).(0,82) 

cos[F"*  -  r(0,B|)] 

'.(6.6^) 

costF'^  -  r(0,8j)] 

.(O.Bj) 

*  Sltl(F'^  tf)  .  (6.8) 


Rel.tlons  (4.12)  .nd  (4.13)  Isply  th4t 
NlSjiBj)  Is  the  se«e  for  t«th  the  pareboUc 
epproxleetlon  and  the  exact  problca.  This  leads 
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to  the  sale  result  as  In  the  previous  section, 
that  the  Interaction  tem  in  R  is  predicted 
exactly  by  the  parabolic  approxfeation.  The 
only  difference  between  the  exact  and  parabolic 
results  is  in  H(6}.  He  now  use  (4.10)  and  (4.11) 
in  (6.7)  to  get  Hg(6),  and  (4.6),  (4.7)  in  (6.7) 
to  get  N^(d).  Numerical  integration  yields  the 
values  of  H^(6)  and  Hp(6)  shown  in  Table  2  for 
various  values  of  B.  The  agreement  is  again 
quite  recnarkable  for  snail  values  of  &.  However 
the  error  reaches  2dS  as  B  approaches  t/2. 


6 

He(8) 

«p(8> 

0.05 

0.94  x  10'^ 

1.01  X  10'^ 

0.1 

0.36  X  10"^ 

0.40  X  10'^ 

0.15 

0.79  X  10'^ 

0.90  X  10"^ 

0.28 

0.20  X  10"' 

0.24  X  lO"' 

0.5 

0.71  X  10"' 

0.89  X  10"' 

1.0 

0.23 

0,30 

1,57 

0.79 

1.0 

Table  2.  H^(S)  and  Mp(S), 


7.  Pressure  Oistribotion 


p’(x'.y')p®{x.y) 


•  dx'dy'dxdy  , 


(7.4) 


Upon  substituting  (4.5)  into  (7,4)  we 
asymptotic  fora  of  R  for  k  large.  He 
it  as 


ci9«(9)t(9)sec^9[P(9)^ 


obtain  the 
can  write 


*  Q(9)^)  , 
(7.5) 


P  ♦  IQ  .  f  dx  'f’  dy  p'(x.y)e"=»<»>« 

i,  -f(x) 

'  2 
.  gik$in9sec  By  ^ 

Again  (7.5)  is  correct  for  any  value  of  k  for 
the  exact  problem.  With  the  appropriate  values 
of  a  and  t  it  is  exactly  the  expression  derived 
by  Havelock  (1932). 


8.  Narrow  Pressure  Distribution 


When  the  pressure  distribution  is  narrow, 
i.e.  f(x)  «  k"^  «  1,  we  can  evaluate  (7.5) 
asymptotically  for  k  large  as  follows.  We  first 
integrate  (7,6)  by  parts  with  respect  to  x  and 
use  (7.1)  to  obtain 

{2  'I**  p;(x,y)e"”l«>* 

P  .  IQ  .  -  dx  dy - - 

X,  .f(x) 

.  jUsInesec  9y  ^  (8.1) 


He  now  consider  the  flow  past  a  prescribed 

pressure  distribution  p*(x,y)  on  the  free  sur¬ 
face,  In  the  absence  of  a  ship.  He  assume  that 

P*(x,y)  ■  p*(x,-y)  and  that 

P*(x,y)  •  0  for  ly|  >  f(x)  .  (7.1) 

For  the  parabolic  approximation  we  use  (4,8)  for 
^  while  for  the  original  problem  we  use  (4.9). 

Then  if  ri  denotes  either  Q  or  G  we  can  write 
both  results  in  the  form 

«(k.y.2)  -  I 

S 

Integrating  (7.2)  by  parts  with  respect  to  x* 
and  using  (7.1)  we  obtain 

p*“x'  ‘‘’‘■‘‘J''  • 

We  next  calculate  R  given  by  (2.6),  noting 
that  n.  •  4,/U  at  2  ■  0,  and  using  (7.3)  for  d. 
to  get*  * 

R  ~  0  I  dxdy 


Then  we  integrate  (8.1)  by  parts  with  respect  to 
y  and  get 

*2 

P  ♦  IQ  ,  -  2  {  dx  p*[x.f(x)) 

X,  (8.2) 

.  s1nf»(x)sln9<!EC^9l  jlta(9)x 
H^s1n9see^0n!9) 


For  a  thin  distribution  of  pressure  kf(x) 

«  1,  and  the  integral  (8.2)  can  be  approximated 


P  ♦  iQ  -  21  j  ux  p'Cx.O) 
*1 


fJlh 


ilM(6)x 


kft(8) 


(8.3) 


Integrating  by  parts  twice  with  respect  to  x  in 
(8.3)  and  using  the  fact  that  f(xj)  •  f(x2)  ■  0, 
we  obtain  ll<«(9)x, 

2lp?(x,.0)f'(xj)e  ^ 

p  ♦  IQ  .  - 


kV(9) 

2lp^(xi.0)f'(x,)e' 

kV(9)  ” 


lte(9)x, 


(8.4) 
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n  s5  111^^''^,’°''  substitute  (8.4)  Into 
jsififJfi  *be  Interaction  ter® 

^  '*'■9'  ‘be  nethod  of 
stationary  phase  to  obtain 

^  ‘4''^l[p’(ii,.0)]^  *  Q  tan^j 

*  tanYjtarrr^ 

•  IP^,.0)p'(Xj,0)jcos(F-^  ♦!))  ,  (8.5) 


^ICi 

I  da  sec^e  4M  a 
&  «®(e) 


As  before  we  see  that  the  Interaction  tem  Is 
(8°2)°«obta'lJ“''“‘'"’  <'•">  '"‘b 

f 

0,  ■  I  COSOda  .  1  .  (8_y, 

0 

^J^stituting  (4.6)  and  (4.7)  into  (8.6)  we 

”  m 


(1 


:  «  ^  0.93  . 


r'^??aTy'^',5r*"  <*•'> 

Ve  note  that  for  the  exact  prcblen,  (8.5)  for 
‘^blbbtlon  Is  Identical  to  the 
leading  order  ter®  for  6  small  of  the  result 

j*j9))fbr  a  ship,  provided  that  p*(x,0)  • 

5.  Broad  Pressure  Dlstrlhiirlm 

finally  we  evaluate  (7.5)  for  k  large  when 
the  pressure  distribution  Is  broad.  I.e.  when 
f(x)  «  );■'. 

We  first  rewrite  (8.2)  In  the  for® 

V  $in9$«^eQ(0) 

.  {e*li[f(x)sine$«^6+a(e}x) 

.  pl»t-f(x)slnesec^e«i(9)x]j 

'b  ‘b4‘  f'«l)  •  0  and 
f  “bbtonlc  Increasing  for  x  negative 

the  Integra  (9.1)  possesses  stationary  points 
4t  X  •  0,(6)  and  X  •  0^(8)  defined  by 

f '(oj )  .  — ”^9)  ,  . 

slnOsec^ 


evaluating  (9.1)  for  k  large  by  the  eethod  of 
stationary  phase,  we  obtain 

P  +  IQ  '  P^C«2.f(a2)} 

^ikf(oi2)sln9sec^0+ika2ts(0) 

.  /  2ii  g-l)r/4$fgnQ 


k‘^$ln9sec^eBi(e) 


*  PvCc»j.f(ai)]e 


•ikf(a^)sln9sec^e+ik(Soo(0) 


•  -V 

\Mf"^)$ln9j/ 


il/2  giv/4slgn9  (9.4) 
’  k^sift0sec^eo(0) 


Oft  substituting  (9.4)  into  (7.5),  we  get 

'*-^(“1  “>2  ‘  'l,2>  •  (9-5> 

where 

0,  ■  2  T  Pftb|»‘fa|)3t(9)d9 

lfVopsin9jslr7ese?e^  ’ 

'  •  1.2  .  (9.6) 

1.4  T  PxCb|'‘(bi)3P.[b».f(o,)] 
Baxjdj.sp  n“(ci^)f"(a2)3  ^  |sln9| 

•  t(6)cos(l;[f(aj).f(o,))sln9sec^e 

*  ‘(bj'«))o(e)  •  I  S9n6)/sln^esec^eo(9)  09. 

In  (9.6)  and  (9.7).  6,  Is  defined  by 
f.f.  t  .  I  .vt»l  °(*l> 

f'’<|7-(-I)  -— - j— ,  |.i,2. 

sln6,  sec  6, 

(9.8) 

It  Is  interesting  to  consider  the  particular 
IhJn  If'?  Arpsure  distribution  with  round  ends, 
then  lf'(x,)|  .  If  (xj)|  .  »  j„o  ^  , 

stationary  point  at  6  ■  0.  this  leads  to  the 
sa«e  respt  as  In  the  previous  sections  that  tne 
Interaction  ter®  Ij  ^  Is  predicted  exactly  by 
the  parabolic  approxtMtlon. 

In  the  case  of  a  pointed  distribution  of 

thrintr^rai'r'  ''r™  ‘““bMPf  POint.  then 
the  Integral  can  be  evaluated  by  Integra¬ 
tion  by  parts  and  It  Is  then  of  higher  order  in 

finally  let  us  nentlon  that  (9.5)  Is  of  order 
^whereas  (8.5)  Is  of  order  f®.  Therefore 
*  nbn-bbIfoi®lty  associated  with  the 
Jk  1.  f!  ‘b*  Pftssuft  distribution.  Taking 
the  Halt  as  the  thickness  tends  to  zero  and 
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then  the  Mieit  as  k  tends  to  infinity  yields 
R  •  C(F®).  Taking  the  Halts  In  the  opposite 
order  yields  ft  •  O(F^).  It  Is  luportant  to  note 
that  the  parabolic  approxlwtlon  describes  the 
non-uniforiBlty  accurately. 

10.  Parabolic  Approximation  Using  the  OoubLe 
Body  Solution 


surface.  The  accuracy  of  the  parabolic  app^xl- 
oatloft  In  that  case  treated  In  Sections  7-9  In¬ 
dicates  how  accurate  It  will  be  for  the  cooplete 
problea  {10.6)-(10.10). 


The  aethod  of  this  section  aay  coapleaent 
other  work  In  which  the  solution  Is  sought  as  a 
perturbation  of  the  double  body  flow  (Ogilvie 
(1968),  Keller  (1974),  Baba  (1976).  Maruo  (1977), 
etc.). 


The  parabolic  approximation  can  be  alter^  In 
various  ways.  One  way  Is  to  seek  the  velo^ty 
potential  as  a  perturbation  of  the  double  body 

potential  Ux  ♦  4°(x,y,2)  as  in  Keller  (1979). 
Thus  we  write  the  velocity  potential  as 


Ux  ♦  4^(x,y,2)  ♦  ^(x,y,2)  and  then  the  problea 
(2.1)-(2.5)  takes  the  fora 


11.  Two-Olaenslonal  Parabolic  AoproxImatlOA 

The  parabolic  approximation  described  In 
Section  3  can  be  further  simplified  by  using  the 
fact  that  for  k  large  the  wave  ootlon  decays 
exponentially  In  z.  Therefore  we  write 


.  .wU  «/  • 


i.kz 


*  +1^  *0,  z<0, 

’'yy  ^zz 

(10.1) 

>  0  on  B  , 

(10.2) 

p’(x.y)  0 

pU  ■  *xx  ^  • 

(10.3) 

.  0  as  z  -  •«*  , 

(10.4) 

o(x''^^)  as  X  -  . 

(10.5) 

equations  (10.1)-(10.5)  are  efiulvalent  to  the 
exact  problea  (2.1)-{2.5)  since  no  further 
approximation  has  been  introduced. 

We  now  introduce  the  parabolic  approximation 
as  In  Section  3,  by  writing  in  the  fora  (3.1). 
Then  we  proceed  as  in  Section  3  to  obtain  fro® 
(10.1)-{10.5)  the  'parabolic*  system 


a  <  0  .  (10.6) 

■  0  on  8  , 

(10.7) 

2  pj(x.y) 

0 

2ik^^  >  kV  ♦ 

-  »XK  5  • 

(10.8) 

**  0  as  z  -  •»  , 

(10.9) 

V?  -  0  as  X  . 

(10.10) 

This  system  can  be  solved  numerically  by  jwreh- 
Ing  from  bow  to  stern. 

On  comparing  (10,6)-(10.10)  with  (3,2)-(3.6) 
we  see  that  the  Inhooogenelty  has  been  moved 
from  the  boundary  condition  on  the  ship,  which 
Is  now  homogeneous,  to  the  free  surface  condi¬ 
tion,  This  Inhoaogcnelty  acts  like  a  distribu¬ 
tion  of  pressure  on  the  free  surface,  of 

strength  pUjJ. 


If  the  boundary  condition  (10,7)  Is 
omitted  and  the  definition  of  4^  Is  extended  to 
the  complete  plane  z  •  0,  the  problem  reduces  to 
that  of  a  pressure  distribution  on  the  free 


By  substituting  (11.1)  Into  (3.2)-(3.6)  we  ob¬ 
tain  an  equivalent  set  of  equations  for  w. 


The  two-dimensional  parabolic  approximation 
Is  obUlned  by  dropping  w  from  these  equa¬ 
tions.  We  shall  call  the^iolutlon  of  the  re¬ 
sulting  problem  w^.  It  is  convenlent^to^re- 
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write  this  problem  In  terms  of  •  w  e  •  •• 
resulting  probleii'can  be  obtained  from  (3.2)- 

(3.6)  by  replacing  Ojj  by  -  kV  in  (3,2). 
In  this  way  we  obtain  the  following  equations 


2lk4, 

♦  2k42  • 

0  ,  z  <  0  » 

(1).2) 

31. 

- 

on  B  , 

(11.3) 

3n 

21k4, 

?n 

♦  k4j  • 

p5(x,y) 

■  PU  5  . 

(11.4) 

^  * 

0  as  z 

-  . 

(11.6) 

4  • 

0  for  X 

<x,  . 

(11.6) 

The  system  (ll.2)-(ll,6)  can  be  reduced  to  a 
system  of  equations  on  S  by  eliminating  4^ 
between  (11.2)-{11.4).  Thus  we  obtain 


2lk4^  ♦  ZkS  •  4yy  -  -  2  * 


pU 


onS  ,(11.7) 


4  ■  0  for  X  <  x^ 


(11.9) 


Equation  (11.7)  Is  a  one-dlmensioMl  . 

Schrddingcr  equation  In  which  x  plays  the  role 
of  time.  The  system  (11.7)-(11.9)  can  be 
solved  numerically  by  marching  from  bow  to 
stern,  as  In  the  original  parabolic  approxima¬ 
tion.  However  row  the  calculation  Is  confined 
to  the  free  surface  S  on  the  plane  z  •  0. 
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12.  Application  to  Thin  Ship 


For  i  thin  ship,  the  boundary  condition  (11.8) 
is  replaced  by 


•  lUf,(x.O)  on  y  ■  0*  ,  2.0.  (12.1) 

The  solution  of  (11.7)  and  (11.9)  with  the 
boundary  condition  (12.1)  Is 


d(x.y.t) 


fj(?.0)dc 

■(t^- 


*  ik(x 


(12.?) 


In  the  renaining  part  of  this  section  we  will 
consider  only  cylindrical  ships  so  that  f(x,z)  • 
f(x).  Then  the  wave  resistance  R.  which  is 
given  by  the  first  line  of  (5.3),  yields  after 
integration  with  respect  to  z 


R  -  |s4— 

.  ^  FtanY,tanr2C0s(F"^  -  |)j.  (12.7) 


let  us  now  coaspare  (12.7)  with  the  exact  expres¬ 
sion  (5.10)  with  J(e)  given  by  (5.12)  and  g,  • 

■  »/2.  We  see  that  that  the  results  are  of 

the  saoe  fora.  The  leading  order  teras  (i.e. 
the  bow  and  stern  teras)  agree  within  sixteen 
percent  since  0(t/2)  ■  2/3  •  .67  and 

•  .S5.  The  interaction  teras  are  also 
of  the  saae  fora  but  they  differ  in  aaplitude  by 
a  factor  of  about  4,  and  they  differ  in  phase  by 
r/2.  Thus  the  two-diaensional  parabolic  approxi- 
aation  is  not  as  good  as  the  three-diaensional 
one. 


It  is  interesting  to  note  that  HIchell's  in¬ 
tegral  predicts  exagerated  "htflps  and  hollows" 

In  the  curve  of  R  versus  F  at  low  Froude 
nuabers.  TherefO'*e  fortuitiously  foraula  (12.7) 
is  in  better  agreeaent  with  experiaental  results 
than  the  exact  result  (5.10). 


(12.3) 


Integrating  by  parts  and  using  (11.9),  we  can 
write  (12.3)  in  the  fora 


X. 

l2 


j  4(x,0,0)f^^(x)dx  I 

1 


(12.4) 


To  evaluate  6^(x.0.0)  asyaptotically  for  k 
large  we  find  it  convenient  to  introduce  the 
change  variable  z  •  x  -  v^  in  (12.2).  Thus  we 
obtain 

d(x.0,0)  ■  j  '  • 

'  '  "  (12.5) 

The  aain  contributions  to  the  integral  in  (12.5) 
for  k  large  cooe  froa  v  »  0  and  v  ■  They 

^re  respectively  of  order  k'*  and  k  After 

some  algebra  we  obtain 
UfJx) 

d{x.C.O)  -  .  ^ 

Ufj(xi)«»p[lMx-x,)  -  1  3  j] 

*  (x.x,)'^W7^-^' 

Substltutlns  (12.6)  Into  (12.4)  we  lave 


13.  Njaerieal  Schcne 

In  this  section  we  show  hiow  to  solve  the 
systeo  {ll.7)-(ll.9)  nuaerically.  For  siapli- 
clty  we  consider  only  the  case  of  a  thin  ship. 

First  we  introduce  the  aesh  points 


x<,  •  X, 

*  (1-1)4^.  '  ■  '-—I 


(13.1) 

yj  •  (J.l)  X  E  ,  0  ■  1 . H  .  (13.2) 

Here  E  Is  the  Interval  of  discretisation  along 
the  y  axis. 

Using  the  notation 

0(1.0)  ■  0(x,,yj)  . 

we  can  rewrite  (11.7)  In  the  for. 

«  (1.0) 

O^d.O)  •  10(1.0)  -  I  .  (13.3) 

The  second  derivative  with  respect  to  y  In 
(13.3)  1$  approxtMted  by  second  order  dif¬ 
ference  foraulas 

^  (,.j)  .  ^  . 

0>  2  ,  (13.4) 

0(1.2)  -  0(1.1)  ♦  f^(x,)E 


Oj,/!.l) 


■  .  (13.6) 


In  (13.5)  we  have  used  the  condition  (12.1). 


105 


He  now  define  the  0arch1n9  procedure  by  the 
fnpllcit  scheoe 


H.  Table  3  $how»  that  the  scheae  converges  as  h 
is  decreased. 


♦«^(I*l.J)lx2  -  X,  ■ 

*  I  5  I'N '-"V  ■ 

He  close  the  systes  by  the  condition 

♦d.J)  -  0  ,  VI  for  J>  M  ♦  1  .  (13.7) 

Substituting  (13.4).(13.6)  into  (13.3)  we  ob¬ 
tain  a  linear  sy$t«Q  of  equations  which  enable 

us  to  coopute  ^(I>1t3)*  J  ■  1 . H  when  4(I»J) 

are  known.  This  systen  Involves  a  tridlagonat 
Biatrix  so  that  no  eatrlx  Inversion  Is  needed. 
Relation  (11.9)  yields  $(ItJ)  >  0.  Therefore  we 
can  coopute  successively  4(7.3),  4(3.0),. ...etc. 


.55 

,28 

.14 

Fxact 

0.555 

7.44 

9.44 

9.6 

9.7 

2.778 

18.96 

18.94 

18.56 

18.56 

5.555 

10.24 

10.64 

10.8 

10.8 

11.11 

12. 

12.24 

12.32 

12.32 

Table  3.  Values  of  4  «  10^ 


14.  Concluding  Remarks 


Prelittinary  cosputatfons  Indicated  that  sooe 
care  had  to  be  taken  to  handle  the  singularity 
at  the  bow.  It  was  found  that  this  could  be 
achieved  by  replacing  (13.6)  at  the  first  step 
by 

«(2.0)  •  .  03.3) 

To  Illustrate  the  nmerlcal  scheoe  we  con¬ 
sider  a  local  solution  near  a  bow  characterised 
by  ■  0,2,  Hithout  loss  of  generality  we 
choose  xj  •  0,  Since  there  Is  no  stern  for  this 
local  solution,  we  rewrite  (13,1)  In  the  toore 
appropriate  fora 

kX|  •  (I-l)h  ,  1  •  1 . n  , 

Here  h  1$  the  interval  of  discretisation  along 
the  x-ax1s, 

for  cooMrIson  we  consider  the  analytic  solu¬ 
tion  (12.2),  which  yields  In  the  present  case 


kg(x,0,0)  ,  Q  2  (2)‘*^^{I  -  1 ) 


■  H(^n  * 

lm'1l 

_  (13.9) 

Here 

C(x) 

*  1  t^)dt  , 

0 

(13.10) 

S(x) 

• 

O'— »x 

(13.11) 

are  the  Fresnel  Integrals, 
are  obtained  by  taking  the 

The  values  of  kp/U 
real  part  of  (13.9). 

In  Table  3  we  compare  the  exact  answer  (13.9) 
with  the  nuoerical  values  at  different  values  of 
kx  for  serval  values  of  h.  Tor  each  value  of  h 
we  have  decreased  Z  until  convergence  to  the 
listed  number  of  decinal  places  was  obtained. 

The  value  of  H  In  (13.2)  was  chosen  large  enough 
for  the  converged  answers  to  be  Independent  of 


The  results  of  Sections  5  and  6  show  that  the 
parabolic  approxinatlon  yields  good  results  for 
k  large  for  a  thin  ship  with  g  small.  This  sug¬ 
gests  that  It  should  also  yield  good  results  for 
a  flat  ship,  I.e.  a  thick  ship  with  6  small , 
However  the  waterline  should  not  be  broad  since 
the  normal  n  In  (4.9)  has  been  replaced  by  the 
riortoal  r*  in  (4.8). 

A  different  marching  procedure  for  slender 
bodies  at  high  Froude  ntxnber  was  introduced  by 
Ogilvie  (1967)  and  applied  to  flat  ships  by  Tuck 
(197$).  The  parabolic  approximation  has  also 
been  used  by  Tuck  and  Hel  (1980)  and  Haren  and 
Mel  (1981)  to  study  the  diffraction  of  waves  by 
slender  bodies. 


Appendix  A 

He  seek  the  Green's  function  G  In  the  fora 

4ce  *«» 

Ip(x-x') 


-MM 
^ 

„iq(y-y’)pii*(2-2’) 


2kp  ♦  -  k^  ♦  r^  f  Iw 


dpdqdr 


(A.l) 


Here  u  Is  a  Rayleigh  friction  coefficient  and 
9(p,q)  Is  a  function  to  be  deterained.  It  can 
be  verified  easily  that  (A.l)  satisfies  (4.1), 
(4.3)  and  (4.4). 

Perforaing  the  Integral  over  r  In  (A.l),  we 
obtain 

0..l'|].<P(x-x') 

‘  - - ,  - 2 - ^2072 - '’'^3 

{2kp  ♦  -  r)*''' 
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n 


*  I  I  'h  _ 

{A.3) 

Here  the  S()uare  root  f$  defined  In  a  coaptex 
plane  cut  along  the  positive  Imaginary  axis. 

Substituting  (A, 2)  Into  (4.2)  yields 

,  ,-lpx' -l<ty' 2'(2W-k^)'^^ 

- 

pt  .-ipk'.-ipy'.k'czW-k^)*^^ 

’  P  -  2kpTk(2kp  ♦ 

(A.3) 


Introducing  the  notation 


4(x,y,2,x',y',2’ 


.  5<A(y-y')e-|2-2‘l(2kP‘A^-P)'^^ip^,  , 


we  can  now  write  G  In  the  fora 


S  •  I(x.y,2,x'.y',2')  -  a{x,y,:,x',y'.-J') 


.  IK  I  j  .<P(*-x') 


vr  -  2kp  ♦  V(2kp  ♦  -  r)*'^ 

The  sain  contrltwtlon  to  G  for  k  large  Is  given 
by  the  residue  of  the  pole  of  the  Integral  In 
(A. 5).  After  some  algebra  we  can  write  In  In 
the  foro  (4.5). 


Appendix  6 

The  Green's  ftinctlon  G  can  be  used  to  refor- 
flulate  the  problem  (3.2)-(3.5)  as  an  tntegrodlf- 
ferentlal  equation.  Using  the  divergence 
theorem  we  derive  the  following  Identities: 


Here  V  •  outward, 

normal  to  the  curve  In  which  8  e  S  Intersects  a 
plane  x  ■  constant.  In  the  last  Integral  In 
(6.1)  we  have  used  the  fact  that  G  •  •  0  for 

X  >  X*  to  rewrite  the  integral  as  an  Integral 
over  the  complete  surface  6  ^  S. 

Upon  substituting  (3.2)  and  (4.1)  Into  (B.l) 
and  using  the  fact  that  ^(xt»y,z)  • 
G(x,y,z*x,y’,2‘)  •  0,  we  obtain 

X  +»  0 

j  (d6^*  -  G^n*)ds  ■  8x  I  dx'  |  dy*  |  dz' 

B4$  Xj 

•  0(x*,y\z*)S(x-x')5(y-y')5(2-z') 

4^  0 

♦  211c  I  dy’  I  dz'CdG^’'  ■  4«d(x.y,z)  . 

8y  using  (3.4)  and  (4.2)  we  obtain  after  In¬ 
tegration  by  parts, 

(  (««„.  -  ’  I  -  S>j,)dx'dy' 

S  S 

f/  p'i(x’.y')  \ 

•  ) '  ckli'  *  *  S'W./ik''*)'' 


I  dx'  I  dy'  I  dl' 


•  j  «(6j,  ♦  W  .  2IG,.)  ♦  C  -dx'. 

♦  21  (  G.‘dy' 

I 

f  P*.  f 

•  )0Hl5Jx'dy'.2l|Gidy'  . 

Here  W  Is  the  water  line,  ,  ,  ^  , 

After  substituting  (6.2)  and  (6.3)  into  (6.1)  ^ 
finally  obtain  (4.8). 
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DtSCUSStONS 
of  the  pAper 

by  J  M.  V«n<i«n*Bro«clc  and  J  8.  KMIer 

PARABOLIC  APPROXIMATIONS  FOR  SHIP  WAVES  AND  WAVE  RESISTANCE 


Discussion 
6yT7o.'  sclavouftos 

The  present  paper  is  an  Interesting  appllca* 
tion  of  the  parabolic  approxloatlon  to  the  wave* 
resistance  of  slender  ships  and/or  pressure  dis¬ 
tributions. 

I  would  like  to  concentrate  on  Section  10, 
wive  the  aethod  Is  applied  after  the  total 
velocity  potential  Is  decomposed  In  the  double¬ 
body  solution  c^(X,  Y.  Z)  and  a  wave  coaponent 
^(X,  Y>  l)t  which  is  written  In  the  fora 

t>(x,  y,  z)  i  u(x.  y,  z) 

Due  to  slenderness,  u(X.  Y,  Z)  Is  assuoed 
to  be  a  slowly  varying  function  of  x.  In  the 
free-surface  condition  (10,8),  the  tern 
u  elkJ^  is  neglected  In  the  left-handslde, 
while  the  double  x«derivatlve  of  the  double¬ 
body  solution,  Oxx 

side,  The  slenderness  assumptions  suggest  that 
the  orders  of  magnitude  of  Uxx  and 
are  the  same,  assuming  that  e^^^  ■  0(1).  U  is 
Interesting  to  point  out  that  a  tera  analogous 
to  0*  is  not  present  In  the  application  of 
the  wrahollc  approxIoMtion  to  the  diffraction 
problem  [Kei  and  Tuck  (1980)  and  Karen  and  Mei 
(19811]  ,  where  the  bodyboundary  condition  is 
oscillatory  and  not  slowly  varying  as  In  the 
wave-resistance  case.  Could  the  authors  com¬ 
ment  on  the  assumptions  involved  In  the  free- 
surface  condition  (10,8). 

Authors*  reply 

Dr.  Sclavounos  Is  quite  correct  that  we 
have  neglected  Uie  tera  Uxxe«l^>=  in  (10.8)  but 
retained  ^xx*  cannot  neglect  Oxx  because 
It  is  the  only  Inhomogeneous  tera  in  the  pro¬ 
blem.  Ne  do  neglect  Uxxe’^^  because,  when  k  is 
large,  It  will  be  smaU  compared  to  Zlky.eil^x, 
which  we  retain.  Thus  we  expect  ZIku^e'^°  to  be 
comparable  to  dvv,  and  Uxveilix  to  be  small  com¬ 
pared  to  either  of  them. 


Discussion 
by  X7  Eggers 

1  must  apologize  that  my  discussion  does 
not  exactly  meet  the  subject  of  Or.  Vanden- 
Broeck's  paper,  which  I  could  not  read  earlier, 
Hy  remarks  are  mainly  related  to  previous  work 
of  the  second  author,  referred  to  in  the  mr- 
ning  session  by  Or.  Kim.  I  consider  then 


relevant  as  well  to  Pi'Of.  Hiyata's  presentation 
this  morning. 

As  far  as  I  can  understand,  the  flow  model 
advocated  by  Prof.  Keller  heavily  rests  on  the 
assumption  that  the  energy  transport  due  to  free 
surface  waves  Is  not  affected  through  the  non- 
unlfora  (double  body)  flow  the  waves  are  super¬ 
posed  to.  But  Longuet-HIggins  showed  some  20 
years  ago  that  the  assumption  that  energy  Is 
transported  with  the  vector  sum  of  flow-  and 
wave-group  velocity  Is  incorrect,  thus  rays  as 
defined  by  Ursell  cannot  be  considered  as  lines 
of  energy  transport  !  We  have  to  modify  the  dis¬ 
persion  relation  between  wave  angle  and  wave 
length  in  dependence  of  the  absolute  local  value 
of  the  double  body  flow. 

!  found  that  such  modification  leads  to  an 
enlargement  of  the  Kelvin  angle  near  the  ships' 
ends  (measured  against  the  double  body  flow  di¬ 
rection)  well  in  accord  with  experimental  obser¬ 
vation  which  may  even  explain  a  substentlal  part 
of  the  phenomena  reported  by  Prof.  Miyata  through 
*  dispersive  flew  model. 

I  feel  that  this  effect  may  even  be  of  rele¬ 
vance  to  the  bow-stern  Interference  effect  of 
Or.  Vandcn-Broeck's  resistance  expression  (say 
his  equation  12.7),  as  a  change  in  wave  length 
along  a  ray  connecting  bow  and  stern  (i.e.  along 
the  waterline)  should  imply  a  change  in  phase  at 
least,  if  not  even  In  amplitude. 

Professor  Keller’s  reply 

In  my  papers  on  ship  waves  [4]  ,  fs]  •  I  used 
the  dispersion  equation  for  waves  on  tho  surface 
of  a  moving  fluid,  This  dispersion  equation 
follows  from  the  statement  that  the  magnitude  of 
the  wave  vector  k  is  equal  to  the  square  of  the 
Doppler-shifted  Trequency  to-k*7o,  where  o  is  the 
velocity  potential  of  the  uncferlylng  fluid  motion. 
Ursell  has  derived  this  result  from  the  basic 
equations  by  asymptotic  analysis.  The  dispersion 
equation  yieds  equations  for  the  rays  and  wave- 
fronts,  and  for  tbe^group  velocity  vector  cq  it 
gives  Cq  ■  1/2  k’3/Zk  -7^.  Thus  Cq  is  obtained 
by  vector  addition  oT  the  group  velocity  of  waves 
on  a  stationary  fluid  and  the  velocity  of  the 
fluid. 

Professor  Eggers  has  pointed  out  that  the 
energy  flux  vector  associated  with  waves  In  a 
moving  fluid  Is  not  In  the  direction  of  Cg.  The 
distinction  between  wave  and  group  veloeilies  Is 
well  known  in  the  theory  of  linear  waves  in 


nonlsotropfc  nedia»  but  here  the  nonlinearity  of 
the  boundary  conditions  makes  it  even  more  coo- 
plicated.  To  obtain  the  correct  equation  oovern- 
ing  the  transport  of  energy,  I  found  it  necessary 
to  perfonn  a  rather  lengthy  calculation  invol¬ 
ving  asyoptotic  expansions.  The  previous  results 
of  Longuct-Higgins  were  not  adequate  for  this 
purpose  because  corrections  to  the  basic  flow  bad 
to  be  included. 

I  would  be  interested  in  seeing  the  aodifi- 
cation  of  the  dispersion  equation  which  Professor 
tggers  has  found. 
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ABSTRACT 

Finite  difference  techniques  are  used  i<lth 
boundary-fitted  coordinate  systeas  to  coopute 
the  unsteady  potential  flow  past  the  stern  of  a 
seal-infinite,  flat-bottooed  body  at  the  free 
surface  of  an  Incoapresslble  fluid.  The  flow 
Is  assuoied  to  separate  sooothly  free  the  hull 
at  a  sharp  trailing  edge.  Fully  nonlinear 
free-surfaae  boundary  conditions  are  eaployed. 
The  coapllcated  tlee-dependent  flow  regions 
arising  In  this  nonlinear  water  wave  probleo 
are  transfomed  using  nuoerleally-generated 
coordinate  systeos  into  a  rectangular  tloe- 
Independent  eoaputatlonal  region  with  a  unlfora 
oesh.  A  range  of  six  draft-based  Proude 
nuabers  Fr  Is  considered  from  Fr  a  1,75  to 
Fr  t  2.3s,  At  Fr  a  2.3?  an  aloost  steady-state 
solution  is  obtained  that  conpares  well  with 
previous  numerical  results.  At  all  other 
values  of  Fr  studied,  the  calculations  are  con¬ 
tinued  until  breaking  conditions  are  encoun¬ 
tered.  As  the  Froude  nunber  Increases,  the 
tiae  needed  for  the  stern  waves  to  achieve  aax- 
loua  height  and  the  distance  from  the  stern  to 
the  naxlnun  peak  both  Increase.  I^e  naxlatja 
height  attained  Increases  with  Froude  number  up 
to  approxloately  Fr  i  2.25  or  Fr  «  2.3.  Beyond 
this  region  the  naxlaua  height  decreases  with 
Froude  number  and.  Instead  of  breaking,  the 
solution  approaches  the  known  steady-state 
result  In  an  oscillatory  fashion. 


1.  INTRODUCTION 

The  overall  performance  of  a  ship  Is 
greatly  Influenced  by  the  flow  of  water  near 
the  bow  and  stern.  Accordingly,  researchers 
have  given  much  attention  to  the  details  of 
this  flow  Including  the  free-surface  waves  pro¬ 
duced,  Hany  of  these  Investigations,  both 
experlaental  and  theoretical,  have  dealt  with 
hull  shapes  having  a  transoa  stern.  However, 
the  difficulty  of  the  coaplete  three- 
dimensional  problem  has  restricted  most  studies 
of  the  nonlinear  aspects  of  this  flow  to  two 
dimensions. 

Vandtn-Broeck  {!)  used  an  integro- 
dlfferentlal  formulation  for  steady  two- 
dimensional  potential  flow  past  a  flat-bottomed 
body  with  a  transom  stern.  Assuming  that  the 
flow  detaches  at  the  corner  of  the  body,  he 
found  that  a  steady-state  nonlinear  solution 


exists  only  for  draft-based  Froude  numbers 
greater  than  2,23,  Simultaneously,  Haussllng 
tS)  obtained  numerical  solutions  for  the 
unsteady  problem  using  both  flat  and  curved 
hulls.  His  work  was  consistent  with  Vanden- 
Broeck's  calculations  at  Froude  numbers  for 
wtiicn  a  steady-state  solution  exists.  Accurate 
results  were  not  obtained  at  Froude  numbers 
less  than  3.0  because  of  limitations  of  the 
mathenatlcal/nunerlcol  treatment.  The  present 
study  extends  Haussllng's  earlier  work  to  a 
wider  range  of  Froude  numbers  through,  an 
Improved  approach.  In  particular,  the  assump¬ 
tion  of  a  single-valued  free  surface  has  been 
dropped.  Finite  difference  techniques  using 
boundary-fitted  coordinates  are  eaployed  to 
coapute  nucerlcal  solutions  In  the  fully  non¬ 
linear  case.  Haussllng  &  Coleman  C3}  used  a 
similar  boundary-fitted  coordinate  scheme  to 
compute  very  steep  free  surface  waves  generated 
by  a  submerged  body. 

The  current  work  concentrates  on  Froude 
numbers  near  the  critical  value  of  2.23,  At 
higher  Froude  numbers,  a  steady-state  solution 
Is  obtained  and  the  ’  free-surface  profile  Is 
compared  to  previous  numerical  results.  At 
Froude  numbers  for  which  no  steady  solution 
exists,  the  colculatlons  are  continued  until  a 
breaking  wave  develops  behind  the  stern.  These 
results  are  used  to  Investigate  how  the  time  of 
breaking  and  the  maximum  height  and  position  of 
the  breaking  wave  depend  on  the  Froude  number. 


n.  MATHEMATICAL  FORHUUnON 

We  consider  the  flow  resulting  from  the 
abrupt  acceleration  from  rest  to  final  speed  U 
of  a  semt-lnflnlte  ship  hull  moving  In  the  free 
surface  of  a  tank  of  water.  The  fluid,  which 
is  Initially  at  rest,  Is  of  unlfora  depth  h  and 
occupies  the  region  0  as  defined  In  Figure  i. 
The  hull  Is  of  draft  d  and  has  a  span  equal  to 
that  of  the  tank.  The  hull  movea  with  respect 
to  a  fixed  (x,y>-coordlnate  systwi  which  has 
Us  origin  at  the  original  Intersection  of  the 
stern  with  the  undisturbed  free  surface.  We 
assume  that  the  flow  Is  Irrotatlonal  and  that 
the  fluid  Is  Incompressible  and  lacks  surface 
tension.  We  also  assuae  that  the  free  surface, 

can  be  described  In  parametric  form  at  any 

time  t  by  specifying  x  and  y  as  functions  of  3, 
distance  along  the  free  surface: 
X  ■  x(s,t)  :  y  •  y(s,t}.  the  free  surface  runs 


fro«  s  ■  0  at  lh«  at«rn  to  a  •  at  the  down- 
atreaei  boundary.  We  further  aaauae  that 
iuaedlately  after  acceleration  the  flow 
detachea  tangentially  froa  the  hull  at  the 
corner;  x  w  x(0,t)  ;  y  i  y(0.t>  i  -d.  The 
upper  fluid  boundary  coincldea  with  the  hull 
upatreaa  from  the  detachaent  point  and  la  a 
free  boundary  downatreaa  froa  thla  point.  Wall 
condltlona  are  enforced  on  3ft  ,  ,  and  jq  « 

Aa  the  hull  aovea  out  of  the  tank,  the  loaa  of 
aaa^  cauaea  a  drop  In  the  aean  level  of  the 
free  aurface.  To  prevent  a  lowering  of  the 
aean  level,  fluid  la  Introduced  at  the  down* 
atroaa  boundary  at  a  alow  rate  c.  Since  the 
aajor  part  of  the  dlaturbance  aovea  upatreaa 
with  the  hull,  thla  addition  of  fluid  to  ft  haa 
no  deleterloua  effect  on  the  free-aurface  pro* 
file  If  the  downatreaa  boundary  la  choaen  to  be 
a  aultable  dlatance  fron  the  hull  at  t  i  0. 

The  dlnenatonleaa  fora  of  the  two* 
dlaenalonal  initial/boundary  value  problen  In 
the  fixed  fraee  la  aa  followa: 
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The  aubacrlpta  x  and  y  denote  partial  dif* 
ferentlatioi)  with  reapect  to  theae  varlablea 
and  D/Dt  s  3/3t  e  7^.V  Indicated  differentia* 
lion  following  a  fluid  particle.  The  charac* 
terlatle  length  and  velocity  acalea  in  the 
dloenalonleas  Quantities  are  d,  the  draft,  and 
U«  the  speed  of  the  hull.  The  drafUbased 
froude  nuBber  is  Fr  ■  V//^,  where  g  la  the 
gravitational  acceleration.  The  pressure  p  on 
the  hull  can  be  conputed  fron  the  Bernoulli 
eQuation 


P  -  -D«/Dt  +  <4  +  ♦S/2  -  y/Tr‘ 

*  7 


(12) 


III.  THE  TRAMSFORHATIOM 

The  tlne*dependent  physical  region  ft(t)  in 
(x.y)*space  la  transforacd  to  a  rectangular 
ccaputational  region  ft*  In  (C,n)-apace  as  seen 
In  Figure  2. 


Figure  2.  The  CompuUlionai  Region 
ami  Coordinate  System 


Tt>e  boundaries  of  ft  are  napped  onto  the  boun* 
darles  of  ft’  aa  Indicated.  For  Instance,  the 
free  aurface  3ft|  (Figure  l)  la  aapped  onto 

(Figure  2>,  The  shape  of  the  ccaputational 
region  la  Independent  of  tlae  and  thua  renalns 
conatant  aa  the  ooveaent  of  the  hull  cauaea  th* 
free  aurfac?  to  defcrn.  The  tranaforoed  coor- 
dlnatea 


C  C(x,y,t)  n  •  n(x,y,t) 


(U) 


are  coaputed  aa  aolutlona  to  the  equatlona 


V  *  V  • 


(14) 


with  appropriate  boundary  condltlona.  The 
source  functions  P  and  Q  are  specified  such 
that  the  resulting  <C,n>-ceordlnate  systen  la 
auUable  for  the  calculations.  These  non* 
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hooojeneous  Ur»#  provide  tn  effective  Keans  of 
controlling  the  distribution  of  coordinate 
lines  In  the  physical  region  as  shown  In  the 
Appendix. 

For  coaputatlonal  purposes,  Equations  (U) 
are  transfomed  to  ((,  n)»space  by  interchanging 
dependent  and  Independent  variables  to  yield 


+  %>  -  0 

"hK  ■  +  %)  -  0 


(15) 


"(  n  " 


^  •  Vr.  -  Vf 


(16) 


The  transfornatlon  can  then  be  determined  ty 
solving  Equations  <15)  subject  to  the  approprl* 
ate  boundary  conditions.  Figure  3  shows  a 
sequence  of  coordinate  configurations  In  the 
physical  plane  generated  during  the  calculation 
of  the  potential  flew  problem. 

Since  the  governing  equations  and  boundary 
conditions  are  to  be  solved  In  the  computa¬ 
tional  plane,  they  oust  be  transformed  to  the 
(C.n)-coordlnate  system.  Equation  (1)  Is 
rewritten  as 


an 


Eiluallons  (2),  (3).  and  (a)  dtcoo. 


§1  -  -y/Fr*  + 


on  90} 


(18) 

(19) 

(20) 


Figure  3.  Tune-Dependent  Coordinate 
System  for  Stem  Waves  at  Fr  ■  2.0 


Equations  (S)  and  <6) 

are  replaced  by 

“(‘o  -  V?  ■  0 

on  ddj 

(Fl) 

■  >'t*n  ■  » 

1 

on  90} 

(22) 

At  the  bottom  and  downstream  boundaries  Equa¬ 
tions  (7)  and  (8)  become 

't*n  ■  V?  ■  °  <2’> 

V(  ■  h\  ■  on  F“s  an 
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Sine^  the  shape  of  the  fluid  region  Is  not 
known  In  advance  but  is  part  of  the  solution, 
the  transforuation  .cannot  be  carried  out  in 
advance.  Equations  <15)«  which  generate  the 
transforaation,  must  be  solved  at  .each  tine 
step  in  conjunction  with  the  solution  of  the 
fluid  flow  problen  (17)>(24). 


IV.  THE  NUHEBICIL  SCHEME 

This  section  presents  the  nunerical 
aspects  of  both  the  transforaation  and  flow 
problea  solution.  The  doaain  of  integration  in 
the  <C.n)-plane  is  replaced  by  a  vnifora  net¬ 
work  of  points  specified  by  <C  «  i.n  *  J)»  with 

i  «  I . and  J  a  (Figure  2).  The 

differential  equations  used  to  coopute  the 
transforaation  and  the  potential  are  replaced 
by  difference  equations  involving  the  values  of 
the  variables  at  these  grid  points. 

To  coapute  the  transforaation,  Equations 
(15)  are  replaced  by  central  difference  forau- 
lae  yielding 


Equation  (17)  is  replaced  by  the  differ¬ 
ence  equation 


(26) 


♦ij  ■ 


Euler's  oodified  eethod  of  tiae  differenc¬ 
ing  is  used  to  replace  the  free-surface  boun¬ 
dary  conditions  (18),  (19).  and  (20)  by 
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Where  ,  and  are  central 
difference  approxlaations  to  Equations  (16), 

The  source  teras  F  and  Q  are  specified  to 
produce  an  expanding  grid  in  the  vertical 
direction  with  fine  spacing  near  the  free- 
surface  (Figure  3).  A  coaplete  diacussion  of 
how  these  source  teras  are  defined  can  be  found 
In  the  Appendix. 


'  *1  „  +il(Br^  +  "?  )/2  (29) 

where  the  superscripts  refer  to  tine  levels,  At 
is  the  tloe  Increaent,  and  F|,  Gi^,  and  are 
the  finite-difference  approxlaations  to  the 
right-hand  sides  of  08),  (19).  and  (20).  The 
discretized  versions  of  the  boundary  conditions 
(21>-(2A)  are  found  by  replacing  each  deriva¬ 
tive  with  the  appropriate  flnltc-differenco 
foraula. 

The  finite-difference  ferns  of  the  poten¬ 
tial,  transfomatlon,  and  boundary  condition 
equations  are  solved  in  a  coebined  iterative 
procedure  using  successive  over-relaxation 
(80R).  Grid  points  on  the  hull  and  free  sur¬ 
face  are  allowed  to  aove  with  the  fluid  while 
the  poaitlon  of  the  grid  points  in  the  interior 
of  the  fluid  is  deternined  by  the  transforaa- 
tlon.  Thus  a  new  grid  point  dtatributlon  and 
the  flow  field  are  coeputed  sieultaneously. 
The  iterations  are  halted  when  the  percentage 
change  of  x,  y,  and  4  froo  iteration  to  itera¬ 
tion  is  less  than  so««  specified  saall  nmber, 
usually  on  the  order  of  O.U. 

A  nuaertcal  filtering  scheae  was  intro¬ 
duced  to  elialnate  the  insiabtltty  which  is 
usually  present  tn  such  aarching  aethods  for 
nonlinear  water  wave  problems.  After  each 
advanceoent  of  the  free-surface  variables, 
nil  nit  R«1 

*l,nj<  Vt,n  •  quantiles  art  coo- 
puted  according  to  Ute  aaoothtng  foraula 

'i  ■  [-fl*2-'l-2’*''l*l*'l-l>«»'l]'“  'J'** 

This  sseie  flltev^lng  technique  was  used  success¬ 
fully  by  Haussling  A  Coleaan  (3)  to  elialnate 
such  a  nuaerleal  instability  previously  encoun¬ 
tered  In  free-surface  calculations  with  very 
steep  wave  slopes. 
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V,  RESULTS 

The  six  different  Froude  nunbers  con* 
sidered  are  listed  in  Table  1. 


Froude 

NanlNr 

(Fr) 

Liagtk 

ol 

chaaaal 

iBttlal 

Ax 

MiiImh 
puk-ta- 
iTMOb 
iMigU  (A) 

TfMtO 

MXlOMM 

boIgM 

HKsinsdi 
dotaaei 
to  fim 
piak(O) 

CMp. 

Om 

roquirid 

245 

230 

0J5 

3  01 

1600 

1143 

0000  MC. 

2.30 

230 

0  05 

4.12 

1404 

042 

7000  sac. 

245 

100 

0.70 

4.13 

121.0 

0.73 

5000  MC. 

2.20 

100 

0.70 

345 

104.1 

0.16 

4000  MC. 

200 

101 

0  70 

341 

030 

6  51 

2000  soc. 

1.75 

100 

0.70 

241 

35  0 

500 

1S(KI  sac 

Table  1.  MUcetUneous  Dau 


This  table  contains  nunerlcal  and  cooputational 
data  for  each  case  including  sooe  quantities 
which  will  be  defined  later.  The  IcrEth  of  the 
tank  was  approxleately  equal  to  its  depth  for 
each  Froude  nuober.  The  initial  position  of 
the  transon  stern  was  about  one  linear  wave 

length,  2sFr^.  away  free  the  downstreaa  boun¬ 
dary  for  all  the  runs.  In  all  cases.  5901 
points  were  used  to  resolve  the  fluid  region  ft. 
The  coaputer  prograa  required  about  200K  words 
of  ueaory  on  the  CDC  Cyber  7«  located  at 
DTNSBDC. 

The  case  with  highest  Froude  nuaber, 
Fr  >  2.35,  is  the  only  case  which  did  not  pro¬ 
duce  breaking  conditions.  This  was  chosen  as 
the  first  test  case  to  verify  that  the 
aatheoatlcal/nuoerlcal  schene  would  produce  a 
solution  consistent  with  those  obtained  earlier 
by  different  tethods.  As  the  free-surface 
evolves  for  this  Hroude  nuober,  the  height  of 
the  first  peak  behind  the  stern  reaches  a  »ax- 
Inun  at  dloenslonlcss  tloe  t  «  160,  The  height 
then  decreases  and  approaches  the  steady-state 
value  which  is  about  901  of  the  naxioua 
achieved.  Aa  this  peak  develops,  it  noves 
toward  the  stern  until  it  resches  its  oaxloun 
height.  It  then  swves  away  fro«  the  stern 
slightly  as  the  solution  approaches  the  known 
steady-state  result  in  an  oscillatory  Banner, 
Figure  ^  coapares  the  free-surface  profile  for 
this  Froude  nuaber  at  t  ■  210  to  that  for  the 
ateady-state  solution  obtained  by  Vanden- 
Sroeck.  <In  Figure  b,  and  in  sone  subsequent 
figures,  results  are  presented  fron  a  fraae  of 
reference  oovlng  with  the  hull  so  that  the 
stern  is  in  the  saoe  location  at  all  ttaes.) 
Also  included  In  Figure  b  Is  tie  linear  solu¬ 
tion  showing  that  nonlinear  effects  are  quite 
significant  at  this  Froude  nuober.  It  Is  evi¬ 
dent  that  the  two  nonlinear  solutions  agree 
well  near  the  first  peak  and  trough  even  though 
the  free  surface  for  the  fanslent  probleo  has 
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Figure  4.  Free  Surface  Elevaiion  for  Fr*2.35. 

- ,  Almost  Steady  Nonlinear  at  t-2I0; 

\  Steady-State  Nonlinear  (Vandcn-Broeck); 
Steady-State  Linear 


not  yet  developed  fully  farther  downstreaa. 
Figure  5  shows  the  dlstrlbutlon-of  pressure  on 
the  hull  at  t  I  210. 


The  pressure  at  the  upstrcoo  boundary  undergoes 
saall  oscillations  about  the  expected  hydros¬ 
tatic  value  as  the  free-surface  profile 
approaches  its  ultlaate  fora. 

For  the  lower  Froude  nunbers,  the  initial 
ftee-supface  evolution  is  sinllar  to  that  at 
Fr  ■  2.35.  However,  as  the  first  peak  grows 
and  (Boves  toward  the  atern,  the  upstream  face 
beeoBcs  vertical  near  the  crest.  Beyond  this 
state  accurate  resolution  Is  no  longer  possible 
with  this  nethod  and  the  calculations  cease  to 
converge.  The  free-surface  developeient  for 
three  different  Froude  nunbers  is  shown  In  Fig¬ 
ure  6.  In  reality,  these  waves  becoae  breaking 
stern  waves  in  which  water  spills  down  the 
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Figure  6.  Free  Surface  Development 
for  Three  Froude  Numbers 


upstrtaa  face.  (Although  this  nethod  cannot 
predict  the  exact  oocent  of  breaking,  for  con* 
venlence  we  will  refer  to  the  tlue  at  which  a 
vertical  face  Is  reached  as  the  tine  of  break¬ 
ing,)  for  all  the  breaking  cases,  the  first 
peak  achieves  Its  eaxinua  height  and  is  nearest 
the  stern  at  the  tine  of  breaking.  The  free- 
surface  profiles  at  the  latest  conputed  tine 
are  superlaposed  In  Figure  7. 


Figure  7.  Surface  Elevations  at 
Time  of  Breaking  for  Various  Fr 


It  Is  difficult  to  relate  earlier  steady- 
state  results  based  on  waves  far  downstrcaa  to 
the  unsteady  results  of  ttie  current  study  tn 
which  these  downstreaa  waves  never  develop. 
Two  (quantities  vhich  arc  eeanlngfui  for  both 
steady  and  unsteady  results  are  D  and  A  as 
defined  in  Figure  8.  D  denotes  the  distance 


Figure  8.  Definition  of  D  and  A 


ft‘oa  the  stern  to  the  first  wave  peak  down- 
streaa  and  A  denotes  the  peak-to-trough  height 
of  this  wave.  In  a  steady-state  solution,  the 
value  of  A  does  not  differ  greatly  from  similar 
neasurefients  taken  farther  downstream.  Hence, 
values  of  A  in  unsteady  solutions  can  be  con- 
pared  to  downstream  wave  heights  in  steady- 
state  solutions. 

The  saxintm  values  of  A  for  all  cases  are, 
plotted  against  the  square  of  the  Froude  number 
tn  Figure  9. 


Figure  9.  Pcak*io*Trough  Wave  Heights. 
Maximum;  •,  Almost  Steady«Statc; 
Steady-State  (Vanden*Broeck) 


In  addition  Figure  9  shows  the  steady-state 
value  of  A  for  Fr  a  and  steady-state  wave 
heights  giveo  by  Vanden-Broeck  for  elevations 
far  downstream  from  the  hull.  At  Fr  a  2.35. 
the  almost  steady-state  value  of  A  agrees  well 
with  the  results  of  Vanden-Broeck.  As  men¬ 
tioned  earlier,  A  at  steady-state  is  about  90i 
of  the  maximum  achieved.  For  Fr  ■  2.25  and 
Fr  a  2.3  the  current  transient  approach  does 
not  produce  steady-state  solutions,  despite  the 
fact  that  one  or  more  such  solutions  are  known 
to  exist  for  froude  numbers  in  this  range.  It 
seems  likely  that  these  Froude  numbers  are  ones 
for  which  stable  solutions  can  be  achieved 
after  an  abrupt  acceleration  only  by  passing 
through  Intermediate  conditions  where  breaking 
is  present.  Figure  9  shows  that  A  is  greatest 
for  Froude  numbers  in  the  critical  region 
around  Fr  x  2.25  and  Fr  >  2,3>  As  the  Froude 
number  deertases,  breaking  conditions  occur  at 
decreasing  values  of  A. 
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The  miniDUQ  value  of  D  (distance  from 
stern  to’  first  peak)- for  each  of  the  six  eases 
is  plotted  against  the  square  of  the  Froude 
Ruaber  in  Figure  10. 
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Figure  10.  Distance  to  First  Peak. 

A,  Minimum  Nonlinear;  •,  Steady«State  Nonlinear 
.  Stead/'State  Linear 


For  all  Froude  numbers  considered,  ninloua  0 
occurs  simultaneously  with  maximum  A.  These 
extrema  are  achieved  at  the  time  of  breaking 
for  the  breaking  cases.  In  the  only  r  'w 
breaking  case,  Fr  <  2,35,  the  minimum  value  of 
D  is  about  of  its  3teady«state  value  also 
shown  in  Figure  10.  In  addition,  Figure  tO 
displays  the  linear  steady>state  value  of  D 
which  is  proportional  to  Froude  number  squared. 
It  can  be  seen  that  miuimum  and  steady-state 
values  of  D  for  the  ronlinear  calculations  are 
less  than  the  corresponding  linear  steady-state 
valuea. 

The  time  from  the  abrupt  acceleration 
until  A  reaches  its  maximum  (tine  of  breaking 
for  all  oases  except  Fr  ■  2.35)  increases  with 
Froude  number.  These  times  are  plotted  versus 
the  square  of  the  Froude  number  in  Figure  11, 


VI.  COHCLllSIONS 

Finite-difference  techniques  are  used  with 
boundary-fitted  coordinates  to  analyze  the 
unsteady  nonlinear  waves  generated  by  the  stern 
of  a  semi-infinite  two-dimensional  flat- 
bottomed  ship  at  the  free  surface  of  a  fluid. 
The  flow  is  assumed  to  separate  smoothly  from 
the  hull  at  a  sharp  trailing  edge.  A  range  of 
six  draft-based  Froude  numbers  is  considered 
from  Fr  a  1.75  to  Fr  »  2.35.  At  Fr  ■  2.35  an 
almost  steady-state  solution  is  obtained  that 
cempares  well  with  previous  numerical  results. 
At  all  other  values  of  Fr  studied,  the  calcula¬ 
tions  are  continued  until  breaking  wave  condi¬ 
tions  are  encountered.  Higher  resolution  or  sn 
improved  mathematical  model  or  both  are  needed 
in  order  to  continue  the  computations  beyond 
the  time  of  breaking.  As  the  Froude  number 


Figure  n.  Time  Required  to  Reach 
Maximum  Wave  Height  A 

increases,  the  time  needed  for  the  stern  waves 
to  achieve  maxloun  height  and  the  distance  from 
the  stern  to  the  maxioi.a  peak  both  increase. 
The  maximum  height  attained  Increases  with 
Froude  number  up  to  approximately  Fr  ■  2.25  or 
Fr  I  2.3.  Beyond  this  region  the  maximum 
height  decreases  with  Froude  niober  and. 
Instead  of  breaking,  the  solution  approaches 
the  known  steady-state  result  in  an  oscillatory 
fashion. 

The  current  study  gives  an  Inportant  pic¬ 
ture  of  the  way  in  which  unsteady  solutions  fit 
in  with  the  steady  solutions  of  previous  work. 
Three  Froude  nusber  ranges  can  be  defined.  For 
Fr  <  2.23*  no  steady-state  solution  exists  and 
the  unsteady  epp.'oach  yields  a  solution  which 
evolves  until  a  breaking  condition  occurs.  For 
2.23  <  Fr  <  Fr*.  one  or  more  steady-state  solu¬ 
tions  exist  and  the  unsteady  method  also  leads 
to  breaking  stern  waves.  The  present  results 
Indicate  that  Fr*  lies  between  2,3  and  2.35. 
For  Fr  >  Fr*.  a  steady-state  solution  exists 
and  the  unsteady  flow  approaches  this  solution 
asyoptotioully. 
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VlII.  APPENDIX 

To  obtain  uniform  horizontal  spacing  for 
the  original  nesh  at  t  t  0,  the  mesh  points 
were  evenly  spaced  on  both  horizontal  boun¬ 
daries  and  P  was  choosen  as  zero  throughout  the 
field  (P  I  0).  Since  approximately  uniform 
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horizontal  Sf^elng  is  desired  during  all  the 
calculations,  the  tlne>independent  P  function 
Is  given  by 


Pjj-0  for  and  J-1 . . 


To  provide  an  expanding  grid  In  the  verti¬ 
cal  direction  with  highest  resolution  near  the 
free  surface,  the  points  on  each  vertical  boun¬ 
dary  were  given  the  desired  distribution  and  a 
Q  source  tera  for  both  boundaries  was  calcu¬ 
lated  as  follows  : 


Qj j  j  upstrcaa  boundary 


Q,  I  "  (“y../y«)r  <  for  the  downstreaa 
Cj.J  hh  n  boundary 


where  J  x  The  Q  function  for  points 
in  the  field  is  then  given  by  the  linear  dis¬ 
tribution 


for  1  1  and  J  i  Plant 

(4)  used  this  fora  of  Q  function  which  is  slai- 
lar  to  those  derived  by  Thoapson  (5}  and  Chta 
(6],  Its  use  ensures  that  the  spacing 
throughout  the  flow  field  is  similar  to  the 
coordinate  spaoing  on  the  boundary. 

The  upstrean  boundary  does  not  change  with 
tise  and  therefore  the  renaln  constant 

throughout  the  calculations.  The  downstreaa 

boundary,  however,  intersects  the  free  surface 
and  Bay  change  in  height  as  the  free  surface 
evolves.  This  change  requires  a  redistribution 
of  grid  points  on  the  downstreae  boundary.  If 
a  redistribution  of  points  occurs  at  any  tlae 
step,  then  the  Q.  ,,  and  hence  the  0,.  In  the 
IJ 

field.  Bust  be  recalculated  to  aaintain  the 
proper  grid  spacing. 
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OtSCUSStON 
oi  tiM  p«p«r 

by  flM.  Co/«m«n  tnd  HJ<  H«uft»ting 

NONLINEAR  WAVES  BEHIND  AN  ACCELERATED  TRANSOM  STERN 


Oiscossion 
by  Shee^'ng  Yen 

I  have  questions  concerning  the  oesh  genera¬ 
tion  and  filtering 

(1)  itesh  ger^ration 

(a)  Hhat  is  a  typical  tiae  step  At  ? 

(b)  Uhat  is  the  number  of  time  steps  you 
used  for  solutions  using  this  tfoe 
step. 

(c)  Oo  you  update  the  eesh  system  after 
each  time  step  ? 

(d)  Is  it  necessary  to  rezone  the  mesh 
when  it  changes  very  rapidly  (e.g. 
near  wave  breaking)  ?  How  is  it  done  ? 

(e)  What  is  the  percentage  of  computation 
ticse  used  for  the  mesh  generation  for 
a  typical  run  ? 

<2)  Filtering 

(a)  Oo  you  filter  after  each  time  step  1 

(b)  Do  vou  filter  th<*  entire  flow  field 
or  locally  ? 

(c)  Does  the  filtering  start  from  the 
beginning  (t  •  0)  ? 

Authors*  reply 

The  authors  would  like  to  thank  Professor 
Yen  for  his  discussion.  The  time  step  us^  for 
each  case  varied  with  Froude  number  ranging  from 
fit  •  0.2  for  Fr  •  1.75  to  At  ■  0.5  for  Fr  ■  2.35. 
Only  for  Fr  •  2.35  was  an  almost  steady-state 
condition  reached.  For  this  Froude  number,  the 
computation  was  continued  for  420  time  steps  and 
the  solution  was  stable  at  this  point.  All  other 
cases  were  run  until  breaking  conditions  were 
encountered  beyond  which  accurate  resolution 
was  not  possible  and  the  calculations  ceased  to 
converge.  The  number  of  tfoe  steps  varied  from 
approximately  175  for  Fr  ■  1.75  to  300  for 
Fr  •  2.3 

The  mesh  and  the  velocity  potential  arc 
calculated  simultaneously  at  each  tiae  step 
so  that  the  coordinate  system  adapts  to  the 
time-dependent  physical  region  as  the  free- 
surface  evolves.  Since  the  equations  which 


generate  the  transforaation  are  solved  at  each 
time  step  in  conjunction  with  the  solution  of 
the  fluid  flow  probleo,  it  is  difficult  to  sepa¬ 
rate  the  time  used  to  compute  the  mesh  from  that 
used  for  the  velocity  potential.  We  estimate  that 
between  25  S  and  30  t  of  the  total  ccoputation  time 
is  Spent  on  the  oesh  with  more  time  needed  when 
the  free-surface  is  changing  rapidly. 

The  filtering  technique  is  imposed,  begin¬ 
ning  at  t  ■  0,  along  the  entire  free-surface  at 
each  time  step. 
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ABSTRACT 

A  finite  difference  eethod  Is  used  to 
analyze  the  linearized  unsteady  waves  jenerated 
by^the  stern  of  a  3-D  seol-lnflnlte  ship  hull 
In  the  water  surface.  The  flow  Is  assuaed  to 
detach  froei  the  base  of  the  transoa  stern  or 
farther  upstrean  If  the  hull  pressure  falls  to 
zero.  The  wetted  area  Is  cocBputed  as  part  of 
the  solution.  To  optlolze  the  distribution  of 
grid  points,  an  exact  napping  Is  applied  which 
naps  the  physical  region  onto  a  box  conputa- 
tlonal  region.  The  transfornatlons  are  chosen 
such  that  the  grid  lines  are  concentrated  In 
the  areas  in  which  accuracy  Is  needed.  The 
solution  Is  advanced  In  tioe  by  a  narchlng 
scheae  which  couples  the  solution  of  the 
Laplace  ecjuatlon  and  hull  boundary  condition 
with  the  dynaalo  and  kinematic  free-surface 
conditions. 

Two  hull  shapes  are  stiidled  for  various 
draft-based  Froude  nusbers.  Pressures,  wave 
patterns,  and  flow  fields  are  presented  and 
coopared  with  experloental  data.  Reasonable 
agreement  with  experimental  data  Is  shown.  To 
obtain  quantitative  results  for  realistic  hull 
shapes,  the  Importance  of  retaining  a  nonlinear 
tern  In  the  linearized  governing  equations  is 
shown.  This  paper  demonstrates  that  a  numeri¬ 
cal  scheme  based  on  linearized  free-surface 
potential  flow  can  yield  useful  results,  at 
least  for  the  types  of  hulls  and  Froude  number 
range  considered. 


1.  INTRODUCTION 

The  details  of  the  flow  at  the  bow  and 
stern  determine  the  main  hydrodynwlc  charac¬ 
teristics  of  a  ship  hull.  Experimental  and 
theoretical  studies  of  bow  and  stern  flows  were 
discussed  by  Baba  ll).  Because  it  Is  difficult 
to  study  the  details. of  these  flows  simultane¬ 
ously,  researchers  have  studied  seml-lnflnlte 
hulls  with  only  a  tow  or  only  a  stern.  Oagao  & 
Tulin  {2)  studied  steady  flows  generated  by 
bows  of  two-dimensional  (2-D),  seml-lnflnlte 
hulls.  Steady  nonlinear  flows  generated  by 
sterns  of  2-D,  seml-lnflnlte  hulls  were  Inves¬ 
tigated  by  Vanden-Broeck  L  jck  (31«  Vanden- 
Broeck,  et  al  (4),  and  Vanden-Broeck  (5). 
Haussllng  16J  and  Coleman  &  Haussllng  tT)  stu¬ 
died  unsteady  nonlinear  flows  caused  by  sterns 
of  2-D.  seml-lnflnlte  hulls. 


To  study  features  of  bow  and  stern  flows, 
researchers  have  also  extensively  Investigated 
planing  hulls.  Doctors  18,9)  has  published 
extensive  surveys  of  the  literature  In  this 
area.  The  steady,  linear,  2-D  planing  problem 
was  often  treated  with  the  assumption  that  the 
hull  had  a  monotonlcally  Increasing  draft  from 
bow  to  stern.  This  problem  was  often  attacked 
using  an  Inverse  approach  In  which  the  flow  due 
to  a  moving  pressure  disturbance  Is  computed 
first.  Then  the  strength  of  the  ptessure  is 
determined  by  an  Integral  equation  such  that 
the  free  surface  will  coincide  with  the  hull. 
The  wetted  length  is  usually  fixed  and  the 
location  of  the  hull  Is  determined.  Haussllng 
&  Van  Eseltlne  ( 10)  used  a  direct  method  for 
the  unsteady  case  of  the  linear,  2-D  planing 
hull  problem.  The  location  of  the  hull  was 
fixed  and  the  wetted  length  was  determined. 
The  draft  of  the  hull  was  not  asswed  to 
Increase  monotonlcally  from  bow  to  stern. 

In  the  three-dimensional  (3-D>,  linear 
planing  problem,  the  wetted  area  must  be  deter¬ 
mined.  To  do  this,  researchers  often  simplify 
the  problem  by  making  assumptions  on  the  shape 
and  speed  of  the  hull.  For  example.  Casting 
(ll)  and  Casting  &  King  (12)  assuaed  Infinite 
Froude  number  and  a  hull  with  a  low  aspect 
ratio.  They  also  restricted  the  shape  of  the 
hull  tc  ensure  that  the  flow  detached  only  at 
the  transom  stern. 

The  present  paper  describes  a  nuaerlcal 
scheme  for'studylng  the  stern  flow  generated  by 
a  3-D  transom  stern  hull  moving  at  a  constant 
speed.  The  hull  is  seml-lnflnlte  (no  bow),  and 
Uje  problem  Is  linearized.  The  location  and 
Shape  of  the  hull  are  fixed,  and  the  wetted 
area  Is  determined  as  part  of  the  solution. 
Pressure  and  wave  elevations  are  computed  and 
compared  with  experimental  data.  Although  this 
work  considers  only  the  stern.  It  lepresents  a 
step  forward  In  that  there  are  no  fundamental 
restrictions  on  hull  shape  or  speed. 


XX.  MATHEMATICAL  FORMULATION 

The  problem  considered  Is  the  flow 
development  due  to  an  Impulsively  accelerated 
seml-lnflnlte  hull  (no  bow)  moving  at  constant 
speed  U  In  a  water  surface.  The  hull  Is  of 
finite  beam  b  and  draft  d.  The  flow  Is  assumed 
to  be  Irrotatlonal,  and  the  fluid  Is  considered 
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to  be  Incccpressible  an4  invlscid  ond  to  tack 
'.surface  tension.  A  rl(ht*handed  (x*«y'(Z') 
coordinate  systea  noving  with  the  hull  has  Its 
origin  at  the  intersection  of  the  stern,  the 
hull  centerline,  and'the  undisturbed'free'  sur> 
face.  The  z*«'axis  points  upward  and  the  z*« 
axis  points  in  the  direction  opposite  to  the 
iosveaent  of  the  hull  {Figure  1>. 


Figure  1  •  Transoa  Stern  and  Coordinate  Syatca 


The  water  is  bounded  by  the  hull  and  a  free 
surface  but  otherwise  is  infinite  in  extent. 
Therefore,  the  water  surface  consists  of  the 
wetted  area  of  the  huU,^0^,  and  the  free  sur« 
face.dOp  (Figure  2).  " 


Figure  2  •  Aerial  View  of  Stern  and 
Coordinate  Systea 


The  water  surface  is  described  at  any  tine 
t*  by  specifing  z*  as  a  single«valued  function 
of  x'  and  y',  i.e.,  t*  ■  '?'<x',y*,t*).  The 
hull  is  described  by  r*  a  f(x'.y'}  and  thus 
'I'  ■  f  in^n^.  The  velocities,  pressures,  and 
the  water  surface  are  assuied  to  be  continuous 
after  the  acceleration  of  the  hull. 

The  flow  is  assuaed  to  detach  at  the  base 
of  the  transoa  stern  imedlately  after  the 
inpulsive  acceleration.  The  wetted  area  is 
then  allowed  to  change  and  is  conputed  as  part 
of  the  solution.  The  wetted  area  is  uniquely 
deteroined  by  two  conditions:  the  pressure  on 
the  part  of  the  water  surface  that  coincides 
with  the  hull  Bust  be  greater  than  zero  (ataos« 
pherlc),  p'  >  0  IndO^;  and  the  free  water  sur¬ 
face  eiust  be  below  the  hull, 
'J'(x',y',t'>  <  f(x'.y')  Indfij.. 


The  variables  are  nondioensionalized 
according  to  the  schenc 

(x*,y*,i*>  «  dCx.y.z)  t*  *  <d/U)t 
c  p»  X  PU^p  >7'  *  d? 

where  the  prines  denote  diaenslonal  variables, 
^x.y.Zft)  Is  the  potential  for  the  velocities 
relative  to  a  reference  fraoe  at  rest,  p  is  the 
pressure,  and  P  Is  the  density  of  the  fluid. 

If  the  velocities  and  the  upper  boundary 
slope  in  the  x-direotion  are  assuned  to  be 
saall  and  the  problea  is  linearized,  the  nondi- 
oenslonal  linearized  initial/boundary-value 
problea  in  the  eoving  fraoe  of  reference  say  be 
stated  as  follows: 


1.  in  the  region  occupied  by  the  fluid 

A  ^  A  ^  A  ■ 

^xx  ^yy  ^zz 

2.  at  the  hull 


-•i  X  i  • 
-•<  y  <  » 
-c»i  z  <  0 


f(x,y> 

p  >  0 

at  the  free  surface 


n  <  f<x,y> 

4.  in  the  I 

■  0 
»  0 

•t’z  •  “ 

5.  and  initially 

0 

n  • 


(2) 

(3) 

(«> 


^  y  *  at  ztO 

1  (5) 

^/Fr^  1 

>  ] 

^  x.y^^Op  ($> 

1  (7) 

field 

at  X  t  !» 

(S) 

at  y  ■ 

(9) 

at  z  B  -» 

do) 

f(x,y>,  x,y<^ 
0  otherwise 


at  tiO  (n) 


where  subscripts  x,  y,  z,  and  t  denote  dif¬ 
ferentiation  with  respect  to  these  variables, 
Fr  I  U/^  is  the  Froude  nwber  based  on  draft, 
and  g  is  the  gravitational  acceleration. 


Although  it  Is  assuned  that  the  derivative 
of  the  upper  boundary  in  the  x-dlrection  is 
saall,  the  derivative  in  the  y>direction  is  not 
assvned  to  be  saall  to  allow  for  realistic 
sidewalls.  Thus,  the  nonlinear  tern  >7^^^  is 
retained  in  equations  (2)  and  (3).  In  addi¬ 
tion,  the  retention  of  this  tern  allows  the 
discontinuity  that  exists  in  in  the  y- 

dtrection  to  be  reflected  In  Nuaerical 
experlaents  show  that.  If  >7y^y  is  not  included 
in  the  equations,  the  surface  discontinuity  is 
balanced  by  a  highly  unrealistlo  discontinuity 
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In  .the  velocity.  Except  for  the  inclusion  cf 
this  tera.  equations  (1)  through  (11)  consti¬ 
tute  an  unsteady  version  of  the  usual  flat-ship 
theory  for  planing  surfaces. 

The  pressure  on  the  hull  can  be  coaputed 
by  the  linearized  Bernoulli  equation 


Therefore,  the  pressure  can  be  considered  as 
coeposed  of  a  hydrostatic  pressure  p^  snd'a 
dynaaic  pressure  p.,  where 


1 

1 

1 

1 

- 1 

/ 

/ 

/ 

/ 

/ 
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X 

m.  PUKEfilCAL  SCHEME 

Since  the  problea  is  syneetric  about  the 
centerline,  equation  (9)  is  replaced  by 

s  0  at  y  a  -«  and  y  a  0  (15) 

In  addition,  equation  (8)  is  approxlaated  by 

1  0  at  X  1  -Uj  and  x  i  <I6) 

The  error  introduced  by  replacing  the  boundary 
condition  at  X  a  s«  with  equation  (12)  is  snail 


Figure  3  -  Cottputatlonal  Region  and 
Coordinate  Syetea 


instance,  the  taplace  equation  transforaa  into 
’'xx  •  **rr  • 


Ize  the  distribution  of  grid  points,  an  exact 
aapping  is  applied  in  the  y-  and  z-directions 
before  the  problea  is  discretized.  The 
transforaations  used  are 

y  a  8,/<rel>  ♦  a-r  ♦  <85/2)r^ 

3  «  <"> 

♦  <a^/3)r^  ♦  <aj/q)r  * 


z  ■  <ln(a))/c.  <I8) 

These  transforaations  are  applied  to  aap  the 
infinite  physical  region  in  <x.y,z)  space  onto 
a  box  conputational  region  in  (x.r.s)  space. 
The  box  coaputatlonal  region  is  bounded  by 
X  ■  -Lj,  X  a  ♦L^,  r  a  -1,  r  a  0,  s  a  0,  end 

s  a  (Figure  3).  The  paraneters  c  and 
through  a^  are  used  to  control  the  spacing  of 
the  arid  lines  (discussed  later  In  this  sec¬ 
tion). 

The  governing  equations  are  transforaed 
according  to  the  relations 

^^x^  at  y.zaconstant  "  ^^x^  at  r.saconstant 


Where  the  subscripts  r  and  s  denote  differen¬ 
tiation  with  respect  to  these  variables.  For 


and  where  x  derivatives  now  iaply  tnat  (r,s) 
rather  than  (y,z>  are  being  held  constant. 

The  doaain  of  the  coeputational  region  is 
replaced  by  a  unlforaly  spaced  101  x  41  x  21 
grid  systea.  The  grid  spacing  is  defined  by  Ax 
In  the  x-dlrcction, Ar  in  the  r-direction,  and 
As  in  the  s-dircction.  The  parameter  c  is 
chosen  to  obtain  the  desired  rate  of  expansion 
of  the  z  grid  lines.  The  parameters  through 
a^  are  used  to  control 

1.  Uie  nuabvr  of  r  grid  lines  representing 
the  hull, 

2.  the  y  spacing  at  tne  wexiaue  beam, 

j,  the  y  spacing  at  the  centerline, 

«.  the  y  location  of  the  next-to-Ust  r  grid 
line  (the  last  r  grid  line  Is  at  y  a  -»> 

subject  to  the  conditions  that  the  r  ■  0  grid 
line  corresponds  to  y  ■  0  «rid  the  y  spacing  at 
the  eaxiauB  beam  is  a  ainlaua. 

The  tlae  advanceaent  of  the  solution  of 
the  boundary-value  problea  has  three  basic 
parts.  The  first  part  consists  of  deteraining 
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th«  wetted  area  oC  the  hull.  Crid  points 
representing  the  water  surface  are  either  wet¬ 
ted  bull  points  or  free-surface  points.  If  at 
the  beginning  of  a  tioe  step  the  pressure  is 
negative  at  one  or  aore  hull  grid  points,  the 
wetud  a-ea  Is  decreased  and  those  points  are 
treated  as  frce-surfaee  points  throughout  the 
time  step.  Alternatively,  If  any  free-surfaee 
'grid  points  have  moved  upward  to  meet  the  hull, 
those  points  become  hull  points.  Thus,  during 
the  flow  development,  a  grid  point  on  the  water 
surface  can  change  its  character  between  that 
of  a  hull  point  and  that  of  a  free-surface 
point. 


The  second  part  of  the  time  advancement 
process  consists  of  advancing  in  tine  the 
free-surface  elevation.  0,  and  the  free-surface 
potential,  <«^<x.y.O)  indftp).  accordlng.to 
the  transformed  versions  of  equations  <5)  and 
(6).  Euler's  modified  method  Is  used  to 
replace  these  equations  by  difference  equations 
of  the  form 


“  ^i.J 


•  At<F, 


l.J 


(22) 


'*^1. j  ■  ’‘f  1 . j  •  <«> 


where  the  superscripts  refer  to  time  levels, 
the  subscripts  l.J  refer  to  the  x  ard  r  loca¬ 
tion  of  the  grid  point,  At  Is  the  time  Incre¬ 
ment,  and  Fj j  and  Ojj  are  approximations  to 
the  right  hand  sides  of  the  transformed  free- 
surface  boundary  equations  (5)  and  (6),  The 
derivatives  Involved  In  Fj  j  and  ^  sre 

approximated  by  standard  second-order  central 
spatial  differencing  for  derivatives  with 
repect  to  x  snd  r«  and  second-order  one-sided 
spatial  differencing  for  derivatives  with 
respect  to  s.  Cecause  of  the  complications 
added  to  the  equations  by  the  transformations, 
the  finite-difference  equations  cannot  be 
solved  directly  but  are  solved  using  a  Causs- 
Seidel  Iterative  procedure. 


The  third  part  of  the  time  advancement 
process  consists  of  the  solution  of  the  Laplace 
equation  <20>,  given  the  transformed  bo»jodary 
conditions  of  equations  (2>,  <10),  (»5),  <16), 
and  a  known  from  part  two.  Standard 
second-order  central  differencing  Is  used. 
Again,  iterative  techniques  must  be  used  and 
the  difference  equations  are  solved  with  suc¬ 
cessive  overrclaxatlon. 


The  three  psrts  of  the  time  advancement 
process  are  linked  In  the  following  way;  At 
the  beginning  of  a  time  atep,  the  wetted  area 
of  the  hull  Is  determined  by  the  method 
described  In  psrt  one.  Then,  Initial  estimates 
of  »1  and  9  are  obtained  by  extrapolation  from 
previous  time  steps.  The  Iterative  procedures 
of  parts  two  and  three  are  combined  Into  one 
i^«r»tlve  procedure  vdiere  new  estimates  of  tj 
an<i  9f  are  found  from  equations  (22)  and  <23>, 
These  new  estimates  are  then  used  In  the  finite 
difference  version  of  equation  <20>  to  obtain 
new  estimates  of  9.  This  9  1#  then  used  to 


further  update  fj  and  9f.  This  combined  pro¬ 
cedure  Is  repeated  until  there  is  less  than 
0.1J  change  In  9  everywhere  from  Iteratlcn  to 
iteration.  This  time  advancement  process  Is 
used  repeatedly  to  advance  the  quantities  In 
time  to  simulate  the  flow  development,  with  the 
transformed  initial  conditions  of  equation  (11) 
as  a  starting  point. 

Three  numerical  instabilities  were  encoun¬ 
tered  In  the  solution  to  this  problem.  The 
first  instability  oceured  at  the  upstream  boun¬ 
dary  where  the  free  surface  continued  to  g^ow 
In  time,  A  pressure  damping  technique  was 
applied  to  a  small  region  on  the  free  surface 
near  the  upstream  boundary.  Since  this  pres¬ 
sure  Is  proportional  to  9^  at  the  surface,  it 
will  tend  to  exert  a  force  on  the  free  surface 
In  the  direction  opposite  to  the  movement  of 
the  surface.  Thus,  the  pressure  applied  does 
negative  work  and  can  only  remove  energy  from 
tne  system.  The  proportionality  constant 
varied  linearly  from  zero  at  the  tenth  grid 
line  to  a  value  of  one  at  the  upstream  boun¬ 
dary.  The  pressure  stabilized  the  free  curface 
at  the  upstream  boundary  but  had  little  effect 
on  the  important  part  of  the  solution. 

The  second  nume-ical  instability  encoun¬ 
tered  was  on  the  hull,  where  the  steepness  of 
the  sidewall  slopes  in  the  y-direction  caused 
the  scheme  to  diverge  within  the  Iterative  pro- 
cedure.  To  stabilize  this  procedure,  under- 
relaxation  was  applied  to  the  finite  difference 
version  of  equation  (2>»  The  under-relaxation 

factor  was  chosen  proportional  to  1/n^  with  an 
upper  limit  of  one.  T 

The  third  numerical  instability  occured  on 
the  free  surface  near  the  hull.  Filtering  was 
applied  at  the  free  surface  at  the  beginning  of 
each  tiue  step  to  eliminate  this  problem.  Such 
filtering  schemes,  originally  discussed  by 
Shapiro  (13),  have  been  successfully  used  many 
times  <e.g.,  Longuet-HIgglns  A  Cokelet  (IC)  and 
Haussling  (6)).  New  values  for  ^  and  9^  were 
cwDputcd  according  to  the  smoothing  formula 

Where  the  prime  denotes  the  new  estimate  and 
the  subscript  n  denotes  the  grid  point  in  the 
X-  or  r-dlrectlon, 

A  computer  program  was  written  for  a  Texas 
Instruments  Advanced  Scientific  Computer  (TI- 
ASC)  to  Implement  the  numerical  scheme.  To 
vectorize  the  calculations,  a  "red-black" 
method  (15)  was  used  in  sleeping  the  grid  in 
the  iterative  procedure.  Each  time  step  aver¬ 
aged  b  to  5  Iterations  and  required  sbouz  1.7 
seconds,  of  TI-ASC  central  processor  tine.  Each 
solution  presented  In  this  paper  was  corputed 
for  1000  time  steps  and  took  approximately  30 
minutes  of  TI-ASC  central  processor  time.  By 
the  last  time  step,  the  transient  effects  near 
the  stern  were  no  longer  significant,  and  the 
flow  near  the  stern  could  be  considered  almost 
at  ateady-state.  The  results  presented  are  for 
these  late  times  and  thus  represent  almost 
steady-state  situations. 


124 


IV,  RESULTS 

The  niMerlcal  schese  was  first  applied  to 
a  seRl-lnflnlte  hull.  Hull  'A,  whose  cross* 
sectional  shape  was  Independent  of  x.  The 
cross  section  of  Hull  A  has  the  sane  shape  as 
the  transott  stern  on  the  research  ship  Athena. 
Figure  A  shows  the  shape  of  this  null  and  Table 
1  gives  the  values  of  the  pertinent  p&raaeters 
used  in  the  r.userlcal  schese. 


TABLE  1-  LIST  OF  PAKAHETERS 


HulA 

HuU6 

b 

1M 

116 

1-1 

n 

66 

ij 

41 

24 

Ax 

1.2 

16 

Ar 

ao2s 

1026 

Al 

ao6 

106 

At 

at 

126 

« 

at 

14 

•1 

-2,1tM 

-11661 

*2 

17J«M 

116246 

116612 

-414.4262 

•4 

>226.2210 

-2217  4627 

•8 

-326.0640 

-27112621 

H 

11106 

11661 

Figure  4  -  Body  Plan  of  Hull  A 


Figure  $  shows  the  alaost  stead/*state  wave 
elevations  for  Fr  ■  2  and  Fr  ■  6.  At  Fr  a  2, 
the  water  surface  rises  rapidly  to  a  peck  very 
close  behind  the  transoo.  The  distance  froa 
the  stern  to  the  first  peak  downstreaa  is 
shorter  than  that  in  the  2*D  linear  problea  at 
this  Fr.  As  expected,  at  higher  Fr  the  peak 
shifts  farther  downstrean,  and  the  free  surface 
near  the  transoa  stern  tends  to  retain  the 
shape  of  the  hull. 

The  ninerical  scheae  was  also  applied  to 
another  seal-infinite  hull,  Hull  U,  tdtose 
cross-sectional  shape  varied  with  x  to  sinuUte 
the  stern  of  a  typical  Navy  combatant  ship 
(Figure  6).  The  shape  of  H'jU  B  is  the  sase  as 


Figure  5  -  Wave  Elcvatlona  for  Hull  A  at 
(a)  Fr*2  and  (b)  Fr*( 


that  of  the  oodel  tested  by  Jenkins  et  al  (1$), 
except  that  the  cross-sectional  shape  at  the 
aaxlaun  beaa  of  the  oodel  was  extended 
infinitly  far  upstreaa  for  Hull  6.  Table  1 
gives  the  values  of  interest  used  in  the 
nuaerical  scheae.  Wave  elevations  are 
displayed  for  Fr  ■  1.66  in  Figure  7.  Fr  t  2.14 
in  Figure  and  Fr  t  2.67  in  Figure  9>  The 
shaded  region  represents  the  wetted  area  of  the 
hull.  As  Fr  increases,  the  first  peak  behind 
the  transoa  soves  farther  downstreaa,  and  its 
Mplttude  tends  to  increase  until  Fr  ■  2.14  is 
reached.  Beyond  this  value  of  Fr,  the 
aaplitude  decreases. 


V 


Figure  6  -  Body  Plan  of  Hull  B 
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figure  6  -  V«v«  Sl«v«clone  eod  Vetted  Hull 
Surface  for  Hull  B  at  rr«2.14 


F4ure  9  -  Wave  Elevatlona  and  Vetted  Hull 
Surface  for  Hull  B  at  Fr«2.S7 


Figure  11  •  AerUl  Vlev  of  Total  Freaeure 
on  Hull  B  at  Fr*2il4.  Contoura 
Plotted  are  ^0.02»  0.04. 

0.06»  ... 


Figure  12  -  Velocity  Vectota  In  the  Centerplane 
for  Hull  B  at  Fr-2.14 


Figures  7,  3,  and  9  show  that  the  wetted 
area  dlDtr.lshes  with  ircreaslng  Froude  nunter. 
This  is  eaphasited  in  Figure  10.  which  shows  an 
aerial  view  of  the  waterlines  for  Hull  S  at 
rest  and  while  noving  with  a  Fr  ■  2.67.  Figure 
11*  displaying  contours  of  pressure  at 
Ft  a  2,ia,  shows  the  transition  of  the  pressure 
fro«  hydrostatic  far  upstreao  to  atnospheric 
»*ere  the  flow  detaches  froa  the  hull.  Figure 
12  displays  velocity  vectors  in  the  centerplane 
for  Fr  I  2. la  and  indicates  a  sharp  rise  in  ^ 
as  the  fluid  leaves  the  transom.  * 


12$ 


V 


Figure  13  -  C«apuied  <— “)  end  Meeeured  (•) 
Veve  EleveClone  in  the  ye  ?Une  for 
Verloue  Dletences  Behind  Hull  B 
ec  Fr«1.66 


Figure  14  •  Coaputed  (— )  end  Keeeured  (•) 
Weve  Eleveclone  In  Che  y»e  Plene  for 
Verioue  Dlscences  Behind  Hull  B 
ec  Fr>2.14 
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Jenkins  et  il  neesured  steedy  veve 
elevations  end  pressures  near  the  transoa  on  a 
nodel  whose  afterbody  had  the  sene  shape  as 
Hull  D,  Coaputed  and  aeesured  wave  elevations 
in  the  y«z  plane  are  coopered  for  various 
values  of  x  In  Figures  13  througn  15.  The 
coaputed  wave  elevations  show  rcasonaote 
agreenent  with  the  experinental  elevations;  In 
particular  the  location  and  osgnltude  of  the 
first  peak  behind  the  transon  cospare  very 
well.  Differences  in  the  results  can  be 
attributed  to  experloental  inaccuracy  and  to 
inaccuraoies  in  the  natheoatical/nuaerical 
scheae. 

Cooparisons  of  coaputed  and  neasured 
dynaaio  pressure  near  the  transoa  for  Fr  of 
1.66.  2. It.  and  2.67  are  shown  in  Figure  16. 
Agreeaent  is  reasonable  except  at  the  lowest 


Fr,  This  nay  be  caused  by  the  lack  of 
resolution  needed  to  coapute  dynaalc  pressures 
at  this  Fr  or  by  the  thickness  of  the  boundary 
layer  at  the  transon  in  the  expcrlnents.  At  Fr 
of  2.67t  some  of  the  disagreesent  is  probably 
due  to  the  effects  of  the  bow  wave  which  are 
not  included  in  the  nuaerical  scheae. 

The  results  discussed  so  far  were  obtained 
with  the  nonlinear  tern  Included  in  the 
governing  ef^uations.  Results  for  Hull  B  were 
also  ootained  witltout  this  tera.  For  Fr  of 
2,ie.  wave  elevations  along  the  centcrplane  for 
both  nuaerical  schcaes  are  coapared  with  the 
aeasured  data  of  Jenkins  et  al  in  Figure  17. 
The  effect  of  the  nonlinear  tera  is  to  shift 
the  first  peak  toward  the  transoa  and  to 
decrease  Its  eagnitude.  leading  to  results 
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Figure  15  -  Cotip'iC<4  <— )  an<J  Ktasured  (•) 
Wave  Elevation*  in  the  ya  Plane  for 
Varlcu*  Discanee*  Behind  Hull  B 
«  Fr-2,6? 
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Which  are  in  better  agreeaent  with  the 

experinental  data  neaaored  by  Jenkina. 

The  effect  of  the  nonlinear  tern  on  total 
pressure  is  to  decrease  the  pressure  near  the 
transoo  but  to  increase  it  slightly  farther 
upstrean.  For  Fr  *  2,14,  Figure  18  coopares 
the  neasured  dynanlc  pressure  in  the 
centerplane  near  the  transoa  with  the  cocaputed 
dynaaic  pressure  of  both  nuaerlcal  scheoes. 
Again,  the  inclusion  of  the  nonlinear  tera 
leads  to  results  that  are  in  better  sgreeaent 
with  neasured  data. 

The  significance  of  the  tern  ^^4*^  can  be 
further  highlighted  by  a  study  of  the  balance 


Figure  16  -  Conputed  (<— *)  and  Measured  (*) 
Dynaaic  Pressure  Scar  the  Transoa  of 
Hull  B  at  Various  Froude  Kuabers 


anong  the  various  terns  in  the  boundary 
conditions.  At  steady*state.  the  hull  and 
fVee^surface  conditions,  equations  (2)  and  (5), 
are  equivalent  and  represent  a  balance  in 
either  two  or  three  terns  involving  velocities 
and  surface  slopes,  depending  on  whether  the 
nonlinear  tern  is  included.  The  alnost 
steady-state  results  in  Figure  19  indicate 
that,  when  9^9^  is  included,  a  discontinuity  in 
9^  at  the  ship  sidewall  is  balanced  by  a 
discontinuity  in 


Figure  17  -  Measured  Wave  Elevations  and  Wave 
Elevations  Conputed  With  and  Without 
the  Tern  In  the  Hull  and  Free- 
Surfaco  Boundary  Conditions 
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figure  18  -  Meetured  Dyiuaic  Preisure  end  D^nealc 
Preaeute  Cc«puted  With  end  Without  the 
Ten#  in  the  Hull  eikl  pree- 
Surface  Boundary  Conditions 


V.  CCHCUJSIOW 

k  numerical  method  has  been  used  to 
analyte  the  linearized  unsteady  waves  generated 
by  the  stern  of  a  3-l>  semi-infinite  hull  in  the 
water  surface.  The  unsteady,’ flows  approached 
steady-stat  solutions  asyoytotlcally.  The 
flow  was  ass'ueed  to  detach  ^  on  the  base  of  the 
transom  stern  or  farther  upstream  if  the  hull 
pressure  fell  to  zero.  The  wetted  area  was 
computed  as  part  of  the  solution. 

It  was  shown  that,  if  realistic  hull 
shapes  are  to  ee  treated  accurately,  the 
nonlinear  term  5?^^^  must  be  Included  in  the 

boundary  conditions.  The  inclusion  of  this 
tern  leads  to  continuous  fluid  velocities  and 
improved  agreement  with  experimental  results. 
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figure  19  -  Values  of  the  Terms  in  the 
Surface  Boundary  Conditions  at 
X— 0.8  Whe.i  is  Included 


figure  20  -  Values  of  the  Terms  in  the 
Surface  Boundary  Conditions  at 
x-0.8  When  riy^y  i.  Excluded 


As  the  Fr  Increased  for  realistically 
shaped  hulls,  the  wetted  area  tended  to 
decrease  and  the  location  of  the  first  peak 
behind  the  transom  tended  to  move  downstream. 
In  addition,  the  amplitude  of  this  peak 
increased  with  Fr  until  the  Fr  reached  2.14? 
Beyond  this  value  of  Fr,  the  amplitude 
decreased.  Wave  elevations  compared  reasonably 
well  with  experimental  data  for  the  Froude 
nuDbers  considered  In  this  paper.  Similarly, 
the  dynamic  pressure  compared  reasonably  with 
the  experimental  data  except  at  the  lowest  Fr. 

This  work  demonstrates  that  a  numerical 
scheme  based  on  llnearlted  free-surface 
potential  flow  can  yield  useful  results,  at 
least  for  the  types  of  hulls  and  Froude  ninber 
range  considered.  Such  a  scheme  should  aid 
researchers  and  designers  In  understanding 
transom  stern  flows,  ilowever,  for  treating 
»ore  general  flow  situations,  additional  work 
la  still  needed  to  develop  the  capability  of 
handling  more  phenomena  such  as  those  due  to 
nonlinear  and  viscous  effects. 
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D'SCUSSfONS 
of  thd  p<pef 

by  R  T.  V«n  £t«ttin«  «fKt  H  J.  Hauuiing 
FLOW  ABOUT  TRANSOM  STERNS 


Dfscussilon 
by  Shee-Mang  Yen 

Results  look  very  fepresslve.  1  ao  not  sure 
about  your  trcatoent  of  tiie  outflow  boundary,  fs 
it  fixed  ?  !f  so,  how  Is  it  chosen  ?  How  is  the 
bour.dary  condition  ieplcnented  here  ? 

Discussion 

byKTHiyata 

The  authors*  understanding  that  oeans  that 
discontinuities  in  the  velocity  are  unrealistic 
seeas  to  oe  unrealistic.  Waves  in  the  near-field 
of  ships  are  nonlinear  being  accoopanied  with 
discontinuity,  as  tlie  experioental  investigations 
at  the  University  of  To»;yo  indicate.  As  for  stern 
waves  discontinuities  in  Wic  velocity  is  clearly 
oeasured,  as  can  be  seen  in  our  papers  1 1 1  .  |2|. 
In  Wvis  connection,  the  Hnearizatlon  of  the 
dynaaic  free  surface  condition  will  not  be  accep¬ 
ted  for  realistic  solutions. 

It  is  also  noted  that  bow  waves  and  boundary 
layer  interact  with  stern  waves,  especially  In 
case  froude  nusber  1$  ooderate. 


However,  the  isolation  of  sUrn  waves  frets  the 
effects  of  bow  waves  and  the  boundary  layer  Is 
useful  in  understanding  stern  flows.  Itorcover, 
we  feel  that  this  ©ethod  in  conjuration  with 
experinents  contributes  to  the  knowledge  of  ^cn 
such  interactions  are  ieportant.  Although  velo¬ 
city  discontinuities  cay  exist,  we  believe  W^at 
the  nature  of  velocity  discentinuity  in  our 
probles  is  solely  due  to  the  inadequacies  of  the 
full  linearization  in  handling  the  sleep  sidewalls 
of  the  hull.  Finally,  we  feel  this  work  aids  in 
deteraining  when  linearization  is  sufficient  for 
obtaining  realistic  results. 


III  Hlyata.  H.  et  al  :  Resistance  Reduction 
by  Slern-End-Bulb  (First  Report).  (Second 
Report),  J.  Soc.  Naval  Arch,  of  japan, 
vol.  148  (1980).  149  (1981). 

Izl  Doi  ,  Y.,  et  al  :  Characteristics  of  Stern 
Waves  Generated  by  Ships  of  Staple  Hull 
fora  (First  Report),  J.  Soc,  Naval  Arch, 
of  japan,  vol.  UO  (1981)  (to  appear) 

Authors'  Reply 

to  Shee*zvjrg”Ven  and  H.  Kiyata 

The  authors  would  like  to  thank  Profs.  Yen 
and  Hlyata  for  their  discussions.  To  answer  the 
questions  raised  by  Prof.  Yen,  the  downstreaa 
boundary  was  fixed  at  an  appropriate  distance 
froa  the  transoa  stern.  This  distance  was  chosen 
such  that  this  boundary  does  not  influence  the 
solution  near  the  stern.  For  the  specific  hulls 
investigated  this  distance  was  24  draft  lengths 
fren  the  transoa.  As  stated  in  the  paper,  0-  •  0 
was  applied  at  the  downstreaa  boundary  through 
t^  use  of  a  second-order  one-sided  finite  diffe¬ 
rence  equation. 

We  agree  with  Prof.  Miyau  that  bow  waves 
and  the  boundary  layer  interact  with  stern  waves. 
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ANALYSIS  OF  A  BREAKING  FREE-SURFACE  WAVE  USING  BOUNDARY-FITTED  COORDINATES 
FOR  REGIONS  INCLUDING  REENTRANT  BOUNDARIES 

U.  Ghi«,  C.T.  Shm  iCN.  Ghia 
D«partm«nt  of  Aarotpaoa  Er^tnoarino  and  Appliad  Machanka 
Uflcvaracty  of  Cincinnati 
OndnnatX  Ohio  4$22L  U3X 


Abstract 

A  procedure  has  been  developed^ 
usinc[  the  eXXiptic  differentiaI>equatlon 
aporoach,  for  generating  boundary-fitted 
coordinates  for  regions  with  highly 
curved  boundaries  as  well  as  reentrant 
boundaries/  such  as  those  encountered 
in  breaking  {Surface  waves.  An  excellent 
initial  distribution  of  the  coordinates 
is  obtained  as  the  non-iterative  solu¬ 
tion  of  the  locally  self-si»ilar  approx¬ 
imate  form  of  the  transformation 
equations.  An  alternating-direction 
implicit  method  is  employed  for  deter¬ 
mining  the  numerical  solution  of  the 
coordinate  equations.  The  conditions 
of  periodicity  on  the  left  and  right 
boundaries  are  enforced  in  an  rnplicit 
manner.  Tfie  resulting  coordinates  are 
nearly  orthogonal  and  provide  reasonable 
resolution  everywhere/  including  the 
reentrant  region.  The  procedure  is 
applied  to  the  solution  for  a  freo- 
surface  wave  starting  from  an  initial 
sinusoidal  form  and  encountoring  the 
breaking  phenomenon.  For  this  purpose/ 
an  adaptive  coordinate  system  is  formu¬ 
lated. 


1.  Introduction 

Motions  Involving  freo  surfaces 
can  be  analyzed  by  a  variety  of  methods 
depending  upon  the  nature  of  the  approx¬ 
imations  made  in  the  analyses.  One  of 
the  difficulties  encountered/  in 
general/  arises  duo  to  the  fact  that 
one  of  the  boundaries/  namely,  the  free 
surface,  is  unknown.  In  unsteady 
motions,  the  free  surface  continuously 
deforms  with  tlrw. 

Advances  In  computer  technology 
have  enabled  significant  accomplishments 
in  a  number  of  fields  and  fluid  dynamics 
is  one  of  these.  Some  of  the  very 
complex  flow  problems,  which  defied 
theoretical  analysis  until  recently, 
have  become  tractable  numerically.  A 
variety  of  freo-surfaco  flow  problems 
were  studied  by  Harlow  and  coworkers 
(see  Harlow  and  Amsden  (19701)  using 
the  Markor-and-Cell  (MAC)  method  of 


From  (19631  and  the  L£KC  calculation 
procedure  of  Hict,  Cook  and  Butler 
(19701.  The  MAC  method  cmnloys  an 
Fulcrian  representation  in  which  the 
fluid  particles,  denoted  bv  mass-less 
marker  particles  move  about  in  a  fixed 
Fulerian  mesh.  The  rain  difficulty  with 
the  Bulerian  representation  Is  that  the 
frce-sucfaco  cannot  bo  easily  resolved 
accurately.  The  LINC  lor  Lagrangian 
Incompressible)  method  uses  a  Lagrangian 
representation  in  which  the  computa¬ 
tional  mesh  points  move  with  the  fluid, 
so  that  the  fluid,  boundaries  move  with 
the  boundaries  of  the  computational 
domain.  This  feature  of  the  LXNC 
method  makes  it  particularly  attractive 
for  use’  with  problems  involving  free 
surfaces.  However,  large  distortions 
of  the  free  surface  cause  largo  defor¬ 
mations  of  the  computational  mesh. 

When  those  mesh  deformations  become 
sufficiently  large,  the  tosh  rtay  become 
unacceptable  from  the  viewpoint  of 
nuitorical  accuracy  and  stability. 

Hence,  an  arbitrary  Lagranglan-Fulorian 
(ALE)  procedure  was  developed  by 
Hlrt  (1970) .  The  ALC  technique  com¬ 
bines  the  desirable  features  of  the 
Lagrangian  representation  with  the 
desirable  characteristics  of  the 
Eulorian  representation,  while  eliminat¬ 
ing  or  ninlrtlzing  the  restrictions  of 
both  of  these  representations.  In  this 
technique,  the  computational  mesh  points 
remain  fixed  during  the  rulcrian-comou- 
tation  phase  and  move  with  tho  local 
fluid  velocity  during  the  Lagrangian- 
calculation  phase  or  they  can  bo  moved 
about  in  tho  fluid  according  to  an 
arbitrarily  prescribed  manner,  so  as 
to  provide*  an  acceptable  computational 
mesh  at  all  time. 

Tho  governing  differential  equa¬ 
tions  used  In  all  three  methods  men¬ 
tioned  in  thu  preceding  paragraph  wore 
the  Navier-Stokes  equations  for  incom¬ 
pressible  viscous  flow,  represented 
with  velocities  and  pressure  as  tho 
dependent  variables.  The  MAC  method 
was  used  to  study  such  interesting  flow 
problems  as  a  drop  of  water  splashing 
on  a  shallow  pool,  tho  formation  of  a 
backward-breaking  wave  when  a  sluice 
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gate  Is  suddenly  opened,  and  a  wave 
crashing  on  a  sloping  beach,  i.o.,  a 
plunging  breaker.  The  LIKC  eethod  vas 
used  to  study  the  sloshing  notion  of -a 
fluid  in  a  tank  after  the  fluid  vas 
iepulsivoly  set  in  oscillation  by  appli¬ 
cation  of  a  sinusoidal  pressure  pulse 
at  the  free  surface  during  the  first 
cycle  of  the  calculation.  These  cospu- 
tations  had  to  be  tersinated  after  one 
period  of  oscillation  because  of  large 
rosh  distortions.  This  restriction  was 
resroved  by  the  ALC  procedure  which 
allows  rezoning  of  the  nosh  to  avoid 
large  nesh  distortions. 

Another  approach  successful  in  the 
analysis  of  plunging  breakers  is  that 
developed  by  Longuet-Higgins  and 
Cokclet  (19761.  It#  too#  is  a  cosbined 
Ziagranglan-Eulorian  approach  in  which 
the  kinestatlcal  and  the  dynanical  con¬ 
ditions  at  the  free  surface  are  expressed 
very  sitaply  in  terns  of  Lagrangian  tii&o 
rates  of  change  of  the  velocity  potential 
and  the  coordinates  following  fixed 
particles  on  the  free  surface,  instead 
of  solving  the  problem  in  a  tvo-dinen- 
slonal  region#  the  flow  region  consisting 
of  one  wavelength  of  a  travelling 
oscillatory  wave  was  transforxsod  to  the 
region  inside  a  simple  closed  contour. 
This  contour  or  boundary  then  corresponds 
to  the  free  surface.  By  proceeding  in 
small  tine  stops#  the  nethod  can  trace 
the  tine  history  of  unsteady  irrotatlonal 
surface  waves  that  are  spatially 
periodic.  Advancing  the  solution  in 
tine  requires  the  knowledge  of  locity 
cospononts  along  and  nomal  to  tie  free 
surface.  The  tangential  velocity  con- 
ponont  can  bo  detoralned  in  a  straight¬ 
forward  sanner  from  the  velocity  poten¬ 
tial  along  the  free  surface.  The  de¬ 
termination  of  the  normal  velocity 
cooponent  is  reduced#  by  the  use  of 
Croon's  theorem,  to  the  solution  of  an 
integral  oq;uatSon  which  is  best  accom¬ 
plished  in  an  Culerlan  framework.  The 
nethod  is  accurate  and  efficient.  It 
was  used  to  numerically  follow  the 
temporal  devolopccont  of  the  free  surface 
of  an  initially  synmetric  progressive 
wave  to  which  an  asymmetric  pressure 
distribution  was  applied  initially.  The 
wave  surface  was  observed  to  steepen  and 
overturn  forward.  The  method  was  also 
applied  by  Cokolet  (1977)  to  an  un¬ 
steady  free  surface  wave 'initially  of 
exactly  sinusoidal  fora  but  having 
moderate  or  largo  amplitude,  'nils  wave 
was  also  observed  to  steepen  and  curl 
over  forward.  This  latter  problem  has 
boon  employed  in  the  present  study  as 
well#  for  the  purpose  of  determining 
the  capability  of  the  present  approach 
as  regards  numerical  troatmont  of  break¬ 
ing  waves. 

Proe-surfaco  flows  have  also  been 
studied  using  boundary-fitted  general 
curvilinear  coordinates  generated  by 
numerically  dotemlnod  coordinate 


transformations#  c.g.#  Shanks  and  Thomp¬ 
son  (1977)  and  Haussling  and  Colcaan 
(1977).  In  both  of  these  studies#  the 
free  surface  flows  considered  were  those 
generated  by  the  translation#  oscillation 
or  swaying  of  a  b^y  that  was  fully  or 
partially  subrerged  in  the  fluid.  The 
coordinate  systcM  was  allowed  to  deform 
with  tine  so  as  to  always  align  a  coor¬ 
dinate  curve  of  one  family  with  the 
deforming  free  surface.  However#  the 
boundary-point  distribution  of  the  second 
family  of  coordinates#  x  in  both  refer¬ 
ences#  was  maintained  fixed#  although 
their  distribution  in  the  interior  of 
the  solution  domain  varied  according  to 
the  numerical  transfortaation.  This 
implied  that  the  mesh  points  slide  along 
the  free  surface  to  maintain  their 
initial  x-coordinato  distribution  while 
their  y-coordinato  is  dotemined  frexa 
the  local  surface  slope  and  Culerlan 
velocity  components.  The  approach  is 
quite  general  and  has  been  used  success¬ 
fully  for  a  number  of  flows  involving 
free  surfaces.  Kevortholoss#  it  rc^quires 
that  the  frce-surfaco  slope  be  finite 
everywhere  and  precludes  the  considera¬ 
tion  of  breaking  waves.  Recently# 
Haussling  and  Coleman  (1980)  modified 
this  approach  to  allow  both  coordinates 
of  the  mesh  points  on  the  free  surface 
to  move  with  tholr  corresponding  local 
velocity  cospononts#  In  a  Z#agranglan 
sense#  as  was  done  by  Longuet-iilggins 
and  Cokolet  (197^) »  With  this  modifi¬ 
cation#  Haussling  and  Coleman  (1980) 
wore  able  to  follow  the  dovolopxont  of 
a  frso  surface  wave  until  It  very  nearly 
approached  breaking. 

The  present  study  represents  an 
effort  towards  generalizing  the  namcri- 
cal  coordinate-trans’fomation  procedure 
to  include  in  it  certain  features  that 
can  enable  consideration  of  breaking 
waves.  One  of  the  primary  goals#  there¬ 
fore,  is  to  circumvent  the  requirement 
that  the  froo-surfaco  elevation  y  bo  a 
single-valued  function  of  x#  as  ^his 
condition  is  not  satisfied  by  waves 
during  breaking  and  thereafter.  Another 
objective  is  to  develop  a  coordinate 
system  that  does  not  become  highly 
skewed  or  non-orthogonal  as  the  nesh 
points  on  the  froo  surface  novo  with  the 
free  surface  in  a  Lagrangian  manner. 

Doth  of  these  objectives  are  achieved 
by  suitable  redefinition  of  the  shape  of 
the  computational  domain  and  the  orienta¬ 
tion  of  the  coordinates.  Other  aspects 
of  the  present  study  are  aimed  towards 
achieving  accuracy  and  efficiency  in 
the  nusorical  solution  of  the  trans¬ 
formed  equations. 
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2-  Consideration  for  Coordinate  Svatea 
tor  Sreaicing  Waves  ' 

The  breaking  phenomenon  Is  encoun¬ 
tered  at  sea  under  wind  action,  on 
beaches  and  in  tidal  estuaries.  It  is 
a  shock  wave  phenomenon  similar  to  that 
encountered  in  gas  dynamics,  it  is 
characterited'by  a  high  rate  o£  energy 
dissipation,  h  number  of  e<iuivalent 
definitions  can  be  given  for  the  break¬ 
ing  criterion.  Breaking  is  said  to 
occur  when  <a)  the  particle  velocity  at 
the  wave  crest  beccmes  larger  than  the 
wave  speed;  (b)  the  particle  accelera¬ 
tion  at  the  crest  tends  to  separate 
the  particles  from  the  bulk  of  the 
fluid;  (c)  the  free-surface  pressure 
given  by  Bernoulli's  equation  is  incom¬ 
patible  with  the  ambient-pressure;  or 
(d)  the  free  surface  becomes  vertical. 
The  last  fora  of  the  criterion  is  the 
most  convenient  one  to  consider  from 
the  viewpoint  of  formulating  a  coor¬ 
dinate  system  suitable  for  breaking 
waves.  Following  breaking,  the'free 
surface  rolls  over  Itself,  i.e.,  it 
constitutes  a  reentrant  boundary. 

2.1  Boundary-Oriented  Coordinates  for 

Regions  with  Reentrant  Boundaries 

Figure  1  shows  a  schematic  repre¬ 
sentation  of  a  surface  wave  for  which 
a  portion  of  the  free  surface  is  a 
reentrant  boundary.  The  region  shown 
in  the  sketch  may  represent,  for  oxan- 
plo,  the  instantaneous  shape  of  an 
unsteady  physical  solution  domain,  cut 
off  suitably  upstream  and  downstream, 
and  bounded  by  the  free  surface  at  the 
top  and  a  bottom  boundary  below.  Such 
configurations  pose  a  unique  difficulty 
in  the  generation  of  boundary-oriented 
coordinates,  vrhon  adequate  resolution 
and  near  orthogonality  arc  to  be  main¬ 
tained  in  the  region  of  the  breaking 
wave.  The  usual  procedure  is  to  align 
a  single  coordinate  curve  of  one  and 
the  same  family  of  coordinates  with  *hc 
entire  free  surface.  The  corresponding 
computational  domain  is  a  single  rec¬ 
tangle  and  the  associated  computer 
program  for  solution  of  the  problem  is 
relatively  simple.  However,  in  the 
physical  domain,  the  coordinate  system 
becomes  highly  no.n-orthogonal  in  the 
reentrant  region.  (Moreover,  even  for 
moderate  resolution  of  this  region,  the 
coordinates  may  exhibit  a  strong  ten¬ 
dency  for  overlap  or  cross-over,  leading 
to  non-uniqucROSs  and,  hence,  a  singu¬ 
larity,  in  the  transformation  in  the 
interior  of  the  C(»aputational  domain. 

It  should  bo  noted  that  a  singularity 
at  a  boundary  of  the  computational 
domain  can  be  tolerated  if  it  is  appro¬ 
priately  handled.  Therefore,  a  suitable 
computational  domain  corresponding  to 
the  physical  region  represented  in 
Fig,  1  was  chosen  to  be  as  shown  in 
Fig.  2.  This  computational  domain  con¬ 
sists  of  two  rectangles,  such  that  the 


top  rectangle  B'FiG'H’, which  forms  a 
*cap*  for  the  lower  recttngle  A'B'C'D', 
represents  the  reentrant  region  EFGH 
of  Fig.  1. 

The  theory  u.nderlying  the  coor¬ 
dinate  transformation  is  the  same  as 
that  used  earlier-^by  Thompson  and, co¬ 
workers  for  external  flow  (e.g., 

Thompson,  Thames  and  Mastin  11974]  and 
by  Ghia  and  co-workers  for  internal 
flow  (e.g.,  Ghia  U.  and  Ghia,  K.  (1975)). 
Primarily,  this  consists  ot  determining 
the  new  coordinates  (C,n)  as  solutions 
of  Poisson  equations  of  the  form 

S  r  +  r  ■  p  (1) 

^  ^xx  ^yy  '  ' 

and 

^  V  ■  ° 

The  boundary  conditions  needed  for  a 
unique  solution  of  Fqs.  (1)  and  (2)  con¬ 
sist  of  specified  Dirichlet  or  Neumann 
conditions  such  that  the  transformed 
coordinates  are  boundary-oriented.  The 
forcing  functions  P  and  Q  in  Cqs.  (1) 
and  (2)  are  specified  so  as  to  provide 
desired  control  for  the  resulting  coor¬ 
dinate  distribution  in  the  interior  of 
the  problem  domain.  Further  discussion 
on  these,  as  well  as  on  the  boundary 
conditions,  is  deferred  until  later  in 
this  section.  For  the  purpose  of  numer¬ 
ical  solution  of  Fqs.  (1)  and  (2),  the 
roles  of  the  independent  and  the  depen¬ 
dent  variables  in  these  equations  need 
to  be  interchanged.  The  corresponding 
inverted  equations  may  bo  expressed 
as  follows: 

’  0  (3) 


-  0  (4) 


where 


b  .  -  (XjX^  +  ir^y^)  , 

o  -  x|  +  y|  ,  (5) 

and  J,  the  Jacobian  of  the  coordinate 
transformation,  is  defined  as 


""  "  • 
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For  the  purpose  of  first  illustrat¬ 
ing  the'advantage  of  a  'cap'  to  repre¬ 
sent  the  reentrant  region  of  Fig.  1/ 
Dirichlet  boundary  conditions#  i.e.# 
functional  values  of  x  and  y#  are, pre¬ 
scribed  on  the  entire  boundary  of ‘ the 
computational  domain  shown  in  Pig. -2. 

An  alternating-direction  implicit  (ADI) 
method  is  employed  to  determine  the 
numerical. solution  of  the  transformation 
equations.  During  each  directional 
sweep  of  the  method#  the  tridiagonal 
systems  of  discretised  equations  for 
both  coordinates  arc  solved  simultane¬ 
ously  using  a  generalization  of  the 
Thomas  algorithm.  The  values  of  the 
finite-difference  indices  at  the  boun¬ 
daries  are  themselves  subscripted  in 
order  to  program->the  Thomas  algorithm 
in  a  compact  manner  for  the  multi-rec¬ 
tangular  computational  domain  includi^ 
the  'cap' .  The  procedure  has  been  used 
to  efficiently  determine  the  boundary- 
oriented  coordinates  shown  in  Pig.  3. 
These  coordinates  are  nearly  orthogonal 
and  provide  reasonable  resolution 
everywhere#  including  the  reentrant 
region.  The  form  of  the  initial  condi¬ 
tions  is  found  to  have  a  significant 
effect  on  the  convergence  rate  of  the 
solution.  A  procedure  of  obtaining  an 
initial  distribution  is  developed  in  the 
next  sub-section. 


Numerical  solutions  of  complex 
boundary-value  problems  with  severe  non- 
linearities#  as  in  Eqs.  (3)  and  (4)# 
exhibit  true  non-linear  instability. 
Accordingly#  small  initial  errors  decay 
whereas  large  initial  errors  a.mplify 
and  cause  the  solution  to  rapidly  become 
unbounded.  In  such  situations#  the 
starting  solution  employed  plays  an 
important  role  in  tho  convergence  of  the 
solution.  For  the  coordinate  equations# 
Ghia#  Hodge  and  Hankoy  (1977)  suggested 
an  initialization  procedure  based  on 
simple  geometrical  considerations# 
employing  weighted  linear  interpolation 
between  adjacent  points  on  one  side  and 
the  boundary  points  on  tho  other  side  of 
a  given  point.  This  geometrical  ini¬ 
tialization  procedure  yielded  starting 
solutions  that  had  a  striking  rcscmblanco 
to  the  final  solution  and  led  to  rapid 
convergence.  However#  this  feature  is 
lost  when  the  proccdi'ro  is  used  in 
regions  with  reentrant  boundaries. 

Applied  to  the  configuration  of  Fig.  1# 
it  yields  tho  initial  coordinate  dis¬ 
tribution  shown  in  Pig.  4,  clearly# 
this  is  not  tho  best  possible  initiali¬ 
zation  in  the  reentrant  region#  although 
it  does  lead  to  a  convergent  final  solu¬ 
tion. 

In  general#  tho  solution  of  a 
simplified  limiting  form  of  tho  govern¬ 
ing  differential  equations  can  provide 
a  good  starting  solution  (o.g.#  Davis 


(1972)}.  Therefore#  assuming  'local 
self-similarity*,  the  coordinate  equa¬ 
tions  (3)  and  (4)  are  simplified  is 
follows.  For  the. configuration  of 
Fig.  1#  the  coordinate  solution  is 
assumed  to  be  locally  self-similar  with 
respect  to  the  n  direction.  Accordingly# 

the  second-derivative  terms  x _ and 

nn  ^nn 

are  neglected#  while  the  first-deriva¬ 
tive  terns  and  y^  are  approximated 
by  two-point  backward  differences. 

Thus#  for  similarity  in  the  n-direction# 
the  coordinate  equations  reduce  to  the 
following: 

»  x^^+2b  Xj^  +  J^(P  Xj  +  Q  x^)  ■  0,  (7) 

a  +  y„)  -  o.  (s) 


where  a#  b#  c  and  J  are  as  defined  by 
equations  (5)  and  (6).  The  terms  x^^#  y^^ 

appearing  in  the  nonlinear  coefficients# 
as  well  as  the  mixed  derivative  terns 
x^^#  y^^#  are  approximated  by  two-point 
backward  differences  at  the  preceding 
n»constant  line  in  order  to  ^intain  the 
initialization  procedure  completely  non¬ 
iterative.  Equations  (7)  and  (8)  are 
then  rearranged  as  follows: 


-  ■  0  '  <*> 


-  ■  o  •  ‘I®’ 


These  equations  can  be  solved  by  the 
sanM»  coupled  Thomas  algorithm  as  employed 
during  the  ^-implicit  sweep  of  the  ADI 
method  for  equations  (3)  and  (4).  The 
initial  solution  along  the  first  interior 
lino  (n  ■  An)  ray  not  bo  determined  by 
tho  procedure  outlined.  This  lino  is 
initialized  by  a  simple  geometric  inter¬ 
polation  procedure.  ’Equations  (9)  and 
(10)  are  then  used  to  determine  the 
initial  solution  elsewhere.  The  result¬ 
ing  initial  solution  for  the  configura¬ 
tion  of  Fig.  1  is  shown  in  Fig.  S.  It 
represents  an  excellent  initial  guess 
for  tho  final  solution  shown  in  Fig.  3. 
The  total  CPU  tiro,  including  initiali¬ 
zation#  was  3.15  seconds  for  a  grid  of 
(11  X  21)  points  using  tho  AMDAHL  470/V6 
computer.  The  corresponding  CPU  time 
with  the  geometric  initialization  of 
Fig.  4  was  14.82  seconds.  Therefore# 
tho  initialization  procedure  suggested 
in  tho  present  work  leads  to  a  gain  of 
a  factor  of  five  in  the  efficiency  of 
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tte  solution.  It  should  be  noted  thet* 
tor  sme  problem  configurations/  the 
coordinates  may  be  Riore  nearly  self- 
similar  with  respect  to  K  than  with 
respect  to  n.  Similar  approximations 
as  discussed  above  with  respect  to  n 
would  then  need*  to  be  made  with  respect 
to  C  and  the  resulting  equations  would 
then  be  implicit  along  lines  of  n"con- 
stant.  This  has  also  been  tested  by 
the  present  authors  for  other  problem 
configurations. 

Other  considerations  that  become 
necessary  for  the  coordinates  used  to 
represent  breaking  waves  are  better 
discussed  with  the  actual  transient 
development  of  the  free  surface.  Hence/ 
the  free  surface-wave  problem  is  formu¬ 
lated  next. 


3 •  Model  Problem  of  Free  Surface 
Encountering  Breaking 

In  order  to  be  able  to  concentrate 
effort  on  the  development  of  coordinate 
systems  suitable  for  breaking  waves/  a 
simple  model  problem  is  selected  as  the 
free-surface  flow  problem.  Accordingly, 
the  model  problem  considered  is  that  of 
an  oscillatory  progressive  wave  train 
on  the  free  surface  of  a  body  of  deep 
water.  Initially/  the  wave  is  of  exact 
sinusoidal  fom,  with  a  steeoness  ratio 
exceeding  the  Micholl  limit  of  0.142, 
so  that  the  wave  does  encounter  the 
breaking  phenomenon  as  the  free  surface 
develops  with  time.  The  motion  is 
assumed  to  be  periodic  in  space.  Hence, 
it  is  sufficient  to  consider  a  region 
of  the  physical  domain  whose  lateral 
extent  equals  one  wavelength  of  ^e 
sinusoidal  wave.  The  bottom  boundary  is 
placed  at  a  depth  sufficiently  below  the 
free  surface  so  that  no  fluid  flov;8 
across  this  boundary.  The  physical 
coordinate  system  and  the  initial  con¬ 
figuration  of  the  physical  solution 
domain  are  shown  in  Fig.  $,  with  the 
free  surface  given  by 


y  ■  2b  +  j  sin  (x+»)  at  t  ■■  0. 

<ll) 


For  this  wave*  the  steepness  ratio, 
defined  as  the  total  amplitude  1) 
divided  by  the  wavelength  (■  2s) ,  is 
l/2s,  i.e./  o  0.159. 

The  differential  equation  describ¬ 
ing  the  motion  for  t  >  0  is  derived 
under  the  assumptions  that  the  fluid 
is  inviscid  and  Incompresrlble,  ard 
that  surface  tension  and  diffusion  of 
vorticity  into  the  interior  are  negli¬ 
gible.  These  are  reasonable  aoproxima- 
tions  until  breaking  occurs  an^  load 
to  a  velocity  potential  ^  satisfying  the 
simple  Laplace  equation  for  describing 


the  flow.  Hence,  the  governing  equation 
to  be  solved  in  the  interior  is 

7^,-0  for  t  >  0  .  (12) 

The  boundary  conditions  for  equat  'n  (12) 
are  obtained  from  the  periodicity  f 
the  motion  at  x  ■  0  and  x  ■  2b,  from  the 
vanishing  of  the  normal  velocity  at 
y  •  0  and  from  Bernoulli's  equation  at 
the  free  surface.  These  are  expressed 
mathematically  as  follows: 

At  the  periodic  boundaries  x  .  and  x  , 


«x<Vn'y'‘>  ■  '  ‘“b) 


The  left  and  right  boundaries  are  de¬ 
noted  as  x^jj^  and  x^^^^  (and  not  merely 

by  their  initial  positions  0  and  2s) 
since  they  move  with  the  travelling  wave 
and  deform  with  tine. 

At  the  bottom  boundary,  y  •  0, 


«y(X,0,t>  ■  0  .  (14) 


At  tho  free  surface, 


-(y  -  2.)  +  j  +  *J)  (15) 


where  D/Dt  denotes  material  or  Lagran- 
gian  derivative. 

The  initial  distribution  of  tho  poten¬ 
tial  function  is  taken  to  boz 

.(x,y,o)  -  -  y .  (U) 


The  initial-boundary  value  problem 
described  by  equations  (12)-(16)  needs 
to  be  solved  in  the  region  which,  at 
t  ■  0,  appears  in  tho  physical  domain 
as  shown  in  Fig.  6,  and  wh'jh  deforms 
with  time  for  t  >  0.  Hen.o,  the  problem 
is  transformed  to  the  boundary-oriented 
coordinates  (C,n)  discussed  in  Section 
2.  Accordingly,  ^  is  governed  by  the 
following  equation  in  tho  (C,n)  plane: 


-  0  (17) 

whore  P  and  Q  are  determined  by  evalu¬ 
ating  tho  left-hand  sides  of  equations 
(1)  and  (2),  respectively.  There  vary 
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At  the  bottom  boundary,  n  *  0, 


with  time  and  will,  in  general,  not 
equal  the  prescribed  values  of  P  and  0 
exactly. 

The  tran'Tfomed  forms  of  the  boun¬ 
dary  conditions  (13)-(15)  are  as 
follows: 

At  the  periodic  boundaries  C  "  0  and 

^(o,n,t)  - 


At  the  bottom  boundary,  n  ■  0,^ 


❖^(?,0,t>  -  0  .  ^  (19) 

At  the  free  surface, 

Vt'' 

*  'v?  -  p  •  <*“> 

The  free  surface  is  ropresented  by  the 
line  n  ■  in  the  uncapped  trans- 
fomed-plane  configuration  but  by  a 
coiabination  of  C  ^nd  n  boundaries  in 
the  capped  configuration  described  in 
Section  2, 

The  initial  distribution  of  i  as  given 
by  equation  (16)  involves  no  deriva¬ 
tives  and,  hence,  transforms  simply  as 
a  sca'.ar  point  function  in  the  <C#n) 
plane . 

The  deformation  of  the  physical 
solution  domain  and  the  development  of 
the  free  surface  with  time  can  be  traced 
numerically  by  recomputing  the  coor¬ 
dinate  transformation  given  by  equations 
(3)  and  (4)  subject  to  the  following 
boundary  conditions: 

At  the  periodic  boundaries  «  0  and 


^nax' 

x(0,n) 

■  ' 

(2la) 

Xj(0,n) 

(21b) 

y(0,ii) 

•  y<««ax'''> 

(22a) 

y^(o,n) 

(22b) 

x^(C,0)  «  0  (?3a) 

y  <C/0)  -  0  .  (23b) 

At  the' free  surface,  the  mesh  points 
move  with  the  local  fluid  velocity,  so 
titat,  for  t  >  0, 

i  -  <Vn  - 


and 

Bt  ■  ■^y  •  ‘♦n^C  ■ 


At  t  "  0.  the  initial  distribution  of 
the  coordinates  is  determined  by  solving 
equations  (3)  and  (4)  subject  to  condi¬ 
tions  (2la,b)  and  (22a, b)  at  the 
periodic  boundaries  and  a  uniform  dis¬ 
tribution  of  X  at  the  bottom  boundary 
where  y  ■  0  as  well  as  at  the  top 
boundary  where  y  is  given  by  -equation 
(11)  for  the  free  surface  at  t  *•  0.  . 

The  procedure  for  advancing  the 
solution  by  a  finite  time  Increment  Lt 
from  the  kncf[m  solution  for  x,  y  and  ^ 
at  time  t  consists  of  the  following 
main  steps: 

1.  The  new-time  value  of  ^  at  t)ie  free 
surface  is  determined  from  the  free- 
surface  condition  (20). 

2.  The  new-time  value  of  0  in  the 
interior  is  determined  by  solution 
of  Bq.  (17)  subject  to  boundary 
conditions  (18a, b) ,  (19)  and  the 
free-surfaco  values  determined  in 
step  1  above. 

3.  The  configuration  of  the  free  sur¬ 
face  is  advanced  according  to 
equations  (24a, b). 

4.  The  coordinate  distribution  in  tho 
interior  is  dotermined  by  solution 
of  equations  (3)  and  (4)  subject  to 
boundary  conditions  (21a, b),  (22a, b) 
and  the  free-surfaco  values  of  x,  y 
detomined  in  stop  3  above. 

Tho  procedure  is  repeated  until  such 
time' as  the  solution  is  desired.  A 
filtering  technique  similar  to  that 
used  by  Longuet-Kiggins  and  Co);olet 
C19761  has  bean  used  in  tho  present 
wor)«'also,  in  order  to  remove  an  insta¬ 
bility  that  otherwise  appeared  in  the 
solution,  particulary  at  the  freo  sur¬ 
face,  at  a  fixed  time  t,  regardless  of 
the  site  of  the  tine  step  At  employed. 
Also,  at  later  times,  it  is  found 
necessary  to  reduce  tho  size  of  At  so 
as  to  avoid  any  point  on  tho  free  sur- 
faco  from  ovortaking  its  noighboring 


point.  Thuis^  At  W'0.02  is  uB«d  for  tho 
first  150  time  steps,  after  which  At 
0.01  has  been  used. 

3.1  Detemination  of  Forcina  Function 

-TOT -  - 

For  the  nodel' problem  just  des* 
cribed,  changes  in  the  flow  variables 
are  largest  near "the  free  surface  which, 
in  the  uncapped  configuration,  As 
placed  at  n  ■  To  achievts  in¬ 

creased  accuracy  using  a  given  nostber 
of  Btesh  points,  grid  paints  are  con¬ 
centrated  near  this  boundary  by 
enploying  an  appropriate  distribution 
for  Q(n)  in  equations  (3)  and  (4).  Xn 
the  present  study,  constant  steps  An 
are  inade  to  correspond  to  physical  y 
steps  that  decrease  linearly  with  in¬ 
creasing  n,  i.e., 

.  B  -  c  n  .  (25) 


The  parameters  B  and  C  are  detemined 
from  tho  condition  that  y  ■  at 
rj  •  *nd  from  tho  prescribed  ratio 

of  the  y  steps  near  tho  two  b(>undaries. 
Thus,  with 


(26) 


where  A  <  I  for  grid-point  concentra¬ 
tion  near  D  C  have  tho  fol¬ 
lowing  valucss 


^aax 

^max 


and 


in  time.  However,  for  the  present,  Q 
has  been  retained  simply  as  Q(n) ;  use  of 
a  capped  configuration  as  well  as 
another  feature  discussed  in  Section  4 
can  relieve  any  additional  difficulties 
associated  with  resolution. 

3.2  Igplicit  Enforceaent  of  Periodicity 

Boundary  Conditions 

Xn  the  fras^work  of  an  ADI  oiethod 
of  nunerical  solution,  the  periodicity 
conditions  (13a, b)  for  tho  velocity 
potential  A  as  well  as  (21a, b)  and 
(22a, b)  for  the  coordinates  x,  y  can  be 
conveniently  enforced  in  an  implicit 
manner.  During  the  C-impli<5it  sweep  of 
the  ADI  procedure,  the  ♦-equation,  for 
example,  can  be  expressed  symbolically 
in  the  form 

♦**  •♦•p^*+aA"r  ,  (30) 


where  primes  denote  differentiation 
with  respect  to  C-  The  periodicity 
conditions  are  expressed  as 


where  the  subscripts  ‘O'  and  ‘n‘  denote 
that  ♦  (or  ♦’)  is  evaluated  at  n  >•  0 
and  respectively.  Then,  tho 

solution  ♦  is  of  the  form 


♦  +  +  h  (32) 


where  f,  g  and  h  are  solutions  of  the 
boundary-value  problems  shown  in  Table 
I  below. 


C» 


2 

^  TT^aT 


^nax 

"^oax 


(27) 


Along  a  vortical  lino,  the  transforma¬ 
tion  equation  (4)  can  bo  approximated 
as 


+  Q  y;  -  0 


(28) 


so  that  Q  can  bo  evaluated  as 


Q 


C 

(B-Cri)’^ 


(29) 


For  tho  free  s*  Tfaco-wavo  problem, 
^max  with  '  Hence,  B  and  C 

must  vary  with  K-  Also,  changes 

with  tine,  so  that  0  aust  also  change 


Table  I.  Boundary-Value  Problems  for 
f,  g  and  h  in  Equation  (32) 


Variable 

Differential 
'  Equation 

Boundary 

Conditions 

f  *1, 

£ 

f  t-pf+qf^O 

0  ' 

0 

m 

9 

g"tp  g'+q  g«0 

9,  ■ 

h 

h  +ph+qh"r 

hi  "  0 

m 

All  three  of  those  boundary-value  pro¬ 
blems  can  bo  solved  using  central  dif¬ 
ferences  and  tJ»e  Thomas  algorithm,  by 
a  relatively  compact  computer  program. 
Thercaftoc,  tho  boundary  values  are 
determined  as 
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9^1 


and 

^0 


!(l-f^)(l-5;)-fo  gj 


A  siallar  procedure  Is  followed  for 
the  coordinates  x  and  y,  with  proper 
care  to  note  the  specific  form  of  con¬ 
dition  (21a)  for  X.  This  treatment  of 
the  periodicity  conditions  provides  for 
implicitly  updating  the  boundary  values# 
as  opposed  to  lagging  then  by  one  time 
step  as  would  occur  in  an  explicit 
treatment.  Implicit  consideration  of 
boundary  conditions  enhances  the  con¬ 
vergence  rate  of  the  nunerical  solution# 
in  general. 


4 ,  Transient  Develoment  of  Free 
“*^urface^for  flodei  Probicn 


elevation  of  the  free  surface.  At 
t  •  1#1#  (Pig.  7a)#  the  maximum  surface 
steepness  occurs  near  the  top  right 
corner#  whereas  at  t  ■  2.0#  (Pig.  7b) » 
it*  occurs  near -.the  top  left  corner.  The 
adaptive  coordinate  system  formulated  is 
adequate  for  treating  this  changing 
form  of  the  solution  domain.  In  Fig.  7b# 
^e  angle  at  the  to?  right  corner  has 
reduced  considerably  below  its  initial 
value  of  f/2.  This  feature  becomes 
much  more  prominent 'with  increasing 
time#  as  seen  in  Fig.  7c  which  corre¬ 
sponds  to  t  ■  2.6.  The  calculations 
were  repeated  with  twice  the  number  of 
mesh  points  along  the  vertical  coordi¬ 
nate  -in  order  to  ascertain  if  a 
deficiency  in  the  resolution  was  con¬ 
tributing  to  such  behavior  of  the 
solution.  A  comparison  of  Fig.  7d  with 
Fig.  7c  shows  that  the  flow  features 
remain  virtually  unaltered  at  t  •  2.6 
for  the  two  mesh  sizes  employed.  Hence# 
it  is  evident  that#  if  large  deviations 
from  orthogonality  are  to  bo  avoided 
for  the  coordinates#  some  means  must  be 
developed  for  first  eliminating  the  non- 
orthogonal  intersection  of  the  boundar¬ 
ies  at  the  top  right  corner. 


Results  arc  presented  mainly  in 
terns  of  coordinates  in  the  physical 
solution  domain  as  it  deforms  with  tltao 
as  the  wave  progresses.  The  temporal 
development  of  the  free  surface  can  bo 
clearly  observed  in  this  manner.  Also# 
the  modifications  needed  in  the  coor¬ 
dinates  in  order  to  consider  breaking 
waves  also  become  more  evident. 

Figures  7a-c  show  the  transient 
deformation  of  the  physical  region  and 
the  coordinates  which  appeared  initially 
as  shown  in  Fig.  6.  The  forcing  func¬ 
tion  P  has  been  set  to  zero  in  these 
calculations.  The  forcing  function  Q 
is  dotomined  as  described  in  Section 
3.1#  with  A  »  0,15  up  to  t  •  2,10 
beyond  which  A  is  decreased  by  two 
percent  at  each  successive  physical  tine 
step  at.  The  value  used  for  at  is  0.02 
up  to  t  «  3.0  and  at  ■  0.01  thereafter. 
The  computational  domain  consists  of  a 
single  rectangle.  Use  of  a  ’capped* 
configuration  in  the  initial  stages  of 
the  dovelopmont  is  unnecessary  and,  in 
fact#  leads  to  a  coordinate  system  that 
is  less  appropriate  than  the  uncapped 
configuration.  A  ‘cap*  is  to  bo  Intro¬ 
duced  at  later  times  when  a  reentrant 
shape  for  the  free  surface  becomes 
iiraainont. 

As  seen  in  Fig.  7,  the  mesh  points 
at  the  free  surface  arc  diverted  away 
from  the  position  of  minimum  surface- 
elevation  and  tend  to  concentrate  near 
the  position  of  maximum  elevation.  As 
pointed  out  by  Z#onguot-Higgins  and 
Cokolet  (1976)#  this  is  an  advantageous 
occurrence  since  the  flow  changes  moro 
rapidly  near  the  position  of  maximum 


4.1  Adaptive  Rearrangement  of 

?tnatc8  to  Main  wear-Orthoeonality 

For  the  present  flow  problem#  the 
motion  is  periodic  in  x.  Hence#  a 
strip  of  the  solution  region  can  bo 
removed,  from  the  right  and  placed  on 
the  loft.  This  would  correspond  to 
starting  with  a  region  that  was  ini¬ 
tially  bounded  by  x  ■  and  x  •  Xq+  2x# 
with  Xjj  y  0#  instead  of  the  initial 
region  shown  in  Fig.  6  which  is  bounded 
by  X  ■  0  and  x  •  28.  The  ensuing  analy¬ 
sis  and  results  would  remain  altered. 
Such  a  rearrangement  of  the  solution 
domain  is  illustrated  in  Fig.  8  which 
corresponds  to  t  *■  2.4,  The  configura¬ 
tion  in  Fig.  8a  shows  the  coordinate 
system#  prior  to  any  modification,  so 
that  the  top  right  corner  has  a  sharp 
acute  angle.  Flcvcn  strips  are  then 
removed  from  the  right  and  placed  on 
the  loft  to  obtain  t)io  rearranged 
configuration  shown  in  Fig.  8b.  The 
criterion  actually  adopted  for  dotor- 
mining  the  number  of  strips  to  bo 
shifted  was  that  the  points  at  the 
corners  correspond  to  the  minimum  ele¬ 
vation  of  the  free  surface.  The  re¬ 
sulting  configuration  of  the  solution 
region  is  such  that  the  coordinates  are 
moro  nearly  orthogonal  at  the  corners 
than  for  the  original  configuration. 

It  xs  important  to  observe  that# 
without  any  further  modification#  this 
rearranged  grid  by  itself  does  not  pro¬ 
vide  any  additional  advantages  over  the 
original  configuration.  This  is  because 
the  rearrangement  described  does  not 
alter  the  relative  positions  of  the 
mesh  points  on  the  boundaries#  so  that 
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the  coordinate  transformation  remains 
unaltered.  This  is  illustrated  in 
Fig.-'da  which  corresponds  to  t  »  3.00. 
The  solution  domain  was  rearranged 
continuously  during  the  computational 
procedure  by  shifting  tZ  strips  from  one 
boundary  to  the  other  so  as  to  maintain 
the  top  corners  at  tlie  location  of 
minimum  elevation  of  the  free  surface.' 
Thus,  the  skewness  of- the  coordinates 
near  the  corners  is  reduced  consider¬ 
ably.  But  the  high  degree  of  non¬ 
orthogonality,  that  previously  existed 
near  the  corners,  now  persists^ in  the 
vicinity  of  the  position  of  maximum 
curvature  or  maximum  elevation  of  the 
free  surface.  This  is  seen  more 
clearly  in. the  enlarged  view  of  the 
vicinity  of  this  point  in  Fig.  9b  which 
corresponds  to  t  ■  3.10.  Xt  is  clear 
from  these  results  that  some  additional 
modification  of  the  coordinate  system 
is  necessary  in  order  to  continue  the 
solution  further  in  time.  The  primary 
advantage  gained  by  shifting  AC' strips 
from  one  boundary  to  the  other  is  that, 
by  minimizing  skewness  at  the  corners, 
it  makes  further  meaningful  modifica¬ 
tions  of  the  coordinate  system  possible. 
Two  such  modifications  are  discussed 
next. 

The  effect  of  the  first  modifica¬ 
tion  considered  is  shown  in  Fig.  10. 

This  modification  consists  of  sliding 
the  mesh  points  along  tlie  free  surface 
so  that  the  coordinate  system  is  con¬ 
siderably  less  distorted  all  along  the 
free  surface.  Following  this  rearrange¬ 
ment  of  the  free-surface  points,  the 
coordinate  transformation  as  well  as 
the  velocity  potential  ^  must  be  re¬ 
calculated  at  the  sane  physical  time 
level  at  which  the  boundary-point 
modification  ismado.  Thereafter,  the 
solution  procedure  is  as  described  in 
Section  3,  i.e. ,  the  modified  mesh- 
point  distribution  deforms  with  time  in 
a  Lagrangian  manner  until  such  time  as 
further  sliding  of  these  mesh  points 
is  necessitated  due  to  breaking.  It 
should  be  noted  that  the  potential 
function  as  well  as  the  velocities  at 
the  rearranged  mesh  points  on  the  free 
surface  have  to  be  determined  by  a 
two-dimensional  interpolating  procedure 
since  ❖  ■  ^(x,y)  or  ^  A 

suitable  procedure  would  bo  similar  to 
that  used  earlier  by  Ghia  and  Sathyan- 
arayana  (1979]  in  another  flow  problem. 

The  second  modification,  which  may 
bo  preferable  for  free-surfaco  flows, 
consists  of  introducing  a  'cop*  in  the 
vicinity  of  the  position  of  maximum 
curvatun)  of  the  free  surface.  This 
position  is  determined  as  part  of  the 
computational  procedure.  With  this 
modification,  the  corresponding  compu¬ 
tational  domain  consists  of  two  adjoin¬ 
ing  rectangles  as  shown  earlier  in 
Fig.  2.  Figure  11  shows  an  enlarged 


view  of  the  vicinity  of  the  reaximist 
elevation  of  the ‘free  surfaces,  includ¬ 
ing  a  cap  at  t  ■  2.24.  Again,  the 
coordinate  transformation  as  well  as  the 
velocity  potential  must  be  re-cemputed 
at  the. same  physical  tixae  when  the  cap 
is  first  introduced,  in  order  to  obtain 
their  proper  solution  in  the  modified 
coordinate  system.  In  Figs.  10  and  II, 
the  lower  portion  of  the  solution  domain 
has  not  been  included  because  the  modi¬ 
fications  illustrated  in  these  figures 
have  minimal  influence  in  this  lower 
region. 

As  mentioned  earlier,  the  'capped* 
configuration  introduces  singularities 
at  the  boundaries.  These  and  their 
possible  treatment  is  described  next. 

4.2  Treatment  of  Singularities  in 

gabbed  configuration 

With  reference  the  sketch  in 
Fig.  12a,  the  region  AD.B2C  is  to  be 
represented  by  a  'cap' .  The  correspond¬ 
ing  computational  region  is  indicated  by 
A'B'B'C  in  Fig.  12b.  With  this 
arrangement  of  the  coordinates,  singu¬ 
larities  are  introduced  at  the  points 
A  and  c  as  well  as  at  (or  B2) i.e., 
at  A*,,  C  and  along  bJBj  in  the  compu¬ 
tational  domain.  The  point  (or  B2) 

is  at  the  position  of  maximum  curvature 
of  the  free  surface  and  corresponds  to 
the  center  of  the  cap  in  the  physical 
domain.  The  curvature  at  this  point  is 
not  necessarily  infinite  even  during 
and  well  after  breaking,  as  shown  by 
Longuet-Higgins  and  Cokolct  (1976). 
Hence,  none  of  the  singularities  arc  of 
the  geometric  type.  They  arise  because 
and  become  of  the  indeterminate 
form  ^  at  these  points.  It  should  be 
recalled  that,  although  no  differential 
equations  arc  solved  at  the  frcc-surfacc 
boundary,  the  values  of  and  by  at 
the  free  surface  are  needed  for  advanc¬ 
ing  b,  X  and  y  at  the  free  surface 
according  to  equations  (IS)  and  (24). 

In  reality,  b^^  end  by  remain  bounded  at 
these  points  so  that*  their  indoteminato 
form  must  possess  a  finite  limiting 
value  at  each  of  these  points. 

For  the  nresent  problem,  it  is 
noted  that  the  points  A  and  c  are  on  a 
smooth  portion  of  the  free  surface  with 
mild  curvature.  Hence,  ^  and  b„  At 

*  y 

these  points  are  deterrined  by  inter¬ 
polation  from  their  values  at  the 
neighboring  points. 

To  treat  the  singularity  along 
B^B2  corresponding  to  the  single  point 
Bj^  or  B2#  a  locally  uncapped  coordinate 
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system  introduced  at  the  point  Dj^ 

(or  B.) .  The'  value's  of  and 
required'for  calculating  ^^,and 
(equations  (IS)  and  (20)]  are  then  ob» 
tained  as  follows.  An  uncapped  coor** 
dinato  system  introduced  locally  at 

is  shown  in  the  physical  domain  in 
Fig.  12c.  Determination  of  et  the 

point  B^,  denoted  as  (ir  j)^«  would  then 

involve  the  values  of  ^  and  Z  st  the 
points  denoted  as  (i/j**!)  and  (i,j4-l) 
in  this  sketch.  Similarly,  determina¬ 
tion  of  at  Bj^,  using  a  three-point 

backward  difference,  would  involve  the 
values  of  ^  and  n  at  the  points  indi¬ 
cated  as  (i,j),  (i-l,j)  and  (i-2,j)  in 
Fig.  12c.  The  corresponding  points  in 
the  present  capped  configuration  in  the 
transformed  plane  are  indicated  by  the 
heavy  dots  shown  in  Fig.  12d.  Hence, 
the  expressions  for  and  ^  at  B.  are 
obtained  as  t  n  i 


,  ^^imxo-i.Jiiyi '  ^TOXo-i.Jiaxi*  ,3^, 

'^J11AX2  “  ^JMAXl’ 


and 


nL  e  "  *^^IMAXO,JC'"*^IItAXO-l,JC 
^IMAX0-2,JC^* 


(35) 


Use  of  these  forms  for  and  leads 
to  non-singular  forms  for  ^  and  ❖  at 
3^  or  Bj.  ^ 

Calculations  are  presently  under¬ 
way  for  continuing  the  solution  of  the 
free-surface  wave  problem  further  in 
tine.  Being  a  true  transient  solution, 
it  is  somewhat  time-consuming  in  terms 
of  computer  time.  About  12  seconds  of 
CPU  time  of  an  AMDAHL  470/V6  computer 
are  required  for  advancing  the  solution 
for  the  flow  as  well  as  tho  coordinates 
through  each  physical  time  step' At. 


coordinate  transformation  procedure  for 
generating  boundary-oriented  coordinates 
for  arbitrary  domains.  In  general  terms, 
the  method  may  be  likened  to  the  ALE 
procedure  of  Hirt  (19701,  with  consider¬ 
ably  greater  formalism  built  into  the 
adaptive  modifications  made  in  the 
boundary-oriented  deforming  coordinate 
system.  While  it  nay  lack  the  high 
d^ree  of  accuracy  achievable  by  the 
method  of  Longuet-Higgins  and  Cokelet 
(19751 ,  it  possesses  the  increased 
capability  of  using  general  Kavier- 
Stokes  equations  instead  of  the  simple 
velocity-potential  equation  to  represent 
the  flow.  In  the  present  paper,  the 
flow  was  assumed  to  be  represented  by 
the  velocity  potential  in  order  to 
simplify  the  problem  and  increase  compu¬ 
ter  turn-around  time  so  as  to  enable 
formulation  of  the  important  new  features 
of  the  method.  However,  the  method  is 
in  no  way  limited  to  the  use  of  the 
velocity-potential  equation. 

Application  to  a  free-surface  wave 
of  initially  sinusoidal  form,  with 
steepness  ratio  l/(2s) ,  is  studied.  As 
the  wave  progresses,  the  free  surface 
steepens  and  will  eventually  roll  over 
itself.  Near-orthogonality  and  reason¬ 
able  resolution  can  be  maintained  for 
the  steepening  wavv  ci’*‘^ace  by  rearrange¬ 
ment  of  the  periodic  solution  domain 
followed  by  sliding  the  computational 
points  along  the  free  surface  or  by  use 
of  a  multl~rectangular  computational 
domain  at  later  times.  In  the  latter 
approach,  the  singularities  introduced 
at  three  points  of  the  frec-surface  are 
carefully  treated.  Several  aspects  of 
the  study  are  general  and  should  be 
useful  in  other  flqw  problems  as  well. 
These  include  the  procedures  developed 
for  (1)  generating  boundary-oriented 
coordinates  for  regions  with  reentrant 
boundaries,  (2)  generating  a  non¬ 
iterative  initial  solution  by  use  of  a 
locally  self-similar  approximate  form 
of  the* equations  and  (3)  implicit 
enforcement  of  tho  periodicity  boundary 
conditions.  Efforts  are  presently  under 
progress  to  includo  adaptive  alteration 
of  tho  size  and  the  position  of  the 
secondary  rectangle  or  'cap'  at  the 
free  surface.  Consideration  of  viscosity 
and  surface  tension  arc  subjects  for 
future  t;ork;  this  would  Include  the 
replacement  of  the  velocity-potential 
equation  by  the  Navicr-Stokes  equations 
to  represent  the  flovr. 


5,  Summary  and  Concluding  Remarks 

A  combined  Eulorian-Lagrangian 
approach  has  been  used  to  develop  a 
procedure  for  studying  froe-surfaco 
flows.  Tho  mesh  points  on  tho  free 
surface  move  in  a  Lagrangian  manner 
with  tho  local  fluid  velocity,  while 
the  coordlnato  distribution  in  tho 
interior  is  determined  by  a  numerical 
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Fig.  1.  Schematic  Representation  of 

Solution  Domain  with  Reentrant 
Free  Surface;  Physical  Plano 
(x,y). 


D*^ _ 'Ic^ _ Q* 


Fig,  2.  Multi-Rectangular  Computation 
Domain  (C,n}  for  Reentrant 
Phvsical  Reaion. 
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Fig.  3.  Boundary-Fitted  Coordinates 

for  Breaking  Frcc-Surface  Wave 
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Initial  Region  for  Model  Problem 
of  Froe-Surfaco  wave. 


Starting  Solution  for  Coor¬ 
dinates  for  Breaking  Free 
Surface  -  Geometric  Initiali 
ration  Procedure. 
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Fig.  5.  Starting  Solution  for  Coor¬ 
dinates  for  Breaking  Free 
Surface  -  Locally  Solf-Sirnllar 
Initialization. 


Fig.  7ft,  Tc.mporal  Devolopnont  of  Free 
Surface  Wave;  (llx4l)  Grid, 
t  -  l.l. 


niil&llSr 


|{fil  L. 

nil  II 

Inn 


pi 

III 


Ul 


!!  HI  III 
111  III 


III 


(21 X  41)  Grid,  t  ••  2.6 
rig.  7.  Temporal  Dovcloixnont  of  Tree- 
Surf  aco  Wave. 
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a.  Original  Configuration 
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b.  Rearranged  Configuration. 
Fig.  9,  RoarrangcRcnt  of  Periodic 
Solution  Domain. 
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A.  Reentrant  Region  in  Physical  Plann 


t  -  3.10. 

Fig.  9.  ToRporal  Dcvolcpaent  of  Proo- 
Surfaco  Kavc  Using  Rcarranoed 
Solution  Donain. 


»>.  Secondary  Rectanglo  in  Computational 
Plano  ®i'®2 


c.  Free  Surface  Near  Point  of  Maxinun 
Curvature 


Fig.  10.  Rearrangenont  of  Coordinates 
by  Sliding  Nosn  Points  Along 
Free  Surface;  t  ■  3.02 
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d.  Hosh  Points  for  and  ^  at  D. ,  B. 

.  t  n  1  2 

Fig.  12.  TroatRent  of  Singularities  in 
'Capped'  Coordinate  Con¬ 
figuration. 
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ANALYSIS  OF  A  BREAKING  FREE-SUfiFACE  WAVE  USING  BOUNDARY-FITTED  COORDINATES 
FOR  REGIONS  INCLUDING  REENTHANT  BOUNDARIES 


Discussion 

ByTTVniehausen 

Figures  7  and  8  seeo  to  deserve  further 
coment.  According  to  the  classical  existence 
theoreas  of  Levi*CiviUi  and  Struih  for  waves  of 
peraanent  type,  such  mves  are  synoetric  about 
both  crest  and  trough,  the  result  being  valid 
presiAably  only  for  the  interval  of  aoplitude/ 
wavelength  for  which  their  scries  converge.  On 
the  other  hand,  it  has  been  known  for  about 
fifteen  years  V»at  this  solution  is  unstable 
if  the  water  is  deep  enough  (e.g.  Senjaain  and 
Feir),  Given  that  the  initial  configuration 
here  (Figure  6)  is  syirreetric,  how  should  one 
interpret  the  evident  asyenetry  developing  in 
Figures  7  and  8  ?  Is  it  perhaps  associated  with 
the  large  anplitude/wavelength  of  Figure  6, 
putting  this  configuration  beyond  the  region 
of  validity  of  the  classical  existence  theoreas, 
or  is  socsething  else  involved  7  I  would  appre« 
date  any  insights  that  the  authors  wish  to 
offer. 

Authors*  reply 

The  observation  aade  by  Or,  Vehausen  is 
very  pertinent  as  it  makes  one  pause  to  cxaaine 
the  fundaoental  phenomena  occurring  in  this 
flow  problea.  First  of  all,  I  should  point  out 
that  this  flow  has  been  studied  earlier  by 
Longuet'Higgins  and  ^kelet  and  also  by  Naussling 
and  Coleman,  The  p<’esent  paper  uses  this  problem 
primarily  to  examine  and  extend  the  applicability 
of  a  new  coordinate  configuration  to  flow  domains 
with  reentrant  boundaries. 

Irrotational  Stokesian  wave  theories,  such 
as  those  of  levi*Civita  and  Struik,  assume  the 
motion  to  be  perdiodic  in  space  and  the  wave 
profile  to  be  that  of  a  steady  slate.  For  waves 
of  finite  amplitude,  the  nonlinearity  Is  partly 
taken  into  account  by  the  use  of  a  power  series 
in  terns  of  the  wave  steepness  (for  deep  water) 
and  carrying  out  the  analysis  to  include  higher 
order  approxinations.  Accordingly,  an  initially 
symmetric  progressive  wave  of  finite  amplitude  in 
deep  water,  continues  to  remain  svmetric  about 
the  crest  and  trough,  although  the  trough  may 
flatten  and  the  crests  become  sharper.  However, 
for  sufficiently  deep  water,  this  steady  symrae’ 
trie  solution  is  unstable  and,  if  true  unsteadi¬ 
ness  is  ateitted  in  the  solution  procedure, 
gives  way  to  an  unsteady  unsymetric  solution 
exhibiting  the  breaking  phenoaeron. 


It  is  perhaps  worth  recalling  what  occurs 
in  viscous  flow  past  a  circular  cylinder.  Under 
the  assuaption  of  steady-state  flow  sypiaetric 
about  the  cylinder  axis,  the  solution  exhibits 
a  single  recirculating  vortex  occurring  downstream 
of  the  cylinder  and  positioned  symetrically  on 
either  side  of  the  cylinder  axis.  As  the  flow 
Reynolds  number  increases,  this  symmetric  steady- 
state  solution  becomes  unstable  and  an  unsteady 
computation  made  without  the  assumption  of  sym¬ 
metry  exhibits  shedding  of  vortices  alternately 
above  and  below  the  axis,  leading  to  the  well- 
known  von  Karman  vortex  street,  with  no  possibi¬ 
lity  for  existence  of  a  true  steady  state.  This 
problem  has  been  widely  studied  for  a  long  time. 

It  is  possible  that  a  more  definitive  answer 
to  Dr,  Kehausen's  coenent  is  not  presently  avai¬ 
lable.  But  I  believe  that  admitting  unsteadiness 
and  not  assuming  s>vnetry  yields  a  solution  that 
is  a  step  closer  to  that  encountered  in  reality. 
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Ab«tr*ct 

•  The  creneient  probleas  in  ship  hyJcodjr* 
nsaic  research  arc  aaong  the  oosc  attractive 
for  different  reasorts.  Firstly*  sooc  linearlaed 
probleaa  such  as  wave  resistance  or  diffraction 
of  waves  by  a  ship  with  forward  speed*  arc  dif¬ 
ficult  to  handle  with  in  their  stationary  or 
tine-harDonie  foroulatlon  ;  they  could  be  aore 
easily  solved  as  Usicing  cases  of  else-depen¬ 
ding  probless«  Secondly  a  transient  approach 
defines  a  natural  Iterative  procedure  which 
usually  persits  to  deal  with  nonlinear  probless. 

•  This  point  of  view  Is  conforted  by  tbe 
success  of  this  kind  of  tDcthods  In  acrodynaslcs* 
oechanics  of  continue  and  theraodynaalca«  How¬ 
ever  the  sathesatical  and  nuscrical  treatsent 
of  transient  ship  hydrodynaalcs  turns  out  to  be 
rather  difficult* 

•  Indeed  many  eulerlan  or  lagrangian  sche- 
ses  have  proved  to  be  very  efficient  for  non¬ 
linear  probless  involving  free  surfaces.  Let  u* 
^uoteG.l.BOURlANOFF.B.R.PENUKALLI  [13  for  cule- 
rian  sethods,  H.J.  FRinS  and  J.P.  BORIES  [2} 
for  lagrangian  sethoda,  and  also  the  review  pa¬ 
pers  by  B.D.  NICHOLS  and  C.W.  HIRT  [3}  and  by 
C.  VON  KERCZED  [43.  But  those  methods  are  devi- 
ced  for  bounded  dosains  and  do  not  appear  to  be 
veil  auiced  to  take  radiation  of  waves  up  to 
infinity  Into  account.  For  the  latter  reason 

in  (he  following  we  shell  rather  take  an  inte- 
rcfC  in  linearized  theories  describing  precise¬ 
ly  the  radiation  of  energy  towards  infinity. 

•  A  first  possible  track  has  been  investi¬ 
gated  by  J.T.  BEALE.  He  considered  tho  motion 
of  a  body  freely  floating  on  Che  surface  of  a 
fluid  of  infinite  extend  and  finite  depth. 
Making  use  of  the  semigroup  theory*  he  proved 
a  theorem  of  cxiatence  and  uniqueness  of  the 
solution.  Later  on*  C.  LICHT  introduced  an 
impliclte  time-discretization*  combined  with 

a  finite-element  (or  a  localized  finite-clemenO 
method  in  space.  He  gave  erior  estimates  and 
got  numerical  resulta*  but  for  a  given  size  of 
the  computation  domain  the  solution  remains  no 
longer  valid  after  the  main  wave-front  haa 
reached  the  outer  boundary. 

Ve  shall  give  some  details  about  BEALE's 
approach,  together  with  an  intuitive  presenta¬ 
tion  of  his  mathematical  background.  Next  ve 


shall  briefly  present  and  coment  on  LICHT's 
work*  which  will  be  detailed  here  anyway  by  the 
author  himself  [123. 

•  A  second  possible  trend  has  been  inves¬ 
tigated  by  A.  FIN'KELSTEIN,  who  determined  Che 
Creen  function  of  the  transient  problem  in  two 
and  three  dimensions*  assuming  finite  (and 
constant)  or  infinite  depth.  H.  ADACHI  and 

S.  OHMKTSU*  using  this  Crcen  function*  worked 
out  a  singularity  distribution  method.  They 
showed  that  the  irregular  frequencies  of  the 
associated  time-hamonU  problem  are  related 
to  some  Indcsirabte  oscillations  they  encoun¬ 
tered  :  however  they  gave  practical  rules  to 
avoid  theoccurrence  of  such  oscillations.  He 
shall  suonarize  here  the  main  results  from 
KINKELSTEIN*  ADACHI  and  0HM4T$U. 

•  R.H.  CARIFOV  gave  a  theorem  of  existence 
and  uniqueness  based  on  a  transformation  of  the 
problem  into  a  wave  equation  at  the  free  sur¬ 
face.  Following  a  rather  general  numerical  me¬ 
thod  due  to  A.  JAMI  and  H.  LENOIR  (involving  a 
coupling  of  integral  representation  and  finite 
elements),  A.  JA.HI  solved  the  problem  of  a 
forced  motion  of  a  submerged  body.  Ve  shall  on¬ 
ly  sketch  C/.RIF0V’s  mathematical  fomtlatlon* 
the  coupling  method  from  JAMI  and  LENOIR  (which 
is  discussed  in  a  separate  paper  (253),  and  the 
application  of  the  method  to  transient  flows 
(which  will  be  developped  by  JAMI  in  [233). 

•  Finally  we  regret  we  have  no  time  and  no 
place  to  review  other  interesting  methods  as 

-  the  finite-difference  method  from  H.J. 
HAUSSLING  and  R.T.  VAN  ESELTINE  [5}  (which 
could  probably  enter  BEALE's  mathematical  fra¬ 
mework)*  or 

-  A.  KARTEN's  method  [63  which  makes  use 
of  ordinary  sourcea  on  tho  boundary  of  the 
fluid  domain  (and  which  has  some  connection 
with  YEUNC's  techniques),  or 

-  a  number  of  other  methods... 

Moreover  we  shall  be  intereated  in  P.B. 
chapman's  method,  which  has  been  announced  for 
the  present  meeting  [273. 

Note  that  In  our  short  review*  wo  shall 
keep  in  mind  the  old  but  still  basic  paper 
from  F.  JOHN  f?3. 
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I.  Thft  work*  of  J.T»  BEALE  and  c.  LIGHT 

1.1,  SEALE**  b««ic  piper  t8l. 

a)  7he  'probUn  and  the  atsooiated  functional 
spaces . 


Sketch  1  (SEALE,  LICHT) 


Ut  B  fveely  in 

Aft  oceAft  of  Infinite  extent  but  of  bounded 
depth  (#*€  Axetch  1).  Let  T  be  the  bottoa  of 
thl*  oeeAn  And  S-  It*  oeen  free-*urfAC«  (Ioca- 
ted  In  the  plene*  y"0)  ;  a*  we  shell  only 
consider  a  llneArized  Approxleutlon  of  the 
wAter-WAve*,  the  free-eurfAce  condition*  will 
be  laposed  on  Sr.  Xn  a  slalUr  vey,  v«  shall 
Assuae  the  Aaplltude  of  the  body*t»otlon* 
resAlns  soaU,  therefore  the  «llp  condition  l» 
leposed  on  a  fixed  surface,  naacly  the  oean 
position  Sj  of  the  hull.  G  will  denote  the 
fluid  doBAin  with  boundary  r*Sp*Sj.  At  any  tl«e 
t  we  want  to  know  the  state 

u(t)  -  («,n,»pv)  (O 

of  the  coupled  llquld*solld  systea,  where 

4  Is  the  velocity  potential, 
n  the  free'surfacc  elevation, 
s  A  vector  havlne  as  cosponents  the  S  po¬ 
sition  pAranetcr*  of  the  body  and 
•j  A  vector  having  as  coaponent*  the  6  ve¬ 
locity  paraaeters  of  the  body. 

•  Iho  total  energy  ^(t)  of  the  Dechanlcal 
systen  Is  the  sua  of  the  liquid  kinetic  energy, 
the  liquid  potential  energy,  the  body  kinetic 
energy  and  the  body  potential  energy,  naacly 


where  p  is  the  liquid  density,  g  the  gravi¬ 
ty  acceleration,  pjE  the  6  v  6  Inertial  aatrix 
of  the  body  and  p|K  »  6  x  6  hydrostatic  resto¬ 
ring  satrlx.Both  tutrices  {£  *nd  |K  are  ay«oe* 
trical. 

*  J.T.  SEALE  look*  for  #  in  the  space 

Hjj(G>  -  closure  of  D(C),  (3) 

which  is  (functloB*  of  C  (C> 

with  coBpact  supports), 

for  the  nors 

•  ll^»lla=(c))> . 

Let  US  point  out  that  a  potential  #cHp(C)  oay 
not  be  square^ntcgrable  while,  on  the  contrary, 
the  velocity  ^  »ust  be  sqoare-lntegrable. 

•  n  will  be  sought  of  course  in  L*(Sp).  Finally 
we  shall  look  for  u(t)  in 

Hp(C)  X  L*(Sp)  X  |R‘  X  IR*  .  <S) 

Let  us  point  out  that  is  nothing  but  the 
space  of  possible  states  of  finite  energy  of 
the  systea. 


•  In  fact,  in  aost  applications,  the  velocity 
potential  9  will  belong  to  a  strictly  soAllcr 
space,  naacly 

u>(e)-  («<«',„.  — - - .>•’«». 

°  (l.rV'* 

r  ■  (x**y**l*)  , 

equipped  with  the  saae  norta  (4).  Note  that  when 
b  is  regular  at  finite  distance  and  behaves  li¬ 
ke  l/r®  at  infinity,  b  belongs  to  W*  if,  and 
only  if,  a  >  1/2. 

In  aost  probleas  involving  unbounded  doaalns, 

W*  is  considered  today  as  the  standard  func- 
o 

tional  space.  By  using  U^(C)  [which  is  more 
tractable)  instead  of  we  could  soaewhat 

slopUfy  BEAlE's  arguaeKts..,. 


/|V^«|*dv*g/  n*dS*|Evv*lKs'«,  (2) 

pc  Sji 
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b>  The  equaticne  of  the  notion. 

Ut  us  list  the  set  of  vell^knova  cquatioas  of 
the  fluid  eotioDf 

•  The  fluid  is  assuaed  Incottpressible, 
thus  4  satisfies  Laplace's  equation 


•  «  and  n  satisfy  the  classical  linearised 
free-surface  onditions 

4.1  •  -«i  ■  "t  *  Hi  • 

‘|y0  ’Myo 

•  Ve  sust  itBpose  the  sllp^condition  on  the 
bottoa  r  and  the  hull 


Vsine  Creen's  second  and  first  fonMlae*  we  see 
that  IH  i*  aywetrical  and  positive  definite* 
The  vector  field  of  cooponents  h.  oa  C  is  deno* 
ted  h. 

*  J.T.  BEALE  also  introduces  the  fuactioa 
T,  hareonlc  in  C,  equal  to  n  on  Sj.  and  the  oor- 
eial  derivative  of  which  vanishes  on  S.  and  T* 
Such  a  function  dees  not  always  exist,  thus  the 
operator  B  :  rjeL^fS.)  Brj  •  fcH^CC)  is  defi¬ 
ned  on  a  strict  subset  of  L^(Sp)  called  the 
dooain  of  B. 

By  taaking  use  of  |fj  and  B,  we  can  write 
equations  (6>  to  (9)  under  the  fora 


where  p  oeans  the  generalised  nomal  to  the 
hull.* 

•  Finally  we  nust  apply  the  fundaacntal 
principle  of  dynasics  to  the  body 

|Ev^.-lka-/«tP<lS.  (9) 

indlcial  notation  oeaning  the  first  t- derivative. 
c)  Trm$fom3tion  of  the  equations  of  the  m- 
tion  into  <a  differential  eyeten  of  first 
ot^r. 

•  J.T.  BEALF.  introduces  6  auxiliary  func¬ 
tions  hj  satisfying  probUos  Pj<Jsis$) 


-  0 

in  0  , 

"l 

•  0 

on  Sp, 

3h, 

9n 

-  0 

on  r  1 

3hi 

9n 

•Pi 

on  Sj' 

It  is  well-known  that  each  of  these  b  pro- 
bless  has  one  and  only  one  solution  in  the  spa¬ 
ce  H*<C)  of  square-integrable  functions  having 
square-integrable  first  derivatives. 

Then  J.T.  BEALE  builds  the  b  x  6  satrix 
{H  of  coefficients 

»ij 

®l 


•  n  being  the  usual  noroal  to  the  hull,  direc¬ 
ted  outward  the  fluid,  and  being  soae  refe¬ 
rence  point,  then  Pj’Oj  lor  ^  Isls3  and 


{Au)j  •  -  g  Bri  ♦  (Au>k*h 

/i  ^ 

<*">4-3?! 


<*">4-fi 

(Au),  •  v 


(Au),  •  (|E*1H>  8»npdS) 


In  particular,  b^*(Au)i  is  hamonic,  since 
V*(Bn>-0  and  7*hj-0(lsis6) .  D(A)  will  denote 
the  dotsain  of  the  operator  A. 

d>  The  total  ervrgy  ^ft^tas  defined  by  (2>3 
is  a  ooneumt. 

As  this  result  is  often  only  considered 
as  intuitive,  and  tsay  be  unfounded,  ve  decide 
to  give  hereafter  a  detailed  proof. 

Let  u  and  u-(?,n»»»v>  be  arbitrary  elcaents  of 
D(A)  eSCand  respectively.  Their  scalar  pro¬ 
duct  in  %  is  taken  as 


(u|u)^  -  /VS’Vtdv  ♦  g/ 

*  0  (13) 

.  lEv?  .  iK-J  ■ 

Hence  2  %/p  -  (u|u>^  and,  according  to  (12), 

-  (uju)^-  (P*Q)*R*S*t,  vith 

P  -  -g/vV'VVdv  -  -if  -it  (  £vjPj)HS 

0  Sj.  'y  Sj  I-I 

■  n 

(thanks  to  Creen's  first  forsula). 


6'  t 

Q-/  z  t(iE*!H>' 

c  i-i  ‘  ‘ 

A  •  -|K«  •  /  tipjs,  r  -  ti). 
s. 


or  M.  SCUCCHTtR  (ClO]>  pp  224-242).  Here  ve 
aball  briefly  suaaerire  tbe  litter  pre*entitioi% 
«hUh  ie  4  Dore  Inductive  reesonlns* 

•  If  A  i»rtf  c  ccnstait  and  u  a  ecalar  fau?- 
tian,  ve  c&uH  Integrete  the  ordinery  dlffereo- 
tUl  equitioa  (II)  with  e  given  inltiel  condi¬ 
tion  u(0),  «nd  obtein  the  solution 


R 


S  /  |2  r.  JS.  s  -IK 


u(t)-«p(tA)u(0)  -  (  £  i-A")u(0),  (16) 

n-0  nt 


t-sc|E(IE*IH)’*a3,v  ^  Etif<IE*!H)‘’'AVi- 

i-i  ‘  ‘  i,j-i  J  ^ 

By  Oreea'e  first  forauU, 


Using  Interchsnging  i  end  J  in  Q,  end 

adding  the  result  to  T,  we  find 


the  series  (16)  being  uniforely  convergent  on 
(0,T1,  for  any  fixed  positive  T  end  A. 

*  In  fact,  A  la  an  cparatcr  defined  in  the 
vector-space  )C>  and  u  is  a  vector  of  If 
Me  operator  vere  ho'.eidedp  i.e.  if  we  baa 
|(Au||  S  ||a1|  j|u](  for  any  u.  with  }|a||<^, 
ve  could  still  solve  (11)  with  u(0)  given.  In 
that  cate,  considering  •  A(A(A....))  and 
exp(tA)  as  operators*  we  could  still  easily 
give  a  neanlng  to  its  series  representation 
(16). 

•  In  foot,  the  operator  A  ie  not  bounded, 
and  the  doksln  D(A)  is  strictly  saaller  than 
%  .  But  under  the  assusptions  of  Stone's  theo¬ 
rem  (and  even  weaker  assuaptions)  It  is  still 
possible  to  define  the  operator  •  exp(tA) 

for  any  t>0  (as  a  lieit  of  bounded  auxiliary 
operators). 


Q.r 


6 

'  z  (E, 
i.i-1 


6 

'  EA.V., 
1-1  *  ‘ 


the  set  of  operators  E  •  exp(tA)  for  t^O  is 
called  a  eenC^roup  of  lperat(<r9  with  infinite- 
sisal  generator  A.  It  has  the  following  proper¬ 
ties 


^1 

and  finally 

{Au(uy  J  ^  <“> 

and  consequently  %  resains  constant.  0 
e}  A  thecren  of  esieteno$  and  uniquewee. 


(U 

(ii)  s^O.  t>0, 


(iii)  E^x  is  continuous  in  t20 

for  sny  xt  ^ , 

(iv)  E  x  is  differentiable  in  t>0 

for  each  xcO{A)  c 
and  (E^x)  -  A(E^x). 


(17) 


•the  operator  A  and  the  scalar  product 
(13)  being  linear. 

(A<u»v>lu*v^-  (Aujuj*(Av[vj^*(Aulv^(Avluj^, 
and  from  (14),  we  infer 


Vu,  Vv.  (Av|u^-  -(Au| 

i.e.  A  {$  eV*’  self-adjoint.  Moreover  soac  coo- 
plcaentary  topological  properties  can  be  esta¬ 
blished  ;  naoely  A  ie  oloeed,  and^ts  dorain 
D(A)  is  danse  in  tfu;  eubspaoe  of  ^  of  the  u 
satisfying  ($)  end  ($). 

In  that  csie,  Stone's  theorea  asserts  that 
^4  genvrates  a  one-parenater  atTKngly  oenti- 
nuous  groi^  of  unitary  operators'*. 


Properties  (i)  and  (ii)  correspond  to  the  gene¬ 
ral  concept  of  ''sesigroup*',  white  (i).  (iii) 
and  (iv)  Dean  that  E^u(Q)  is  the  unique  solu¬ 
tion  of  our  initial-value  probles.  provided 
that  u(0)tS(A). 

Moreover  there  exists  a  real  constant  ci.such 
that  (Xl-A)*'  exists  and  is  bounded  on  dC  for 
any  X  >  aaxfO.-M)  : 

||(AI-a)‘MI  (18) 

in  preeor.t  case,  and  einoc  A  te  self- 
adjoint,  E,  can  be  defined  even  for  icO.  i.e. 
tfie  •.oolutxon  te  tint-reoersitU  .*  the  seal- 
group  is  in  fact  a  group,  and  o-O. 


The  aaiheaatical  background  of  this  theo- 
rea  is  the  theozp  of  semigroups  :  see  for  ins¬ 
tance  P.D.  LAX  and  R.S.  PHILLIPS  (I'll,pp24$-2J4^ 


let  us  conclude  : 

the  equation  (IV,  together  v%th  an  tnxUal 
data  u(0)tb(A),  hiS  trt  -nd  only  one  fc^tuti,</>x 


in  D(A),  for  onj  t,  and  ihio  sctution  has  a 
oofisumt  ensr^. 

1,2.  L1CHT*»  metrical  approxiaition  tlll.ft?}. 

•  It  it  vell'koo^  that,  l£  A  K«n«rat««  a 
seaigroup,  the  loptieit  flnite-diffcrenee 
•cheae 

k*I  V  - 

- — ^  -  Au‘  it  •  -  ,  Oslsi>-l,  09) 
it  “ 

is  uniforaty  co&verg«nt  on  CO,T]»  for  any  poti* 
tive  T. 

Let  ua  only  akctch  the  proof  of  aeabltity.Equ, 
(19)  takea  the  fore 

(I-it*)u'“'  -  ii'‘.  (JO) 


Horeover  C.  LIGHT  generalized  the  sethod  to 
take  taunaaia  into  account. 

A  nusber  of  LICHT'a  reaulea  are  ahown  la  112J. 
Let  ua  take  out  aod  cocaent  on  tvo  of  hla  flgu* 
rca.  Figure  4  and  Figure  6. 

•  Strictly  apeaklng,  the  inforaation  pro- 
pagatea  with  an  infinite  velocity,  and  at  any 
poaltlve  tine  t  all  fluid  particlea  ate  aware  of 
the  starting  of  the  fluid  eotion.  But  In  prac¬ 
tice  there  appears  aooethlng  like  an  energy 
wave-front  that  propagates  with  a  finite  velo¬ 
city,  This  is  quite  obvious  on  LICHT'a  figure  4, 
where  the  energy  decay 

-  ia  negligible  for  t<2a, 

-  but  becosea  significant  for  t>2a,  and 
strongly  depends  on  Che  absorption 
constant  vtaee  (22)]. 


whence 

i  IKl-itAf'll 

>  IKst  "““ll  <21) 

i  llu’'!! 

by  applying  (18),  with  X^I/At  and  a*0.  0 

«  Of  course  it  ia  not  possible  to  work  nu- 
eterically  in  an  unbounded  dosuiin  G*  For  this 
reason  C.  LIGHT  truncates  G  at  a  finite  dis¬ 
tance  froa  the  origin  j  let  0^^  be  the  cor¬ 
responding  bounded  dosain  and  its  outer  boun* 
dary.  He  writes  the  approxisate  probleta  F^  that 
replaces  the  previous  problea  P  •  C(li). 

(12)  *  initial  condlclcnl.  P  invotvec  a  boun¬ 
dary  condition  ” 

'  V  II  -  0.  viO  on  S„,  «2) 

c  9n  n 

v«0  corresponding  to  a  Dlrichlet  condition, 

to  a  Neuaann  condition  and  V>0  to  an 
"absorbing"  condition,  (Note  that  If  ft 
(22)  reducca  to  the  usual  radiation  condition 
for  liee-harsonic  (levs). 

For  a  given  tlae-interval  [O.T],  C,  LIGHT  pro¬ 
ves  that  ?f^  ia  well-posed  and  that  the  corres¬ 
ponding  solution  converges  towards  the  solution 
of  P  when  n  tends  to  Infinity  with  lii|^R^»*«*. 

•  In  a  second  step,  C,  LIGHT  approxieates 
the  space-operator  in  C  using  standard  finite 
eleeents  which  convergence  he  alao  proves,  even 
in  the  case  of  a  curved  hull  Sp 

•  C,  LIGHT  Has  written  a  coaputlng  progran 
devoted  to  that  nethod  In  the  20-case.  He  gives 
Dore  technical  details  about  it  in  (12).  Let  us 
notice  that  If  the  tlae-step  At  is  constant, 
the  linear  systea  to  be  solved  at  each  ciae- 
step  always  Involves  In  its  left  hand-side  the 
saae  syasetrlcal  natrlx,  thus  this  aatrix  can 
be  factorized  once  for  all  using  choleskl's 
algorltha. 


<  light's  ccoputatxons  can  actually  be 
trusted  only  for  Kt^,  where  t  (equal  to  2a  In 
the  case  of  figure  4)  Increases  with  n.  But 
fortunately  the  transient  phase  between  t-0  and 
the  asysptotic  equlllbriua  position  turns  out 
to  be  very  short,  so  that  the  preceeding  resark 
is  not  a  fix,  as  ve  can  infer  froa  the  good 
agreeaent  in  figure  6  between  LICKT's  results, 
AOACHI-OHy.tTSU's  singularity  distribution  re¬ 
sults  and  KOTlK-LURYB's  analytical  results. 


II.  The  works  of  A.B.  FISKFLSTEIK 


and  H.  APACHl-S.OHMATSU 


II.) .  FlNKtLSTElS's  Green  functions  for  tran- 
sTe'nt'  f Iws  1  ni. 


Here  coabinlng  equations  (7)  together  ve 
elialnate  the  free-surface  elevation  n*  thus  ve 
obtain  the  following  free-surface  condition  for 
ft  t 


t  ^)i 

^  9y' 


y-O 


(2)) 


More  than  20  years  ago,  A.B.  FINKCLSTEIK  gave 
the  Green  function  of  the  transient  problea, 
in  a  or  )  diaensions,  in  both  cases  of  finite 
and  infinite  depth.  Ut  H^(P;t)  be  any  of  those 

four  Green's  functions,  then  : 

iyp;t>-yP)5(t).  Hj,(P;t)  oust  also  satis¬ 


fy  the  free-surface  condition  (2)),  together 
with  conditions  at  infinity  and  on  the  bottoa. 
Moreover  the  condition  •  0  is  iaposed. 

^  y-0 
l<0 


For  instance,  in  the  30  case  and  for  an  infini¬ 
te  depth,  H^(Pit)  reads 


18$ 


Olrichlet  (v  •  0)  NeuMnn  (va<o  ) 


a-(x.y.t),  P-(C.ii.t), 


E„(P) - 4- 

”  4i|hp1 

(M*  being  eynsetricel  froa  M  with 
respect  to  the  line4rlze<!  free- 
surfece  y*0)i 

«t* 

P“  »  q*r*i(y*n)cos&, 

Up)  •  /exptp<I-«*)3<ls. 


(2*> 


Froa  now  on,  we  ehell  assuse  that  the  depth 
is  infinite. 


11.2.  ADACHX^QHMATSU's  study  of  the  integral 
equation  of  a  tisc*acpending  flow  problea  TI^J. 

Let  us  now  consider  a  probtea  of  tirv 
dip^nJin^  forced  cscilUitiCK$  of  a  hull  $ 
the  (saall)  sMtion  of  the  hull  being  given*  we 
want  to  coaputo  the  flow  potential  ^  and  then 
to  find  the  resulting  forces  on  the  hull. 


Sketch  2  (ADACHI-OH.MATSU) 


Using  Green's  third  identity,  the  knowledge  of 
the  Green  function  (24)  allows  to  give  an  intc^ 
gral  representation  for  the  potential  of  the 
transient  problca  in  the  outer  region  D  (see 
sketch  2}  :  * 


-  v{P5t)Gjj(P)3dtp 

♦  /V[^(P;t-T)^(P;T) 

0  C  ®  ^"p 

-  v(P:t-T)Fjj(P;T)JdSpdl, 


where  v(P;t)  is  the  given  noraal  velocity  on 
the  hull. 

The  Bsin  advantage  of  such  a  representation  is 
fo  course  the  fact  that  it  recces  the  probten 
to  finding  on  the  hullt  the  Icploae  equation, 
free-eurfaoe  condition  and  conditions  at  infi“ 
nity  being  thus  antonaticatly  md  exactly  ea- 
tiofied, 

a)  Tne  singularity  distribution  nethod  using 
sources  and  doublets. 


In  (25)  we  have  already  taken  the  slip 
condition  on  the  hull  into  account.  Thus  all 
what  we  still  have  to  iapose  is  the  continuity 
of  ^  in  7  :  ^  (P)  for  PeD  converges  to 
e  e.  e  c  " 

^  (P  )  when  P  tends  to  P  <C.  Thus  we  find  the 

e  o  o 

following  integral  equation  for  4  •  : 

*'c 

1 

V^C,  -  i  «  (M:0  •  (P;t)  ^  (P)ds 


•  /V*^(P5t-T)  ~(J 
o  C  ®  ^''P 


•  /  v(P{t)C„(P)dSp 
C  a  r 

‘  /Vv(P;t-T)F^(P.T)dSpdT. 
o  C 


(26) 


b)  the  singularity  distribution  siethod  using 
only  sources, 

Assuaing  teeporarily  that  the  outer  solu¬ 
tion  is  known,  we  consider  the  adjoint  pro¬ 
blca  P|.  for  in  D^.  satisfies  the  Laplace 
equation  in  D^,  together  with  the  frce-surface 
condition  (23)  on  F|  (see  sketch2)  and  the  ho- 
oogeneous  initial  conditions  for  r-0, 

and  ve  ieposc  the  Dirichlct  condition  •  . 

'•C  ®'C 

Uken  ie  vell-ptosed  (sec  (221).  then  setting 
0(P;t>-  ^  <P;t)-  ^(P;t),VP<C,  (27) 

we  can  traiisfora  the  integral  representation 
(25)  into 


yM{t)*  /o(P;t)Cj^(P)dSp 

'  (28) 

•  /V5(P.t-T)Fj,(P:J)d»pdt. 

0  C 
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The  correeponding  integral  equation  for  c  read* 
VMeC,  -  yO(K;t)  ♦  /a(P;t)  ^  (P>dip 

3F  (29) 

♦  /Vo(P;t-t)  ^(P;if)d$.dT-v<P;t). 

0  C  ‘*”k  ^ 

In  the  frequency  doaain  (I.e.  In  the  tloe- 
harsonlc  case)  the  i&ethod  a)  involving  the  in* 
tegrai  equation  (26)  turns  out  to  be  POlASH's 
sethod  Cl63>  while  the  cethod  b)  involving  the 
integral  equation  (29)  corresponds  to  FRANK'S 
tl7),  The  corresponding  problea  of  the  irregu¬ 
lar  frequencies  for  *^<i.e.  the  problea  of 

eigenvalues  for  4j)  had  already  been  studied 
by  S.OHMATSU  In  fl83. 

i*)  rntrAtncal  expei^nts  of  DAOUD  and 

omrsu. 

S.  DAOUD  tl9]  and  S.  OKMATSU  Cl'*]  oade 
coaputations  using  respectively  equ.<26)  and 
equ>(29)  ;  they  obtained  quite  contradictory 
results. 

•  N.  DAOUD,  using  both  sources  and  dou¬ 
blets  and  solving  equ.(26),  did  not  find  any 
problea  of  irregular  frequency  and  got  quite 
realistic  results. 

•  On  the  contrary,  S.OHMAtSU,  using  only 
sources  and  solving  equ.(29),  got  non-reallstic 
results.  For  instance,  as  wc  can  see  in  figure 
2,  taken  out  froa  Cl**3,  an  excitation  iaposed 
during  a  finite  tiac  (upper  curve,  showing 

the  forced  velocity  of  a  seai-subaerged  circu¬ 
lar  hull,  versus  tlae)  gives  rise  to  a  non- 
daaped  response  (lower  curves,  giving  o($,t) 
for  two  different  locations  $  on  the  hull)  t 
Moreover  it  turns  out  that  the  frequency  ot 
the  ever  lasting  oscillatory  part  of  C  coinci¬ 
des  approxiaately  with  the  first  irregular 
frequency  of  the  saae  hull  in  the  tioe-har- 
aonic  oscillation  problea  ... 


Figure  2,  taken  out  froa  H.  ADACHI  and 
S.  OliMAlSU  fl'O. 


d)  The  basic  study  of  ADACHI  and  OEmiSl}. 

In  H.  ADACHI  and  S.  OHMATSU  give  a 
satisfactory  explanation  of  such  opposite 
behaviours  of  both  solutions  of  equ.  (26)  and 
(29). 

•  First,  they  show  that  the  tiee-haraonic 
problea  corresponding  to  a  free-surface  cons¬ 
tant  V  -  o*/g  is  the  Fo*  '.cr  transfom  in  tlae 
of  the  tlae-depending  problea.  As  a  eatter  of 
fact,  both  Creen's  functions  are  related  by  the 
saac  Fourier  transfora. 

•  then  they  show  thar  the  tiae-haraonlc 
problea  corresponding  to  (26)  (I.e.  POTASH's 
problea)  is  well-posed,  even  when  tt/2s  is  an 
irregular  frequency  (i.e.  a  resonance  frequency 
of  the  inner  problea  Pj),  because  the  classical 

FRFDHOUi  "coepatibllity  condition"  appears  to 
be  always  satisfied  by  the  right-hand  side  of 
equ.(26).  Of  course,  this  condition  will  not 
be  exactly  satisfied  after  discretisation,  thus 
soae  "nuBcrical  instabilities"  aay  appear  ;  but 
after  application  of  the  inverse  Fourier  trans¬ 
fora,  no  problea  occurs  i’’»  solving  equ. (26)  in 
the  tiae-dcaain. 

•  On  the  contrary,  H,  ADACHI  ard  S.OHMATSU 
show  that  the  tiae-haraonlc  problua  correspon¬ 
ding  to  equ.  (29)  (i.e.  FRANK'S  problea)  is 
ill-posed  when  <a  equals  any  of  the  irregular 
pulsations  «£.  More  precisely,  any  interesting 
result  of  the  tiae-haraonlc  problea,  for  irs- 
tance  the  source-density  as  defined  bv  (27), 
will  grow  up  to  infinity  like  (w-Wj)"^  in  the 

liaiting  process  «*w  .  And  because  of  the  clas¬ 
sical  result  * 

■'I •  <3o> 

S  OHHAISU  can  explain  his  paradoxal 
results  ! 

•  Finally  M.  ADACHI  and  S.  OHMATSU  claia 
that  they  can  transfora  equ.  (29)  into  a  well- 
posed  problea  by  nodlfying  the  Green  function 

And  their  resulting  coaputations  (see  figure  6 
already  quoted)  fully  confirm  their  theoretical 
speculations. 

Ill*  The  works  of  K.H.  GARIPOV  and  A.  JAM! 
111*1*  CARlPOV'r  theoretical  work. 

A  few  authors,  among  whoa  R.  FRIEDMAN  and 
.1.  SHINBROT  (201,  R.M.  GARIPOV  [21],  J.  30UJ0T 
(22),  ...  gave  to  tlae-depcnding  probleas  a 
theoretical  basis  socewhat  different  froa  that 
presented  later  bv  BEALE,  like  FINKELSTEIN, 
ADACHI  and  OH.MATSU  (but  unlike  BEALE)  they  con¬ 
sider  forced  oscillations  of  a  floating  body. 


/ 
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Let  us  follov  for  instance  R.M.  GARIPOV." 

Let  v(t)  be  the  given  non»al  velocity  of 
the  hull  C  (see  sketch  2  or  sketch  3). 

Let  us  recall  the  problea  P  for  the  (cater) 
potential  $  : 

“  0  in  (sketch  2) 

v« 

^  or  n  (sketch  3), 

Ci 

on  F^(8ketch  2) 
or  Sp(sketch  3), 
for  fO. 

trace  of  i  on  at  tioe  t. 

We  can  split  P  into  two  (<)uasi*}steady  problems 
44^  •  0  in  ft, 

tPi  -  0  In  ft, 

||l-  -  0  on  C, 

$  on  Sj,. 

issuse  ^  Is  a  given  function  for  the  bo* 

•  V  being  given  in  L*(C) ,  P  has  one  and 
only  one  solution  P  in  «*  (see^footnote  of 

0  o 

$  Indeed,  it  is  cis/  to  sec  that  the 

oP 

derivative  f  •  -g  belongs  to  L*(Sj.). 

tSj. 

•  We  assuse  the  body  ia  subnerged.  Let  ki 
be  the  operator 

P,  defined  on  S^^^V.iP  •  g  the  nonaal 

iSp 

derivative  (on  Sj,)  ol  the  unique  solution  of 

P». 

Ki  is  a  t'.  p  ^itive,  u>ib-  unded 

r>3?<'r  in  L*(Sp)  d'nps'  d^vatu. 

V 

•  Then  the  solution  4  of  P  will  be  the 
sun  ♦  ♦j.  provided  that  P  satistics  the 
"wave-equation" 


<v 

and 

<Pi)| 

<wc 


(P) 


I  4g^. 
tt  *  3y 


Let  $  be  the 


*  GARIPOV  considered  the  case  of  a  finite  depth 
and  this  proof  was  extended  b>  JA,M1  to  the 
case  of  an  infinite  depth. 


*  Kj^  -  f  (31) 

in  L*(Sp),  with  initial  conditions  d(0)-#^(0)-a 

It  can  be  shown  that  the  latter  problea  has  (at 
least)  one  soluticn. 

then  ^  0  e  thus  constructed  can  be  shown 

o  V 

to  be  the  unique  solution  of  P,  using  a  classi¬ 
cal  energy  argusent. 

III. 2.  JAMl's  nuaicrical  eethod. 

In  the  present  conference,  A.  JAMl  exhibits 
a  contribution  to  the  nuaerical  solving  of  the 
tl»e-depending  preblea  of  a  floating  body  sub¬ 
ject  to  forced  oscillations  C23). 

the  Batheaatical  background  to  which  ho 
refers  is  the  one  we  have  just  described  in 
i  III.l,  and  which  asserts  the  existence  (and 
uniqueness)  of  the  solution  of  the  problca. 

then  A.  JAMI  uses  the  integral  represen¬ 
tation  (25)  involving  the  Green  function  (24). 
He  introduces  a  tioe  discretiraclon  with  step 
At  -  t  -t  *  and  he  chooses  a  second  order  fi¬ 
nite  difference  scheae  in  tioe  to  approxiaate 
the  convolution  appearing  in  the  last  integral 
of  equ.  (25)  :  though  the  convergence  of  suih 
a  schctte  has  net  yet  been  proved,  it  has  been 
nuaerically  tested  and  can  actually  be  trusted. 


Sketch  3  (JA.MI) 

Next  A.^JA.MI  reduces,  for  each  tine  step, 

the  problea  P  set  in  the  unbounded  domain  ft  to 
an  equivalent  problea  P  in  a  bounded  domain  ft 
(see  sketch  3)  by  writing  (25)  on  the  outer  (or 
"coupling")  boundary  of  ft  ;  this  equivalence 
must  be  put  down  to  the  account  of  the  Green 
function,  which  contains  the  whole  information 
concerning  the  flow  (especially  at  infinity). 


tb9 


More  precisely,  the  potential  at  tlD« 
t^  oust  satisfy  Upi£ce*a  equation  in  the  com¬ 
putational  doeuin  A.  together  with  the  usual 
slip-condition  on  the  hull  C.  If  the  body  is 
surface-piercio$,  so  is  the  coeputing  doMin 
Q  too.  and  a  finite  difference  scheoe  oust  be 
introduced  to  approxloa^e  the  free  surface 
condition  (23)  on  Sp  n  ?!•  If  the  body  is  sub- 
oerged.  the  cooputing  dooain  can  be  chosen  sub- 
eerged  too,  and  the  frec-surface  condition  can 
be  disregarded. 

Now,  on  the  outer  boundary  £  of  (sketch 
3)  the  discretized  fore  of  the  intcgrai  repre¬ 
sentation  (25)  is  ieposed  :  this  nesns  a  cou¬ 
pling  between  and  Using  an  extension 

operator  from  C  into  I)  ,  the  problem  P  at  each 
ti<ae  step  in  the  bounded  domain  0  is  given  a 
variational  foreulatlon  which  is  aaerable  to 
classical  finite  eleaent  techniques.  TnA  inte¬ 
gral  representation  is  not  singular  and  can 
be  corputed  via  Gauss  guadraturee,  thus  alUnting 
finite  elenent  discretizations  of  high  order  of 
accuracy. 

this  method  of  coupling  hetiseen  integral 
representation  and  finite  elements  has  been 
designed  by  A.  JAM!  and  M.  lENOIR  (see  (2^1) 
in  two  eain  versions  ;  each  of  them  has  been 
intensively  vorked  out  and  tested  on  a  n:cJ:er 
of  iD  or  20  probUns  belonging  to  aerodynamics, 
sea-keeping,  wave-resistance,  coastal  enginee¬ 
ring  or  acoustics.  A  survey  concerning  this 
aethod  is  presented  in  C2S). 

Though  the  coupling  aethod  was  initially 
designed  ...  for  tlas-dependlng  problcos  in 
ship  hydrodyniaics,  It  has  been  applied  only 
recently  to  this  very  problca.  The  octhod  is 
very  stable  and  exhibits  <2  specialty  favorable 
precieion/cost  ratio,  since  In  practice  one 
layer  of  finite  elements  appears  to  be  suffi¬ 
cient.  Sketch  3  shows  a  12  eleaent-discretiza- 
tioft  for  a  subnerged  circular  cylinder  of  ra¬ 
dius  i/2  and  whtch  center  is  located  at  the 
depth  a  :  the  elements  shown  here  are  quadran¬ 
gles  of  first  order,  but  second  order  isopara¬ 
metric  elements  are  currently  operated. 

The  last  figure  in  thas  paper  is  due  to  JA.MI 
(23).  for  the  forced  oscillations  Y(t}cos(ue) 
the  time  harmonic  flows  is  established  within 
the  first  cycled  what  several  authors  already 
observed  C26).  In  figure  3,  time-depending 
and  time-hareonic  solutions  are  compared  <l.et 
us  notice  that  both  computations  have  been 
perfoneed  using  the  same  coupling  method, 
which  proves  to  be  rather  general...) 

Though  the  timc-discrctization  has  not  yet 
been  mathematically  justified,  JAMI's  method 
appears  to  be  numerically  effective,  specially 
when  the  phenomenon  under  consideration  is  to 
last  some  time,  since  the  condition  at  infinity 

•  Such  an  extension  operator  makes  the  formal 
presentation  of  the  method  somewhat  diffi¬ 
cult,  but  it  must  be  pointed  out  that  the 
discretized  version  of  this  operator  1$  very 
easy  to  handle. 


U  taken  exactly  into  account  thus  avoiding  the 
use  of  any  approximate  absorbing  outer  boundary 
condition* 

IV.  Conclusion 

tte  can  now  try  to  give  some  brief  conclu¬ 
sions  and  suggestions  about  the  sMthods  devoted 
to  treatsient  linearized  free-surface  problems 
in  iffbounded  domains. 

IV. I .  Contents  on  theoretical  results 

a)  R.  FRIEDMAN  and  M.  SHINBROT,  R.M.  GARIPOV. 

J.  BOUJOT  consider  the  problemi  of  the 
forced  oseillaticns  of  a  floating  body,  the 
only  unknown  of  which  is  the  velocity  potential 
0.  They  reduce  the  problem  to  finding  the  trace 
^  of  4  on  the  linearized  free  surface  y-0  : 

^  must  satisfy  a  wave  equation  in  that  plane. 
Assming  that  the  uhole  fluid  is  at  rest  d  too, 
they  establish  a  theorem  of  existence. 

b)  On  the  contrary,  J,t.  BEALE  considers  a  body 
free  to  oscillate  .  the  unkovns  are  the  velodi- 
ty  potential,  the  wave  height  and  the  body  po¬ 
sition  and  velocity.  The  initial  data  may  be 
arbitrary.  J.T.  BEALE  establishes  a  theorem  of 
existence  and  uniqueness  using  the  powerful 
technique  of  semigroups, 

oi  J.T.  BEALE  initially  assumed  the  water-depth 
finite  and  IK  positive-definite.  As  a  matter  of 
fact,  it  is  possible  to  get  rid  of  the  first 
assumption  by  changing  the  functional  space, 
and  C.  LICHT  proved  that  the  second  assumption 
is  not  necessary.  The  case  of  a  forced  motion 
also  enters  the  scope  of  the  method.  Moreover 
C.  LICHT  recently  showed  that  tsunamis  and 
hydroolasticity  could  also  be  taken  into  accomit. 

The  only  fundamental  hypothesis  is  that 
the  total  energy  of  the  system  is  fintte.  There¬ 
fore  our  conclusion  is  that,  on  the  theoretical 
point  of  view,  BEALS 's  approach  (which  the  most 
recent)  to  probably  the  most  general. 

It  Is  quite  rcoarquable  that  such  a  theo¬ 
retical  basis  exists  for  transient  flows,  since 
no  theorem  of  existence  or  uniqueness  is  known 
at  the  present  time  for  steady  flows  or  for 
the  diffraction  of  waves  by  a  ship  with  torward 
speed.  Of'course  the  problem  of  finding  such 
flows  as  limiting  cases  of  time'depending  pro¬ 
blems  remains  quite  open  (even  time-depending 
problems  with  non-linearizcd  moving  bedies  do 
not  seem  to  enter  directly  the  scope  of  BEALE's 
theory). 

IV. 2.  Cocaaents  on  numerical  methods. 

a)  C,  LICHT*8  nGth>d  of  approdnxtion  Involving 
finite  cUrents  in  space  and  finite  differences 
tn  itme  has  the  great  advantage  to  rely  upon 
BEALE's  theoretical  background  and  to  have  been 
fully  justified  using  mathematical  argte^nts. 
Moreover  It  has  the  same  character  of  generali¬ 
ty  as  BEALE's  theoretical  study,  to  which  it  is 
closely  connected. 

b)  But  in  the  case  where  we  want  to  follow  a 
phenomenon  for  a  long  time,  LIChT's  method 


Oust  like  legrsngisn  or  eulerian  schcses) 
cannot  be  applied,  because  tk«  longer  the  aerf 
putetion  lasts,  ike  vider  the  eorpiutatienal 
damin  must  he.  The  situation  could  be  bettered 
by  using  for  the  space  discretization  a  locati* 
zed  finite  elesenc  technique  (like  K.J.  BAI's 
or  C.C.  MEI’s,  see  [25])  as  C.  LICtfT  suggests 
hiaself.  But  it  seess  that  LlCifl's  aethod 
should  be  restricted  to  rather  short  transitory 
phenoeenous* 

o)  To  coapute  long  tise^depending  phenooenons 
it  secfls  that  vt  should  use  a  aethod  involving 
a  Green's  function  and  an  integral  representa¬ 
tion.  In  chat  case  the  doaain  of  coaputation 
remains  bounded  at  any  tine  :  namely  the  hull 
itself  in  II.  ADACHI's  and  S.OHMATSU's  aethod, 
or  a  small  and  fixed  coeputational  docuin 
around  the  body  in  A.  JA.Ml's  eethod. 

Thanks  to  H.  ADACHI  and  S.  omTSU  the 
problem  of  irregular  frequencies  nov  seems  to 
be  solved,  and  the  first  significant  computa¬ 
tion*  using  a  singularity  distribution  proce¬ 
dure  have  been  performed.  Thanks  to  A.  JAMI  it 
is  possible  to  avoid  any  singular  behaviour  of 
the  integral  representation,  thus  using  nuaeri- 
cat  quadratures  and  working  out  finite  elements 
of  high  order  of  accuracy  so  as  to  save  coepu- 
tlng-tioe. 

It  remains  to  justify  the  discretization 
of  the  time-convolution  Involved  in  the  inte¬ 
gral  representation,  and  to  take  (probably 
using  tisc-implicic  finite-differences)  the 
d)naaics  of  freely  floating  bodies  into  account. 
But  OKS  basic  assif^Han  seems  difficult  to 
remove  if  we  want  to  handle  with  care  the 
conditions  at  infinity  using  any  cf  the  avai¬ 
lable  methods  :  the  assumption  that  the  body 
and  the  fluid  axe  at  rest  at  sore  initial 
time  ... 

Indeed,  J.T,  BEAU  and  C.  LICHT  do  not 
need  eaplicity  such  an  assumption,  but  the  pro¬ 
blem  set  by  C.  LIGHT  in  a  bounded  domain  G  is 
only  an  <^prcxinatiori  of  the  problem  in  the  un¬ 
bounded  domain  G,  and  the  intormation  located 
Outside  G^  le  lost.  On  the  contrary,  under  the 
assiaption  that  the  fluid  be  at  rest  ■\  t-0, 
the  problem  set  by  A.  JAMI  in  the  bounded  do¬ 
main  is  strictly  equivalent  to  the  problem 

V  V 

P  in  the  unbounded  domain  il. 
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BOUNDARY  CONDITIONS 
FOR  NONLINEAR  FREE-SURFACE  WAVE  PROBLEMS* 


S  M.  Y*n  «Ad  0  a  H»ll 

Coord.Mt«d  Seftrtc*  Ubof*torv.  Univ«r«ity  of  IlNtx^* 
lilfno**  6IS01«  U  S  A 


Sufcjry 

Wi  h«vt  tcudied  tvo  ipproAchct  for  cotvlnc 
potontUl  flow*  for  oonUncir  fr««  iurf4c«  v«ve 
probXoo*  U4lns  4  tMll  «0oput4tlOA4l 

dOMln,  lo  *4ch  4ppro«eh,  v«  h«v«  U4«d  0rl4<ukt'g 
eeeh^  to  ivpleatnt  th«  op«n  bounJgrjr  eondltloo 
«  tht  oueflM  bouAd^ry.  Th«  two  4ppr04rh«« 
dlfftr  in  th«  tr«4ts«at  of  hljh  fr*<pj«ficy  trror* 
th4t  4pp«4r  In  ih«  tolutlon  4ni]  th4t  liAlbtt 
occuriu  trc4tn!nt  of  th«  o?«n  bou(kl4ry  condi¬ 
tion.  In  th«  ftrcc  4ppro4ch,  v«  used  fLlt«rln« 
to  alnlalio  high  fr«^u«ncy  trrors.  Itovovor.  It 
v4$  found  to  b«  «ff««tlv«  only  4t  4n  «4rly  tlee; 
th«r«fore,  It  U  tulttbU  only  for  obtolnlnj 
trcMlont  tolutlong.  Zn  (h«  locond  opprooch. 

VO  eodlflod  our  tlee  urchlng  icheeee  so  thet 
the  tcheaee  ere  cherecterUod  by  deicing.  Thlt 
deeping  le  eore  effective  in  controlling  high 
fre^eocy  errore.  Trenelent  end  eteedy  eute 
•olutlone  heve  been  obtelned  for  the  preieure 
dletrlbutlon  end  the  eccelereclng  etrut 
probleee. 


Z.  Introduction 

The  nueerleel  aolutlon  of  the  nonllneer  free 
eurfece  probleoe  require*  the  treetsent  of  co«- 
plexltle*  In  flw  geoeetry,  flow  feeturee  end 
boundery  cthidltlon*  thet  ere  chereeterlzed  by 
theie  proble&a.  Zn  our  eerllcr  *tudy  (ij,  ve 
heve  developed  two  coaputetlonel  ichetws  to 
deel  with  *ooe  of  these  coeplexltlce  end  eppUed 
these  nethod*  to  severel  nonllneer  free  eurfece 
probleoe.  Zn  on*  scheae,  vo  use  the  finite 
eleoent  nethod  to  nske  the  field  eelculetlon  of 
the  vel^lty  potentlel  end  the  finite  difference 
wthod  I*  used  for  the  tine  evolution.  The 
fceslblllty  of  this  schesM  ve*  dewnstreted  by 
nuoerlcel  solutions  obtelned  for  the  tvo-dlmn- 
slonel  problem  of  the  pressure  distribution  end 
the  subeerged  body,  Zn  the  other  schene,  4 
finite  difference  Mthod  thet  couples  *n  explic¬ 
it,  single  stege,  second  order  tine  Integretlon 
scheoe  with  the  solution  of  the  Uplace  ecuetlon 
for  the  velocity  potentlel  Is  used.  The  feeci- 
blllty  of  this  scheaie  hes  been  detionscreted  by 
nueerlcsl  solutions  obtelned  for  e  cvo-dliaen- 
elonel  pressure  distribution  problem  end  4 

This  reseerch  wes  supported  by  the  Kstlonel 
Science  Foundation  under  Grant  NSF  EWJ  77-20436 


three-dleenslonel  ecceleretlog  strut  problem. 

In  both  scheees,  the  conputetlonel  doeeln 
1*  expended  downecreao  periodically  during  the 
coeputetlon  4*  the  disturbance  on  the  free  sur¬ 
ma  Is  propagated  clot*  to  the  downstrean 
boundary.  Therefore,  the  undisturbed  condition 
I*  applied  on  the  cut-off  downstrean  boundary. 

In  order  to  obtain  the  longer  tlee  and 
ateady  state  tolutlone.  we  have  to  use  a  fixed 
downetream  boundary  sat  close  to  the  dlstur- 
'f*  ^'«’f****  Ihe  coeputetlon 

efflcleMy  by  dealing  with  a  snail  computation¬ 
al  dOMln.  The  present  phase  of  our  study  has 
Wen  mused  on  the  application  of  our  nuMrl- 
<al  scheMs  to  the  nonllneer  free  eurfece  preb- 
w«*  vlth  4  fixed,  taall  cooputatlonal  doaaln. 

•!«  Involved  in  this 

•tudyj  (1)  Investigate  the  laplerentatlon  of 
Ihe  open  beundary  condition  at  the  outflow 

P*»»  through  It 
snd  (2)  iBprove  our  ruBerlcal  schenes  so  that 
eccurat*  nuaerlcel  solution,  can  be  obtained 
using  the  open  bewodary  condition  at  the  out¬ 
flow  boundary.  and  (3)  apply  the  methods 
developed  to  selected  nonlinear  free  surface 
probleae. 

We  have  studied  In  detail  the  oethod  to 
boundary  condition  used  by 
schcnc  {31 

in  ^Ich  the  SuEiaerfeld  radiation  condition  Is 
epplled  at  the  outflow  boundary  and  the  phasa 
vemity  Is  calculated  nucerlcelly,  We  have 
conducted  nuaerlcal  experiments  to  study  lys- 
teutlcally  the  error*  of  a*n**  nunerlcal 
echeae  to  Implenent  the  advcctlon  equation  and 
to  atody  ways  to  nlnlaize  these  error*. 

Transient  eolutlon*  have  been  obtelned  for 
the  preseur*  dletrlbutlon  probleo  end  heve  been 
cohered  with  those  obtained  for  expanding  do- 
Min  In  order  to  establish  their  accuracy. 

These  accuracy  studlea  have  led  to  the  deternl- 
Mtlon  of  the  position  of  fixed  outflow  bound- 
«ry.  Using  the  eethods  we  hsvc  developed,  ve 
have  obtained  accurate  transient  and  ateady 
sl«e  solutions  for  the  pressure  distribution 
.olutlon.  h.v. 

been  Obtained  for  the  accelerating  etrut 
problem. 


163 


Wo  heve  been  studying  *n  alternative 
method  to  le9lei»nt  the  open  boundary  condi¬ 
tion.  Zn  this  eothod,  we  use  directly  the 


governing  free  eurfece  equeelon  Ineteed  of  the 
edvcction  equation  at  the  outflow  boundary. 

Thl$  taethod  doea  have  a  problen  of  alow  Inata* 
blUty  vhlch  can  be  dealt  with. 

In  thla  paper,  ve  shall  first  review 
briefly  the  nonlinear  free  surface  problems 
under  study  and  our  nutaerlcal  scheaes  to  solve 
these  problems  using  an  expanding  domain.  Then, 
ve  will  present  the  results  of  our  study  of  the 
numerical  scheme  to  lapleeent  Orlanskl'a  mthod, 
our  numerical  achetaes  to  solve  ronltnear  free 
surface  wave  problems  using  a  fixed,  small 
computstlonal  domain,  and  numerical  solutions 
obtained. 

11.  Free  Surface  Wave  Problems 

Ve  consider  the  potential  flov  produced  by 
a  disturbance  moving  forvard  on  or  near  a  free 
surface.  The  flcv  la  governed  by  the  potential 
equation,  free  surface  boundary  conditions  and 
conditions  at  oth*r  boundaries.  The  free  sur* 
face  Is  charscterlzcd  by  tvo  distinct  conditions, 
hlneastlc  and  dynamic  conditions. 

Ve  shall  suaDarlze  below  the  baste  equations 
and  the  boundary  conditions  for  the  domain  bound*^ 
ed  by  the  free  surface  and  three  cut*off  bound* 
arles  approximating  boundaries  at  Infinity.  Ve 
shew,  as  an  example,  the  pressure  distribution 
problem  In  Fig.  1.  the  coordinate  system  (x,y,£) 
Is  attached  to  the  dlsturbsnce  with  negative  y 
oriented  toward  the  scceUratlon  of  the  gravity. 
The  flow  variables  are  the  potential  function  t, 
the  velocity  pressure  p. 

All  the  variables  in  the  basic  equations  and 
boundary  conditions  are  nondlecnslonsllted  with 
respect  to  U,  L,  and  which  are  the  reference 
values  of  velocity,  length  and  pressuie  respec* 
lively.  Ve  Introduce  tvo  flow  psramoters. 


c.-l?  . 

ogi. 

The  free  surface  height  is  defined  as 


Xa  addition  to  the  pressure  distribution 
problem,  we  have  also  considered  the  strut 
problem.  For  this  problem,  ve  use  the  elliptic 
cyllrdrlcsl  coordinate  system  (i  to  dls* 
cretlze  the  cospucstlonal  field.  The  constant 
i  and  constant  6  level  curves  are  respectively 
confocal  ellipses  and  hyperbolas  with  foci 
(*c.O)  and  (c,0).  Here,  e  la  the  sealfocal 
dlatance 

(5) 

where  a  and  b  are  the  scml-maJor  and  scml*nlnor 
axes  of  the  base  ellipse  respectively.  The 
base  ellipse  la  represented  by  6.  •  Inf (<^h)/c). 
The  metric  or  scale  factor  h  associated  with 
the  transformation  from  the  Cartesian  to  the 
elliptic  cylindrical  system  may  be  expressed  by 


The  problem  considered  Is  defined  as  follows: 


f  •»  cU  cosh  ?  cos  S  • 

'  '  Fr* 


vhtro  (7«>^- 

«  •  cU  cosh  6  cos  6  on  $ 

The  cut'Off  boundary  Is  At  the  bottom 
boundary  y  •  y^.  It  is  assumed  that  t  Is  equiv¬ 
alent  to  the  potential  function  for  a  two- 
dimensional  flow  past  an  elliptic  cylinder. 
After  a  slight  modification  to  obtain  compati¬ 
bility  with  the  boundary  condition  at  6^,  ve 
R«t 


^■•cUfeosh  J^Xcos  9)1— 


a  cosh  6-b  slnh  6 


A  tvo-dlsKnslonal  problem  of  a  moving 
disturbance  can  be  defined  as  follows: 


’^t  "  *y  “  on  y  •  1). 

•y) 1)--^  P  onyTt. 
^  Fr  Fr* 

^  '  (4) 

f  ■  x  on  cut-off  boundsrles. 

bt 

•  0  on  solid  boundsry. 

I  •  0,  Tl  •  -  c  p  at  t  •  0  In 

Here  p  Is  the  spplled  pressure  on  the  free 
surfscs. 


Ill,  N'uporlcsl  Methods  for  Expanding 
Cogputatlenal  Domain 

Ve  shall  describe  here  the  numerical 
methoda  developed  previously  for  opandtng 
coaputatlon  domain. 

Finite  Eleeient  MothoJ 

In  this  method,  the  finite  element  method 
Is  used  for  the  field  calculation  of  the  veloc¬ 
ity  potential  while  the  time  evolution  is  up¬ 
dated  by  using  the  finite  difference  method. 

The  finite  element  method  for  field  calcula¬ 
tion  is  given  In  dotsll  in  ref.  1. 

The  time  advancement  of  the  free  surface 
boundary  conditions  is  carried  out  using  a 
predictor-corrector  method^  Lot  the  free 
surface  boundary  conditions  be  expressed  by 


Finite  Difference  Method 


\  •  F(x,y;t) 
end 

"  OCK.yst)  .  (») 

Th«  Euler  sethod  predtees  the  velue*  ec  a  parti¬ 
cular  X  positlen  at  the  ticu  tlu  seep  by 

tifl  “  “ 

end 

I*  .».eltG„  (10) 


Our  Unite  difference  eethod  is  to  couple 
en  expUclCp  single  suge,  second  order  tiiae 
integration  scheae  vith  the  solution  of  the 
Laplace  equation  for  the  potential  function. 

In  this  cethod,  the  free  surface  conditions  are 
integrated  to  provide  a  Dirichlct  condition  ac 
the  surface  for  the  Laplace  equation,  the  La> 
place  equation  Is  solved,  and  the  solution  is 
used  together  wltli  the  free  surface  conditions 
to  deternlne  the  derivatives  needed  for  another 
tlee  integration. 


where  8*  denotes  ♦  on  the  free  surface,  the 
subscript  n  refers  to  Uie  titae  level,  and  tt  is 
the  tine  Increoent.  The  values  at  the  new  tiw- 
atep  are  obtained  froa  the  corrector  atep  by 

nfl 

and 

)  •  <«) 


In  cosoputlng  F  and  C,  the  spatial  derl* 
vatives  can  be  coeputed  froa  the  finite  eleoent 
algorlthas.  However,  when  the  triangular  nesh 
is  used,  the  derivatives  have  cosparably  larger 
errors.  In  this  case,  the  spatial  derivatives 
are  obtained  froa  polynoaial  approxiaations 
after  the  iterative  solutions  converge  at  each 
tlae  step. 


The  tlcc  intCi  'ation  scheee  Is  expressed 
by 

(13) 

and 


The  subscript  n  denotes  values  at  tine  t  •  t  , 
9*  denotes  9  at  y*T), 


<14) 


Ihe  successive  overrolaxaelon  sethod  Is 
used  to  solvo  the  taplace  equation  iteratively 
with  the  specified  values  of  f*  on  the  given 
boundary  T).  The  updating  of  ^  and  9*  Is  carried 
out  by  the  predictor-corrector  taethod  after  Uie 
iterative  solutions  converge  within  a  required 
Uoit.  Ihe  predlctor-cerrector  oethod  has  less 
stringent  conditions  for  stability  and  converges 
even  in  nonlinear  probleas;  however,  it  does 
require  two  solutions  for  each  ticu-step. 

Finite  olenont  solutions  were  obtained 
for  the  pressure  distribution  problco  and  the 
problca  of  subaerged  bodies.  The  pressure 
distribution  problca  is  shown  scheaatlcally 
in  Fig.  I.  In  this  problca,  ve  consider  the 
distribution 

I  y  <l-co.  0  S  X  S  I 

P  •  ((*)■]  (12) 

\  0  elsewhere 


The  Mrlchlet  condition  at  the  new 
surface  provided  by  the  application  of  Eqs. 

(1$)  and  <14>  and  the  other  boundary  conditions 
for  the  problca  are  used  to  solve  the  Laplace 
equation. 

The  final  step  of  the  oethod  is  to  coepute 
the  derivatives  appearing  on  the  right  hand 
aide  of  Eqs.  (13)  and  (14). 

Finite  difference  solutions  were  obtained 
for  the  pressure  distribution  problem.  A  uni¬ 
formly  spaced  grid  with  Ax  •4y»  4 -0.0625  was 
used  except  for  the  spacing  between  nodes  at 
the  surface  and  those  at  y*-A.  The  spacing 
between  such  nodes  was  Ay*  (A  +  T|). 

The  strut  problca  was  solved  on  an  ellip¬ 
tic  cylindrical  coordinate  syatca  by  using  the 
finite  difference  aothod.  The  parameters  of 
this  problca  are:  a*0.5,  b-0.05,  and 
2 

Fr  *  0.025.  The  outer  boundary  of  the  doaaln 
used  is  an  ellipse  with  axes 


where  la  the  nsxieua  pressure  in  the  surface 
distribution.  The  pressure  distribution  is 
initially  at  rest  and  starts  to  move  with  the 
unlfora  speed  U  in  the  negative  direction  en 
the  x-axis.  The  span  of  the  applied  pressure 
is  chosen  as  the  length  unit.  The  cocfnitational 
domain  is  bordered  by  the  free  surface  and  three 
cut-off  boundaries.  The  downstrcaa  boundary  la 
expanded  periodica  to  contain  the  entire 
region  of  disturbance  within  the  coeputaclonal 
doaaln.  The  domain  la  Initially  divided  into 
regular  triangular  elements  with  Ax  •Ay  *0.05. 


a^  •  c  cosh  6^ 

snd 

b^  ■  c  slnh  6 

where 

c  ■  a  •  b 

and 

*,  -  rr.ln|(«  +  l,)/c| 

The  other  boundaries  were  the  free  surface,  the 
synaetry  axis,  the  surface  of  the  strut,  and 
y*-4n/25  .  At  the  boundary  y*-4n/25  ,  the 
flow  is  assumed  to  bo  coe^letely  horlzontsl  as 
It  would  be  at  infinite  depth.  The  two-dloen- 
slonal  flow  past  an  elliptic  cylinder  la  there¬ 
fore  used  as  a  condition  at  this  boundsry.  Ihe 
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grid  used  to  tolvc  chit  proMea  vas  uolfora 
with  apaclng  &«tt/S0  In  all  three  dlreettens  of 
the  elliptic  cylltidrleel  coordinate  eystea.  As 
In  the  previous  problea,  the  spacing  between 
nodes  at  the  surface  and  those  at  y«-A  vas 
iy(6+il). 

IV.  lapleaintatlon  of  Orlanskl*s  Scheae 

The  fixed  outflow  boundary,  as  shown 
scheaatlcally  for  the  pressure  distribution 
problem  In  Fig.  2,  requires  special  and  careful 
treatment  In  order  to  prevent  wave  reflections 
that  may  lespalr  the  accuracy  of  solutions  or, 
even,  destroy  the  calculations.  Chan  (2)  used 
Orianskl's  taethod  (33  to  lapleoenc  boundary 
conditions  at  the  open  boundary.  This  method 
consists  of  Imposing  the  Sotsoerfeld  radiation 
condition  at  the  outflow  boundary  and  numeri¬ 
cally  evaluating  the  phase  velocity  of  the 
boundary.  We  shall  first  briefly  review  Chan's 
scheme  • 

The  SOBsnerfeld  radiation  condition  Is 


where  Q  is  any  perturbed  variable  <13  and  4  In 
the  free  surface  wave  problem)  and  C  is  the 
phase  velocity  of  the  wave.  Tl\e  open  boundary 
condition  Is  ioplemcntcd  using  the  following 
expression: 

.  <IS> 

Tho  subscript  IB  denotes  the  outflow  boundary, 
n  is  the  tlm  level.  The  phase  velocity  C  Is 
cslculated  from  snd  obtained  from  free 

surface  computations  as  follows: 

<17) 

The  crest  or  trough  condition  is  treated 

by: 

“  ICl-Oy 


Finally,  the  limits  on  the  phase  velocity  are 
set  as  follows: 

r  Ax/it,  If  C*  >  <Ax/At). 

C  -  <  C*.  If  0  S  C*  £  Ax/it.  <19> 

to,  If  C*<0. 

In  which  C*  Is  the  right  hand  side  of  Eq.  (17). 

Bssleally,  Chsn's  method  has  two  explicit 
steps:  (1)  calculate  the  phase  velocity  at  the 
outflow  boundary  IB  by  using  the  values  of  the 
verlablc  of  the  present  and  previous  time  levels 
In  the  vicinity  of  IB,  and  (2)  calculate  the 
value  of  (he  variable  at  the  next  tine  level 
n^l  at  the  outflow  boundary  !B. 


Since  ve  use  the  total  instead  of 
perturbed  potential  and  variable  Instead  of 
constant  tine  steps,  ve  have  to  modify  Eqs. 

(Id)  and  (17).  The  modified  expressions  are  as 
follows.  For  the  potential  function, 

.ftfl  ,0-1  .  ...2  .3 

*IB  Ax  IB-1* 

+  2C,CAt“)'  ,  (20) 

lo  which  (At”)'  -  (Ac“+At"“^)/2, 

At”  •  nth  time  step, 


C,*  phase  velocity  for  potential 
function  $. 

For  the  wave  height. 

In  which  C^»  phase  velocity  for  wave  height  1). 

Itie  phase  velocities  Cj  and  C.^  art 
evaluated  using  the  following  expressions; 

,n  .  ,n-l  .n-l  ,  .n-2 

Ax  ^IB.1^*IB-2  ^lS-1  *16-2.  ^22) 


_n  ...n-l  -n-l  _-n-2 

^  Ax  .  ^I8-l*^lB-2  *“lB-l,,^lB_-2  ... 

n-lv*  /<Ah-l  »,h-l  »  * 

2(At  )*  ^^XB-2  “^IB-l^ 

We  also  take  Into  account  the  wave  crest 
or  trough  pasting  out  of  the  downstream  bound¬ 
ary.  When  this  phenotnenon  happens,  the  denomi¬ 
nators  of  Eqs.  (22)  and  (23)  get  very  sesall. 
Thus,  when 


vh.a  -Hj-lil  S  10- 


We  constrained  the  range  of  the  values  of 
C|  and  could  take.  Letting  C|  be  the  right 

hand  side  of  Eq.  (22), 


,  Ax/At,  If  C*  >  Ax/At. 
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Si 


0  ,  If  c*  <  0. 

.  If  0  s:  C*  s  A*/At  , 
ix/at»  If  >  Ajt/ic  . 


(27) 


l«e«r.  ve  have  found  aa 
Aiccrnatlve  aathod  to  «valuat«  aod  c  that 

leads  to  Bsorc  accurate  Icplcwntatlon  of  the  open 
boundary  condition.  In  this  aethod,  we  use  thT 
derivatives  of  «  and  7>  that  have  already  been 

surface  at  nodes' upstreaa 
of  the  outflow  boundary.  Ue  expression  for  C 
and  using  this  aethod  are  * 


C,- 

1 

(28) 

'  v‘  ■  ■ 

1 

«x)?8.v<'x)u.‘i-2]  ■ 

and 

c_  • 

’'c 

(29) 

The  contaalnatlon  of  the  solution  by  ttx 
waves  discussed  above  led  to  our  effort  to 
conduct  "advccclon"  experlnents  to  evaluate  the 
perfornance  of  schcees  that  could  be  used  to 
iB^leoeot  accurately  the  Susnerfeld  adveetlon 
equation  at  the  open  boundary. 

There  are  two  experleents.  In  one  experl' 
Bent,  a  sine  wave  of  several  coeblnatlons  of 
paraoeters  (asplltude,  wave  length  and  advec- 
tlon  velocity)  la  adveeud  through  a  boundary. 
In  the  other,  a  243c  wave  Is  superposed  on  the 
ad^weting  sine  wave.  In  each  experleent,  we 
find  the  solution  of  the  SusKrfeld  adveetlon 
equation  using  the  chosen  ntaerlcal  schenes  at 
the  boundary.  Each  solution  will  yield  bound¬ 
ary  values  of  aaplltude,  phase,  and  phase 
velocity  froa  which  we  Bjay  evaluate  the  perfor- 
aence  of  the  schenes.  The  perforasnee  charac¬ 
teristics  evaluated  Include  amplitude  and  phase 
errors  and  stability. 


The  following  schenes  have  been  tested; 

1.  Chan 

♦  •  »-2C(4t/to> )  KJj  .  , )  (32) 


In  nuBcrlcally  lopleaenelng  Eq.  (15)  for 
the  potential  the  spatial  derivative  0  ie 
better  represented  by  * 


1*1 

lx 


yi*v 


(30) 


lOe  KcgikJ.tcrs  In  thl«  cxptctalon  1»  to  cornet 
chins.  In 

height  ^  at  the  outllw  boundary. 


As  to  be  discussed  later,  se  haw  found 
that,  for  long  tltM  solutions,  the  wsvo  height 
at  the  outflow  boundary  becosKS  unstable.  Ue 
«e  able  to  Insure  stability  by  setting  the 
lower  Hale  of  to  be  the  free  streaa  velocity 
The  new  Halts  of  becotss 


S  -  j  c*  .  11  1  <  C.  <  tx/4t. 

I  ix/6t  ,  If  C*  >  £x/4t. 


(W) 


Our  first  effort  In  using  a  fixed,  saall 
c^tatlonal  dooaln  Is  to  solve  the  pressure 
distribution  problem  and  to  coepare  the  solu¬ 
tions  to  those  obtained  with  the  expanding 
coeputatlonal  dcewlo.  We  set  the  outflow  bound 
ary  •  1,5,  Transient  solutions  have  been 


obtained  for  pr  -  l/^  and  c  •  O.Ol.  It  was 
found  that  two-gtld  Interval  (24x)  waves  of 
appreciable  Bsgnituda  start  to  appear  at  t-0.# 
near  the  outflow  boundary,  spread  quickly  up¬ 
streaa  and  eventually  cause  the  calculation  to 


(33) 

In  which 

“  (l-«)(l-2«)/I(t+a)(l  +  29)| 

*2  -  2(1  -2ar)/(l+a> 

a  •  C(4t/4x)  . 

).  I'pwind 

.  (,4> 

4,  AtPOipheric 

♦C(4t/4x)l 


(35) 

P**  results  of  the  first  experiment  may 
briefly  be  sunwrlted  as  follows;  (1)  both  Chan 
*  j  scheacs  yield  accurate  solutions, 

and  <2)  the  solutions  of  the  other  two  scheact 
contain  algnlflcant  aepHtude,  phase,  and  phase 
wloclty  errors. 

In  the  Second  experiment,  we  tested  the 
perforaances  of  numerical  scheaes  not  only  with 
24X  wave  error  but  also  with  (and  without) 
phase  velocity  error.  It  was  found  that-  (1) 
all  the  fchemaa  teated  perform  poorly  with  24x 
wawa  present.  (2)  the  effect  of  the  phase 
velocity  error  without  2Ax  waves  present  Is  not 
as  significant!  however.  It  becocut  large  In 
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the  preeence  of  2tx  wave*.  Thete  finding*  ere 
slSRlflcenC  In  thec  the  2fix  vavee  are  preaent 
In  the  aolutlon  of  free  surface  vave  calcula¬ 
tions  (as  shown  In  Fig.  3);  therefore,  sooe 
Bcans  has  to  he  used  to  elldnate  thea< 

In  general,  these  numerical  experlnnts 
have  helped  us  to  identify  tvo  probleess  In 
nunerlcally  laplesMStlng  the  open  boundary  con¬ 
dition:  high  frequency  errors  In  the  free  sur¬ 
face  vave  solution  and  phase  velocity  error  In 
the  calculation  of  the  boundary  condition.  We 
shall  discuss  in  the  following  section  our 
Bcthod  to  deal  with  these  problecs. 


On  the  basis  of  the  results  of  the  nuaerical 
cxperieents,  we  have  forculated  the  following 
requlreeents  for  nmrlcal  scheaes  that  ccutd  be 
used  for  free  surfsce  wave  probleas  for  a  finite, 
easll  cos^tatlonal  dooaln  (1)  tone  saesns  should 
be  used  to  olnlalee  the  2ix  wsves  In  the  solu¬ 
tion,  <2)  the  open  boundsty  condition  should  be 
lepleeented  so  that  the  phsse  velocity  should  be 
calculated  Independent  of  the  open  boundary 
condition  to  Insure  the  accuracy  of  Its  calcula¬ 
tion  and  (3)  a  correction  U  necessary  In 
Isplcswntlng  the  open  boundery  condition  for 
the  potentlel  function  at  the  free  surface.  We 
hsve  developed  two  nuaerical  eethode  to  oeet 
these  requlreeents. 


vlth  a  daaplQg  factor 

jxl.l-p‘/12»p‘/36 

tn  which  P-itit  .iwS  •  •  fcequchcy.  I"  wr 
tiee  Integration  schece,  we  use  the  .ollowtng 
predictor-corrector  scheao: 
nsl  _  f. 

5 

q"*!  .  •  O’) 

Ve  propose  three  codifications  as  follows: 

MPC-1 


5”*).  Q”*lt(0j>  +  ((2t)^/2lQ”t 
Q»h)  .  Q"h(4t/2)(Q"cI5“) 

(Xl  .  l.pVhp‘/14 

MPC-Tt 

.0“c(4t/2X«"h?J) 

1x1  -  I  - 


(38) 


(39) 


the  first  BKthod  hes  two  festures:  (1) 
filtering  Is  used  to  elleloAce  the  2tx  waves  as 
they  grow  in  the  solution  and  (2)  the  phase 
speed  cakuUtlon  at  the  outflw  boundary  le 
decoupled  froe  the  open  boundary  condition  by 
using  derlvstlves  ftoe  she  free  surfeee  calcula¬ 
tion  according  to  Eqs.  (28)  and  (29).  We  shall 
describe  the  developoent  of  our  filtering  echeoe. 

We  vented  to  allalnace  the  28x  waves  by 
using  filtering,  two  ewthods  of  filtering  were 
tried  (1)  point  filtering.  flUering  only  at  the 
boundary,  and  (2)  full  filtering:  filtering  over 
the  entire  free  surface  es  well  as  st  the 
boundary.  Rceults  Indicated  the  point  filtering 
sebeeo  does  not  work;  therefore,  ve  used  only 
the  full  filtering  schene.  The  filtering  schecB 
1$  given  In  Appendix  A. 

the  results  of  the  first  oothod,  tppUed  to 
the  pressure  dletrlbutlon  probUn,  are  presented 
In  the  next  section. 

In  the  second  ewthod,  we  oodlftcd  our  tloe 
surchlng  Integration  scheoes  so  thst  the  high 
frequency  wave  errors  are  dasped  by  the  dis¬ 
sipation  and  dispersion.  Ve  shell  describe 
these  Bodlflcstlons. 

First  ve  nodlfled  our  scheoes  so  that  they 
would  be  dissipative.  For  the  second  order 
Taylor’s  series,  we  chsnged  it  to  third  order 
with  the  Ujtrd  tero  ae  the  dssplng  ter*  as  fo 
follows: 

q"*)  .  q"  .  it  qJ  ♦  I  (4t)^2  IqJj  .  1  (lt)’/4W"„ 

(36) 


(('“♦iKDj) 

.<!".it(l!;)  .  (‘O) 

Secondly  ve  changed  froo  center  differenc¬ 
ing  of  the  spatial  derivatives  to  upwind 
differencing.  We  ha^e  ftxind  that  the  schcMS 
becone  effective  in  daaplng  the  2Ax  waves  when 
we  use  upwind  differencing.  Figure  4  shows  the 
effectiveness  of  the  second  oethod  in  Blnlois- 
Ing  the  high  frequency  errors  In  the  wave 
height  solution  for  the  pressure  distribution 
problea  at  t  ■  2. 

N^irerlcal  Solutlona 

Ve  shall  describe  here  the  nunerlcsl  solu¬ 
tions  obtained  using  the  two  oethods  given  In 
Section  VI  as  well  as  a  few  additional  revi¬ 
sions  that'  were  found  to  be  necessary  to  Insure 
accuracy  of  calculations. 

Ve  have  applied  the  flret  cethod  in  which 
filtering  Is  used  to  treat  the  high  frequency 
errors  to  the  pressure  distribution  problen  for 
Fr  •  l/‘/2n  and  o  -  -  O.Ol.  The  field 

calculation  U  oade  by  using  a  finite  differ¬ 
ence  Bcthod.  The  outflow  boundary  Is  set  at 
x«2.  The  filtering  was  found  to  be  effective 
In  ellninaclng  high  frequency  errors  without 
Is^alrlng  the  accuracy  of  calculations  for 
Integration  at  early  tloes.  Soiae  of  the 
results  are  shown  In  Figs.  S,  6,  snd  7.  Ve 
observe  that  the  filtering  ellainates  26x  waves 
that  appear  dovnstreaa  as  well  as  upstreaa  and 
vavea  reflected  froa  the  outflow  boundary. 


Wt  *re  able  to  obcala  accurate  early 
transient  solutions,  Ve  show  one  of  the  aolu* 
tlons  for  c*5  In  Mg.  8.  Hwever^  we  have 
found  that  the  error  due  to  filtering  accusw- 
latcs  such  that  It  will  eventually  isfialr  the 
accuracy  of  calculatlona.  it  seess.  therefore, 
that  the  use  of  filtering  Is  not  suitable  to 
obtain  long  tlae  and  steady  state  solutions. 

The  second  Dethod  In  which  daaplng  is  used 
to  treat  the  high  frequency  errors  was  also 
applied  to  the  preosure  dlseributloa  problem 
using  the  finite  element  method  for  field  calcu¬ 
lations.  Specifically,  the  KPC-XI  was  used  with 
upwind  differencing  and  the  correction  term  for 
the  potential  function  calculation  at  the  free 
surface  outflow  boundary.  The  parameters  used 
were  Fr«l/vSn  and  e*0.01.  The  outflow  bound¬ 
ary  Is  also  set  at  X- 2.  The  wave  height  of  the 
ateady  state  solution  obtslned  Is  shown  In  Mg. 
9.  The  corresponding  llnesr  calculation  by 
Haussllng  (4)  Is  also  shown  for  comparison. 

We  are  currently  trying  to  obtain  a  solu¬ 
tion  to  the  accelerating  strut  problem  by  using 
the  seco'vd  ex.thod.  However,  w«  are  considering 
the  use  of  our  original  time  wrchlng  scheoe 
with  upwind  differencing  of  the  spatial  deriva¬ 
tives.  Figure  10  shows  the  result  on  wave 
height  at  t<*0tl6  with  the  following  patameters: 
•  •O.S,  b. 0.125  4ryJ  (Fr)^.o.02S. 

VIII.  Alternative  Method  of  Implementation 
of. Open  Boundary  Condition 


IX,  Concluding  Renarks 

1.  To  Impleaienc  accurately  the  open 
bindery  condition  at  the  outflow  boundary 
using  Orlanskl's  method,  ve  have  found  that  (a) 
an  accurate  numerical  scheme  should  be  used  to 
solve  the  advectlon  equation  at  the  boundary, 
(b)  the  numerical  calculation  of  the  phase 
velocity  should  be  decoupled  from  the  open 
boundary  condition,  (c)  the  evaluation  of 
spatial  derivative  of  the  potential  at  the  free 
surface  (needed  In  the  calculation  of  phase 
velocity)  should  take  Into  consideration  the 
change  In  wave  height  and  (d>  limiting  values 
of  the  phase  velocity  should  be  set  properly  to 
Insure  stability  of  calculations  at  the 
boundary. 

2.  The  most  Itqportant  task  In  developing 
methods  to  solve  free  surface  wave  problems 
using  a  fixed,  small  computational  domain  is  to 
find  ways  to  eliminate  the  two-grid  Interval 
(2ix)  waves  that  appear  In  the  solution  and 
that  Inhibit  the  accurate  Implementation  of  the 
open  boundary  condition.  We  have  studied  two 
spproaches  to  mlnlmtxe  these  waves.  One 
approach  la  to  use  filtering.  It  was  found  to 
be  effective  In  eliminating  the  2ix  waves  only 
at  an  early  time.  The  second  approach  Is  to 
Incorporate  dashing  In  our  time  marching 
schemes.  The  dattplng  Is  more  effective  In 
controlling  the  high  frequency  errors. 

However,  careful  studies  should  be  made  to 
ascertain  Its  influence  on  the  accuracy  of 
solutions. 


An  alternative  method  of  Implementing  the 
open  boundary  condition  at  the  free  surface  Is 
being  studied.  In  this  method,  ve  used  the 
wave  height  free  surface  boundary  condition  at 
the  outflcw  boundary.  We  feel  that  the  use  of 
the  free  surface  boundary  should  be  physically 
more  comparable  to  the  condition  near  the  otit- 
flow  boundary.  The  problem  with  using  this 
technique  Is  that  It  Is  unstable  under  some 
conditions.  Since  the  Instability  develops 
slowly,  ve  use  our  experience  with  filtering  to 
the  following  second  order  smoother  to  smooth 
the  wave  height  at  IB  and  IB-l: 

Tt* 

“  •  *  6t-„.2  »  12T)j,.,  4  C»,j)/13 

(41) 

*  ^'’iso  *  ’”18-2  ♦  ‘”18.1 
^  (42) 

In  which  Tl  Is  the  smoothed  wsve  height.  These 
expressions  have  bean  developed  on  the  basis 
of  a  second  order  Interpolation  formula  with  a 
2ix  wave  aaoocher.  In  practice,  our  smoother 
Is  used  to  detect  the  onset  of  the  Instability 
and  is  then  applied  to  the  wave  height  aolutlon 
at  the  boundary.  Coeparlng  the  wave  hei^t 
solution  using  both  open  boundary  techniques, 
we  found  that  the  free  surface  boundary  condi¬ 
tion  gives  slightly  better  results  nesr  the 
outflow  boundary.  Figure  ll  shows  two  solutions 
for  the  pressure  distribution  problem  at  t*4 
using  the  (VO  techniques. 
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Appendix  A 
Filtering  Schema 

We  wish  to  filter  out  the  2ix  waves  which 
contaminate  the  solution  of  the  pressure  dis¬ 
tribution  problem.  Since  the  filtering  also 
affects  the  waves  of  longer  wave  length  of  the 
aolutlon,  we  have  to  choose  a  scheme  that 
nlnimlsea  the  effect  on  the  solution. 


Ve  chose  the  linear  filtering  foroiilee 
developed  by  Shapiro  {!].  Iheee  fortulae  are 
designed  to  ellrdnate  2^  waves  without 
affecting  the  phase  of  the  wave.  Ihe  aoount  of 
daoplng  of  the  lover  frequency  waves  depends  on 
the  frequency  and  order  of  the  fonula  used. 

Ve  shall  discuss  here  Shapiro's  fonulae  and 
their  lepleaentatlon. 

Shapiro's  filtering  fonulae  are  based  on 
the  sytonetrlcal  operation 

+  •  (*•!) 

Here  f (x^)  •  f^  for  discrete  values  of  x  such 
that  x^  ••  1^  where  1  Is  an  Integer.  And,  f(x) 
is  an  Integrable  function  of  tine  or  space  In 
one  dlnenslon. 

We  express  f(x^)  in  tersu  of  a  sun  of 
Fourier  cooponents  of  general  form  A^^cos  n(xj^-tf^) 
where  A^  *  the  ae^lltude  of  the  wave  cosponent 
with  wave  nunber  n,  n  •  2n/X,  X  •  the  wave 
length  of  the  cooponent,  and  •  the  phase  of 
the  coBponent.  If  A^  Is  the  nth  cosponent  of 
f^,  and  A^^^^ls  the  nth  coeponent  of  fj^\  then 

.  (A.J) 

ThuSi  the  operation  deflred  In  <A.l)  dasps  the 
anplltude  of  each  of  the  Fourier  cosponents  of 

f^  by  the  factor  (I  -sln^<nAx/2)].  This  factor 
Is  called  the  aeplltude  response  function  of  the 
operation  <A.l). 

Shapiro  derived  a  filtering  formla  of 
order  p.  For  exaeple,  (A.l)  Is  the  (oreula 
of  order  zero  end 

f <*>.  <l/2J6)|  186  56<£j^j  »  'l.l>-“<fit2*  'i.2> 

«*•’> 

Is  the  foroula  of  order  three. 

The  acplltude  response  function,  for 

the  pth  order  foraula  Is  defined  as 

.  (A.6) 

Tha  characteristics  of  the  filtering 
forculae  can  be  suarurlzed  as  follows.  The 
phase  of  any  cooponent  reoslns  unchanged  after 
filtering.  As  the  vsvelength  Increases, 

approaches  unity.  And,  as  the  order  of  the 
filtering  scheoe  Increases,  snoothly 

approsches  unity.  Thus,  the  larger  wavelengths 
are  danped  less. 

We  wish  to  choose  the  order  of  the  foreula 
such  that  repeated  applications  of  the  foraula 
do  not  seriously  dasp  the  significant  wave 
cooponent  (11  and  to  apply  the  filtering  as 


close  to  the  boundary  as  possible.  Since  all 
hl^  frequency  waves  are  undesirable,  the  dsop* 
Ing  should  be  high  for  these  wave  cooponents. 
Thus  we  should  select  the  lowest  order  foraula 
such  that  the  shortest  wavelength  of  Interest 
would  not  be  seriously  dsoped. 

For  the  solution  shown  In  Fig.  12  the 
soallest  wavelength  of  Interest  Is  >  the  12Ax 
wave.  To  choose  the  order  of  the  fortcula  for 
this  solution,  we  constructed  a  table  of  the 

order  p  vs  (Rp+i)”  X  “  l^Ax  snd  vsrlous 
values  of  filtering  steps,  n.  The  results  are 
shoim  In  Table  A.l.  For  a  chosan  value  of 
daoplng  and  an  estltosted  natter  of  steps  we 
could  find  the  order  of  scheoe  p  froa  this 
table.  We  used  the  third  order  scheme  fot  the 
results  shMn  in  Figs.  5,  6,  and  7.  The 
allowable  accusulatlve  daoplng  was  chosen  to 
be  0.99  and  the  nuaber  of  filtering  steps  was 
250. 


Table  A.l  *  Values  of  the  Aoplltude  Response 
Function,  for  Various  Orders 

p,  X  •  i2ax. 


f  Vi 

(R  >25  JOO  .  .250 

0 

.933013 

.178681 

.000974 

.000000 

1 

.995513 

.893858 

.837794 

.324884 

2 

.999899 

.992512 

.970384 

.927598 

3 

.999980 

.999497 

.997988 

.994979 

4 

.999999 

.999988 

.999885 

.999863 

5 

l.OOOOOO 

.999998 

.995991 

.999977 

8 

l.OOOOOO 

l.OOOOOO 

.999999 

.999998 

7 

l.OOOOOO 

l.OOOOOO 

1,000000 

l.OOOOOO 

We  shall  also  describe  In  further  detail  the 
application  of  the  filtering  schetae  to  the 
pressure  distribution  probleo,  as  shown 
scheoatlcally  In  Fig. ^  .  Our  Intention  was  to 
filter  the  wav*  heights  using  Eq.  (A. 3)  over  as 
such  of  the  free  surface  as  possible.  Near  the 
upstreaa  and  downstream  boundary,  where  we 
could  not  use  Eq.  (A.3>,  ve  used  Eq.  (A.l). 

Also,  by  Ruaerlcal  expcrlaentatlon,  ve  found 
the  best  way  to  lapleaert  our  scheae  was  to 
filter  every  20  tlno  steps  using  the  zero 
order  scheae  near  the  downstreaa  boundary  and 
filter  over  the  entire  free  surface  every  80 
tine  steps. 
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Fl*.  6  Treatment  of  Reflcctetl  Wave  fn_tne  Solution  of  the  Tressure 
Clatrlbutlon  Pioblcn  (Ft  -  l/v2ti)  at  t-2  by  Utfng  Fllterlnfi. 
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Fig.  7.  Elladnatlort  of  Six  Waves  Appearing  Kesr  the  Inflow  Boundary  In 
the  Solution  of  the  Pressure  Distribution  Problem  (Fr« 
sc  t«4  b/  Using  rilterlng. 


Fig.  S.  Wave  Hel^t  Solution  of  the  Pressure  Distribution  Problem 
(Fr  •  l/v5n)  at  fS  Obtained  by  Using  a  Fixed.  S6*nU 
CoB^tatlonal  Domain.  Comparison  with  a  Linear  Solution. 
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Fig.  9.  Stcidy  Sute  Wava  Height  Solution  of  the  Pressure  DUtributloii 

Froblca  <Fr*l/.v^)  Obtained  by  Using  a  Fixed,  Snail  Cos^uUtlonal 
Domain.  Coeparlson  vlth  o  Linear  Solutinr. 
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Fig,  12.  Typical  W£v«  profile  for  the  Presturo  Distribution  Problen, 
Fr  •  MJZrr,  0  ■  0.01. 
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IMPLEMENTATION  OF  OPEN  BOUNDARY  CONDITIONS 
FOR  NONLINEAR  FREE-SURFACE  WAVE  PROBLEMS 


OjSCUSSiOQ 

by  R.T.  Yan  Cseltlrie 

The  strong  stateaent  that  ‘the  use  of  filte¬ 
ring  is  not  suitable  to  obtain  long  tiee  and 
steady  state  solutions"  questions  the  use  of 
filtering  by  other  researchers  (e.g.;  longuet- 
Higgins.  Cokelet,  Orstag,  Haussling,  Coleoan,  and 
nyself)  to  obtain  such  solutions.  Longuet-Kiggins 
and  Coicelet  I'll  have  shown  that  energy  is  con¬ 
served  with  riitering.  In  addition,  Haussling  |2| 
and  Coleavsn  and  Haussling  |3j  have  obtained  solu¬ 
tions  to  two-dicensional  nonlinear  flows  with 
the  use  of  filtering  that  cospare  very  well  to 
the  steady-state  solutions  of  Vanden-Broeck  who 
did  not  use  filtering.  In  a  paper  presented  at 
th»s  conference  Baker,  Meiron  ar»d  Orsrag  (4| 
cospared  a  nuserieal  solution,  which  was  obuined 
with  the  use  of  filtering,  to  an  exact  solution. 
Very  good  agreenent  was  obtained  and  once  again 
it  was  siiown  that  the  filtering  does  not  affect 
the  conservation  of  energy. 


Such  success  with  filtering  cannot  be 
ignored  and  thus  the  strong  statement  that  the 
authors  of  this  paper  have  cade  is  subject  to 
question.  Because  of  the  success  of  other  resear¬ 
chers  with  filtering,  I  suggest  that  the  authors’ 
surprising  results  should  be  reexaained  closely. 
The  breakdown  they  observe  oust  be  for  reasons 
other  than  the  use  of  filtering. 
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■The  Oeforoation  of  Steep  Surface  Haves. 
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(3)  Coleoan  ,  R.M,  and  Haussling,  H.J.,  "Non¬ 
linear  Haves  Behind  an  Accelerated  Transora 
Stern",  Third  International  Conference  on 
Nuserieal  Ship  Hydrodynaaics,  Pans,  France, 
1981. 
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Authors*  reply 

A  filtering  schece  is  used  to  reaove  the 
spurious  ccoponent  of  a  meerical  solution.  The 
order  of  filtering  schecse  and  the  frequency  of 
its  application  should  be  chosen  so  that  Its 
effect  on  the  numerical  solution  is  ninioized. 

He  followed  this  guideline  in  our  atteopt  to 
control  the  high  frequency  errors  that  appear  in 
our  numerical  solution  of  the  pressure  distribu¬ 
tion  prcbleo  using  the  open  boundary.  Our  atteapt 
was  successful  in  the  solution  up  to  t  •  5  (2500 
ticte  steps}.  The  solution  becooes  unstable  after 
that  tioe.  This  instability  is  due  to  the  ninen- 
cal  scheme  to  solve  the  free  surface  condition 
as  well  as  the  open  boundary  condition  that  exa¬ 
cerbates  the  high  frequency  preblcfo. 

He  have  conducted  nuaencal  experiaents  to 
study  the  effect  of  filtering  on  the  nuecrical 
solution  of  the  pressure  distribution  probleo. 

In  one  experiaent,  we  applied  a  first  order  fil¬ 
tering  scheme  every  tioe  step  d>  well  as  every 
five  tine  steps.  We  have  four.d  that  the  niKneri- 
cal  solution  is  significantly  daoped  when  the 
filtering  is  applied  every  tiee  step.  The  daoping 
is  reduced  when  the  filtering  is  applied  every 
five  tine  steps  ;  however,  the  solution  is  dis¬ 
torted.  Since  we  are  trying  to  control  the  high 
frequency  error  due  to  the  instability  of  the  one 
step  numerical  sch.ene,  using  daoping  in  the  nurse- 
rical  scheme  is  more  suitable  for  our  purpose. 
Ho*/ever,  it  wuld  be  of  Interest  to  explore  the 
possibility  of  finding  a  filtering  scheme  that 
could  be  used  to  control  the  high  frequency 
error  without  influencing  significantly  the 
accuracy  of  the  solution. 
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APPLIC^IONS  OF  A  GENERAUZED  VORTEX  METHOD 
TO  NONLINEAR  FREE-SURFACE  FLOWS' 


Gregofy  R.  B«ker  t,  0*ni«l  I  M4ifon  find  Steven  A.  Ctueo 
Department  of  Methemettce 
Mesiachueetu  (netitute  of  Technology 
Cembridge.  Mettechueetu  02139 


Abs tract 

The  »otior  of  free  aurfacea  in 
incoapressibie,  Irrotational,  inviscid 
flows  is  studied  by  evolution 
equations  for  the  position  of  the  free 
surfaces  and  appropriate  dipole 
(vortex)  and  source  strengths.  The 
resulting  Predholra  integral  equations 
?  second  kind  may  be  solved 

storage  and  work 
by  iteration  in  both  two-  and  three- 

ere  presented 

for  such  problens  as  breaking  water 
waves  over  finite  bottora  topography/ arri 
wave  generation  by  body  notion  and^ 
surface  pressure  distributions,  the 
latter  problens  requiring  radiation 
boundary  conditions. 

1-v  Introduction 

♦.«  solution 

to  the  pxrichlot  and  Neunann  pioblons 
for  Laplace's  equation  nay  be  expressed 
integrals  of  source 
or  dipole  distributions.  The  equations 
deterning  the  source  and  dipole  strengths 
are  Fredholm  integral  equations  of  the 
first  and  second  kind,  as  enunorated  in 
Taoie  1. 

Table  1:  Classification  of  Fredholm 
Integral  Equation  by  Problem  Typo 
and  Choice  of  Representation 


Problem 

Type 

Representation 

_  Source  Dioo!,» 

Dirichlot 

First 

Second 

Kind 

Kind 

Neumann 

Second 

First 

Kind 

Kind 

These  equations  are  normally  solved  by 
direct  matrix  inversion  techniques  such 
as  Gaussian  elimination.  However,  when 
the  problems  are  formulated  in  terms  of 
integral  equations  of  the  second  kind. 

It  IS  not  necessary  to  resort  to  such 
the  required 

Fredholm  equations  have  globally  con¬ 
vergent  Neumann  series  so  they  oav  bo . 
solved  by  simple  iterative  procedures, 
These  Iterative  methods  lead  to  new 
and  efficient  techniques  for  the 
solution  of  tine-dependent,  irrotationaL 
incompressible  flows  in  layered  media 
in  the  presence  of  both  free  surfaces 
and  solid  bodies. 

f-s,.  ?  points  used  to  resolve 

the  fluid  interfaces  (in  either  two  or 
three  space  dimensions),  our  iteiativc 
Mundarv  integral  methods  require  only 
^M)  computer  storage  and  0(h2)  arith- 
notic  operations  per  time  step.  These 
storage  and  operation  counts  should  be 
contrasted  with  more  conventional 

A?  raatrix  inversion 

that  require  0(n2)  storage  and  0{n3) 
problem  comp¬ 
lexity  increases,  our  new  methods  offer 
increasing  advantages  over  more  classical 
appioBches^ 

P.per»  wo  suivoy  Applica¬ 
tions  of  our  loothods  to  treo-surfaco 
water  wave  problems,  in  Sec.  2  wo 
outline  the  Xlnonatlcal  and  dynamical 
equations  used  to  evolve  those  flows. 
vHaf'S’  5.  applications  to  laiqo-ampU- 
tudo  breahinq  water  waves  over  bottom 
topography  arc  qivon.  Here  pei iodic 
toundarv  conditions  arc  apnllod  on  the 
free  surface.  Then,  in  Sec.  A.  problems 
that  require  the  application  of  a  radia- 
tion  boundary  condition  are  studied, 
of  il!  outline  extensions 

probl*^  ^thods  to  three-dimensional  flow 
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2.  Equations  of  Motion  in  Two 
Dimensions 

Here  wo  present  the  equations 
governing  the  evolution  of  free  surfaces 
which  separate  regions  of  inviscid/ 
^rrotational  flxiid  with  constant,  but 
possibly  different,  densities.  A 
detailed  derivation  of  these  equations 
is  given  elsewhere. 2  .'[n  order  to  obtain 

a  Fredholn  equation  of  the  second  kind 
(that  is  solvable  by  iteration),  wo 
represent  the  free  surfaces  located  at 
^(Fk)  .  ^(Fk)  ^  iy(Fk)^ 

jJFk)  y<Fk)  coordinates  of  the 

kth  free  surface,  by  distributions  of 
dipoles  of  strength  v  ^^^Nk"l, . .  •  ,i^)  • 
Similarly,  ircpcrreeablo  (solid)  inter- 
faces  located  at 

are  represented  by  distributions  of 
sources  of  strength  (k»l, . . . ,Kg>. 

The  complex  velocity  potential 
^  **  ^ti'&  whore  ate  the  potential 

and  stream  function,  respectively,  mav 
be  expressed  as 

,  .  ,a<f'='(els/f'''(o)de 

4(2)  •  I  f  ^ 

k  '  S-2  ^  (0) 

u*®’‘’(o)z  '“’‘Node 

U  .  -(BK),.,  * 


The  Lagrangian  variable  o  which 
parametrises  the  kth  free  surface  Is 
specified  by  requiring  that  the 
evolution  equation  for  the  position  of 
the  kth  free  surface  be 

Bz'W.o)  a 

— 'sr^  "  TTE)  *  2 


where  the  superscript  *  implies 
complex  conjugation.  When  the  poten¬ 
tial  is  evaluated  at  a  free  surface, 
the  integrals  in  (1)  should  be  taken 
in  the  principal  value  sense,  which 
corresponds  physically  to  choosing  the 
average  velocity  at  the  free  surface. 
Since  is  proportional  the  jump 

in  tangential  velocity,  (3)  gives 
the  decomposition  of  the  velocity  in 
terms  of  its  average  and  difference 
across  the  kth  free  surface.  The 
paxaneter  5  allows  one  the  choice  of 
a  weighted  average  of  the  velocities 
on  cither  side  of  the  free  surface. 

For  example,  If  6  »  1(-1)  then 
the  Lagrangian  markers  follow  the 
motion  of  the  upper  (lower)  fluid. 

The  dipole  distribution  at  a  free 
surface  automatically  satisfies  the 
kinematic  condition  that  54/5n  be 
continuous.  On  the  other  hand,  the 
rcqulrc.'aent  that  the  normal  fluid 
velocity  at  the  kth  solid  boundary 
bo  that  of  the  boundary  gives  an 
equation  for  Thus, 


'  (e)  "  2In  4 (e) 


whore  the  subscript  e  refers  to 
differentiation  with  respect  to  a 
Lagrangian  variable,  defined  below, 
which  parametrizes  the  free  siirfaces 
or  with  respect  to  a  variable  which 
parametrizes  the  solid  boundaries. 

It  may  be  shown  that  the  potential 
generated  from  the  dipole  sheet  is 
discontinuous  across  a  free  surface 
while  the  stream  function  Is  contin¬ 
uous.  The  jump  In  potential  Is  given 
by  the  dipole  sheet  strength 
Also,  may  be  Interpreted  as 

the  jump  In  stream  function  across  the 
kth  solid  boundary.  The  potential 
4j.  may  be  used  to  represent  an 

external  or  circulatory  flow  around 
the  closed  solid  boundaries. 


where  'm  4(e)  is  the  imaginary  oart 
of  the  potential  evaluated  at  this 
solid  boundary.  Equation  (4)  is  a 
Fredholm  equation  of  the  second  kind 

for  However,  it  is 

ful  to  have  an  equation  for 
slnco  this  quantity  appears  directly 
in  the  dynamical  evolution  equation 
(see  (6)  below).  Differentiating  (4) 
gives  a  Fredholm  integral  of  the 

second  kind  for 


The  kinematic  conditions  for  the 
flow  arc  now  satisfied  by  (1),  (3), 
and  (5),  Finally,  the  dynamic  condi¬ 
tions  load  to  evolution  equations  for 
y(Fk)^  The  Lagrangian  time  derivative 
of  is  given  bv 


at 


I  <6+  |) 


2 


(FJc).2 
c  ' 
(F)tJ|2 


2A  {ro(||)  -  i  qq.  .  I  r<.(_j2^)„^TO 


*g  Ioj<w} 


(6» 


external  flow  if  present.  The  evolu¬ 
tion  equation  for  is  obtained 
by  dlfferentiatlnq  (6) 


aY<Fk> 
^ - * 


(Fk),^ 

2'  3e  7(Fk)7(fe* 


*  2A 


Re{2 


(Fk)  ^ 
e  at 


2 


where  q*  .  is  the 

real  part  of  the  Lagrangian  tine 
derivative  of  the  conplcx  potential 
evaluated  at  the  free  surface,  g  is 
the  gravitational  constant  and  A  is 
the  Atwood  nunber  (the  ratio  of  the 
density  difference  to  the  density 
sun  at  the  free  surface),  since  the 

equation  for  involves  the  expres¬ 


sion 


I 


„(Fk) 


5t 


(Fk) 


(e)de 


2-2  <*^*^>(0) 


(5)  is 


also  a  Fredholn  ini 
the  second  kind  for 


iogr^Jj^^quation  of 


Equations  (1).  (3), (5).  and  ($) 
forn  a  basic  set  of  evolution  equations 
which  are  consistent  with  the  dynanic 
and  kinonatlc  constraints  on  the  flow. 
They  aay  be  used  to  advance  the  free 
surface  forward  in  tine.  These 
equations  are  not  the  most  general 
equations  for  irrotational  free 
surface  flow.  For  cxamplo<  wo  can 
include  in  a  straightforward  way 
effects  due  to  the  presence  of  surface 
forces  such  as  surface  tension  or 
raodified  dynaraical  constalnts  that 
replace  Bernoulli's  equation  (6). 


A  fornnl  identification  with  a 
vortex  sheet  representation  for  free 
surficcscan  be  nado  by  defining 


then 


(Fk)* 


sheet  strength.  The  complex  velocity 
q  «  u+iv  nay  be  obtair-'^d  by  diffeient- 
lating  (1)  and  integrating  by  parts. 


The  first  tern  represents  the  Biot- 
Savart  formula,  the  second  torn 
represents  the  source  distribution  at 
«!olid  boundaries  and  0*  is  the 


+  9  In(7.^''’=>)}  (8) 


This  equation  describes  the  baroclinlc 
generated  of  vorticity  due  to  the 
presence  of  density  gradients.  The 
above  formulation  is  entirely  equi¬ 
valent  to  (1)  and  (5)  and  taay 
also  be  used  to  study  the  evolution  of 
free  surfaces.^  In  general,  we  have, 
found  the  dipole  representation  to  be 
superior  for  the  study  of  breaking 
waves  and  the  vortex  sheet  representa¬ 
tion  superior  for  problems  in  which 
radiation  conditions  are  required. 

The  dipole  forraulation  is  easily 
iaploiRcntcd  for  the  case  of  infinite 
periodic  domains  as  it  is  possible  to 
sum  the  kernels  in  closed  form  so  that 
numerical  integrations  need  be  carried 
out  over  only  one  period.  Results  for 
periodic  domains  are  presented  in  Sec. 

3.  However,  many  free  surface  flow 
problems  are  concerned  with  the  gen¬ 
eration  of  waves  due  to  the  notion  of 
bodies  or  other  external  influences. 

In  such  problems,  a  periodic  computat¬ 
ional  domain  is  of  limited  voluo  since 
waves  may  interact  across  neighboring 
periodicity  intervals.  In  fact,  wo 
minimize  wave  reflections  by  introducing 
damping  layers  which  border  the  comp-  • 
utational  domain  in  which  both  the  wave 
elevation  and  vortex  sheet  strength 
are  damped^.  Specifically, 

t  -  R  -  y(x)  (9) 


R  - 


v(x) 


^(Fk) 


(10) 


whore  v(x)  is  the  damping  coefficient 
and  R  represents  the  right-hand  side 
of  (3)  and  <8).  The  damping  coeff¬ 
icient  IS  choson  to  be  a  quadratic  in 
X  so  that  it  and  its  derivative 
vanish  at  the  point  where  the  datsj-ing 
layer  meets  the  computational  domain. 
Applications  of  this  teohniqee  are 
given  In  Se..  4. 
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3.  APPLICATIONS;  PERIODIC  BOUNDARY 
CONDITIONS  “ 

Steady  and  Unsteady  TrAveling 
Waves  on  an  infinite  Dooth  Fluid 


«K  , 


/  Wds*2(-2^)  / 

0  I!1*02  0 


(12) 


A  sinple  but  non-trlvial  test  of 
the  tine  dependent  nuncricaX  schene 
is  obtained  by  calculating  the  prop* 
agation  of  steady  interfacial  waves. 
The  initial  wave  profile  and  vortex 
sheet  strength  are  obtained  by  solving 
nonlinear  integral  equations  for 
Atwood  ratios  A  "  -l.O  (  a  surface 
wave)  and  A  ■  ~  0.8181.  Those  steady 
state  integral  equations  are  derived 
in  detail  elsewhere.  In  our  test  the 
wave  heights  for  the  surface  and 
interfacial  waves  are  chosen  to  be 
h  •  0.4  and  0.36,  respectively, 
where  h  is  the  average  of  the  crest 
and  trough  aaplitudcs  and  the  wave¬ 
number  k  ■  1.  Therefore,  both  test 
cases  correspond  to  nonlinear  waves 
(90%  of  the  naxinum  Stokes  wave 
amplitude  for  the  surface  wave). 

In  order  to  maintain  the  seaooth- 
ncss  of  the  wave  profile  it  proved 
necessary  to  employ  smoothing.  Wc 
use  the  five  point  smoothing  operator 
described  by  Longuet-Higgins  % 
Cokelet.®  without  occasional  smooth¬ 
ing  the  interface  takes  on  a  jagged 
appearance  and  the  calculation  can¬ 
not  be  continued. 

An  Adams-Moulton  predictor- 
corrector  scheme  is  used  to  advance 
the  interface  and  vortex  sheet 
strength  forward  in  time.  The  time 
dependent  solution  is  chocked  for 
accuracy  by  comparing  the  locations 
of  the  markers  with  the  known  solution 
at  time  t  ■  0  translated  in  the 
x-dlrection  by  an  amount  ct  whore 
c  is  the  nonlinear  phase  speed  of 
the  wave.  For  the  surface  wave 
c  «  1.082  and  for  the  intorfacial 
wave  c  •  0.962.  The  results  arc 
plotted  in  Figs.  I  and  2  at  times 
when  the  waves  have  propagated  through 
one  period.  At  these  times  the 
numerical  and  theoretical  profiles 
agree  to  one  part  in  10^  (using  400 
time  steps  per  period). 

A  useful  diagnostic  on  the  cal- 
CKii*  t-on  is  conservation  of  energy. 

Tbie  Itnotlc  energy  is  given  by 


(11) 


where  i  and  ♦  arc  the  average  stream 
function  and  potential  respectively. 

The  potential  energy  Ep  is  given  by 


-l*‘>2 


— )  /  ^ 

'>l”2  0  ^ 


In  Lagrangian  forra  Y  ■  Y/(ds/de)  ■  ^ 
SO  that  the  total  energy  is  given  by 


(14) 

It  can  bo  easily  shown  using  the  equa¬ 
tions  of  motion  that 


dE 

-3t 


0. 


For  the  simulations  of  steady  waves 
energy  is  conserved  to  better  than  one 
part  In  10^.  The  five  point  smoothing 
operator  used  does  not  affect  conserva¬ 
tion  to  this  level  of  accuracy. 

The  application  of  a  fifth-order 
Lagrange  polynomial  extrapolation  in 
time  reduces  the  number  of  iterations 
to  just  two  per  predictor-corrector 
step  in  the  evaluation  of  du/dt.  Thus, 
our  operation  count  is  truly  0(N‘). 

For  400  time  steps  using  128  inter¬ 
face  markers  the  computation  time  Is 
less  than  30  seconds  on  a  CRAY-1 
computer. 

Having  demonstrated  the  reliab¬ 
ility  of  the  Iterative  vortex  method 
for  finite  aaplltudo  steady  flows  we 
show  that  t  le  method  Is  capable  of 
following  unsteady  waves  well  into 
the  breaking  regime.  As  an  initial 
condition,  wo  choose  a  Stokes  wave 
which  is  80%  of  maximum  height.  A 
pressure  distribution  of  the  form 


Using  Green's  theorem  Ej^  may  be  Pg<x,t)  *  sin(t)  sln{x-ct) 

rewritten  as  a  boundary  integral: 
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is  applied  at  times  0  <  t  <  a  and 
‘  "Thus  the 

energy  is  Increased  snoothiy  until 
t  •  ».  This  run  is  slnilar  to  the 
longuet-Higgins  t 
CoJcelet®.  As  is  seen  in  Figure  3  the 
wave  overturns  and  a  jet  of  fluid  is 
ejected  from  the  forward  face  of  the 

ar®’-,- was 
At  ■■  2i/400  with  smoothing  applied 
CTery  10  time  steps;  64  Lagrangian 
markers  were  used.  The  iterative 
zocthod  continues  to  converge  until 
the  curvature  at  the  tip  becomes  too 
great  to  resolve'  with  the  number  of 
points  used. 

Laroe*AmDllt;i,ifi^  Surface  Wawg 
^^_Ftnlte  Depth  Fluid 


Here  wo  report  results  obtained 
by  applying  the  vortex-source 
technique  to  the  calculation  of 
periodic  surface  waves  over  periodic 
bottom  topography.  The  rate  of 
convergence  for  the  coupled  integral 
equations  (5*6)  is  somewhat  slower 
than  for  the  case  of  infinite  depth 
discussed  above.  For  infinite  d^th 
(corresponding  to  a  sinplyconnected 
domain)  the  largest  eigenvalue  in 
the  integral  equation  (6)  la 
essentially  a  function  of  the  aspect 
ratio  of  the  geometry.  For  finite 
depth  which  corresponds  to  a  doubly 
connected  domain  the  largest  eigen¬ 
value  can  be  related  to  the  depth  to 
wavelength  ratio.  Therefore  as  the 
geometry  becomes  sufficiently  shallow 
the  dominant  eigenvalue  tends  toward 
one.  Indeed,  for  linear  shallow  water 
waves  the  dominant  eigenvalue  is 

0(c’^^)  where  d  is  the  depth  and 
X  Is  the  wavenumber.  Thus,  a 
larger  number  of  iterations  arc  ncecbd 
in  the  initial  stages  of  the  time 
integration.  However,  once  a  suf¬ 
ficient  number  of  previous  time  levels 
are  known  extrapolation  schemes  sign¬ 
ificantly  reduce  the  numbor  of  itera¬ 
tions  to  two  to  three  per  tine  step. 


In  all  runs  made  with  this  method 
we  used  128  points  on  the  free 
surface  and  128  on  the  bottom.  An 
equivalent  simulation  using  Green's 
third  formula  would  entail  the 
Inversion  of  a  256  x  256  matrix  at 
each  time  stop. '  The  use  of  fewer 
points  results  in  inadequate  res¬ 
olution  of  regions  of  large  curvature 
at  the  interface. 


As  an  accuracy  test,  wc  first 
calculated  linear  waves  over  a  flat 
bottom.  For  depth  d  the  ohasc 
velocity  of  the  waves  is 


c 

a 


•  /IT 

(a«l) 


tanh  kd.  For  waves  of  amplitude 
this  relation  was  found  to  bo 


satisfied  to  within  errors  of  order 

a  second  check  on  the  code  is 
obtained  by  noting  that  the  expression 
for  the  wave  energy  is  still  valid  since 
the  normal  velocity  vanishes  along 

the  bottom.  In  all  runs  reported  here 
energy  is  conserved  to  better  than  one 
part  in  10^. 


The 

nonlinear 


initial  conditions  for  all  the 
runs  reported  below  are 


x(e,t  ■  0)  «  e 
y(e,t  •>  0)  «  a  cos(e} 

yg(e)  a  .(1  -f  1,  sin(e) 

YCe.t  .  0)  «  Vtanhld)  (l+tanh  d)coste) 
o(c,t  ■  0)  ■  -  a//tanh(d)  sin(a) 


and  with^  ‘•'o  a“PHtude  a 

“r"  “  *1  those  conditions 

correspond  to  a  linear  wave  Dreoanarina 
to  the  riijht  at  the  speed  ®tanh  d! 

The  period  of  the  iineer  wave  is 

hfl  "  2V>'tanh'  dT  In  order  to  simulate  a 
plunging  breaker  wo  choose  a  •  O.S.d-l 
p?n  a  *  ?■  7*'®  YPSults  are  plotted  in’ 
fig.  4.  At  time  t  .  0.26to  (■  1.85) 

the  profile  has  become  vertical 
and  at  t  •  9.42  t(,(.  3.0)  a  ' 

jet  has  been  ejected  from  the  forward 
face  of  the  crest.  The  orotilo  is 
simllnr  to  that  of  q  plunging 
breaker. 


bv  the  ^  generated 

oy  tnc  initial  conditions  a  »  0.2 
a  ■  0,5  and  b  ■  0,1,  This  i<r  * 

spilling. 

Plcturo"or?he  dynEs'*of''t^''plungin?^ 
a^d  V®  “*'>'"‘"<><1  the  velocities 

o^®?h?!  ''®=‘°t  to  anj  poKt 

1  d®d;®  •'°7°9''APh  Plano  tho  magnitude 
and  direction  of  the  velocity  mv  bf 
deduced,  Ke  plot  the  results  for  the 
plunging  breaker  (see  Fig.  4)  in  Fig  6 
flic  curves  are  niotted  at  time  inf.®',.;; 
V20  where  t^  -  2V /HHhTT)  "T™ 
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I 


I  The  crest  of  the  wave  is  located  at 

the  rightmost  point  of  the  hodograph 
while  the  trough  corresponds  to  the 
I  leftnost  point.  The  front  (back)  of 

I  the  wave  corresponds  to  the  upper 

(lower)  half  of  the  elliptical  curves. 
As  the  wave  steepens  the  velocities  at 
I  the  crest  increase.  At  the  point  of 

,  plunging  the  crest  velocities  point 

•  downwards  toward  the  interface.  The 

.  nagnitudes  of  the  velocities  in  the 

for/?ard  jet  arc  greater  than  the 
nonlinear  phase  speed  of  the  highest 
wave  at  this  depth.  In  addition  the 
rate  of  increase  of  the  velocities 
(i.e.  the  acceleration)  is  also 
apparently  increasing. 

The  accelerations  for  this 
plunging  breaker  are  plotted  in  Fig.  7. 
At  early  tines  the  acceleration  is 
essentially  orthogonal  to  the  velocity 
vector.  The  ?ront  and  back  of  the 
travelling  wave  now  correspond  to  the 
rightnost  and  leftroost  points, 
respectively,  of  the  elliptical 
profiles  while  the  crest  and  trough 
arc  located  at  the  bottom  and  top. 

f  As  the  wave  approaches  breaking 

the  surface  profiles  of  acceleration 
depart  taarkedly  from  the  steady  state 
shown  in  Pig.  7,  The  largest  acceler- 
ations  are  located  in  the  re^'on  just 
below  the  crest.  These  accelei ations 
are  four  to  five  tines  larger  than 
the  acceleration  due  to  gravity  and 
arc  pointed  in  the  forward  direction. 
Peregrine  ot  al  have  also  observed 
large  accelerations  in  the  crest  region 
in  qualitative  agreement  with  our 
results. 

Despite  the  large  forward  acc¬ 
elerations  observed  just  under  the 
crest  of  tne  breaker  the  tip  of  the 
wave  appears  to  be  in  free  fall.  At 
tine  t  ■  0.28  tQ(«»2.0),  the  acc¬ 
eleration  at  the  tip  exceeds  g  (1.0 
in  our  units)  by  approximately  30%. 

I  The  forward  face  of  the  wave  is 

essentially  vertical  at  this  tine.  At 
'  later  times  the  acceleration  at  the 

'  tip  decreases  to  1.0.  Indeed,  at 

I  t  «*  0.41  tQ(»2.97),  there  is  a 

region  about  the  tip  in  which  the  fluid 
‘  accelerations  vary  by  loss  than  five 

I  percent  from  free  fall.  In  this 

region  the  accolorat  i  vectors  arc 
closol^aligned  with  the  -y  axis. 

I  The  qualitative  similarity  of  our 

results  witn  those  of  Peregrine  ct  al 
j  indicate  that  the  flow  in  the  plunging 

'  region  of  breakers  is  a  local  phen- 

c*nonon.  The  remainder  of  the  wave  is 
subject  to  relatively  low  accelerations 
and  does  not  appear  to  influence  the 
dynamics  of  the  plunging  jot. 


Longuct-Higgins  has  recently 
proposed  several  analytic  forms  for 
the  complex  potential  in  the  breaking 
region^.  A  detailed  cemparision 
between  this  theoretical  approach  and 
the  numerical  approach  of  this  section 
is  currently  under  way. 

4.  Wave  Generation  and  Radiation 
Conditions  » 


In  Sec.  2,  radiation  boundary 
conditions  were  incoroorated  in  the 
boundary  integral  equations  used  to 
study  problems  involving  wave  genera¬ 
tion.  The  effectiveness  of  these 
radiation  conditions  is  demonstrated 
by  the  following  test  case.  The  free 
surface  is  given  the  initial  elevation, 
y  »  0.2  exp(-x2),  and  then  allowed  to 
collapse  under  the  influence  of  gravity. 
Waves  are  generated  which  move  away 
from  the  source  of  the  disturbance.  By 
syrfflietry  only  the  notion  of  surface  for 
x>0  need  by  studied.  Damping  is 
applied  in  the  region  6  <  x  <  10. 

In  Pig.  8  wc  plot  the  clevatTon  at 
X  >*  0  as  a  function  of  tine  for  the 
case  of  no  damping,  the  case  where 
v(x)  •  a(x-6)2,  6  X  <  10,  with 

a  «*  0.5,  and  the  ■exact"  behaviour. 
Notice  from  Fig.  8  that  without 
damping,  reflected  waves  cause 
serious  inaccuracies  in  the  description 
of  the  free  surface  for  ts  7  (g,  the 
gravitational  constant,  is  chosen  to 
bo  1)  as  described  below.  Values  of 
the  damping  coefficient  «  greater 
than  0.5  give  no  significant 
Improvement  in  results  and  thus  one 
is  limited  in  the  accuracy  one  can 
obtain  with  a  fixed  damping  layer. 

Nhcn  the  damping  layer  is  increased 
in  length  and  moved  further  away,  the 
results  converge  to  the  solution 
labcMcd  •exact"  in  Figure  8.  In 
Figure  9, wo  plot  the  surface  elevation 
at  t  ■  10  for  various  damping  layers. 
Observe  the  convergence  to  the  "exact" 
profile. 

Our  first  application  of  the  damping 
layers  is  to  simulate  the  wave  genera¬ 
tion  by  an  air-cushioned  vehicle  moving 
steadily  over  a  water  surface.  Follow¬ 
ing  previous  workers^®,  wc  apply  a 
fixed  surface  pressure  distribution  on 
a  steadily  translating  fluid.  However, 
unlike  previous  work  in  which  steady- 
state  wave  trains  are  calculated,  wc 
turn  the  pressure  distribution  on 
gradually  so  that  the  formation  of 
the  wave  train  can  be  studied.  In 
particular  we  observe  that  rapid 
variations  in  the  strength  of  the 
pressure  distributions  cause  large  and 
slowly  decaying  transients  in  the  drag 
coefficients. 
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We  choosc^^  the  surface  pressure 
PQ(x,t)  to  be 

Pq  -  P(t)  lx|  <  -f 

P0.|(t)  -|)]j 


L, 

Pq  ■  0  |xl  4 


where  h  •  is  e  reference 

length  for  the  pressure  distribution 
and  <2sterrQines  the  steepness 

of  the  pressure  distribution  near 
its  ends.  For  the  results  reported 
below  we  choose  Hero 

o(t)  gives  the  strength  of  the 
pressure  pulse:  also  o<t >  Tp)«0.0l6  gU 
Finally*  the  Froudo  nutnber* 
r  ■  U/(9L)*''^  ■  0.461. 

The  surface  elevation  is  plotted 
for  various  tines  in  Fig.  10  to  show 
the  developnent  of  the  wave  train.  The 
damping  layers  were  placed  at 
-4.5<x  <-2.5  and  5.<x<7,5.  The 
pressure  distribution  is  increased 
steadily  in  tiro  until  it  roaches  its 
xaaxinun  value  at  a  tine  Tp  ■  8t/u. 

The  corresponding  tine  variation  of  the 
wavedrag  coefficient  defined  by 

°WD  ■  ^  /  Po  ^0 

Figure  lla.  Notice  that  the  wavedrag 
coefficient  attains  a  nearly  constant 
value  fairly  quickly.  However,  when 
T  •  ?L/u,  the  wavedrag  coefficient 

plot*-ed  In  Fig. lib, shows  nuch  stronger 
varla* ion  in  tine  and  the  existence  of 
large,  long-li  'cd  transients. 


beneath  an  initially  flat  surface. 

For  accuracy,  it  was  necessary  to  place 
the  damping  layers  at  -15R<x<-10R 
and  10R<x<15R. 

We  have  repeated  the  calculation 
for  an  ellipse  with  seai-minox  axis 
R  and  semi-taajor  axis  3R.  k  larger 
breaking  wave  develops  as  evident  in 
Fig.  13  .  We  expect  this  behaviour 
to  be  strongly  dependent  on  Froude 
number  (chosen  in  both  cases  as 
F  •  u/{gR)^'*^^  ■  0.8).  Further  results, 
in  particular  the  wave  drag  on  the 
body,  will  be  reported  elsewhere.  Xt 
should  be  emphasized  that  the  computer 
code  used  to  obtain  the  above  results 
works  with  rather  arbitrarily  shaped 
bodies.  Our  formulation  also  allows 
us  to  include  the  self-consistent  body 
notion  along  with  the  frec-surfaco 
dynamics. 

S.  Generalizations  and  Other 
Applications 

In  See.  2,  equations  determining 
the  laotion  of  free  surfaces  of  incom¬ 
pressible,  inviscid  irrotational  flow 
wore  obtained  as  Fredholm  integral 
equations  of  the  second  kino.  The 
advantage  of  such  a  formulation  is  that 
the  resulting  equations  nay  hu  solved 
iteratively  by  constructing  successive 
terms  of  a  Neumann  series.  7ho  result¬ 
ing  scheme  is  globallv  convorqtnt*^^  . 
Moreover,  improved  first  estimates 
for  the  solution  at  time  t  can  be 
obtained  by  standard  extrapolat.on 
techniques  from  values  at  previous 
time  steps.  In  this  way,  the  solutions 
arc  obtained  using  only  a  few  (2-5) 
iterations  oer  time  step  even  for 
sevoroly  dofoimcd  geometries. 

While  the  equations  given  in 
See,  2  arc  specifically  for  two- 
dimensional  flow,  there  is  a  more 
general  formulation,  valid  in  three- 
dimensional  flow.  The  potential 
evaluated  at  the  field  point  r,  is 
given  by^ 

«(r)  -  J  (r'l  g(r,r  )  dr 


Next  wc  consider  the  waves 
generated  by  a  submerged  uniformly 
translating  body.  Previous  workers** 
have  discovered  that  when  a  body  close 
to  the  surface  is  set  impulsively  into 
r'otion,  the  surface  dluturbancc  is 
strong.  In  fact,  our  calculations 
show  that  breaking  waves  form.  Figure 
12  shows  the  temporal  change  of  the 
surface  in  a  frame  at  rest  with  a 
cylinder  of  radius  R  that  is  moving 
horizontally  with  speed  u.  The  center 
of  the  cylinder  Is  at  depth  3R 


where  g{r,r’)  is  the  ftee-spacc 
Green's  function  for  Laplace's  equation, 
is  the  normal  derivative  on  the 

surface,  and  the  Integration  is  over 
(Fk) 

tree  surfaces  for  u  and  over 
solid  boundaries  for  For  two- 


dimensionaliflow,  g  "'^log  |r-r*l  rj 
for  three-dimensional  flow, 
g  “  1/4*  jr-r  {  ;  for  axi-syranetric 

flow  g  can  be  expressed  in  terms  of 
elliptic'functions  of  the  first  kind. 

Continuity,  of  normal  velocities 
at  free  surfaces  is  automatically 
satisfied  by  (IS) ,  but  the  require¬ 
ment  that  the  fluid  has  no  nonaal' 
velocity  relative  to  solid  boundaries 
leads  to^  Fredholm  integral  equations 
of  the  second' kind  for  The 

Neumann  series  for  the  solution  to' 
these  equations, involving  any  of  the 
Green's ’functions  mentioned  above,  are 
globally  convergent' so  the  equations 
can  be  solved  iteratively. 

The  dynamics  of: the  flow  gives 
equations  for  For  incompress¬ 

ible,  inviscid,  irrotational,  strati¬ 
fied  layered  flow  there  result  Fredholm 
integral  equations  of  the  second  kind 
for  the,  Lagrangian  time  rate  of 
(Fk)  ' 

u  (which , arc  generalizations  of 

(  6  )].  On  the  other  hand,  for  porous 
media  flow  and  at  fluid-vacuum  inter¬ 
faces,  the  dynamics  can  be  formulated 

as  a  Fredholm  equation  for 
itself.  Other  applications,  like 
motion  of  a  sea-bed,  cavity  flow, 
etc,  are  amenable  to  such  modified 
formulations. 
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Figure  1.  A  plot  of  the  Stokes  wsve  Figure  2.  Same  as'Pig.  1  except 

profile  (A«-l)  at  tine  t«0(a)  and  A  «  -0.8182. 

tixae  t  ■  2  (b) .  The  dots  indicate  the 

nunaricelly  computed  position  of  the 

interface.  The  solid  line  is  obtained 

from  the  nonlinear  integral  equations 

for  the  exact  interfacial  wave. 


Figure  3.  A  plot  at  various  tines  of  the  profile  of  a  breaking  wave  on  infinite 
depth.  The  height  of  the  Stokes  wave  used  as  an  initial  condition  if  801  of  the 

maximun.  The  wave  is  forced  by  a  pressure  pulse  laoving  in  quadrature  with  the  wave 

of  the  form  p<x,t}  >  p^  sint  sin<x-'Ct)  with  p^  ■0.146.  The  pressure  pulse  is 

turned  off  after  t  ■  >.  The  profile  is  shown  at  tims  (a)  t  ■0.38,  (b)  t  ■  3.16 

and  (c)  t  ■  4.22.  Note  that  in  (c>  the  wave  has  broken  and  a  smooth  jet  has 
been  ejected  from  the  forward  face. 


Figure  4.  A  plot  et  various  times 
of  the  profile  of  a  plunging  breaker 
on  finite  depth.  The  initial  condi¬ 
tion  corresponds  to  a  sine  wave  with 
a  large' initial  amolitude  a  ■  O.S. 
The  wave  is  plotted  at  times 
<*.5  c  •0.46  iLJ  t  •  1.84  and 
(c)  t  ■  3.0.  See  text  for 
discussion. 


Figure  S.  A  plot  at  various  times 
of  the  profile  of  a  spilling  breaker. 
The  initial  condition  corresponds 
to  a  sine  wave  with  initial  anplitu^ 
a  M  0.2.  The  bottom  topography  has. 
the  form  z^{e)  •  e  i  (-.5+.lsine> 
The  wave  is  plotted  at  times 

(a)  t  "0.46,  (b>  t  •  3.70,  and 

1.0F - - - - — - - j  (c)  t  •  4.0. 


Y  accalcratlon  Y  valoeltn 


Figure  6.  A  phase  portrait 
of  the  y-velocity  versus 
X'veloeity  for  the  run 
shown  in  Fig.  4. 


Figure  7.  A  phase  portrait 
of  the  y-acceleration  versus 
x^aecelcration  for  the  run 
shown  in  Fig.  4,  The  free 
fall  point  is  located  at  * 
<0,0,  -  1.0). 


Figure  8.  Surface  elevation 
y(x«0>  as  a  function  of  time 
for  the  test  of  the  radiation 
conditions  (see  text) i 

a)  no  damping 

b)  v(x)  -  0.5(x-$)^, 

6  <  X  <10 

c)  'exact"  solution 


Figure  9.  Surface  elevation 
y(x)  resulting  from  various 
applications  of  damping 
conditions: 

a)  no  damping*  computational 
domain  ends  at  .x  ■  10 

b)  v(x)  -  1/2(x-6)2,  6<j;<io 

o)  v(>!)  •  l/8(x-12)^  12<x<20 

d)  v(x)  -  l/18(x-  81^  8<x<30 
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Figure  10.  Free  surface 
elevations  resulting  fron 
application  of  tine 
dependent  surface  pressure 
distribution.  For  wore 
details  see  text.  Free 
surface  profile  is  shown 
at  tines  (a)  t  ■  5L/u» 

(b)  t  -  lOL/O, 

<c)  t  •  15L/U,  and 

(d)  t  ■  20L/U. 


Figure  11.  Coefficient  of 
wave  drag  as  a  function  of 
time  for  the  flow  past  a 
surface  pressure  pulse  (see 
Fig.  10  and  text  for  more 
details).  Drag  coefficient 
is  clotted  for  (a)Tp-8L/U 
and  (b)  ■  Zt/V. 


Figure  12.  Free  surface 
profiles  above  a  submerged 
translating  cylinder. 
Profiles  are  shown  at  times 
(a)  Ot  ■  2R/4,  (b>  'lR/4, 

(C)  6R/4»  (d)  8R/4, 

(e)  9.3R/4. 


Figure  13.  Free  surface 
profiles  above  a  submerged 
translating  ellipse  with 
eccentricity  /wT. 
Profiles  are  shown  at  times 
Of  (a)  2R/4,  (b)  4R/4, 

(c)  6R/4,  (d)  8R/4, 

(e)  9R/4. 
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RECENT  PROGRESS  TOWARDS  AN  OPTIMAL  COUPLING  BETWEEN  FINITE  ELEMENTS 
AND  SINGULARITY  DISTRIBUTION  PROCEDURES 

0.  Euvrard^  A.  Jaml  M.  LofM>1r,  0.  Martin 
£col«  National*  Sup^rlauro  <te  Technlquas  Avanciaa 
Centra  National  de  la  Recherche  Soentiftque 
Group*  Hydrodynamtque  Navaie 
Chemin  de  la  Hunt^,  91120  Palaiaaau  (France) 


Thia  paper  ia  a  survey  of  linearized  pro* 
blee*  In  ship  hydrodynaaica.  Various  approachee 
are  presented  vhlch  lead  to  probleas  sec  In  a 
bounded  doaaln.  Koreovcr  theoretical  results  are 
reported  which  give  Che  essential  support  to 
understand  the  nuacrleal  discrepancies.  By  the 
way  we  prove  that  the  Neusunn^Xelvln  problea  for 
Che  velocity  potential  Is  always  lll*posed  In 
2-D.  We  also  prove  the  convergence  for  the  loea* 
Used  finite  element  aethod  ;  this  being  appro* 
xlwtely  of  order  W*  If  N  la  the  nuaber  of  Cents 
In  the  truncated  aeries  expansion  of  the  aolu* 
cion.  Finally  ve  describe  the  coupling  aethod 
between  finite  elements  and  an  Integral  represen* 
cation  i  we  place  its  functional  fra^'evoeh  which 
ensures  convergence  of  the  finite  element  appro* 
xlnacion.  Kuaerical  results  are  given  using  the 
latter  method  which  compare  favourably  with  the 
others. 

X.  Introduction 

The  aim  of  this  coaaunication  is  to  present 
soae  considerations  on  the  problems  in  linear!* 
zed  ship  hydrodynaaics  and  on  the  numerical  me* 
thods  now  available. 

In  the  first  past  we  Cake  up  the  study  of 
the  so  called  linearized  aea-keeping  and  .Vaunonn* 
Kelvin  problems.  The  former  problem  enters  the 
scope  of  diffraoticn  problene  which  have  been 
studied  for  a  long  time  by  physicians  and  recen* 
tly  by  aachematician*  ;  one  can  easily  take  ad* 
vantage  of  this  considerable  theoretical  and 
practical  background.  For  the  latter  problem, 
the  situation  is  quite  different  ;  it  seems  that 
no  similar  problem  can  be  found  in  Che  field  of 
physlce  except  in  the  rtudy  of  baroclinlc  waves 


and  this  is  the  reason  why  its  thaoreclcal  study 
is  not  developed. 

In  Che  second  part,  we  bring  out  the  inner 
principles  of  two  of  the  main  classes  of  method* 
currently  in  use  to  day  : 

.  Localized  Finite  Elements 

.  Finite  Elements  and  Integral  Represents* 
tion. 

Finally,  few  numerical  results  are  given 
using  the  last  method  which  do  not  lay  claim  but 
to  corroborate  our  subject. 

Note  chat  we  consider  the  boundaries  are 
regular  enough  to  define  their  normal  almost 
everywhere  ;  the  normal  vectors  (and  nonsal  de* 
rlvatives)  are  supposed  external  to  the  domains 
under  consideration.  Although  the  problems  are 
generally  sec  In  3*D,  the  figures  are  drawn  in 
2*I>  for  the  sake  of  simplicity. 

XX,  Kis  linearized  sca*keeplng  problem 
IX.l.  Formulation 

This  problem  originates  in  the  study  of  the* 
potential  flow  around  a  rigid  ship  with  zero  mean 
spesd  which  motion  I*  generated  by  an  incident 
wave  with  small  amplitude  ;  it  leads  (see  C^3) 
to  the  solution  of  seven  boundary  value  problems 
of  th*  same  type  (see  fig.  1)  : 

Find  u  €  Hjp^(!i)  ,iuch  that  J 

Au  •  0  in  the  fluid  domain  I 

Ju  V  V  I 

^  •  vu  on  the  free  surface  FS,  v  >  OJ 


^  •  g  given  on  the  hull  and 
*  it 
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vhere  <S,  e,  z)  zrz  the  cylindrical  coordinates, 


CS].  At  thcvQ  on  figure  3 .the  bounded  doaain 
i«  denoted  H  end  Che  porcion  of  free  tuefeee 
belonging  co  Itt  bouedery  it  denoted  FSe 


The  problca  it  tec  in  the  ette  of  «n 
infinite  depth.  Xf  there  exiett  «  bottoa  (%), 
horizonUt  tt  infinicy  vith  t  -  *H|  the  Utt 
condition  in  becooet  |^  ■  0  on  <S),  end 
the  contttnt  v  in  Che  rediacion  condition  mutt 
be  replaced  by  the  tingle  potitive  root  of 
the  equation  th  •  u/€^.  Zn  that  cate  ve 
thall  refer  to  problem  j^)  (tee  fig,  2). 


Fig. 2  :  The  cete  of  a  bottom  (S)  of  depth  K 
at  infinity. 

A  detailed  analytia  of  thete  problena  hat 
been  done  ;  recall  that  JOHN  (2}  atudied  (1^  ) 
but  hit  retultt  were  only  valid  for  a  retcric' 
ted  claat  of  hullt,  Ve  give  in  S3  of  thit 
chapter  a  gliapte  of  the  complete  tolution  of 
UNOIR.  MARTIN  (33  ;  but  let  firtt  thov  an 
inttructlve  approach. 

U.2.  Solution  with  a  radiation  condition  at 
finite  dittance 

The  main  difficulty  in  tolving  (¥  )  or 
it  to  deal  with  an  unbounded  domain. 


Fig. 3  :  The  bounded  domain  (1  and  the  ficticiout 
boundary  C. 

Therefore  ve  have  to  aolve  the  problem 


Find  u  c  (n),  tuch  that 

Au  •  0  in  d, 

■  vu  on  FS » 

9n 

-  0  on  B  > 
an  ’ 

|s  .  g  00  r,.  .04 

|j-  19, u  on  E. 


In  the  tequel  we  thow  that  (P^  it  well- 
poted  and  in  S  1V>1  we  thall  give  a  terte  pre* 
tentaclon  of  its  approximation  with  finite  ele- 
mentt. 


Note  that  as  far  as  we  know  it  hat  not 

been  shown  that  the  tolution  of  (P  „)  tends 
v«H 

to  the  solution  of  when  the  boundary  t 

it  removed  towards  infinity*  nor  that  the  so¬ 
lution  of  jj)  tends  to  that  of  when 
the  bottoar  B  is  let  down  ;  nevertheless  these 
assertions  seem  to  be  plausible. 

Uniqueness.  As  (P^  jj)  is  linear*  we  just  have 
to  shov  that  the  null  solution  alone  is  possi¬ 
ble  when  g  -  0.  Thus*  let  u  be  a  solution  of 
the  homogeneous  problem  ;  second  Green's  for- 
mule  applied  to  u  end  u  leads  to 

jlgrad  u)*d»  -  v|)u|*ds  •  iv||upds  . 
n  FS  E 


A  rudimentary  method  consists  in  bounding  the  left-hend-slde  Is  real*  u  vanishes 

domain  by  a  ficticiout  vertical  surface  T  and,  ^  also  does  ^  by  the  boundary  condl- 

if  necessary*  a  fictitious  bottom  B  ;  this  ap- 
proach  has  been  followed  by  BAI  (4]  and  OUSSET 


Now  let  Ej^(P)  the  eleaentery  eolutlon 

of  the  LepleeioOf  it  l«  well  known  that  the 
function 

30  ^  ^ 

tatltfies 

where  la  the  characteriatlc 
function  of  the  doaain  0, since  u  is  haraonic 
in  fi.  Moreover,  we  have 

m  •  j  (u(p)||M(p,  -  |^(P)E„<p»<i., . 

r^uFSuB  ^  ^ 

from  which  we  conclude  that  f  is  indefinitely 
derivable  through  £  ;  thus,  by  analytic  conti* 
nuation,  f  and  consequently  u  vanish. 

Existence.  (P^  jj)  is  given  a  variational  for¬ 
mulation  which  is  equivalent  to  the  functional 
equation 

(1  ♦  K)u  -  F  in  H'  (fl) , 
where  Z  is  the  identity  operator  and  where 
V  h‘(0) 


•  "  “1’^”'^'^  *  v|uvds  -  iOj|uvds, 

0  FS  £ 

and  represents  the  scalar  product  in 

i/i 

The  operator  K  is  continuous 'from  H  (0) 
to  K*(0),  therefore  K  is  compact  on  H^<0).  From 
uniqueness,  which  holds  true,  ve  know  that  -1 
is  not  an  eigenvalue  of  K  ;  using  then  the 
Fredholm  alternative,  we  conclude  that 
<I  ♦  K)u  ■  F  has  one  and  only  one  solution. 

Note  that  the  proof  given  here  does  not 
take  the  dimension  of  the  space  into  account  ; 
therefore  it  is  applicable  In  the  2-D  and  3-D 
cases. 


II.3.  The  problem  set  in  an  unbounded  doaain 
We  turn  back  to  and  w«  restrict  this 
study  to  the  3-D  case  ;  adjustments  in  2-D  and 
to  the  finite  depth  case  are  easily  deduced. 


Uniqueness.  <F.  JOHN  C2)) 

Working  as  in  S11.2.  with  u  a  solution  of 


homogeneous  and  the  domain  bounded  by 
To*  Cj^  and  the  portion  of  free  surface  FSj^  in- 
between,  we  have 


||grad  u|*  du  -  V  |lo|*  |  u  ds  : 

and  then  0  •  -2vlm{| 

"  “  |*l||  “  ivup  dedz. 

<=R  S 

The  radiation  condition  leads  to 

(i)  A(S)  -  ||g?ad  up  dw-v||upds  vanishes  with 

t 

(ii)  ||up  dS'^Oas  R  '*'  **.  Put  Chen 

0(r,d)  •  j  s'**  u(r»d,a)d2  ;  v^(r)  ju(r,$)co$  (n(^9 

—  0 

V^,v^(r)  satisfies  a  Bessel  equation  and 

decreases  faster  than  1/r  at  infinity  ;  thus  v^ 
vanishes  idendically,  and  so  does  U  . 

Through  an  integration  by  parts,  ve  get 
1 

|u(r,d,0)|  i  ^  j  |u^(r,d,t)p  dz,  and  thus 

3<R)  -  v|up  SA(R), 

L*(FSj) 

with  increasing  B(R)  and  vanishing  A(R),  due  to  (i). 

We  then  conclude  that  u  a  0,  provided  that 
each  vertical  line  intersects  the  hull  in  at 
most  one  point,  0 

Existence.  The  proof  consists  In  the  applica¬ 
tion  of  the  so-called  principle  of  limiting 
absorption  (see  WILCOX  (63).  We  denote 
an  intermediate  problem  defined  from  )  with 
V  ♦  ic,  e  >  0  instead  of  v  in  the  free  surface 
condition  and  with  an  imposed  decrease  at  in¬ 
finity  instead  of  the  radiation  condition.  More 
precisely  has  the  variational  formula¬ 

tion  : 

|(grad  u^lgrad  v)dw  *  (v*ie)f  u^vds  -  |  g"ds, 

JS  *  r, 

which  is  coercitive  in  the  Hilbert  space 
V(Ji)  -  (u  <  u  c 

(grad  u)  c  {L*(n))*  and  uj^g  <  L*(^'s)) 
equipped  with  the  graph  norm. 


Moreover  one  can  find  the  unique  Green 
function  ;  at  each  fixed 

point  M  with  negative  height  yj^,  ®y+jg(N,P) 
satisfies  the  free  surface  condition  and  the 
decrease  condition  at  Infinity.  Then  ve  have, 

V  M  c  the  integral  representation  formula 
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u^(M) 


-  s(P)  (H.r))d.p 

Indeed,  the  Green  funcclc  ^  . 

(?^)  ie  obtained  «•  the  ll«lt  of  e*  t 

tends  to  zero  with  positive  values  (see  GUEVEL 
C73)  ;  therefore  G^  satisfies  the  frecMurface 
condition  and  the  radiation  condltloUi  Fron 
(8^1^)  and  the  weU*knovn  a  priori  estimates 
for  elliptic  operators, 

(I)  the  application  which  relates  c  >  0  to 

"c  ‘  “lo=<*'>  has  a  continuous  extension  up 
to  e  •  0, 

(II) u^  Is  a  solution  of  (1^^)  and,VK  < 

■  S<P)G„<«.P)l'l«p- 

On  account  of  the  uniqueness  for  <^'^)  we 
put  *  u  and  thus  we  get  the  existence. 

111.  The  Neuaann«Kelvln  problem  in  2«D 

Let  us  say  first  the  results  In  this  chap* 
ter  are  Inconplete  ;  w  minly  prove  the  Heimw 
Kelvin  problem  for  the  velocity  potenticl  tc  be 
clvaye  ill*poeed.  We  also  present  a  problem  for 
the  stream  function  amenable  to  a  numerical 
solution. 

The  study  concerns  the  velocity  field  past 
a  fixed  body  which  undergoes  an  Incident  uniform 
flow  (*V^,  0)  below  a  free  surface.  Two  dlffe* 
rent  situations  may  occur  according  as  the 
body  breaks  through  the  free  surface  or  not. 
Notations  are  shown  on  figures  4  and  S  for  el* 
thcr  case  ;  note  that  the  points  F  and  A  Indi¬ 
cate  the  "water  line"  fore  and  aft  respectively 
in  the  case  of  a  surface-piercing  body. 

V 

- FS - 


case  I 

Fig. 4  :  The  submerdgsd  body  -  Case  X 


on  G  (M.Pl  of 


Fig.5  :  The  surface-piercing  body  -  Case  IX 
pS  -  fSa  V  fh 


lll.l.  Statement  of  the  problems 

The  problems  for  the  velocity  potential  and 
the  stream  function  are  n«>nlinear  in  essence  ; 
linearization  can  be  considered  only  if  the  body 
is  sunken  enough  or  If  it  has  a  small  draught 
(see  FERNANDEZ  (83).  We  set  the  problems  for  the 
velocity  potential  ^  and  the  stream  function  ¥ 
of  the  perturbation  flow  as  they  appear  after 
Che  linearization  of  the  free-surface  condition. 
Velocity  ootentlal.  The  lack  of  knowledge  in 
the  behavior  at  infinity  of  the  solution  leads 
us  to  Che  use  of  an  artifice. 


By  Fourier  transform,  it  can  be  shown  that 
there  exists  one  and  only  ons  Green’s  function 
0^(M,P)  satisfying,  for  H  fixed  negative 
height  and  for  the  Froude  number  v  : 


(i)  0^(M,P)  is  an  elementary  solution  of  the 
laplacian, 

y 

(ID— ^  (M,?)  4  V  — i  (M,P)  -  0,V  P  c  FS, 


Jx*, 


5yp 


(lll)gradp  Cj(M,P>  * 


0  as  Xb  ■* 


Then  vs  have 


cJ(M.P)  -  HP.H'P  - 

EjW)) 

where  ^  *  Fp  *  *  ^^*p  "  Image 

of  M  with  respect  to  the  linearized  free  surfa¬ 
ce,  F  Is  the  Heaviside  function  and  the  com¬ 
plex  exponential  integral  (see  C93). 

With  the  help  of  for  which  only  the 
condition  (ill)  has  been  Imposed  at  infinity, 
we  can  now  set  a  problem  for  ^  ;  we  infer  that 
)f  Is  a  solution  of  the  Neumann-Kelvin  problem 
if  ^  and  satisfies  : 
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i 


t'i  •  0 , 

i-i  ♦  -  0  on  fS, 

ax*  iy 


n  •  (Oj,  Oj)  is  the  unit  nonul  on 
end  if  CM  is  lerge  enough 

K(M)  .  ^  (M.p)  - 

f. 

with  c  -  0  in  esse  t  end  c  •  1  In  cese 

Streea  function.  H#te,  the  problems  ere  diffe* 
rent  in  ceeh  cese  ;  recelling  thet  case  I  refers 
to  flg.4  end  cese  II  to  fig.5,  ve  denote  end 
^IZ  corresponding  streea  functions. 

Cese  I  : 

,such  thet  V 
■  0  in  Ji,  I 

it  1 

yr  ‘  I  ® 


■  C  ♦  y  on  Tj,  end 

fUt 

bounded  end 


-•  venishes  when  x 
Cese  11  : 


Find  ^ 

11  ^  *^toc^^^  ’*'‘'** 

0  in 

3n  * 

v)5jj  on  F^F, 

3n  " 

♦  K  on  F^A, 

^11- 

C  ♦  y  on  Tj ,and 

(x,y)|*dy  ia  bounded  and 

-• 

vanlahea  as  x  , 

Note  thet  (11|)  depends  on  en  erbitrery  cons* 
tent  which  docs  not  eppeer  in  ($)  ;  «  simller 
situetlon  is  known  in  ecrodynemics.  The  velue 
of  C  is  releted  to  the  circuletion  of  the  veto* 


city  elong  r^.  As  ^  in  (^)  is  supposed  defined 
in  without  cut»  this  circuletion  venishes  ne* 
ccsserily.  In  (Sf)  for  this  circuletion  cennot 
be  evelueted  but  by  en  edditionel  condition  of 
regulerity  et  the  treiling  edge  if  it  exists  ; 
this  is  the  so-celled  Kutte-’Joukovsky  condition. 

Cese  II  is  en  evkverd  predicenent  1  the 
acenlngs  of  both  erbitrery  constants  involved 
io  (KjI  )  ere  not  so  evident.  We  interpret  them 
on  account  of  e  study  fS)  of  the  nonlinear  pro- 
blea  by  aetched  asymptotic  expansions  valid  if 
the  dreught-to-length  ratio  is  smell. 

At  point  A.  the  stern,  the  phenomenon  is 
similar  to  the  trailing  edge's  for  a  wing  sec* 
tion  ;  the  asymptotic  study  suggests  en  edeque* 
te  regulerity  of  the  velocity  at  A.  Nov  if  ve 
refer  to  KONbRAT'EV  CIO),  the  solutions  of 
have,  in  the  vicinity  of  A,  en  expansion  on  a 
basis  of  functions  the  first  of  which  only  ge¬ 
nerates  an  infinite  velocity  at  A.  Therefore 
we  can  infer  reascnebly,  as  for  the  K-J  condi¬ 
tion,  the  condition  of  continuous  velocity  at  A 
is  tantamount  to  a  scaler  equation. 

At  point  P,  the  bow,  the  asymptotic  expan¬ 
sion  shows  a  jet  which  strength  q  is  equal  to 
the  product  of  the  draught  by  the  velocity  of 
the  incident  flow  (in  dimensionalized  form). 

Note  that  the  linearized  free  surface  is  a 
streamline  far  upstream  and  ^  is  slmost  zero 
along  F^F  but  near  F  ;  we  conclude  that  C  •  q. 

111*2.  Integral  representation  for  the  stream 
function 

With  the  same  .notations  as  for  the  uni¬ 
que  Creen’e  function  of  (SJ)  satisfying  the  free 
surface  condition  and  with  vanishing  first  deri¬ 
vatives  far  downstream  it  given  by 

cJ(H.P)  -  Ijlog  ^  ♦  21'(Xp-x^>&(«''') 

Ih.n  every  eelution  of  (KJ)  eecitflee 
the  integral  representation  formula 


)?<«>- |aj<p>|^o>,p) 


•  0j(M.P»d,p. 
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Moreover  every  solution  <«=;>=) 

can  be  written  as 

^  gJ  («,p) 
r 

9 

♦  K  i,(H), 

where 

ij(K)  "  ^  coiv(x^-Xj^)l 

.  vZ*  '• 

♦  ^ /ffliLog  vZ'  ♦  0  E^(vZ'))  ; 

2*  -  y„  -  i(vV- 

We  can  deduce  that  the  study  o£ 
alone  is  needed  ;  indeed  it  is  equivalent  to 
say,  for  a  given  f  on  T^,  that 

.  ^  is  a  solution  of  «i«h 

.  •  f  -  KA  1  ,  or  to  say  that 

Ir^  ‘Ir. 

u  -  $  ♦  satisfies  with  U|  ■  f. 

III. 3.  Relation  between  velocity  potential  and 
streaa  function 

Froa  the  theory  of  holoaorphic  functions 
wo  know  that  if  ^  is  sieply  connected  (fig. 5) 
to  every  $  harnonic  it  corresponds  one  and  only 
one  ^  up  to  an  additive  constant  such  that 
^  «  i  $  is  holosorphic.  This  applies  in  the 
second  case  and  if  satisfies  ') ,  the  cor¬ 
responding  ^  is  a  solution  of  <^)  ;  ooreover 
to  two  different  pairs  (C^,  K,)  and  (Cj,  K^) 
there  correspond  two  solutions  and  of  the 
saae  problea  <$),  the  difference  of  which  is 
not  a  constant  ! 

In  the  first  case,  ^  is  not  sieply  connec¬ 
ted  and,  to  ensure  that  ^  exists  such  that 
is  holoaorphic,  it  is  necessary  and 
sufficient  that  the  flux  of  through  naac- 
ly  the  circulation  of  velocity,  vaniahes.  This 
condition  assigns  the  value  of  the  constant  C 
such  that  a  solution  ^  of  (S'p  is  associated 
to  a  solution  ^  of  (^}. 


in.4.  Relation  with  diffraction  probleas 


After  the  fashion  of  KEl,  CHEN  tlH.  ve 
consider  an  auxiliary  problea  (D)  ;  let  us  call 
it  a  diffraction  problea  i 

Find 

4C„  -  0  in  iS  ,  I 


-  0  nn 

{„  .  -  e„  .  xhere  C  («) 
D|  W|  V 

Ir  Ir 


v<F„.i«j,) 

e 


to, 


ilsr  <«•!'> 


iv5p(x,y)|*dy  0  as  x  -  S*» 


Such  a  problea  differs  froa  custoaary  dif¬ 
fraction  probleas  by  the  Dirichlet  condition 

on  r  :  nevertheless  it  is  easily  shown  chat 
9 

<D)  1$  well-posed  and  that  its  solution  satis¬ 
fies 

r  ^  ^  O) 

9 

where  C  is  the  classical  Creen  function  for 

V 

the  2D  sea-keeping  problea  . 

0  (t1,P)  •  ^  Log  ♦  $gn(xp-x^)rn{e^^} 

Subsequent  to  the  essential  relation 

C^(M.P)  -  cJw.P)  -  it^(P)t^(H),  (4) 

and  to  (3),  the  total  diffraction  potential 
♦  Lp  has  the  decoaposltion  . 

Cj  -  where  is  a  coaplex  cons¬ 

tant  and  satisfies  the  conditions  at  infi- 
hK 

nity  of  (Kj)  or 

Ill.b.  lloiqu-ness  for  the  streaa  function 
problem 

Let  U9  firot  suppose  •  0,  then 
and  aa  C*  is  real,  and  7n{U)  both  are 

solutions  of  homogeneous  (Kj)  or  Howe¬ 

ver  ^  cannot  vanish  identically((p  and  would 
opposite  and  ^  doea  not  satisfv  the  radiation 
condition) .  Then  we  have  found  a  non-vanls- 


be 
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hinj  «olution  of  honog«n«ou»  (R®)  or  (R®*®). 

Conversely  ,  if  c  i#  a  solution  of  the 
hoowgeneous  problem  (rJ)  or  (rJ{°).  using  <4) 
in  <1)  or  (2)  ve  have  C  -  ZC^  ♦  Cjj  where  Z  is 
*  complex  constant  and  satisfies  the  radia¬ 
tion  condition.  Clearly  then, 

%  “  5  vanishes  as  it  is  the 

unique  solution  of 

An  •  0  in  X, 

"1^  ■  "• 

<Ik  -  •  “• 

f\  s.ti.Fics  the  radiation  condition^ 

Then  »e  have  {  -  2Cj  and  2  .  5-2{^. 

Key,  contrary  of  t  and  the  first 
derivatives  of  do  not  vanish  far  upsttea*  ; 
it  follovs  that  2  -  0.  Iherefore  ye  have 

shovn  that  2  and  of  course  t  vanish  afnoa 
Sj  y  0  j  uni.!ueness  for  (KJ)  and  (Kjj”)  foilous. 

Esistenee  for  the  atreae  function  problem 

Ut  n  be  a  solution  of  (S)  yith  the  Oirich- 
let  condition  hj^  "  ^  *  ^jp  »  ds  usual  noy 

using  (4).  ye  have  0  •  Iherefore  if 

w  suppose  zj  I*  0,  it  stands  to  reason  that  the 
function  »  -  R,{n-  i, 

a  solution  of  (Kj)  or  Existence  follows 

then  for  V(C,K)  at  we  pointed  out  before. 

Coanents  on  the  case  of  a  surface- 
piercing  body 

7/  0  each  probU':  has  a  eolu- 

ticn  ar.d  then  {^)  has  several  solutions  f 

Iff  on  the  ooMfrary  sj  -  0  then  neither 
of  the  problens  has  a  solution  nor  ; 

or  one  of  the  )  has  a  solution  uhioh  is 
TsOt  unii^uSfand  the  s-wf  situation  occurs  for  (^). 

In  conclusion  for  the  case  of  a  surface- 
piercing  body,  the  problem  <3)  is  slways  ill- 
posed. 

On  the  other  hand  one  can  infer  that  the 
problea  (rJj’')  yith  .n  addltionel  condition  of 
regui.rity  .t  the  etern  it  yell-poaed  end  itt 
numerical  solution  could  be  triede 


IV*  Some  solutions  with  finite  elements 
IV.l.  The  radiation  condition  at  finite 
distance 

The  problem  (P^  ^Xsee  II. 2.)  is  set  in 
the  bounded  domain  shown  on  fig. 3  ;  its  dis¬ 
cretization  by  a  finite  element  method  does 
not  show  up  any  particular  difficulty.  Indeed, 
as  we  noticed  before,  the  operator  we  face  to 
approximate  is  composed  of  sn  autocDorphism  and 
a  compact  operator  on  H* (0)  ;  using  then  a 
theorem  from  AUBIN  Cl23  it  follows  that  the 
numeiical  solution  will  converge  towards  the 
exact  solution  as  for  a  standard  coercltive 
problem. 

More  precisely  if  the  solution  u  of 
belongs  to  ^(tl)  and  if  we  use  finite 
elements  of  order  k,  the  norm  of  the  discrepan¬ 
cy  ||u-U|^||  between  u  and  the  approximate 
solution  Uj^,  tends  to  zero  as  where  h  as 
the  mesh  size.  Note  that  missing  cocrcitivlty, 
it  is  not  ensured  that  the  approximate  problem 
is  w«U-posed  but  if  h  is  small  enough.  More¬ 
over  ue  point  out  that  the  bilinear  fora  asso¬ 
ciated  with  in  Its  variational  formula¬ 

tion  is  syooetric  but  it  is  not  self-adjoint. 

IV*2.  The  localized  finite  clement  method 

This  method  applies  to  but  it  can¬ 

not  be  used  in  the  case  of  an  infinite  depth. 
The  description  of  the  method  we  give  refers 
to  a  p-per  by  BAl,  VEUNG  lUj  and  the  proofs 
are  partly  inspired  with  a  paper  by  BARDOS  and 
al.Cl4].  A  first  attempt  in  the  mathematical 
analysis  of  the  method  can  be  found  in  ARAbHA 
[15)  and  some  of  the  ideas  developed  hero  have 
been  noticed  in  .MASMOUDI  [14). 

Let  us  restrict  the  description  to  the  2-D 
case.  The  unbounded  domain  is  divided  in 
three  parts  ard  which  are  separated 

by  two  vertical  lines  and  2^  ;  in  a  and 
a^  the  bottoms  and  B^  are  supposed  hori¬ 
zontal  y  «  .  (J, 

Each  normal  is  outer  to  the  domain  under  consi¬ 
deration. 
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Fig. 6  :  The  three  docuini  In  the  locelized 
finite  element  method. 

Seriee  expaneione  at  infinity.  The  blltneer 


‘II 37 ‘"''-'"''Irsns/  \  f' 


end  LIONS'e  learn  C173  leed  to  : 

Vc  >  0,  3  >  0  euch  that, 

llufi  w  ^  1 

Therefore  if  i<  Urge  enough,  ee  we  auppoie 
now,  C(u,v)  is  coercltlve.  Let  f  be  given  in 
L^<L  )  end  u  •  </.  f  be  the  unique  solution  of 
*  « 

C(i..v)  •  <«|v)  . 

Th«  operltor  <3j^  1.  continuou*  fro.  L*<  t^) 
*0  - 

to  h'<£^)  end  then  0^^  is  compact  on  L  <I^)  and 

also  on  h'<I:  ).  Moreover  0.  it  self-adjoint  in 
*  9 

L*(I^)  ;  as  a  matter  of  fact  let  f  and  h  be  given 
in  H*(£^),  we  have 

(fic,  ti)  ,  ■  Cte,  C>  !■)  -  tej  f|h) 

\  lUt^)  I  I  <  >■  «j) 

and  the  symmetry  proceeds  on  account  of  the 
dtnsUy  of  «'(£,)  in  !.*(!:,)■ 

From  the  spectral  theory  of  self-adjoint 
operators  in  Hilbert  spaces,  ve  know 
(i)  Gy  has  a  numerable  sat  of  eigenvalues  (uj) 
which  accumulate  at  the  origin. 


(il)  the  associated  eigenfunctions  f^  can  be 
arranged  to  form  a  basis  of  L*  (J^)  ; 
these  functions  are  orthogonal 


Moreover  we  have  f.  •  Ujfj  or 
M.Cffj.v)  -  (f||v)  •  Vv  c  H*'t  )  which 
^  ^  ^  L*(£^) 

means  that  fj  satisfies  the  Eigen-Value  Problem 

d*f-  i 

— ^  -  d.f.,with  e.  -  X  -  —  , 


dfj 

••  vf  £  on  , 

4y 

df, 

— ^  •  0  on  the  bottom  . 
dy 

The  solutions  of  (EVP)  ate  easily  obtained 
and  well  known  ;  let  us  recall  that 

,  6  is  the  positive  root  of  th(He  )••  ^ 

«  # 

and  f  •  ch  0  (y  ♦  H) , 

9  9 

,  (6*).  j  j  ore  the  positive  roots  of 
tgue.  •  -  and  f£  •  cos  0£(y  •*  h>. 

If  we  point  out  that  C(u,v)  is  a  scalar 
product  in  H*(r^)  .  considered  as  an 

operator  on  tf(r^),  Is  self-adjoint  with  this 
scalar  product,  we  can  refine  the  results  <i> 
and  (ii).  As  a  natter  of  fact  the  sane  lemma 
applies  and  the  eigenfunctions  form  an  ortho¬ 
gonal  basis  of  H*(2^)  for  the  new  scalar  pro¬ 
duct  C(u,v)  ,  but,  clearly  these  eigenfunc¬ 
tions  are  the  very  solutions  of  (LVP)  which 

then  fora  a  dense  set  in  h‘(£.>  and,  from  a 
\n  * 

density  argument,  in  H  (£^). 

Let  us  study  now  the  operator 
3u 

S  ;  f  ^  ^  where  Is  the  solution  of 

•  *“  |£. 

the  following  problem  : 


2CO 


Usipg  the  decomposition  of  f  on  the  b«sie» 
ve  have  f  •>  lia  £  C.f.  where  the  limit  is 
N**  i-0  ‘  ‘ 

considered  in  the  norm  of  ;  this  lesds 

to  the  solution  of  (D^)  with  seperste  varisMes 
and  to  the  relations 


S^f^(y)  •  -I  0^f^(y>  end  S^fj<y)  -  ej,£.<y)  .111 
An  explicit  fora  of  follows  which  is  written 
S.(I  Cjfj)  -  -i  e  C  f  ♦  £  0.  C.f.. 

a'e  i  r  «  «  e  i  1  x  i 


The  saae  operation  can  of  course  be  done 
in  :  therefore  we  define  an  operator  on 
K^^(££)  and|  on  account  of  the  various  changes 
in  sign,  we  have 

S,(5  c.f.)  -  -i  8  C  f  »  I  «,c,f,. 
fail'  «  «  «  (ill 


The  continuous  problem 

The  variational  formulation  given  by 
BAI  (131  is  equivalent  to  the  following 
rit.d  <u.*^.*j)iV  - 
such  that,  V(v,ili^,<'£)  €  V,  we  have 
I  (grid  u|grad  v)d.j  -  vjuvdx  ♦ 


'  I  S(»,“'<y  •  I  • 


*  I  ^*f®f^f  * 

“f 

♦  I  ♦  I  uSjtjdy  -  0. 

£  Z, 

a  { 

Note  that  the  second  Green's  foraula 
applied  in  and  shows  that  the  last  equa** 

tion  can  be  written  as 


j  (u-*^)S^¥^dy  •  0,  and  j 


rp.dy  -  0. 


Therefore  if  u  is  the  solution  of  (i*.,  „) 

V  V  v 

(u|^  '  ^|£  '  ^  *  solution  of  <LFE)  ; 

the  problem  of  existence  for  <IFE}  is  thus  in 


On  the  other  hand  if  is  a  solu¬ 

tion  of  (LTC),  we  have,  using  the  first  equation 

iSij  -  -  Ku 

second  equation,  Uj^  ■  and  Uj^  -  $£  ;  hence 
•J  has  an  analytic  continuation  through  £^  and 
1.  which  satisfies  „)»*"<*  unique- 

z  V,n 

ness  of  the  solution  of  j^)  namely  we 
get  uniqueness  for  (IFE)  and 

“  -  “lOj  •  ♦.  ■  “|E,  •  »£  ■  “|E,- 


Projections.  We  denote  the  projection  on 

(f.)  in  the  sense  of  L*(£,)  and  P^  the 
X  a  o 

projection  on  the  space  generated  by  the 
N*1  first  functions  fj  in  L*(£^)  ;  we  define 
«i.SI«ly  Pj  and  eJ. 

The  discretization  of  (LFE)  will  be 
accomplished  in  two  steps.  We  first  give  an 
approximation  of  and  b/  finite  sums 
instead  of  series  ;  this  step  is  called  semi- 
discretization.  In  the  second  step  ve  use  stan¬ 
dard  finite  elements  xn 


Semi-discretization.  In  the  approximate  space 
V**  •  H*Wj)  X  E^  X  eJ  let  us  consider  the  problem 


Find  (u**,  *j)  t  v**  auch  that 

V(».  ♦*,  ♦“)  <  V*'. 

j  (grad  u^)grad  v)da  -  vjuvdx  ♦  js^.^dy 
“t  "i 

*  I  .  j  g7d.. 

•■I  f  •  “  • 

and 

"T  ^♦f®f’’^£  *  ’f^f*f>'*^  *  ) 


Obviously,  generates  E^  as  does  like 
wise  ;  therefore  •  p!?(u**)  end  similarly 
♦5  -  pJCu**).  Thus,  if  (u**,  $£>  satisfies 

<LF£^),  is  a  aolutlon  of 
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Find  e  luch  chat»Vy  c 

|(gr«d  u^[grad  v)d«»  -  v|u**vdx  \ 


|s^p]Ju”7dy  ♦  |sjpju**7dy  -  |g7di 


In  the  3aae  vay  we  observe  If  (U| 
satisfies  (LFE),  u  is  a  solution  of 


Find  u  t  H^(n£)  such  thatiVv  t  hVa.), 


|(grad  u]grad  v)dj  -  vjuvdx  ♦ 

n.  Fs^ 

♦  (sjuvdy  -  |g“d8 . 


But  indeed  ve  can  show  chat  <LFE'  '•^ui* 
valent  to  (LFE)  ;  this  is  obtained  by  proving 
the  uniqueness  for  (LFE').  Suppose  u  Is  a  solu* 
tion  of  hoaogeneous  (LFE')  and  take  v  •  u,  Chen 


In  (juS^udy  +  juSjUdy)  •  0  ; 


Che  two  terss  being  of  opposite  sign,  let,  say 
In  (juS^udy)  S  0  . 

'a 

Using  Chen  problea  (D.)  with  f  •  Ui.  and 
a  |£^ 

the  saac  analysis  as  for  the  proof  of  unique^ 
ness  for  (P^)  we  see  that  j  lu^(x,y>|^dy  vanis¬ 
hes  as  X  and  u^  vanishes  in  ;  then 
u,_  -  u  •  0  and  -  -S  y  -  •  0, 


which  proves  with  the  saae  arguaent  of  analytic 
continuation  as  for  uniqueness  of  (P^  ^)that  u 
vanishes  in  (]£. 

Henceforth  ve  are  interested  in  (LFE'^) 
and  (LFE')  which  are  easier  to  handle  froa  a 
theoretical  point  of  view.  However  BAI's  nuae- 
rical  approxiaation  is  done  froa  the  fonoula- 
cion  (LF£^)  which  avoids  an  explicit  evaluation 
of  the  projections  and  P^u^  ;  anyway  the 
solution  of  (LFE'^)  nay  not  be  aoce  difficult. 


Convergence  of  the  seai-discretixation.  The  va¬ 
riational  forxBulation  (LFE')  is  aquivalent  to 
the  functional  equation  aet  in  H*  ((!£>  : 

(I  ♦  8  ♦  K)u  -  F  (5) 

whera 

.  (Ku|v)jji^jj  y  — juvdu  -  vjuvdx,  and 
^  (1  rsj 

’■£ 

As  K  ia  coapact,  if  ve  prove  8  to  be  posi¬ 
tive  we  shall  get  the  sane  situation  (coerciti- 
ve  ♦  c<MDpact)  as  for  the  existence  of  (P^  ^)  in 

fll.2. 


Let  show  Chat  ^e((8u!u)ui /a  2  0.  As  u 
n  tWi/ 

belongs  to  H*(ft.),  it  has  traces  in  K'^  and  we 
have  the  series  exp.)nsions  : 


“1^.' 


«  Z  cl,  and  ui, 


Then,  by  orthogonality  of  the  (f^), 

(iw|u) .  -  ie^duj  li«; 

which  real  part  is  positive  since  all  Che  6^ 
ere  positive. 

In  Che  sane  way,  (LFE'^)  is  equivalent  to 


(I  •  b"  •  K).”  -  F  iu  h'(Oj),  (6) 


where 


Following  Che  previous  arguaent,  8^  ia  positive 
and  I  «  is  coercitive. 

Using  again  the  result  of  AU8IH  [12]  one 
can  see  Chat  (A  ♦  8^  ♦  K)  la  an  autoaorphisa  if 
N  is  large  enough  ,  in  other  words,  (LFE*^)  is 
well-posed  and 


c  Suf 

^  '“i'  vch'Wj) 


((B.b")u|w)h.(„^| 
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Aft  estloate  of  the  iwoeretor  in  the  right' 
heod'tide  i*  given  «c  follovt  : 

|((B-»")u|.)|  SK{|]sl|.|]„.p>;„|  „ 

H-  <£,) 


•  IlSpll.lu-pJul  _w  )|„{ 


«,)  »'«,) 


n.en,  froQ  the  reeding  of  BAROOS  end 
el.Cl43  ,  the  ten#  |u“P^u|  (or  |u'P£u|}ie  given 
en  estiaetc  eince  Ujj.  belongs  to  vhich 

holds  true  in  view  o£*the  regulerity  of  the 
solution  of  ;  we  heve 


8u-p”ug  _i/3 

H  (S^) 


.  Mh" 


(r,) 


Vc  >  0  . 


Using  the  seae  result  on  the  side  we 
conclude  thet  the  solution  of  Che  seai-discre' 
tired  problea  converges  in  towerds  the 

solution  of  the  continuous  problea  elcaost  es 
1 


More  ebcut  the  seal'discretised  problea.  In  soae 
ceses  one  cen  prove  thet  the  seai*discrecited 
problea  is  well  posed  for  cech  velue  of  N,  end 
not  only  when  N  is  Urge  enough  ;  this  is  en 
interesting  property  of  the  loceHted  finite 
eleaent  aethod. 

Assuae  is  such  thet  two  verticel  lines 
0^  end  0^  cen  be  drewn  froa  A  end  F  reepectiv#' 
ly  without  interiecting  (etc  figure  7),  end 
denote  the  doaein  the  verticel  bounderiee 
of  which  ere  o^  end  1^,  the  bottoa  being  flet 
ineidc  w^.  Siailerly  ve  define  the  doaein 

end  we  put  fl’  -  0,  \  («.  u  «,). 

1  e  { 


Fig. 7  :  A  epeciel  ceee. 


Our  proof  ie  besed  on  the  uniqueness  of 
problea  (LFE'^),  the  existence  being  en  obvious 
consequence.  Just  es  for  (LFE')»  if  Is  e 
solution  of  hoaogeneous  (LFE*^), 

Jn(B**u**|u**)j^i  j  •  0,  whence  we  infer 


«f) 


Let  us  now  consider  the  pure  Neuaenn  pro¬ 
blea  for  Che  Leplecien  operetor  in  end  ; 
the  eesocieted  eigenfunctione  involve  sepereted 
verieblee  endgenerete  respectively  H*(u^)  end 
(»£)•  Indeed  it  iseneesy  Better  to  show  thet 
ell  functions  in  H’(u^)  end  H^w^)  cen  be  writ¬ 
ten  ee 


*!!<*> n?i>  '‘‘Ptctively. 


In  ocher  respeccs»  by  GREEN's  foraule  ep- 
plied  to  u**  end  •  e*®o*f^(y)  in  «j, 

w«  heve 

I  ■  ‘9, •  I  s.fjr  *  ■  o- 


the  first  integrel  venishes,  for  )“' 

thus  i»  orthogonel  to  f^  l.i  L*(Zj). 

Mow  on,  replecing 


ere  led  to 


”  jj-(x>  ♦  i5^A^(x)  -  0  ;  aoreover 

J  -  0  laplies  thet  A^j^  ■  0,  end 


thus  A  (x)  venishes. 


Cleerly  then,  -  nriA*(*>ln(y> .  «nd 
.talUrly  -  J,  **(x>J(p). 

As  it  positive,  free  the  equsllty 
j|gr.d  u"|’d»  -  v||u’*|'d.  ♦  j"  «. 

“i  f'l  ‘ 

we  deduce  Chet 

jigred  u**|*d«  -  vj|u^|*ds  i  0.  Finelly,  taking 
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) 


'ri 

k 

t 

'  I 

4uy 


for  u.  «nd  U|  thoir  series  expsniions, 

*  '“f  jj 

we  get  jigrsd  u”|*do  ♦  |  |™  j^du  ^  0  ; 


fron  which  we  infer  u”  is  constsne  over  n'»  end 
thus  vanishes  as  it  is  orthogonal  to  f  along 


Convergence  of  the  full  diseretiiaeion.  If  N  is 
kept  fixed,  the  problca  (LFE^)  is  equivalent 
CO  (LFE*^)  and  to  (6)  ;  a  standard  finite  ele* 
aent  discretisation  then  applies  for  vhic'^ 
error  cstiaates  are  known.  If  h  is  the  sesh 
size.  u|^  the  solution  of  the  full  discretized 
problea  and  k  the  order  of  the  finite  eleoents, 
ve  have 


I!"  -  , 

"  h'  <0i) 


S  Ch'. 


Finally  the  conplete  error  estioatc  has 
Che  fora 

C 

<7) 


|]u  -  ujli  s  C  h''  ■ 


a  relineaent  of  this  result  would  exhibit  the 
dependauce  of  in  teras  of  N. 

IV, 3.  Coupling  of  finite  aleaents  and  integral 
representation 

Tltis  aethod  has  been  Introduced  by  LENOIR, 
JAMI  (id]  :  it  cakes  advantage  of  finite  ele* 
aencs  for  the  near  field  and  of  integral  equa* 
cions  for  the  radiation  condition.  In  few  words 
let  us  say  Chat  integral  equations  are  solved 
with  few  unknowns  and  a  weak  order  of  convert 
gence  whereas  localized  finite  eleaentc  allow 
a  quicker  convergence  and  need  to  discretize 
a  relatively  large  domain. 

Vc  describe  here  our  aethod  on  a  saaple, 
naaely  but  it  applies  as  well  to 

and  tsore  coaplex  situations.  Full  theoretical 
and  practical  particulars  arc  given  by  LENOIR 
[19]  and  JAMI.  POLYZAKIS  [20]. 

Problea  set  in  a  bounded  domain.  At  once  a 

ficticious  and  arbitrary  boundary  is  drawn 

in  ^  which  surrounds  f  and  defines  a  bounded 
9 

domain  0. 


FSg.8  :  The  bounded  doaain  (2. 

I 

Vhen  u  belongs  to  H  (C)  with  Laplaclan  in 
L^(Q)  VC  define  the  operator  D^u  *  *  Xui. 

*"lr  ^  ! 

where  X  is  a  coaplex  constant.  From  '  i 


Che  usual  integral  representation,  if  u  is  the 


solution  of  (^,).  Uj^  satisfies 


Find  u  in  R‘<0>,  such  that 


Au  •  0  in  ft. 
X 


TT  •  2  on  r^,  and 

dV(M)  -  |<u*(P)Dp 


If  (P*)  has  a  unique  solution  then  neccssa* 
nly  u^  •  uj,j  and  to  solve  (pS  or  (P^)  is  equi¬ 
valent  ;  the  progress  is  notable  for  (P^)  is 
set  in  a  bounded  doeain. 

Uniqueness.  Here  it  Is  not  necessary  to  invol¬ 
ve  an  hoaogeneous  problea.  Froa  u\a  solution 
of  (P^),u«  define  in  ^ 

Jj<»>  -  |{u‘<P)||'(N,P)  -  |^(P)G^(S,P)>dSp  (8) 


and  we  put,  in  O.u?  •  u  -  u.  .On  the  other 

X  l» 

hand,  u  being  harmonic  in  ft  and  satisfying, 
as  C  .  the  free  surface  condition,  it  has  the 

V 

integral  representation 
u\n)  -  I  (u'<P)&(»,P) 


-  2^<p)0^(N,P))dSp.  V  Ntn  . 

Subatracting  both  previous  relations, 
ve  have 

/  \  5G  .s  ^ 

u;(H)-J(u*(P)5/(N.P)  -  H  (P>C^(!l,P))d.p  (9) 


I  which  «how$  (h«t  u^'  h4»  An  analytic  cootinu**' 

I  tion  inside  the  body. 

(  Let  denote  FS  the  union  of  FS  and  Its  ex¬ 

tension  inside  the  bull  and  n  the  dooain  boun¬ 
ded  by  r  and  FS. 

,  1  '  i 


Fig. 9  :  Thtt  auxiliary  bounded  dooain  (1. 
Froa  <9),  u'^  satisfies  in  i)  the  problen 
Find  u!  <  H’(>]),such  that 

Auj^  -  0  in  ft, 

^  -  vuj[  -  0  on  FS,  and 
d'uJ  -0  on  r, . 


! 

I 


This  auxiliary  problea  is  luite  slailar  to 
(P^  well-posed  since 

Ir^  O)  0,and  uj^  •  0.  Therefore  froa  forsnila 
<8)  we  obtain  an  extension  of  in  ^  which 
satisfies  the  radiation  condition  being 

verified  by  C^.  As  a  con$e<)uenee  of  uni<;uenc$s 
for(i*^),  u*  cannot  be  other  than  U|^. 

Functional  fraacwork.  We  face  to  show  that,  once 
aore  we  are  in  the  scope  of  the  sub  of  coerci- 
tivc  and  coepact  operators.  As  a  aatter  of  fact, 
(P^)  is  given  a  variational  foraulation  which 
solution  is  equivalent  to 

(A^  ♦  -  F  in  H*(n). 

where  Vv  <  H'(n), 

.  •  |(grad  ujgrao  v)dw  ♦  Ajuvds, 

ft  r 

i 


7(M)ju(P)D^^(M,P)dSpds„ 
ri  r,  ^ 

-vj  uvds,  and 
FS 


5 


As  we  choose  X  such  that  In  (X)  ^  0,  the 
bilinear  fora  associated  with  A^  ia  coercitive 
in  H*<ft).  Moreover 

Ik^uIhi^uj  i 

I'l 

froa  which  v«  can  conclude  that  K  la  a  compact 
operator  on  H* (ft) . 

Now  on,  thanks  to  uniqueness  we  know  that 
-I  is  not  an  eigenvalue  of  (A^)  .K^  and  A^+K^ 

is  an  autoaorphise  on  H^(ft). 

Discretixation.  A  finite  eleaent  approximation 
of  (P^)  in  ft  does  not  raise  any  difficulty  since 
as  and  have  no  cosxoon  point,  no  singular 
kernel  appears  in  the  coupling  condition  ;  thus, 
in  the  finite  element  approximation,  every  in¬ 
tegral  can  be  handled  with  numerical  quadratu¬ 
res  of  general  use. 

Hera  again,  convergence  is  proved  which  is 
only  limited  by  the  type  of  finite  elements  cho¬ 
sen  and  the  regularity  of  the  searched  solution 
u^  ;  sioreover,  numerical  tests  have  shown 

(i)  the  approximate  solution  is  independent  of 
the  value  of  A,  provided  In  (X)  /  0, 

(ii)  the  domain  ft  can  reduce  to  a  portion  of 
a  ring  overlayed  by  a  single  layer  of 
elements. 

V.  Some  numerical  tests 
Results  are  presented  which  are  obtained 
by  the  last  method  described , for  this  method  is 
now  extensively  used  at  the  EN5TA.  Indeed  we 
have  chosen  the  applications  in  2-D  and  3-D, 
which  show  the  precision  of  the  method  but  also 
Che  fact  that  irregular  frequencies  which  occur 
with  standard  singularity  distribution  proce¬ 
dures  are  avoided. 


V.l.  Se«Ace«piftg  probltn  in  3-D 


The  reiultt  concern  the  heeve  notion  of 
*  ttni-suboerged  sphere  of  unit  radius  ;  usloc 
the  sysisetry  properties  of  the  problea,  the 
dooain  R  is  reduced  to  one  eighth  of  a  shell. 
The  discretisation  is  made  of  four  prisaatic 
Lagrange-eleaents  with  eighteen  nodes  which 
represents  fourty-five  unknowns. 


Fig. 10  :  A  diseretised  eighth  of  a  shell 

If  ue  take  X  ■  i  for  the  solution  of  (P^>. 
we  get  the  results  presented  on  flg.U  where 
the  force  coefficients  are  drawn  versus  the 
coefficient  v  in  non-diaensionallsed  fora  ;  the 
precision  of  this  result  lies  within  2  Z. 


radius. 

U  on  the  contrary  taking  X  -  0,  we  break 
the  scope  of  the  proof  of  uniqueness  for  <P  >» 
Irregular  frequencies  appear  In  the  results 
(fig. 12)  ;  these  frequencies  are  the  eigenva¬ 
lues  of  the  corresponding  auxiliary  problea. 


Fig.l2  s  Force  coefficients  ; 

irregular  frequencies. 


Kote  that  the  theoretical  analysis  has 
clearly  specified  the  rules  for  a  correct  nuae- 
rlcal  procedure. 

V,2.  Wave-resistance  In  2-D 

If  we  restrict  the  study  of  ($)  to  the  ca¬ 
te  of  a  non-circulating  flow  around  a  aubaerged 
body,  a  numerical  solution  can  be  atteapted. 

For  an  loaersed  circular  cylinder,  the 
circular  ring  it  has  been  "triangulated"  with 
only  alxteen  eleaente  with  8  nodes  eech.  The 
wave  resistance  on  figure  13  is  given  within 
a  one  per  cent  precision. 


At  last,  for  a  fixed  Froude  nuaber  and 
varloua  aesh  sires,  the  wave  realatance  (ascri¬ 
bed  to  a  known  value)  Is  plotted  against  the 
number  of  unknowns  on  the  body  ;  this  number 
governing  the  number  of  evsluatlons  of  the 
Creen  function  needed  ss  well  in  the  last  me¬ 
thod  described  ss  in  the  singularity  method.  On 
flg.U,  reaulta  by  the  Utter  method  have  been 
taken  out  from  CUEVEL,  COEDONNIER  t2l3. 


206 


iCriof 


REFERENCES 


•  •  lAtAtral  CauaMoA 
OO  rraaant  MaiAe4 


Fig. 14  :  Singularity  method  and  coupling 
method  with  finite  elements  ; 
a  sample  for  comparison. 


VI.  Concluding  remarks 

Linearised  ship  hydrodynamics  have  been 
a  powerful  factor  for  the  development  of  nume* 
rlcal  methods  assigned  to  exterior  linear  pro* 
blems  involving  various  types  of  boundary  con¬ 
ditions. 

First  of  all  is  the  singularity  method 
which  has  already  deserved  many  other  fields 
of  interest  ;  It  leads  to  short  procedures 
but  results  are  obtained  with  a  low  order 
approximation. 

With  the  coupling  methods  we  have  pre¬ 
sented.  better  results  are  expected,  especial¬ 
ly  for  the  wave  resistance  problem  i  this 
going  with  an  increasing  complexity. 

The  loeslized  finite  element  method  hss 
proved  to  be  the  most  efficient  in  2-D  and 
when  the  depth  is  not  too  Urge.  For  sn  infi¬ 
nite  depth  or  for  the  case  of  the  3-D  Neumann- 
Kelvin  problem  (for  which  the  eigenfunctions 
are  difficult  to  evaluate),  the  coupling  me¬ 
thod  between  finite  elementa  and  integral 
representation  do  assert  itself. 
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DISCUSStONS 
of  th«  ptpef 

by  0.  Euvrtrd^  A.  J<ml  M.  lenoir,  D. 

RECENT  PROGRESS  TOWARDS  AN  OPTIMAL  COUPLING  BETWEEN  FINITE  ELEMENTS 
AND  SINGULARITY  DISTRIBUTION  PROCEDURES 


Discussion 

by  p.A,  T^rtln  and  F.  Ursel! 

In  section  11.3  of  their  paper,  the  authors 
state  the  following  lecm,  concerning  the  beha> 
viour  at  infinity  of  solutions  of  (P^)  : 

"If  we  have 


Progress  are  still  to  accotsplish  on  that 
point,  in  particular,  nuaerical  tests  suggest  that 
the  problea  is  always  we11>posed  in  the  case  of 
suboergcd  bodies. 

Discussion 

by  r7  Eatock“Taylor 


(i)  w  is  a  haroonic  function  in  satisfying 
the  free*surface  condition,  and 

(ii)  /  lw(R,e,z)  I^Rdedz  •*  0  as  R  •*  « 
where  Cs  is  the  portion  of  a  vertical  cylinder 

K  V 

with  radius  R  belonging  to  D,  then  necessarily 
w  vanishes*, 


This  lemnia  is  false.  (The  analogous  result 
in  acoustics  is  known  to  be  true,  and  is  asso* 
elated  with  the  nane  of  Rellich), 


To  disprove  the  Icma,  we  need  a  haraonic 
function  which  satisfies  the  free«surface  condi¬ 
tion  and  which  decays  as  o(R‘*'‘)  as  R  -  It  is 
well-known  that  the  wavefree  potentials 


COS  ae 


(where  r  coso  »  -z  and  r  sin  o  •  R)  have  these 
properties,  and  therefore  provide  a  counter- 
exanple  to  the  lenvna.  Siailar  functions  may  be 
constructed  in  two  diaensions,  and  when  the  water 
1$  of  constant  finite  depth. 


Authors*  reply 


He  gratefully  acknowledge  to  Professor 
Ursell  to  have  pointed  out  this  error,  which 
make  the  proof  of  uniqueness  in  [3]  ,  erroneous. 
As  far  as  the  authors  know,  there  are  only  two 
proofs  of  the  uniqueness  of  the  sea-keeping  pro¬ 
blem  which  hold  :  the  first  one  is  the  well-known 
proof  of  F.  dohn  which  is  restricted  to  hulls 
entirely  enclosed  in  the  vertical  cylinder  built 
on  their  plane  of  flotation,  the  second  is 
MAZ’jA's  proof  which  apply  to  a  certain  type  of 
sutiserged  bodies,  see  : 

KAZ'OA  ;  Contribution  to  the  stationary 
problem  of  the  small  oscillations  of  a 
fluid  in  presence  of  a  submerged  body. 
Proceedings  of  the  S.l.  Sobolev  workshop 
(N*  2),  Novosibirsk  (1977),  in  Russian. 


1  should  like  to  ask  the  authors  about 
application  of  their  coupled  finite  element- 
singularity  distribution  procedure.  My  question 
concerns  wave  diffraction  and  radiation  analysis 
for  some  multi-body  and  shallow  water  problems. 

It  is  well  known  that  difficulties  can  arise  when 
certain  discrete  singularities  are  distributed 
o/er  a  body  close  to  the  seabed  or  over  two 
bodies  in  close  proximity.  Since  it  appears  that 
in  the  coupled  procedure  described  in  the  paper 
singularities  are  still  distributed  over  the 
surface  of  the  body,  I  should  like  to  ask  the 
authors  whether  they  have  experienced  any  such 
difficulties.  If  such  a  problem  does  arise  in 
direct  application  of  their  procedure,  what  is 
their  method  of  overcoming  it  7 

Authors*  reply 


The  difficulty  Prof.  Eaiock  Taylor  points 
out  proceeds  from  the  fact  that  in  the  case  of  a 
multiply  connected  body,  the  diagonal  coefficients 
(self-influence  coefficients)  of  the  matrix  issued 
frem  the  application  of  the  singularity  distribu¬ 
tion  method  are  not  longer  necessarily  preponde¬ 
rant  with  respect  to  the  coefficients  of  influence 
between  any  two  connectivity  components. 

The  method  we  propose  is  not  liable  to  that 
kind  of  difficulty  since  the  coupling  coefficients 
that  we  compute  produce  from  the  influence  of  the 
physical  boundaries  on  a  fictitious  boundary  that 
encloses  the  whole  of  the  multiply  connected  E5^. 


Discussion 
by  G.t,  Hearn 

The  couplino  of  the  finite  element  and  integral 
(or  distribution)  representations  techniques  are 
not  only  appropriate  for  solving  the  various  rigid- 
body  fluid  structures  interaction  problem  but  also 
of  course  the  hydroelastic/acoustic  problems  asso¬ 
ciated  with  a  vibratory  ship,  Both  Webster  (11 
and  Hearn  {2)  have  independently  suggested  that 
the  hydroelastic  problem  be  tackled  by  separating 
out  the  hydrodynamic  effects  through  the  deplo)«ent 
of  •influence  functions"  rather  than  use  the 
traditional  Lewis  of  Lockvxjod  Taylor  coefficients 
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or  iterate  arournl  a  structural  analysis- 
hydrodynamic  analysis  loop.  This  approach  also 
overcomes  any  entanglement  with  the  often  miscon- 
ceptualised  "added  mass"  effect.  However,  the 
formulation  leads  to  quite  large  algebraic  sys¬ 
tems  especially  when  applied  in  3  dimensional 
problems.  Armand  and  Orsero  13]  have  coupled 
the  structural  finite  element  model  of 
the  ship  and  a  finite  element  representation  of 
the  surrounding  fluid.  In  some  cases,  Bettess  14J 
•Infinite  elements"  are  deployed  to  model  We 
fluid  domain.  Have  you  employed  your  coupling 
technique  to  the  analysis  of  a  vibrating  struc¬ 
ture. 

The  removal  of  the  Irregular  frequency  pro¬ 
blem  by  modifying  the  Green  function  Is  well 
quoted  in  the  literature.  Later  In  the  conference 
Martin  and  Ursell  tackle  the  problem  using  the 
•null  field  equation"  approaoh.  The  results 
presented  in  Figures  11  and  12  are  a  consequence 
of  utilising  different  operators  In  the  problem 
p*  could  the  authors  explain  what  is  happening 
when  utilising  these  different  operators  and 
thus  explain  their  resolution  of  the  Irregular 
frequency  problem. 

Finally,  could  the  author  be  more  specific 
regarding  the  appearance  of  reference  19. 

I  ll  Webster,  W.C.  "Computations  of  the  Hydrody¬ 
namic  forces  Induced  by  General  Vibration  of 
Cylinders",  0.  Ship  Research,  vol.  23,  n  1 
March  1979.  Also  available  Institut  fOr 
Schiffbau  der  Gniversi'at  Hamburg,  Berioht 
NR  346,  August  1976. 

f 2l  Hearn,  O.E.  "Theoretical  Treatment  of  Added 
llass  in  Vibration  Calculations",  RINA  Sympo¬ 
sium  in  Propeller  Induced  Ship  Vibration, 
London,  Oec.  1979.  Also  available  in  part, 
8SRA  NAOV  Progress  Report  n"  15,  August  1976. 

13]  Armand.  J.L.  and  Orsero,  P.  ,  .J''’'' 

Evaluating  the  Hydrodynamic  Added  Mass  in 
Ship  Hull  Vibrations".  SHAME,  87th  Annual 
Meeting.  Nov.  1979.  New  York. 

[4]  Bettess,  P.  "Infinite  Elements",  Int.J. 
Num.Method  In  Engineering.  Vol.  11.  1977. 


long-distance  coupling  and  thus  imply  only  non¬ 
singular  kernels. 

More  detailed  explanations  and  a  study  of  the 
convergence  of  the  method  can  nc  foy™ 

M.  Lenoir  "MGthodes  de  couplage  «"  h^^yre- 
mique  navale  et  application  »  la 
vagues  bidimenslonnelle  (Coupling 
ship  hydrodynamics  and  application  to  T]*  Tm 
dimensional  wave  resistance  problem)  Thesis, 
University  of  Paris  VI  (1982). 

let  us  finally  say  that  we  '"‘'“'I 
rest  of  the  application  of  our  method  to  we 
fluid-structure  interaction  problw,  but  we  are 
now  rather  Interested  to  its  applications  to  the 
problems  of  acoustics. 


Authors'  reply 

It  is  well  know  that  the  Integral  equation 
methods  used  for  the  solution  of  an  exterior 
problem  yield  implicitly  to  on  adjoint  interior 
problem  and  that  the  so-called  irregular  fre- 
quencles  are  but  the  eigenvalues 
problem.  If  one  replaces  the  usual 
with  a  suitable  linear  combination  of  Itself  and 
of  Its  normal  doublet,  one  Is  lead  to  a  well- 
posed  Interior  problem  for  all  frequenc  es  and 
thus  getSATld  of  the  irregular  fregienc  es.  The 
realization  of  the  reaark  is  soae  how  difficult 
in  singularity  distribution  nethod  si^e  one  ts 
then  lead  to  ccapute  finite  parts  of  integrals. 

As  a  oatter  of  fact,  it  is  quite  easy  to 
show  that  this  type  of  remark  holds  for  our 
coupling  oethod  ;  but  it  is  then  nuch  oorc  easy 
to  work  it  up  as  all  the  integrals  represent 
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NUMERICAL  SOLVING  OF  TRANSIENT  LINEAR  HYDRODYNAMICS  PROBLEMS 
BY  COUPLING  FINITE  ELEMENTS  AND  INTEGRAL  REPRESENTATION 


A.  Jam! 

^co1«  Nationita  Sup4d«uf«  d«  Tdctiniques  Av«nc^ 
Centre  Netionel  <5e  te  Aecherche  Scter^tifique 
Chemin  de  la  Huni^.  91120  Palaiseau  (France) 


Abstract 


The  linearized  problea  of  the  potential 
flow  past  a  submerged  body  in  an  arbitrary  trao* 
sient  motion  of  small  amplitude  is  studied  in 
this  paper. 

Theoretical  results  are  presented  atkd  the 
problem  is  solved  numerically  in  the  tvo^dimen- 
sional  case  by  a  finite  element  method. 

The  classical  problem  set  in  an  unbounded 
domain  is  given  an  equivalent  fora  in  an  arbi¬ 
trary  bounded  domain  using  an  integral  repre¬ 
sentation  formula  as  a  complementing  boundary 
condition.  A  variational  formulation  is  worked 
out  which  i»  discretized  by  finite  elements. 

As  ve  restrict  our  study  to  the  case  of  a 
submerged  body,  the  bounded  domain  can  be  cho¬ 
sen  in  such  a  way  that  it  does  not  contain  any 
portion  of  the  free  aurfsce  :  thus  the  free  sur¬ 
face  condition  as  well  as  the  conditions  at  in¬ 
finity,  is  taken  into  account  by  the  Creen  func¬ 
tion  in  the  integral  representation  formula.  In 
the  case  of  a  transient  flow,  this  representa¬ 
tion  at  time  t  involves  an  integral  of  convolu¬ 
tion  type  over  (0,  t}  which  is  equally  split 
into  time  steps.  Therefore  the  integrand  ie 
approximated  in  each  interval  and  the  linear 
aystem  becouea  aimilar  to  that  of  a  ateady  flow  ; 
the  right  member  alone  is  modified  at  each  time 
step  and  a  factorization  scheme  can  be  used. 

I.  Introduction 


In  the  field  of  naval  hydrodynamics,  some 
problems  have  not  yet  received  a  eatlsfactory 
numerical  solution  ;  at  least  for  them,  a  com¬ 
plete  theoretical  study  must  be  carried  on.  On 
the  other  hand,  dua  to  medern  dcvelopsMnte  in 
the  field  of  functional  analysis  and  the  uee  of 
new  generations  of  computers,  extensions  of 
known  theoretical  proofs  and  refinements  of  nu- 
Mrieal  algorithms  are  permitted. 

The  general  philosophy  of  our  work  is  to 
give  a  proof  for  the  existence  and  uniquenese 
of  the  eolution  of  a  given  problem.  Then  a  pro¬ 
blem  ie  set  in  a  bounded  domain  which  U  shown 
to  be  equivalent  to  the  previous  one  end  an 
adapted  numerical  algorithm  of  high  precision 
and  relative  low  cost  is  developed.  In  our 


papers,  numerical  results  are  given  for  some 
eimple  test  esses. 

The  purpose  of  this  paper  is  to  study  the 
linearized  problem  for  the  potential  flow  pro¬ 
duced  by  a  submerged  body  undergoing  an  arbitra¬ 
ry  transient  motion  of  small  amplitude.  Numeri¬ 
cal  results  are  given  for  the  transient  forces 
acting  on  the  body  in  two-dimensional  casei  only. 

l.l.  Statement  of  the  problem. 


Ve  derive  here  the  problem  for  the  velocity 
potential  in  the  small  perturbation  theory  ;  all 
the  quantities  are  ncn-dimensionalized  with  res¬ 
pect  to  the  length  of  the  submerged  body  L,  the 
density  of  the  fluid  p  and  the  velocity  of  gra¬ 
vity  waves  where  g  is  the  gravity  accelera¬ 
tion.  Let  (0  ;  X,  y,  z>  be  a  fixed  reference 
frame  with  Oy  upwards  vertical.  The  fluid  domain 
ft  ia  considered  in  its  position  at  the  time 
t  •  0  ,  due  to  small  perturbation  theory,  ft  is 
bounded  at  any  time  t  >  0  by  the  free  surface  T 
y  •  0  and  by  the  boundary  5  of  the  body  in 
its  initial  position. 


Fig.  I  :  The  domain  ft 


At  point  M  (x,  y,  a)  in  ft  and  time  t,  the 
velocity  potential  b(H  ;  t)  satisfies 


as  -  0 


a**  ^  3* 


0  on  r 


V  (H  ;  t)  on  S 


(P) 
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vhere 

.  the  normal  velocity  v  is  known  from  the 
given  twtlon  of  the  body  ;  3  Is  the  unit  normal 
to  S  external  to  the  fluid  domain  0. 

.  the  linearised  free  surface  condition  Is 
obtained  after  elimination  of  the  unknown  free 
surface  elevation  from  the  kinematic  condition 
and  dynamic  (constant  pressure)  condition, 

At  the  initial  time  t  •  0  the  fluid  Is 
assumed  to  be  at  rest  and  the  free  surface  to  be 
unperturbated  ;  thus  ve  have 

«(M  :  0)  •  0  and  ||(M  J  0)  -  0  (1) 

for  all  M  in  the  closure  of  Q. 

Moreover  ve  suppose  that  for  every  time 
t  >  0|  the  velocity  field  remains  unperturbated 
far  from  the  body  ;  more  precisely  we  shall  look 
for  a  solution  $  of  (P)  which  first  derlvatlvas 
are  square  integrable  in  that  is 

I  Igrad  dtt  <  •*  (2) 

Tnls  condition  will  lead  to  the  choice  of 
a  space  of  solutions  of  finite  energy  for  0. 

Unsteady  forces  F(t)  are  expressed  by  using 
the  linearized  Bernoulli  equation  on  the  body  ; 
as  ue  suppose  the  body  is  totally  immersed  ,  ve 
have 

F<t>  -  I  |i  3  ds  (3) 

S 

1,2,  Special  cases 


Tvo  typical  cases  can  already  be  discussed. 


jy.  If  the  normal  velocity  Is  constant  In  time 
(?r  ■  0  for  all  t  >  0)  one  expects  a  solution  0 
vMch  would  become  stationary  as  time  tnereases. 
In  such  a  case,  the  resulting  potential  0^ 
satisfies 


i,®  -  0 


where  the  free  surface  condition  reduces  to  a 
syztnecry  condition  as  for  a  solid  boundary. 
Therefore  it  is  well  known  in  aerodynamics  from 
d'Aleabert's  paradox,  that  the  corresponding 
flow  contributes  no  net  force. 


.  If  the  normal  velocity  is  harmonic  in 
time,  one  expects  a  solution  *  which  would  be> 
come  harmonic  with  the  same  frequency  (but  not 
the  same  phase).  In  such  a  case,  the  resulting 
potential  can  be'interpretcd  as  the  solution 
of  a  diffraction  or  sea*keeping  problem.  Let  us 
denote  w  the  reduced  pulsation  of  the  forced 
motion  of  the  rigid  body  and  for  instance,  let 
us  take,  for  M  on  S 

v(H  ;  :)  •  -wnj  sinut  (4) 


where  n,  is  the  i^eth  component  of  the  normal 
at  M  on^S  .  Therefore,  taking  the  difference  in 
phase  into  account,  is  written  as 

1  2 

“  *I>  *  *D 

where  the  components  (^q);.i  2  depend 

on  time  ;  they  satisfy  ^  * 


A- 

'ay 
an  ^ 


0 


for  j  ■  I 
for  3*2 


together  with  radiation  conditions  that  realize 
a  coupling  between  problems  (Pi)  and  (P*)  and 
make  the  latter  non^honogeneous. 


Note  that  if  we  introduce  the  complex 
valued  potential 


it  can  be  checked  formally  that  5-  is  obtained 
by  Fourier  transform  of  «  in  the  ^time  variable; 

♦jj(»)  ♦)(«), 

The  pair  of  coupled  problems  (Pph.i  j 
the  corresponding  problem  (PJ  for  ^ 

are  well  posed  (see  11}  and  (2)>  for  ft  un¬ 
bounded.  Note  that  !n  the  case  vhere  ft  is  a 
bounded  domain,  (P^)  is  III  posed  for  a  numera¬ 
ble  set  of  values  of  u  called  eigcnfrequencies 
of  the  Internal  problem  ;  this  occurs  as  well 
If  the  boundary  condition  is  of  Dirichlet  type. 
Each  component  of  the  resulting  force  is  classi¬ 
cally  written  in  the  fora 


Fp  •  A(«)  cos  «t  ♦  B(«>  sin  «t  (5) 

where  A(«)  is  called  the  added-mass  coefficient 
and  B(»)  the  damping  coefficient. 

In  the  numerical  applications  of  the  tran¬ 
sient  problem  (P>  ve  shall  refer  to  these  two 
special  cases. 


1.3.  Previous  works. 


Few  numerical  solutions  of  the  transient 
problem  have  been  given  up  to  now.  Let  us  note 
in  (3]  an  application  of  the  classical  singula¬ 
rity  distribution  method  ,  the  authors  establis¬ 
hed  that  the  use  of  a  single  layer  potential  to 
represent  the  transient  velocity  potential  leads 
to  undesirable  oscillations.  The  Fourier  trans¬ 
form  in  time,  from  which  the  transient  problem 
(P)  is  in  correspondance  with  the  diffraction 
problem  (Pp)  relates  these  oscillations  to  the 
well-known  phenomenon  of  the  irregular  frequen¬ 
cies  (see  for  example  CA),  (3)). 

Concerning  the  theoretical  study  of  our 
problem  some  results  are  yet  known  ;  In  the 
case  of  a  bounded  fluid  domain  (unsteady  os¬ 
cillations  of  a  liquid  in  a  tank)  a  fundamental 
work  has  been  done  in  (6}  and  also  in  (73. 
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In  the  ease  of  a  finite  depth  of  the  fluid, 
a  cooplcce  theoretical  study  is  given  in  tSl  to 
vhich  we  shall  refer  hereafter.  More  recently 
a  quite  Bodern  study  including  the  dynaaics  of 
the  floating  body  has  been  given  CSJ  and  its  nu- 
noj  ^PP^xiMtioa  has  been  developped  in 

Outlines  of  the  paper 

We  first  give,  in  the  sequel,  the  sketch 
for  the  proof  of  uniqueness  and  existence  of  a 
solution.  The  Creen  function  is  studied  in  the 
third  chapter  and  an  integral  representation 
formula  is  given  for  this  solution.  If.  chapter 
four  the  toethod  presented  in  (113  is  sueoarized 
and  the  application  to  our  preblea  is  detailed. 
The  fifth  chapter  is  devoted  to  the  finite  eU- 
aent  approxiaatlon  and  the  nuaerlcal  algorithm 
and  in  the  last  chapter  we  give  soae  nuaerical 
results. 

n.  Theoretical  results 

In  this  chapter  we  restrict  the  study  to 
the  3-D  case  for,  in  the  2-D  case,  the  defini¬ 
tions  of  the  functioi.al  spaces  being  different 
aore  technical  results  are  needed. 

The  results  we  give  are,  for  their  first 
part,  a  direct  application  of  the  study  of 
weighted  Sobolev  spaces  in  a  half  space  (see 
[123,  [13]),  Let  us  define  these  functional 
spaces  by  their  aechanical  eeanlngs  ;  wc  denote 
ty  W,  (fl>  the  space  of  potentials  of  finite 
kinetic  energy  in  fl.  Therefore 

V<n)  -  Wl(il)  rt  L^D 

is  the  Hilbert  apace  of  potentials  of  finite 
total  energy  in  ft  equipped  with  the  nona 

11  «  11  ■  (jifirad  «|*  dg  ♦  f|u|*  dy)*^ 
ft  f 

which  is  equivalent  to  the  graph  nora, 

Let  us  now  describe  the  three  aain  featu¬ 
res  that  give  the  basis  of  our  proofs  s 

(i)  Every  function  in  V(ft)  is  the  liait  of  a 
set  of  functions  infinitely  derivable  with 
coapact  support  in  ft  (naaely,  D(fi)  it  dense 
in  V(ft)). 

(ii}Let  be  F  the  plane  (y  •  -a),  a  >  0  such 
that  F  n  S  is  espty,  every  function  in 
V(fl)  has  a  trace  in  L*(r^). 

<lli)The  bilinear  fora  a<u,v)  -  [(grad  u/grad  v) 
is  coercive  in  w!(fi).  ' 

*  ft 

I I . 1 .  Uniqueness 

It  is  sufficient  to  show  that  the  hoaoge- 
neous  problem  (P)  has  no  other  solution  than 
the  null  function.  This  is  easily  obtained  as 
for  functions  in  V(fl)  with  laplaclan  In  L*,  the 
Green  foraula  for  ♦  and  H  applies  ;  thus 


'  ■  j  Igrad  < 


is  ^finite  for  ♦  e  V(R)  and  has  a  null  tlae 
derivative.  Using  then  the  hoaogeneous  initial 
conditions,  we  have  E(t)  -  0  and  «(t)  is  cons¬ 
tant  almost  everywhere  in  ft  ;  thus  (t)  • 
e,  (0)  and  Che  constant  is  null.  'F 

■r 

11.2.  Existence 

Following  (83  we  can  construct  one  solu¬ 
tion  of  <P)  in  two  seeps.  First  we  consider 
probleas  (Pj)  and  (Pj)  which  have  a  Dlrichlet 
type  boundary  condition  on  P 


-  V  <  L*(S>l(P«) 


Obviously,  if  $  is  the  trace  of  »  on  F, 
is  a  solution  of  (P).  Therefore,  free 
problea  (P|)  ve  define  the  operator 


By  (lii)  and  the  Lax-MilgrAa  theorem,  (P#) 
and  (I\  )  which  are  of  the  same  type  have  uni¬ 
que  solutions  respectively  denoted  by  ^  and  *i, 

;  moreover  they  belong  to  V(ft>,  Then 
by  the  Green  Identity,  Kj  is  shown  to  be  a  po¬ 
sitive,  self  adjoint  unbounded  operator  with 
doaain  H*(r)  dense  in  L*(r)  and  Kj  docs  not  de¬ 
pend  on  ciae. 

In  a  second  step,  wc  consider  the  follo¬ 
wing  equation  of  the  type  of  the  wave-equation 
on  r. 

It^  •  *1  *  -  '  (6) 

with  initial  conditions  #(0)  •  0  and  |^(0)  •  0. 

From  a  classical  result  [14]  we  know  that 
the  solution  of  (6)  can  be  written  in  the  convo¬ 
lution  fora 

A(t)  •  J  Kj  sin(t-t)  K,  f(T)  dr  (7) 

provided  weak  restrictions  on  the  right-hand- 
side  f(powers  of  an  operator  are  defined  In 
(IS)  for  instance). 

Hciicc.  vith  f  .  -4^1  ,  the  chei- 

nlng  p 

(P#>  <6)  <P,) 

V  -  (8) 

gives  the  unique  solution  ♦  •  a  ♦  ».  of  fPl 
in  V(ft).  »  ‘ 

III.  The  integral  renresentstion 


Using  a  Green  function  for  (P),  ths.  is 
an  eleaentary  source  which  satisfies  the  free 
surface  condition,  one  gets  an  integral  repre¬ 
sentation  for  the  solution  ft  of  (P)  m  V(ft). 
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llltlt  Thfe  Cr«en  function 


l«t  u»  note  R-»{P(C,niC)/n<0}  the  negative 
half  apace.  The  Green  function  of  problea  (P)  la 
denoted  (P  ;  t)  and  «atlefiee»  for  any 
M(x,y,z)  la  R*  : 


dH„(P  ;  t> 
Jt’  Jn 


«„(P)«<t)  :  p  €  «i 
0  for  n  ••  0 


t  (  R 


(9) 


where  ^^(P}  la  Che  Dirac  dlecribuclon  in  apace 
*t  ,^inc  H  and 

<!(t)  le  the  Dirac  diacribution  in  tine  ae 
Che  origin  . 

Aa  for  tK^  study  of  (P),  it  is  convenient 
to  uae  t'-e  deconposition 

H^<i  :  t)  -  d(t)  Cj^(p)  ♦  Y(t>  Fj^(  p  :  t)(iO) 


where  Gj.<P)  ia  the  Green  function  of  problea  <P.) 
and  1^<P  ;  t)  ia  a  regular  function  in  V(Rl)for 
every  c  >  0  ; 

y<t)  ia  the  Ileavialde  function. 


Lo^  ui  note  bu(P}  the  eleaentary  aolution 
for  the  laplaciau  in  R^(Eu(P)  •  -(AfjMPl)***)  and 
M*  the  isiagu  of  H  with  respect  to  the  free  surfa¬ 
ce  T  ;  ve  have 


The  aayttptocie  behavior  of  F^(P  ;  t)  aa 
t  -  «  ia  easily  deduced  fro*  the  relation 

Up)  ~ ^  ^  IpI  -  ”  :  (17) 

we  have 

V  !  ~  -nr 

III.2.  Special  cases 

In  view  of  justifying  the  results  anticipa¬ 
ted  in  1.2. ,  we  can  give  some  particular  results 
obtained  when  t  — 

•  By  convolution  in  tine  of  Bu(P  ;  t)  with 
the  Heaviside  function  y(t),  one  gets  the  poten¬ 
tial  of  a  source  of  constant  flow  starting  at 
t  -  0  : 

KyfP  ;  t)  -  y<t)  CEj^(P  ♦  Ejj,(P)  ♦  1„(P  ;  t)Kl9) 

where 

s 

I„(P  :  0  -  I  R«  -  I  t(p>)<is  (20) 
Using  then  (17)  ve  see  that 

I„(p  ;  t)  ~  -  jiy  .«  t  »  •,  (21) 


C„(P)  •  E„(P)  -  £i,.(P)  (II) 

and  Fu<P  ;  t)  ia  the  solution  in  V(Ri)  of  the 
problea 


4P„.0 
Jt’  Jn 


0 


"It  ' 


0 


!!»l  .2!^ 

Jc  |t  •  0  Jn 


on  n  •  0 


(12) 


and  K„(P  ;  t)  tends  to  be  sytaDetrlcal  with  res¬ 
pect  to  the  free  surface.  Therefore  we  can  con¬ 
clude  : 


The  potential  induced  by  a  source  of  cons¬ 
tant  unit  atrength  starting  at  c  ■  0  tends  to  be 
as  ti»e  increases,  a  Green  function  for  problea 
(IS). 


«  By  convolution  in  time  of  Hu(P  {  t>  with 
the  function  Y(c)  cos  at,  it  is  a  known  result 
that  the  potential  induced  tends  to  be  the  Green 
function  for  the  pair  of  coupled  probleos 
«{>J.1.2- 

•  The  sa»e  techniques  hold  true  in  the  two- 
diawnsional  case.  VTe  have  then 


This  problea  can  be  studied  in  a  way  siailar 
to  problea  (P).  Then  Fj,  is  evaluated  by  Fourier 
transform  in  the  horizontal  (^,c)  coordinates  , 
returning  to  the  physical  plane,  we  have 

Fj,(P.t)  I  .7  .<7*'l).  (IJ) 

t _ 

where  r  •  /(x-O*  ♦  (z-;)*  and  J,  ia  the  Bessel 
function  of  order  zero.  Note  that  this  result 
was  given  a  long  time  ago  in  CI6]. 

A  aodified  contour  integration  technique  has 
been  used  to  give  another  expression  for  F,,  which 
is  well  suited  for  nueerical  evaluation  :  ” 

FjjiP  ;  t)  --^^1  Rejp*  ^pl.(p)}|dg  (U> 

where 

.2 

P  •  Zq  f  9  -  r  ♦  «^(y*n)cos6  (15) 

and 

L<p)  -  I  exp  {p(l-s*))di  (16) 


yp)  -  ^  log  |hp1  (22) 

and 

V  :  '>  ■  T  P*’'”’’’  co.(.|x-(|).ii.(t/.)^ 

•  (25) 

•  ^  P.  (pKp) ) 

where  p  is  given  by  (15)  with  q  •  |x-5|*/^(y*n> 
and  L(p)is  given  by  (U). 

Other  expressions  for  F|^(P  ;  t)  can  be 
found  involving  the  coaplex  exponentlsl  inte¬ 
gral  function  or  the  error  function.  Soae  of 
these  results  are  given  In  (17),  in  particular 
we  have 

w(^  /? 

L(p)  -  - o'"  m 

^  2p 
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vher<  v(z)  is  given  in  C18  p.297}  end  its  nuw 
ricel  eveluetion  cen  be  handled  vith  popular 
Cechniquesi 

The  Green  theorea 

The  cleesicel  third  Crcen  fornula  can  be 
applied  to  Y(C)  «  (M  ;  t>,  *  solution  of  <P). 
and  to  the  Crcen  function  H^<P  ;  t)  defined 
above  for  real  t  and  t>  therefore t  by  convolu¬ 
tion  in  ciBe»  one  gets  the  foraula 

»(H  :  t>  -  |c«(Pit)  |^(P)  -  v(P:t)c^<p)]<i>p 

s  ^ 

♦  I  |t«<P:t-t>  (Pjt) 

«  s  ^ 

-  v(P;t-t)  Fy<P;t>3dSpdi 

Note  that  this  fortaula  is  valid  for  all  M 
in  {I  and  t  >  0  and  it  does  not  Involve  any  spa¬ 
ce  integration  on  the  free  surface  ;  only  the 
values  of  e  on  S  are  Involved  in  the  right-hand- 
side.  let  us  also  point  out  that  the  first  in¬ 
tegral  over  S  is  alailar  to  that  of  a  steady 
problea.  As  regards  the  second  integral  it  con¬ 
tains  all  the  "history"  of  the  flow  which  in¬ 
fluences  the  present  tiae.  It  is  obvious  that 
the  latter  tex-a  represents  the  effect  of  the 
free  surface  defomations  up  to  infinity  for 
(2S)  can  also  be  written 

•W  :  t)  .  I  C«<P!t)  |^(P)  -  v(Pit)(!„(p)lii, 

s  ' 

•  I  ‘(fi')  |^<f)«P  i 

r 

unfortunately,  this  instantaneous  integral  re¬ 
presentation  cannot  be  used  in  a  nuaerlcal  al- 
goritha  since  the  last  Integral  extends  up 
to  infinity. 

XV.  Problea  in  a  bounded  doaain 

Seducing  the  unbounded  dosain  to  a  bounded 
one  leads  to  the  introduction  of  an  artificial 
boundary.  When  dealing  with  wave  propagetlon 
probieas,  es  (P.),  rediation  conditions  are 
known  at  infinity  and  they  can  be  iaposed  et 
finite  distence  (see  (33).  On  the  contrary, 
for  transient  flows,  radiation  conditions  have 
no  practical  aeaning. 

Many  authors,  in  or  beyond  the  fraaevork 
of  naval  hydrodynaalcs  (CIO],  (19},  (203),  have 
used  epproxiaate  radiation  conditions.  These 
local  boundary  coixditlons  lead  to  classical 
boundary  value  problea  (at  each  tiioe  atep)  in 
a  bounded  doaain  ;  these  conditions  are  deter- 
ained  by  a  differential  operator  satisfied  by 
the  first  teras  of  the  asyaptotic  behavior  of 
the  searched  solution.  Nevertheless  soae  re¬ 
flected  waves  cannot  ba  avoided  even  if  the 
radiation  boundary  is  fixed  far  froa  the  obs¬ 
tacle  ;  Boreover  convergence  of  the  resulting 
solution  when  the  artiflcisl  boundsry  le  shif¬ 
ted  towards  infinity  has  not  been  proved  until 
now. 


Ve  shall  not  talk  sbouc  the  "localized 
finite  eleaent"  aethode  discussed  in  (21]. 


Of  course  the  use  of  an  integral  represen¬ 
tation  foraula,  aa  (25),  cakes  the  free  eurface 
coitdicion  aa  well  as  Che  behsvior  at  infinity 
exactly  into  account.  This  property  has  aude 
the  singularity  distribution  aethod  a  practical 
Cool  for  early  niaterical  applications  ;  unfor- 
cuikstely,  as  everyona  knows  this  aethod  leads 
CO  sn  integral  equation  with  a  singular  kernel 
which  has  not  been  solved  but  by  low  order  ap- 
proxiaations. 

IV. I .  The  coupling  aethod 

Our  original  idea  is  to  aatch  the  advanta¬ 
ges  of  a  Mdern  nuMrical  method,  naaely  Che 
finite  eleaent  Mthod,  ai\d  those  of  the  Integral 
representation  foraula.  This  aethod  presented 
In  a  first  foraulstion  in  (223  has  shown  a  real 
efficiency  at  regards  the  precision-to-cost  ra¬ 
tio.  It  has  been  developed  in  (113  end  a  new 
foraulstion  has  been  given  in  [23)  and  developed 
in  (24).  kecenc  develop*)encs  together  with 
their  theoretical  support  are  presented  in  (253*. 


Subsequently  we  shall  apply  our  coupling 
aethod  in  its  first  foraulecion  to  problea  (P). 
Ve  first  define  an  arbitrary  boundary  T  which 
eiiclosea  S  without  couaon  points;  es  we  res¬ 
trict  our  study  to  the  case  of  a  subaerged  body, 
we  can  choose  Z  close  to  S  end  without  comon 
points  vithT.  As  a  consequence,  the  doaain  0 
between  S  and  Z  does  not  contain  any  portion 
of  the  free  surface  and,  at  each  eixse  t,  the 
solution  I  of  (P>  satisfies  in  6  t  (for  the 
sake  of  clarity,  we  use  here  the  argueent  t). 


A»(t)  •  0 


(Q> 


Aej^ft)  -  Bv(t>  j 

*  I  tC(t)»|g(t-t)-D(T)v(t-t)3dr 


where  the  coupling  condition  for  4|-  with  res¬ 
pect  to  bi-  is  a  condensed  fora  of'^  cqu.  (25) 
for  M  <  l!* 


Fig.  2  ;  The  bounded  doaain  0 


21$ 


^ow  ttio  tct  of  relations  (Q)  can  be  eonsi^ 
<iered  as  a  problea  for  ♦  <  H*(e)  ;  the  existence 
of  a  solution  of  this  problcs  is  obvious  by 
its  very  construction.  Uniqueness  will  nor  be 
proved  here  for  a  slailar  proof  is  given  in  the 
next  paragraph. 

IV. 2.  The  tioe  diseretiratieo 


he  face  to  solve  (Q)  by  a  tlss’mirching 
scheee  of  constant  steps  At  ;  for  this  purposst 
we  define  the  iodicial  notation  t  -  n&t  and 
w”  •  ^  stands  for  asp  of  the  func¬ 

tions  4.  V  and  the  operators  (considered  as 
functions  of  time)  C  and  D  involved  in  problea 
(Q).  Nov  for  the  convolution  integral,  we  appro- 
xiaate  and  v  by  piecewise  linear  functions 
and  the  operators  by  piecewise  constant  func¬ 
tions  ;  this  leads,  for  n  a  I,  to  the  foraula 


“C(r)  ♦js(Vt)dt 


•  (C 


♦is 


<26) 


.  nsl  nts^L  .n-«, 

*  .£2  <=  »|s  “Is  J 

*  »ir'  ♦  ’ 


for  the  first  tera,  and  to  an  equivalent  fomu- 
la  for  the  second  tera.  Note  chst.^in  (26)  we 
have  taVcn  the  initial  condition  61.  •  0  into 
account. 


E  is  continuous  and  ve  can  set  a  variational 
fon&ulation  for  -  Ef**  in 

h)  j(e)  -  (u  c  H*(e)/u|j  -  0} 

For  a  given  v”  c  L*(S);  ve  have  the  problea 

Find  c  ^(6)  such  that,  V  ♦  c  ^(6) 

.<?',♦)  ♦  .<e(A  »  ^  ♦)  -  I*”  ♦  <<•  Wn> 

s 

•  a(E{B  ♦  ^  ^  J,a(E(g“l,  t) 

where  a(4,t)  -  |(grad  6/grad  t)dw  and  given 
by  (27).  J  ^ 

Of  course  the  extension  E  is  not  unique  but 
the  solution  a  Ef^  is  irdependant  of  E  ; 

thus  a  trivial  extension  will  be  used  in  Che 
space  discretisation  of  (Q|[). 

The  uniqueness  of  the  solution  of  (q]()  is 
easily  proved  as  in  steady  cases  (see  C2l3), 
for  (<^}  is  equivalent  to 

<J  •  K)  -  r“  in  j(6).  (28) 

where 

1 

.  J  is  a  coercive  operator  on  H  (6)  associa¬ 
ted  with  the  bilinear  fora  *’*  *(4^,  p), 


Therefore  if  It  is  inferred  that  at  the 
n-ieth  tise  step,  all  the  values  6i|  for  s  <  n 
are  known,  will  be  a  solution  oP 


in  I 


v|  j  •  (A**j  C  )ljj  -  (B*^  D  )’• 


•  1  .£i  *. 


r.  *  nti*l 


•  ‘Is  ’ 

v"-., 


Wn) 


(22) 


•0;c^»l,  l<n£n 
e'  •0;c'«l,  lia<n 


.|K  is  a  coapletely  continuous  operator  on 
H  ^(6)  associated  with  the  bilinear  fora 
.(E{A  •  i|c  )  .jJ  ,  »), 

.  F*'  is  a  function  In  K  (d)  associated  with 
the  right-hand-side  of 

Therefore  the  Fredhola  alternative  gives 
Che  equivalence  between  existence  (which  holds 
true)  and  uniqueness  of  the  solution  of  (28) 
provided  -X  is  not  an  eigenvalue  of  K.  The 
proof  of  the  last  step.  Involves  the  study  of 
a  Dlrichlet-type  problea  for  the  laplacian  in 
the  inner  doaain  of  boundary  I  ;  thia  problea 
is  always  veil-posed  and  the  proof  it  settled. 

V,  A  Finite  Eleaent  Approxiaation 

For  a  general  introduction  of  the  finite 
eleaent  eethod,  we  refer  to  (26)  ;  thus,  for 
a  terse  presentation,  ve  shall  pass  over  a  lot 
of  prclialnary  hypothesis. 


IV. 3,  A  variational  foraulatlon 

Nov  Che  problea  (Q  )  to  be  solved  at  each 
Ciae  step  t  is  siailar"to  those  of  the  steady 
case.  Ve  refer  to  (11)  for  the  derivation  of 
the  variational  foraulatlon.  The  coupling  con¬ 
dition  on  £  is  equivalent  to  a  boundary  condi¬ 
tion  of  Dlrichlet  type  ;  let  f’^  be  the  right- 
hand-side  of  this  condition  and  assuae 
f’’*  <  H  (!)  and  f"  ia  knovn^Thus  ve  define  an 
extension  operator  C  froa  H  (I)  to 


Concerning  the  convergence  of  the  finite 
eleMnt  approxiaation  let  ua  say  chat,  from 
(28)  and  a  result  of  AUBl.S  (27),  it  Is  proved 
in  (23)  that  classical  error-escliutions  for 
probleas  set  in  bounded  doaalns  are  preserved. 

V.l,  Finite  eleaent  discretiration 

Ve  choose  a  regular  triangulacion  f.  of 
diaaeter  h  with  N  nodes  (Mj),,.  „  and  w8  deno¬ 
te  6.  the  approxiaate  doaain^  with  bounda¬ 
ries  and  £^  :  V"  la  the  Hilbert  space  gene¬ 
rated  oy  a  set  of  N  continuous  and  piecewise 
polynoaiat  (unctions  with  coapact 
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support  in  7^  sod  sstisfying 

■  w-(Mt)  “  ®sj  '•  iii  ■ 

Kronecker's  syabol 

■  \  *  iVs 

Therefore  the  approxlsete  solution  of  pro> 
bles  (0^)  reduces  to  the  solution  of  «  linear 
systes  of  order  where  is  the  ouaber  of 
codes  belongins  to  t  ;  siailerly  ve  denote  by 
Kg  the  nasber  of  nodes  belonging  to  $• 

Let  us  first  note  that  Che  approxinate 
extension  operator  is  chosen  as  the  sieplcst 
one  in  the  finite  eleacnt  basis  ;  that  is 


(Ej^«j)<M)  -  0  if  Mj  /  or  M  /  supp 
then  ve  define  Che  "extension  dosain",  by 

i  n 

Furthernore  we  denote 

■  ‘ij  ■  ‘ 

.  Jjj  •  I  »j  »(  <l»  i  Mj,  Hj  < 


“j  ' 


<29) 


•'^1  ■  <''l>  *  %  O’)#’!  ”  " 

■Ki-T  " 

Finally  the  linear  systea  is  writtenpUsing 
Einstein's  convention  as  follows  : 

“•ij  • 


•e'«,  ) 


<31) 


Let  us  point  out  sone  features  about  the 
ruaerical  evaluation  of  the  coefficients  and 
Che  solution  of  this  systes. 


puted  cnee  before  starting  the  tine  sarching 
process  when  the  satrices  (A*j)  and  (OA?.)  are 
eoaputed  and  stored  at  Che  B»-ieth  time  step. 
The  latter  aatrices  are  full  and  hon^sysisetric  ; 
therefore  an  effective  subroutine  has  been 'wor¬ 
ked  out  in  order  to  perfora,  with  a  reduced 
ciBe-coasuspeion*  their  aultiplication  by  the 
forser  aatrices  at  further  ei«e  steps  and,  by 
sooBstion  to  get  the  convolution  tera  in  the 
right-hand-side  of  (31). 

.  The  BStrice  in  the  left-hand-side  of  (31) 
aay  be  cooputed  and  factorized  once  before  star¬ 
ting  the  tiae  aarching  scheoe  as  it  does  not 
depend  of  tiae  ;  this  fact  gives  the  sethod  a 
$0^  precision-to-cost  ratio. 

V»2.  The  nuaerical  algorithm 


We  describe  here  the  seven  fundasental 
stages  of  a  prograa  for  the  solution  of  (31). 


(j^  Cive  the  coordinates  of  the  nodes  on  S 
Find  the  coordinates  of  the  nodes  on  Z 
Define  the  finite  eleaents  (type,  order..) 
Describe  the  eleaents 


Coapute  in  each  element  and  collect  tne 
teres  necessary  to  evaluate  the  coeffi¬ 
cients  (a£j),  (4jj>  and  (d^j) 


G 


.  store  the  coaponent  of  the  noraal  at  each 
node  on  5^ 

Compute  the  coefficients  (T^j)  and 
Coapute.  factorize  and  store  the  aatrix  of 
the  linear  systea  (31) 

Describe  the  tiae  step  n 


.  Cc«>pute  and  store  (vj),  (A^j)  and  (DA^j) 
.  Coapute  the  right-hand-side  of  (31) 


.  Solve  the  linear  systea 
.  Coapute  the  force-cosponent  and.  if  desi¬ 
red.  the  instantaneous  free-surface  ele¬ 
vation. 


Note  that  the  last  step  can  be  reproduced,  froa 
n  -  I,  as  aany  tines  as  necessary  to  describe 
the  phenoaenon. 

External  data 


.  Coordinates  of  the  nodes  on  S 
.  Nuaber  and  type  of  the  eleaents 
.  Order  of  the  approxiaatlon  and  time  step 
.  Type  of  results 


.  The  coefficients  defined  in  (29)  ere 
quite  clsssical  in  a  finite  cleaent  aethod  ; 
they  are  evaluated  by  nuaerical  quadratures 
in  each  flnits  eleaents.  The  resulting  aacri- 
ces  are  sparse,  syoaetric  and  block-diagonal 
or  Bade  up  of  block-diagonal  sub-eatricss. 

.  The  coefficients  defined  in  (30)  are 
combinations  of  values  of  the  two  teras  of 
the  Creen  function  and  their  firet  derivati¬ 
ves  :  the  aatrices  (r^j)  and  (Or^j)  are  coa- 


External  functions 

.  Boundary  condition  v 
.  Green's  function  and  its  first  derivs- 
tives  in  space. 

That's  It  I  ...  our  prograa  includes  about 
three  thousand  FORTRAN  instructions. 
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XV.  Huaericil  re<oltt 

At  ve  taid  in  the  introduction  ve  thov  ftv 
nuaerical  retulit  ;  the  convergence  of  the  fi¬ 
nite  elenent  aethod  (i.e.  with  retpeet  to  the 
Beth  tire  h)  hat  yet  been  verified  CiiL  Ve 
aainly  focut  our  attention  on  the  ttability  of 
the  retulct  at  tiBe.increatet.  In  order  to 
illuttrate  thit  ttability*  ve  have  ttudied  both 
probleat  ditcutted  in  the  paragraphe  X.2.  and 
III. 2.  The  retultt  are  given  for  the  retulting 
force  ccaponent  with  retpect  to  tiae  and  for 
different  valuct  of  the  tine  etep  &t. 

For  these  two  exaaplet  ve  have  chosen  a 
circular  cylinder  of  unit  diaaeter  with  center 
at  y  •  -1  ;  the  bounded  doaain  d  it  then  a  cir¬ 
cular  annulut,  itt  triangulation  is  »ade  of  12 
rectangular  finite  cleaentt  of  order  2  (tee 
fig.  2).  The  order  of  the  tystea  1$  48. 


Fig«2  :  The  diseretlred  doaain  and  the  nodes. 

For  the  constant  noraai  velocity,  ve  have 
chosen 

v(t)  •  -  i 

obviously  thit  transient  problea  hat  no  physi¬ 
cal  seaning  for  the  free  surface  condition  ia 
written  in  a  fixed  fraae  of  reference.  Never¬ 
theless  the  velocity  potential  tends  to  the 
solution  4^.  of  <pS).  The  first  coeponent  of  the 
force  F(t)  alone  is  sodified  and  tends,  as  pre¬ 
viously  ststed,  to  zero  at  tine  increttet.  Thit 
it  shown  on  figure  4  where  the  first  tiae  step 
it  not  significant  because  of  the  lepulslve 
sMtion  at  thit  ctrly  stage. 

For  the  tiac-haraonic  alip  coodUloo  ve 
ahov  the  resulting  first  force  cosponent  for 
a  sway  notion  ;  the  noraal  velocity  it  then 
given  by  (4)  with  i  •  1.  On  figure  2  end  6 
retultt  arc  shown  for  the  frequeoclet  o  •  « 
end  u  •  1  respectively.  Let  us  note  that,  here 
again,  the  first  tlsM  step  it  not  tignifictnt 
at  the  notion  it  inpultivtly  stsrted.  The  tdded 
»att  A(u)  and  daaping  B(w)  coefficients  are  gi¬ 
ven  by  the  solution  of  (Fq)  with  the  sane  kind 
of  coupling  aethod  at  presented  here.  Froa  the¬ 
se  results  ve  point  out  the  ^uite  fttt  adjuste- 
aent  of  the  transient  force  in  phase  and  anplt- 
tude  to  ita  liait. 


Fig  4  :  Vanishing  force  coefficient 
(d'Aleabett's  ptradox) 


♦  •  •  At»O.I  ***  Al-0.05 


Fig.  5  et  b  :  Sway  notion  of  a  circular 

cylinder  of  unit  dlaaeter  and 
center  at  y— 1 . 
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VII.  CottPtnf 

Other  Duaerlcil  reeult*.  in  3>D  petticu- 
larly,  together  with  details  of  the  theoretical 
study,  will  be  published  later  on. 

Concerning  floating  bodies,  the  sethod  can 
be  applied  without  any  Bodlfication  ;  neverthe¬ 
less,  let  us  say  that  the  free  surface  condition 
should  be  discretised,  a  portion  of  the  free 
surface  belonging  to  the  boundary  of  the  dooain. 
There  is  of  course  no  difficulty  to  obtain,  as 
in  C3]  and  tlO],  results  for  the  half-cylinder, 
the  solution  being  regular  in  the  vicinity  of 
the  water-line  in  that  case. 

A  direct  developetent  of  this  study  is  the 
fluid  structure  interaction  in  which  the  beha¬ 
vior  of  an  elastic  body  in  arbitrary  ootion 
should  be  taken  into  account. 

At  last,  as  for  nost  results  in  linearised 
transient  probleas,  we  expect  this  work  to  be 
a  first  insight  towards  a  decisive  treatsent 
of  the  non-linear  problco. 
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TIME-DEPENDENT  BEHAVIOUR  OF  FLOATING  BODIES 
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Abttraee 

Tranaient  aottons  of  floating  bodies  near 
equilibrium  in  an  open  sea  have  been  treated  by 
several  methods.  Here  vc  propose  a  nev  effi* 
dent  technique  vhich  results  from  an  investi¬ 
gation  of  the  theoretical  linear  problem  using 
functional  analysis. 

This  method  (2D  i  30)  uses,  in  fact,  an 
implicit  ttae  discretisation  of  the  equations, 
a  truncation  of  the  fluid  domain  vith  an 
absorbing  boundary  condition  and  finite 
elements  in  the  truncated  domain. 

2D  numerical  results  are  discussed. 


!.  Introduction 

It  is  only  recently  that  the  problem  of  the 
small  transient  motions  of  floating  bodies  has 
been  solved  by  Beale  <<f  [2]  )  in  a  mathe- 
macically  rigourous  way.  In  view  of  the 
practical  applications  ve  complete  his  model 
by  ircluding  external  forcea  on  the  body, 
variable  pressure  on  the  sea  surface  and  small 
motions  an  a  part  of  the  bottom  of  the  sea 
(tsunamis). 

If  ve  consider  the  space  ^  of  the  possible 
states  u  with  finite  energy  of  the  system 
fluid-body,  the  problem  can  be  expressed  in  the 
form  of  a  linear  evolution  equation  in  (%  of 

the  type  —  •  Au  ♦  f(t),  u(0)  -  u*  where  u* 
dt 

and  the  function  f  of  the  time  t  are  known. 

Thia  approach  to  the  problem  allows  us  to 
prove  the  convergence  of  our  numerical  method, 
an  often  disregarded  view  point  in  numerical 
naval  hydrodynamics. 

the  numerical  solution  is  available  both 
in  2D  and  30.  It  is  fast  and  easy  to  ia(>lement 
on  a  computer. 

Finally  we  show  and  discuss  results  obtained 
with  our  2D  computer  program. 


II.  The  theoretical  problem 

1.  Fornulation  of  the  problem 

tfe  consider  the  linear  problem  connected 
with  the  small  motions  near  equilibrium  of  a 
mechanical  system  comprising  a  floating  body 
and  the  sea.  The  floating  body  ^  is  rigid 
and  partially  or  totally  issaersed  in  a  heavy 
perfect  and  incompressible  fluid. Effects  of 
surface  tension  on  the  free  surface  are  neglec¬ 
ted,  Ve  assume  the  flow  is  irrotational. 

0(x»y,z)  is  a  right-handed  coordinate  system 
with  Oy  the  upward  vertical.  0  is  the  fluid 
domain  at  equilibrium.  The  boundary  of  C  is 

,  S.  the  ionersed  surface  of  at  equiti- 
*  brium. 

.  $p  the  still  free  surface 

.  r  the  bottom  of  the  sea  (eventually  empty 
if  ve  consider  the  case  of  infinite 
depth)  and  the  middle  positions  of 
other  bodies. 


FIGURE  I 
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me  MChanleal  «t«Ce  of  the  syatea  can  be 
described  by  four  paraatecers  4,  n*  s.  v  : 

4  Che  potential  of  the  flov 

n  the  elevation  of  the  free  surface 

a  the  paraaeters  of  position  of  ^ 

V  the  parasMters  of  velocity  of  ^ 

The  followirs  equations  are  classical  (cf  (6))s 

A4  •  0  in  C  <0 

Po 

4.  ■  -  gn  on  S-  (2) 

t  p  r 


2.  Resolution  of  the  problea  (P) 

Let  us  recall  that  the  existence  and  the  uni' 
queness  of  a  generalized  solution  vas  obtained 
by  Beale  (cf  (21)  vhen 

i)  the  depth  £s  finite 

i(>  i:  is  definite  -*  positive 
iiiHhere  are  no  excitations  (iie.  F  I  0, 

Po  I  0.  6  10). 

The  oechanical  energy  of  the  syste*  body- 
sea  is  proportional  to  : 

C  *  f  * 

^  |P*1  ♦  8  ^  n*  Ev.v  ♦  Ks.s  (8) 


0  is  the  density  of  the  ftu(d»  g  the  gravi¬ 
tation  acceleration  and  p^  <x,  z,  t)  is  the 
atDospherie  pressure. 


"t  •  V 

on  Sp 

<3) 

V''-" 

on  Sj 

(4) 

Pjt  i  "  are  the  coaponcnts  of  the  normal 
TTiH)  pointing  out  of  the  fluid;  Pi,  i  •  4,6, 
are  the  eooponents  cf  if  u  is  the 

inertial  center  of  ^  in  its  equitibriua 
position. 


This  expression  defines  the  square  of  a 
Hilbert-nora  on  a  apace  K-  of  possible  states 
with  finite  energy.  The  elesent  u  •  (4*h»s,v) 
satisfies  in  aooe  tense(l)/4)  and  2j^4*0  in  f* 
The  homogenous  problem  connected  with  (l)-(7) 
can  be  expressed  in  the  (weaVy  form  of  a 
linear  evolution  equation  in  K.  of  the  type  : 


I  u(0)  •  u* 

A  is  a  linear  operator  with  domain  D(A) 
in  i  .  Its  expression  is  constructed  from  the 
following  notions. 


Ev,  •  -  K»  -  S  *,p  •  F  (5) 

oE  is  the  inetcial  suitrix  of  ^  ,  K  is  a 
sysnetrie  mitrlx  connected  with  hydrostatic 
and  anchoring  restoring  force.  oF  are  other 
possible  external  force  and  moment  applied  to 
the  body. 

In  order  to  include  in  this  taodel  a  tsunami 
or  the  waves  due  to  small  motion  of  other 
bodies  (for  instance  wave-maker),  we 
split  up  r  in  two  parts  and  ‘|,  and  4 
has  to  satisfy  : 


on  pQ 

<6) 

v« 

on  Pj 

(7) 

If  n  is  an  open  set  of  ve  note  by 
L^(a)  the  spsce  of  mesurable  functions  for 
which  the  second  power  is  integrable  and 
by  Hl(n)  the  Sobolev  space  of  functions 
of  L^(0)  for  which  all  the  first  distributional 
derivatives  are  in  L^(n). 

a)  i  •  1,6,  is  the  unique  solution  in 
h'(C)  oI 


^  0 

in 

G 

(10) 

hj  -  0 

on 

'r 

(II) 

»n  “l  ‘  ^ 

on 

(12) 

on 

r 

(13) 

where  6  is  a  function  of  the  time  and  of  the 
position  on  P^, 

If  pQ  ,  F,  b  and  the  initial  state  are 
given  the  problem  (P)  is  to  determine  the 
state  u(t)  ■  (4,n,s,v)  at  every  instant. 


b)  K  is  the  synactric  non-negative  matrix  : 


hj  p 


I  ‘’j 


(U) 
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c)  B  i%  the  operetor  which  ettoeietee  to 

H  (CL^<Sy))  the  poselble  solution  f 
in  B*(C)  of  the  follovint  problea  ^ 


AT  •  0 

G 

(!5) 

T  •  n 

^F 

(16) 

•  0 

Sj  u  r 

(17) 

Then,  the  coapoeents  of  Au  in  R  are  : 

(*o),  ■  (£  •  H)'* 

(18) 

(Au)j  "  •  t  Bf)  ♦  (Au)^  .h  (19) 

(Au)j  -  (20) 

(Aulj  .  V  (21) 

A  is  «kew-4^joInt.  thus  it  is  the  infinite- 
iiael  senerstor  of  s  continuous  unitsr/ 
group  U(t)  of  operstors  on  fv  end  If  u  €0<A), 
<9)  hss  s  unique  eolutioa  :  ^ 


The  regulsrity  of  t  -  Is 

«h«  of  t  -  8(t)eL^r,).  So  „  u  »n 
eleaenC  of  ft  end  the  equstioos  to  be  sstisfied 
by  U|  cen  be  forvuUted  in  a  weak  fora  by  : 


ou, 

-  Au,  ♦  fj(t)  (28) 


U  the  following  eleoent  of  ft  : 
*1  **ot*  0  ♦«>  “•  *) 


.  -  j  ^  (8*^^.  1  8V»„t>P  *  P 


Using  well  known  facts  about  the  theory  of 
seai'groups  of  linear  operators,  ve  can  give 
sufficient  conditions  on  u*,  8,  p  and  F  in 
order  that  (28)  has  a  unique  solution: 


U,(t)  -  lI(t)u,(o)  .  /  U(t-t)t,(t)dt  (30) 


Consequently  we  can  prove  the  existence  and 
the  uniqueness  of  a  weak  solution  of  problea 


u(t)  •  U(t)  u^ 


(22) 


It  is  clear  froa  this  expression  that  the 
energy  is  conserved  and  that  the  evolution  is 
tiae>revcrsible. 

We  c*o  (cf  (4]  )  idapt  chit  wthed  In  order 
to  iske  Into  account  excitations  of  the 
eystea  body*stao  Ve  proceed  to  a  deconposition 
of  u  into  two  ;>arts  : 


...  va.i  (••j;  proceea  to  a  study 

a^t  regularity  of  this  weak  solution  and 
give  sufficient  conditions  in  order  that 
equations  (1)  -  (7)  are  satisfied  in  a 
classical  sense  except  in  the  vicinity  of  3$^.. 


pe  previous  oeihod  uses  the  fact  that  K  is 
positive  -  definite,  we  cen  (cf  [4]  )disregard 
this  and  so  obtain  rigorously  a  necessary  and 
suuicient  condition  of  stability  of  an  equili- 
briua  position.  This  condition  is  the  classical 
static  condition. 


U(t)  •  Uj(t)  ♦ 

<V‘>>  o-o-')) 

<23) 

l»,  U  BCL^Cr,) 
h'<C)  of  : 

,  Che  unique  solution 

•  0 

C 

(24) 

’..♦o  ’  *0  ■  0 

(25) 

fo  U  s, 

(26) 

*n  *0  •  « 

(27) 

If  ve  replace  H*(C)  by  iho  closure  of  the 
set  of  regular  functions  on  C  with  the 

noroc  we  can  obtain  the  saoe 

results  if  the  depth  of  the  fluid  is  infinite. 

We  elso  can  consider  the  case  where  the 
anchoring  restoring  fo»"*e  and  noaent  are  a 
nonnecessary  linear  function  T  of  the 
dieplacesient  s.  The'  problea  is  reduced  to  a 
non  linear  evolution  equation  inli*s 


5t  •  Au  ♦  F(g)  ♦  f(t)  (31) 


For  instance  if  T  is  liepschitz^continuous  ins 
(thus  F  is  llpschits  continuous  in  u)  we  can 
conclude  the  existence  and  the  uniqueness  of  a 
solution  of  (31)  with  the  saae  conditions  as 
previously. 
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Finally  it  is  possible  to  inelu<!e  in  «  an 
incident  knovn  potential  with  not  necessarily 
iinite  ener^. 


Ill.  Nutaerical  analysis  of  the  problem 

f .  Presentation  of  a  aethod 

With  our  fonaulation  of  the  continuous 
probleti,  the  nuswrical  resolution  reduccs»cheQ» 
to  the  approximation  of  an  evolution  equation 
in  an  Hilbert  space.  Because  of  the  properties 
of  A,  it  is  vcll'knovn  that  the  iaplicit 
ti»e>discretisation  schese 


c)  H*  is  the  sysnetric  non-negative  B<atrix 


H',.  -  5  h'.  p, 
Sj  ‘  J 


[E  ♦  H'»(4t)'K]  v'* 


-  Ev'‘-it  At  P(kAt)*  /  («’‘-l)P  (36) 


jk*'  .  ,  .  v"*'.  I 


t)  .k“  .  .k  .  At  «,k‘> 


is  uniformly  convergent  t  t  on  the  interval  of 
study  [0«T]  .  f^is  a  suitable  approxisiation  of 
f(kAt)i  u^  is  the  approximation  of  u(kAt),  At 
is  the  time  step  :  At  ■  ^  .  It  is  very  easy  to 
obtain  the  state  u^*^  from  02);  ve  note 


a)  y  is  the  solution  in  H*(C)  of  the 
elliptic  problem 


(»k-8  At  At  Isikiti-Xn  S, 


♦‘'Is  -Ssk^dcAt)  (39) 


these  formulae  are  nothing  of  course  but  an 
implicit  discretisation  of  (1)  -  (7). 

In  practical  terms  the  best  ve  can  do  is  to 
construct  an  approximation  of  the  u^.  We  build 
simultaneously  a  sequence  of  spaccsl|,  and 
operators  A^  intented  to  approach  (I  and  A 

(cf  [a]  ).  this  process  takes  into  account  the 
tvo  difficulties  in  view  of  an  itnediate  use 
of  (33>  •  (39)  t  firstly  truncation  of  the 
fluid*do«Bain>  secondly  use  of  finite  elements. 

For  a  sufficiently  Urge  n>  ve  note  C(n), 
Sj.(n),  r^fn)  the  troncaturc  of  C,  Sp,  by 
the  vertical  planes  |x}»  n^  |z|*  n.  S(n)  is 
the  surface  of  truncation  U>e.  OaHKl"  n  or 
|r|-  n  j  ). 


T  -  B  «k*l)  At)  in  T, 


We  consider  the  problem  (P  )  posed  in  G(n) 
with  the  same  equations  than  "  the  problem  (P). 
At  S<n)  ve  impose  to  p  a  supplementary 
condition  in  order  that  (P  >  is  well-posed. 

W’e  retain  ;  ” 


b)  h'.,  i«I«6,  is  the  solution  in  h'(C)  of: 


Ah',  -0  In  C 


->  h',  •  0  on  S*. 
”  ‘  8(At)2  ‘  ^ 


lii)  9^  ♦  V  3^9  •  0  v>0  S(n) 


All  these  conditions  have  obvious  physical 
interpretations. 

As  in  II. 2,  each  of  these  problems  can  be 
expressed  in  the  form  of  a  linear  evolution 
equation 


■  Vn  ♦  fn  <‘> 
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(41) 


I 

) 


1 

j 


in  a  Hilbert  Space  ia  the  space  of  the 

possible  states  with  finite  energy  of  a  systea 
"body-fluid  in  a  bounded  domain”.  Such  an 
element  u  -  (*  ,  n  ,  $  v  )  \'erifies  in  a 
certain  sense  ^  n  n 


n  t>  j  V  dt  n  j 


r(n) 

S(n) 


i*„-0  in  G(„).  .  V_,.p  nt  s,.  on^n) 

and  ♦^•0  on  S(n)  in  the  case  £)  or  3  «  •  0 
at  S(n)  in  the  case  ii). 

Ihe  operator  is  again  the  infinitesimal 
generator  of  a  semi-group  and  <4l)  has  a  unique 
solution  for  sufficiently  regular  data.  In 
order  to  prove  the  convergence  when  n  ■*  .»  , 
we  use  the  theory  of  Trotter  on  approximation 
of  semi-groups  with  variable  spaces  (cf  [5]  ). 
Indeed  because  of  the  conditions  used  to 
define  h  ,  thejvn  cannot  be  subspaces  ofd  . 
The  key  step  is  to  prove  the  convergence  of 
the  resolvent  of  A  (i.e.  (I-  At  A  )  “1)  £„  4 
certain  topology.  The  formulae  which  give 
(I-  At  are  analogous  to  (33)  -  (33). 

Ihe  elliptic  problems  (33)  and  (34)  are  this 
time  posed  in  G(n)  with  a  condition  at  S(n). 

The  convergence  of  the  solutions  of  these 
problems  results  from  an  argument  of  continuous 
dependence  as  a  function  of  the  domain.  Thus 
VC  can  prove  the  convergence  in  energy  of  the 
solution  of  (P  )  with  suitable  initial  data 
towards  the  solution  of  (P). 

Next  we  proceed  to  the  discretisation  ofR^i 
by  use  of  finite  elements  in  0(n)  and  build 
an  operator  A"  in  fc  J.  ftis  technique  works 
veil  because  the  definitions  of  II.  (R  )  and 
A  (A^)  can  be  expressed  in  variational"fom. 

In  particular  the  convergence  of  the  resolvents 
IS  a  simple  consequence  of  properties  of  the 
conforming  finite  elements  method  for  solving 
elliptic  problems.  Finally  by  using  implicit 
scheme  in  (i,  h  ve  can  define  an  effective 


spatial  discretisation  parameter  h  tend 
independently  to  0.  It  is  noticeable  that  in 
this  step  we  can  obtain  an  error  estimation. 


2.  The  algorithm 
a)  Preliminary  caleulut  ; 

-  approximation  (h'j)^^  by  finite  elements 


J  n  • 

j  solution  of  : 

.0 

G<n> 

'  ""'i  *  "“'■j  ■  “ 

S,(n> 

(43) 

n'’'j  •  "'j 

0  Dirichlet  condition  (case  i)) 

>  0  absorption  condition  (case  iii)) 
*  Neumann  condition  case  ii)) 


-  factorisation  of  M 

fj 


(43) 


b)  Initialisation 

c)  The  a  steps 
.>  ^  .k*! 


k  •  0,1  ...  m  -I 


•  (♦’‘,ri*',s’',v‘') 


-  approximation  t.  of  Y  solution  of 


C(n) 


.  At  f  Sp(n)  j 


Sj  U  r^(n) 


■  6({ke|)  At) 


9  Y  ♦  J-  Y  •  -i-  S(n) 
n  V  At  V  At 


(44) 


’  calculous  of  u  ; 

•  i  V  O 


K$%AtF(kAt)* 


,  (45) 


■■  g  At^^  PgV*' 


T(n) 
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The  coftputor  iopletaentation  of  this  algorxtha 
is  easy.  Our  principal  need  is  a  finite  eleaent 
routine.  At  any  ste?  the  synoetric  matrix  cor¬ 
responding  to  (44)  is  the  same,  so  once  for  all 
it  is  factorised  by  the  Choleshy's  method.  Thus 
at  each  step  the  second  member  is  calculated 
by  cotabining  informations  stored  only  at  the 
previous  step.  Therefore  this  method  is  fast 
and  the  required  storage  is  essentially  that 
of  the  "rigidity  matrix". 


3.  Some  retaarks 

The  expression  of  (1*ijA)(I-XA)  f  (f£0{A)» 
X.u  >  0>is  also  very  simple  (as  obviously  are 
the  expressions  for  the  approximating  operators) 
so  we  can  is^irove  the  time  discretisation  by 
use  of  a  scheme  of  Crank  -Nicholson, 


It  seems  also  possible  to  reduce  the  fluid- 
domain  of  calculus  by  using  quasi  localized 
finit.  <c£  M):  i... 

in  G(R)  and  harmonic  functions  in  G\C(R)  with 
vanishing  normal  derivatives  on  rQ\r(R). 


If  anchoring  is  not  linear  we  can  determine 
yk*!  at  each  step  by  an  iterative  process. 


IV.  Vuaferical  Results  and  Coenent* 

The  present  method  is  available  both  in  2.D 
and  3.D.  Tor  convenience  sake  alone,  wc  have 
written  a  20  computer  program. 


Yet  we  have  not  obtained  an  error  estiwtion  aa 
a  function  of  the  distance  of  truncation.  If  an 
interval  fO.T]  of  study  is  given,  it  is  advi¬ 
sable  to  effect  several  runs  until  stabilityof 
the  results  is  obtained  (which  is  guaranteed  by 
our  proof  of  convergence).  Now  ve  show  some 
hcuristical  considerations  concerning  the  choice 
of  the  distance  of  truncation.  Ve  assuw  there 
are  no  excitations  aoe  that  the  depth  is  finite 
and  equal  to  d.  In  the  simple  case  of  pure 
erivity  waves  (l.c.  the  body  is  absent)  it  is 
known  <cf  [6]  )  that  a  front  of  surface  waves 
is  outgoing  pratically  with  a  finite  velocity 
C  -  (gd)*/‘.  Ve  have  numerically  verified  this 
fset  in  the  presence  of  a  freely  floating  body 
by  simulating  the  transient  vertical  motion  of 
a  cylinder  with  its  rectangular  section  halt- 
lenerscd  at  equilibrium.  At  t-0  the  fluid  is  at 
rest  and  the  body  is  kept  without  velocity 
from  yo  about  static  equilibrium.  The  figure  2 
shows  the  evolution  of  the  right  part  of  the 
free  surface.  The  Figure  3  shows  the  evolution 
of  the  free  surface  in  some  points  M^.In  parti¬ 
cular  we  can  observe  that  *  ■  C.  So  we 

ti 

can  expect  that  a  study  on  [0,T]  needs  a  tron- 
cation  at  a  distance  of  CT  of  the  support  of 
the  initial  data. 


In  the  cases  of  conservative  approximation 
(Ic  Dirichlet  or  Neumann  condition)  energy 
stays  in  the  truncated  domain.  After  the  ins- 
tant  »h.n  th.  (rent  o(  .uttace  vave.  ««'<'• 
the  surface  ot  truncation, waves  are  reflected 
so  we  have  not  a  good  approximation  of  the 
transient  motion  in  an  unbounded  doMin  for 
which  energy  goes  to  0  generally  (cf  1.2J  ).  On 
the  contrary  m  the  case  of  dissipative 


approximation  v  ^-0  ^ 

d«ay.  aa4  tha  riflection  »£ 

Here  remains  to  be  found  an  optimal  parameter  . 

Tah.aa,.  .tap  by  .tap,  tha  anargy^am 

o£  tha  diaaratUad  truneatad  -  ^a 

syata.  and  tha  Initial  .tata 
viou.ly,  tha  8ur£aca  o£  tmncation  >a  "jy 
TZ\L  cantar  o£  tha  body-  «. 

£a  nhen  v  is  cloia  to  C(«  7n/a  in  this  axawle) 
Jhat  tha  dissipation  i.  Mxiwl. 
alpation  taka,  placa  after  a  t.~.  6  near  of 
^0-X  Figure  i  .hov.  the  vertical  «tion  of 
the  body.  Previously  wc  used  truncations  at 
farther  distances  and  so  we  possess  a  good 
approximation  for  the  first  8s  of  the  ~tion 
in  the  open  sea.  Ve  notice  tl  %t  v  ■  C  gives 
iSe  result.  Before  6  all  the  conditions  give 
coherent  results,  after  8  reflections  are  dif 
ferent.  «0  have  very  often  f 

choice  of  V  (V  C)  allows  us  to  divide  by  two 
or  three  tha  distance  of  truncation  with  _ 
regard  to  Oirichlet’s  ot  Seumnr.'a  dPP'o""' 
tlooa.  In  the  sane  way  we  can  extend 
proportions  the  tine  interval  ''•'“’‘‘y 

the  approximation  with  a  .elected  troncatinn. 
These  re.ult.  arc  not  too  surprising  ‘‘ 
seems  not  too  hard  to  justify  then  in  the  esse 
of  pure  gravity  waves. 

Now  we  compare  our  results  with  these  of  [l] 
and  [31  .  In  [3]  a  Fourier-Laplace  transform 
with  respect  to  time  is  used.  C'3 
a  transient  Creen’s  function  and  of 
differential  equations,  moreover  It 
experimental  data.  These  two  results  deal  with 
iSlnite  depth.  At  the  beginning,  our 
undertaken  with  offshore-  TJli' 

resulting  the  primarly  treat^nt  «« 

of  finite  depth:  but  the  method  is  available 
with  infinite  depthsit  suffices  to  use  fittioua 
deeper  and  deeper  bottoms.  Nevertheless  our 
finite  elements  subroutine  is  conceived 
for  middle  depths  (d  <  20a;  a*  caracteristic 
length  of  the  body),  beyond  these  the  mesh 
should  b©  too  loose...  Figure  6  shows  the  heave 
notion  of  a  half  ietDcrsed  circular  cylinder, 

V©  used  d-lOR.  We  observe  a  good  agreement 
between  numerical  and  experimental  results. 

Figures  7,8,9  show  numerical  results  obtai¬ 
ned  by  our  computer  program  with  various 
initial  conditions.  As  in  [l]  wo  notice  a  lo 
dasfhing  in 'the  case  of  roll  motion. 

Finamlv  ve  discuss  the  required  computer- 
time.  Tiis  time  is  subordinate  to  the  number  of 
nodes  i.x  the  mesh  and  to  the  number  of  steps  ; 

1)  130  n-*des  : 

preparing  the  calculations  *0,  U3s:  one  step 

2)  750  nodes  ; 
preparing  the  calculations 

•  0.033s.  The  cotspuior  is  a  CDC  7600  (C.I.S.I 


It  is  ieportant  to  recall  that,  as  our 
program  is  a  study  tool,  several  extra 
calculations  arc  dona  for  the  purpose  of  veri 
fying  some  interesting  facts  (energy  decay, 
propagation  of  waves,  etc...). 
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V,  Conelijsiopt 


Vilt  p«p«r  »how»  th«  advantage  in  Introdu¬ 
cing  functional  aoalyais  nethoda  to  naval  ^ 
hydrodynanica.  The  iapoctant  queaticna  of  exia- 
tcnce,  unlcity  and  regularity  of  the  aolutiona 
can  be  solved  quite  easily.  Moreover  it 
peraita  the  building  of  convergent  nuoerical 
approxiaationa. 


Our  oethod  allows  us  to  treat  the 
general  linear  problem  connected  with  saall 

transient  ootiona  of  floating  bodies.  In  _ 

particular  ve  can  consider  a  totally  arbitrary 
shape  of  the  fluid  domain. 


lopleaentatlon  cf  this  method  is  very  easy. 
Ihc  cotaputing  tines  are^ reasonable  and  the  use 
of  on  opproprlote  obiorbing  boondorp  condition 
allows  to  reduce  the  domain  of  coaputation  and 
consequently  the  central-core  memory  space  : 


It  should  be  interesting  to  develop  even 
more  efficient  absorbing  boundary  conditions. 
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DISCUSSION 
of  th«  ptpof 
byC.Lkht 

TIME-DEPENDENT  BEHAVIOUR  OF  FLOATING  BODIES 


Discussion 
by  F.  l/rsell 

It  Koy  be  interesting  to  add  scoe  remarks 
about  the  sethod  used  by  MasVell  and  Ursell 
(1970)  to  detersine  the  transient  heaving  notion 
of  a  half-intnersed  circular  cylinder  of  radius  a. 
It  is  well  knovm  that  at  any  fixed  real  frequen¬ 
cy  u{g/a)i/2  the  resultant  force  exerted  by  the 
fluid  on  the  cylinder  is  described  by  a  conplex- 
valued  force  coefficient  a(u)  (equivalent  to  the 
virtual-sass  and  daaplng  coefficients  at  that 
frequency).  Then  for  an  Initial  displacement 
the  subse^jent  tnotion  1$  described  by  the  inte¬ 
gral 


and  large  t,  but  for  these  last  values  h2  is 
neglectible.  So  we  can  deduce  a  good  approxiisa- 
tion  for  h^  from  the  study  of  the  motion  only 
during  a  s^ll  interval  of  time  ;  in  this  case 
our  method  gives  a  good  result,  by  using  a  reaso 
nable  fluid-doinain  of  calculus  •  for  both  the 
motion  of  the  floating  body  and  the  fluid  motion 


h2(T)  • 


1  (  T  ud  > 

®  I  1  -  ♦  A(u))  ’ 


(A) 


which  is  obtained  by  resolving  the  transient 
motion  into  its  Fourier  components.  This  Involves 
A(u)  which  oust  be  obtained  for  every  frequency 
by  solving  an  integral  equation  or  an  infinite 
system  of  linear  equations  but  note  that  we  do 
not  need  to  know  the  notion  in  the  interior  of 
the  fluid. 

The  integrand  in  (A)  is  however  oscillatory 
and  tends  to  zero  only  slowly  (like  u”*)  when 
u  and  a  direct  evaluation  of  the  integral 
is  thus  inconvenient.  The  path  of  integration 
was  therefore  deformed  in  the  complex  u-plane, 
large  damped  harmonic  contributions  wera  found 
from  2  complex  poles,  and  these  could  be  found 
very  accurately.  The  remaining  contour  integral 
could  be  made  more  rapidly  convergent  by  using 
the  known  as>«ptotic  properties  of  A(u)  when 
u  «  in  the  complex  plane  and  also  involved 
the  evaluation  of  A(u)  for  complex  frequencies. 

Reference 

S.J.  Haskell  and  F.  Ursell  1970.  The  transient 
motion  of  a  floating  body.  0.  Fluid  Hech.  44, 
303-313. 


Author's  reply 

I  thank  Prof.  Ursell  for  his  comments.  In 
the  aforementioned  paper  it  is  shown  that  the 
heave  notion  h«(t)  is  the  sum  of  a  "polar  compo¬ 
nent"  (damped  narmonic  motion)  and  an  (non  oscil¬ 
lating)  "integral  comoonent"  ^2(7).  The  diffe¬ 
rence  oetween  h^  and  n2  is  sensible  at  small 
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Abstract 

A  clec^dooaln  slsulatlon  ecthod  for  coaput* 
ing  forces  and  •oaents  acting  on  an  arbitrary 
surface-piercing  three-dlaenslonal  ship  hull 
Is  presented.  Arbitrary  sotlons  can  be  pre¬ 
scribed  and  are  assused  to  be  sufficiently 
saall  so  that  the  linearized  nethod  is  valid. 
Forward  speed  effects  are  included  under  the 
assuaption  that  the  disturbance  generated  by 
forward  aotion  is  also  saall  and  interactions 
with  the  flow  generated  by  the  prescribed 
notions  are  of  second  order.  The  hull  Is 
represented  by  a  set  of  quadrilateral  surface 
panels  in  a  body-fixed  systeu,  while  the  free 
surface  is  represented  by  its  spectral  coordi¬ 
nates  in  a  space-fixed  rectangular  systea. 

Saall  tiM  steps  are  used  to  advance  the  flow. 
This  tiee-doeain  coaputatlon  can  also  be 
applied  to  coapute  linearized  seaVeeping 
responses  in  the  frequency  domain.  For  each 
degree  of  fr«c<]oa>  added  aass  and  daaping 
forces  can  bo  obtained  from  the  tiae  history 
of  the  force  and  aceent  resulting  iron  a  step 
function  applied  to  the  velocity.  Vave- 
excited  forces  can  bo  coaputed  by  a  si&tlar 
aechod.  For  a  coarse  representation  of  the 
hull  and  free  surface,  the  coaputed  heave 
added  aass  and  daaping  for  a  seal-subeerged 
sphere  show  good  agrocaent  with  analytic 
results. 

I.  Introduction 

this  report  describes  a  coaputational 
method  designed  to  simulate  arbitrary  line¬ 
arized  actions  of  a  surface-piercing  three- 
diecnsional  ship  hull  in  the  tlee  doaain. 

The  hull  is  specified  by  a  set  of  quadralaieral 
surface  panels  describing  the  hull  portion 
directly  beneath  the  static  waterline.  The 
nuaerical  aechod  calculates  the  forces  and 
moaents  generated  by  arbitrary  eotlons  of  the 
body  and/or  the  action  of  an  aablent  wave 
field  acting  on  the  body  under  Che  assuaption 
Chat  the  flow  velocities  can  be  linearized. 

The  aethod  aay  be  classified  as  a  tiee- 
doaain  coaputatlon  analogous  to  the  frcquency- 
doaain  aethods  developed  by  Chang  (I)  for 
thrce-dleensional  ship  hulls.  The  tioc-deeain 
aethod  is  Che  aorc  fundaacntally  nuacricsl 
approach  to  this  class  of  probleas.  The  tiae- 
dcnaln  aethod  does  not  use  Green's  functions 
representing  solutions  of  the  free-surface 
equations  for  singularities  following  pre¬ 
scribed  conditions  (l.e.,  moving  with  unlfom 
speed  and  oscillating  as  in  reference  (II). 

Thus  the  time  domain  method  provides  the 
flexibility  of  arbitrary  motions.  It  can 
easily  be  generalized  to  Include  a  tlae- 


dependent  hull  shape  or  other  generalized 
features. 

Limicatioas  on  computer  times  and  storage 
do  not,  however,  allow  this  "brute  force" 
type  method  to  serve  as  a  practical  tool  in 
three  dimensions  at  the  present  tiae.  With 
continued  Improveaents  in  coaputer  technology, 
however,  aethods  of  this  nature  may,  in  the 
near  future,  be  explored  for  practical  appli¬ 
cations.  It  is  hoped  chat  the  techniques 
described  here  will  provide  a  framework  for 
later  work  of  this  nature. 

A  basic  objective  in  the  devclopscnc  of  the 
coaputational  method  was  to  establish  the 
method  in  as  staple  a  form  as  possible.  The 
resulting  nuaerical  technique  described  in 
following  sections  of  this  report,  is  a  gener¬ 
alization  of  the  two-dlaenslonal  aethod 
applied  in  reference  {2),  expanded  to  three 
dtaensions  with  soee  iaproveaents  in  the  numer¬ 
ical  aethod.  Another  oojectlve  was  to  exaeine 
the  possible  prohlem  areas  such  as  the  free 
surface  area  interior  to  the  hull  and  pressure 
computations.  These  areas  are  also  discussed 
in  this  report.  Direct  application  to  line¬ 
arized  seakeeping  cosputations  is  discussed. 
Finally  a  sample  problee  -  heave  oscillations 
of  a  sealsubserged  sphere  -  is  presented. 

Problem  Formulation 

Consider  a  coordinate  system  (x,  y,  z,  t)  with 
z  positive  downward  and  z  •  0  at  the  static 
waterline.  Far  from  the  origin  the  flow  is  at 
rest.  This  space-fixed  coordinate  system  is 
the  basis  for  describing  the  fluid  flow  in 
general  and  the  free  surface  in  particular. 

The  velocity  potential  t>  satisfies 
Laplaces  equation  throughout  the  fluid. 

^  -  0  z  >  0 

The  free  surface  elevation  field  n(x,  y,  t)  and 
its  titce  derivative  n(x,  y,  t)  are  defined  over 
the  entire  plane  z  •  0,  Their  values  at  any 
tiae  provide  sufficient  initial  conditions  to 
define  the  free  surface  problem.  Exterior  to 
the  intersection  of  the  hull  surface  the  eleva¬ 
tion  field  satisfies  the  dynaatc  and  kinematic 
free  surface  conditions 


On  the  free  surfaces  Interior  to  the  hull  any 
condition  could  be  applied.  In  this  case, 
however,  we  assume  that  the  above  linearized 


e<)u«tlon*  apply  over  Che  entire  z  •  0  plane. 
An  arbitrary  surface^pierelng  hull  ia  defined 
by  Che  surface, 


F(x,  y.  z.  t)  •  0  z  >  0, 


fixed  ayste«  are  ccaputed  froa  the  hull  accel¬ 
eration  boundary  condition.  Thia  deteraines 
the  cise-derivative  of  the  body-induced  coa- 
ponent  of  the  flov,  (as  hell  as  through 
integration). 


vith  the  exciting  noraal  velocity  induced 
by  body  aotions  or  interactions  with  the 
aebicnt  vave  field  prescribed  on  the  surface 
of  the  hull) 

''»<*•  '>  ■  "  *hull  • 

<In  practice  the  nortul  acceleration  is  spec¬ 
ified  rather  than  the  velocity.)  The  distur¬ 
bance  generated  by  the  body  notion  is  divided 
into  tvo  parts 


where  4bq  represents  the  instantaneous  effect 
of  the  body,  while  dpg  represents  the  free 
surface  disturbance  generated  by  the  body  over 
all  previous  notions  or  interactions  with  the 
aablcnt  wave  field.  In  particular  the  bound¬ 
ary  conditions  at  the  free  surface  (z  •  0)  are 


H 

and  on  Che  body, 


►  -  v*‘n 


It  is  assuned  chat  body  conponenc  velocities 
are  snail,  i.c., 


Vp5<x)  ■  0  (c)  . 

Any  terms  of  order  ore  dropned.  For  exzBplc, 
this  analysis  applies  to  the  problem  of  ship 
notion  in  a  seaway  at  finite  speed  if  it  can 
be  assuned  that  the  flow  field  Induced  by 
forward  notion  alone  and  the  flov  field  induced 
by  Che  seaway  acting  on  the  ship  are  both  snail 
and  do  not  Interact.  In  this  case  of  finite 
forward  speed,  the  velocity  at  any  point  on 
the  hull  X  is 


v*<x)  -  U  e^  +  0  (c) 

where  U  is  the  forward  speed.  The  disturbance 
and  resulting  forces  generated  by  forward 
speed  alone  arc  steady  (for  steady  u)  and  are 
not  addressed  here  (although  this  aethod  could 
Ic  easily  applied).  It  is  assuned  that  the 
velocity  field  generated  by  forward  speed 
alone  Is  of  order  C. 


(b)  The  free  surface  elevation  field  n(x,y) 
and  its  cine  derivative  n(x,y)  are  ccoputed  by 
advancing  the  free  surface  by  a  snail  increment 
in  tine  and  adding  the  vave  elevations  generat¬ 
ed  by  the  hull  source  panels  over  that  Incre- 
nenc.  Thie  defines  the  free  surface  coaponent 
of  Che  flov,  and  its  tine  derivative  in  Che 
space-fixed  systen. 

(c)  Pressures  acting  on  the  hull  are  cota- 
puted  separately  for  the  free  surface  and  body 
components:  ppg,  pb{>.  Both  are  computed  at 
hull  panel  center  points  and  added  to  yield 
total  forces  and  noaents. 


Conputation  of  Panel  Source  Strengths 


The  hull  is  represented  nuaerically  by  a 
set  of  N3  quadrslateral  panels.  Each  panel  is 
specified  by  the  coordinates  of  the  four  con>er 
points,  a  panel  center  point,  and  a  noraal 
vector.  The  fluid  velocity  at  each  center 
point  In  the  normal  direction  may  be  written  as 


*”l  * 


1  -  1.  2, 

where  V£*(t)  is  a  prescribed  forcing  function 
depending  on  the  notion  of  the  hull  and  the 
enbienc  vave  flel^.  Since  the  free  surface 
induced  velocity  vp^  is  assuned  to  be  available 
from  the  free  st^rfse^  representation,  this 
equation  fixes  at  the  center  point  of 

each  hull  panel. 


A  simple  source  and  Its  image  Is  assumed  to 
be  distributed  over  each  hull  panel 

C<x,y,z.xry;z')«((x-x')^+(y-y')^+(z-z')^r*'^ 


where  Oj  is  the  strength  on  the  i^^  source 
panel  and  S^  represents  the  panel  surface. 


inside:  a  slnple  source  of  unit  strength 
acting  over  a  plane  surfaces', 

♦  ffi  AS'  J  ^ 

|x'-x| 


Outline  of  Nueerlcsl  Method 

Starring  froa  a  condition  of  rest,  the  simula¬ 
tion  Is  achieved  by  a  series  of  snail  time 
Increncnts.  At  each  time  step,  three  funda¬ 
mental  sets  of  variables  •  which  cssenttslly 
define  the  flow  at  the  instant  -  are  computed; 

(a)  The  time  rate  of  change  of  the 
strengths  of  the  hull  source  panels  In  a  hull- 


then  it  nay  bo  shown  analytically  that  the 
velocity  normal  to  the  plane  is  Identical  to 
the  solid  angle  occupied  by  the  panel  surface 
and  the  velocity  tangential  to  the  plane  sur¬ 
face  can  be  written  aa  a  line  integral  around 
the  boundary  of  the  panel.  Numerical  appli¬ 
cation  of  these  results  produces  an  array  Ejj 
giving  the  normal  velocity  component  at  the 
center  point  of  panel  1  induced  by  a  uniform 
source  distribution  over  panel  }  and  its  image, 


1-1, 


“l 


E  Eij  ‘ 

d-l 


1-  .  ovides  3  set  of  llnesrlzed  equations 
vhicy  c  .n  be  used  to  deterelne  the  source 
strengths  o..  In  practice,  it  vas  found  that 
better  estimates  for  bodylnduced  pressures 
could  be  obtained  by  using  the  local  acceler* 
atlen  rather  than  the  velocity  directly.  Ihe 
tlse  derivative  d.  relative  to  a  hull  fixed 
coordinate  aystem'^ls  computed  at  the  beginning 
of  each  time  step  from 


"IJ'^J  *BD  ”l  *1 


where  Spgj  and  vp<j  are  the  free-surface 
Induced  acceleration  and  velocity  (In  space* 
fixed  coordinates)  at  point  1  and  a<iS<t)  Is 
the  prescribed  nomal  acceleration  In  hull- 
fixed  coordinates.  For  exaaple,  if  the  body 
has  surge  acceleration  ai<t),  then  a.s(t)  • 
aj<t)*ru^ji.  The  source  strengths  at  the  center 
can  be  coeputed  directly  froa  the  local  velo¬ 
cities  If  desired.  In  practice  It  was  found 
that  they  could  be  computed  adequately  by  Inte¬ 
grating  their  derivatives  in  else. 


Thus  In  the  absence  of  the  hull  the  else  deriv¬ 
ative  of  Is  given  by 

dt  nn  ns  na 

and  j 


From  the  kinesaelc  free  surface  condition  for 
the  free  surface  coapoaent  alone, 

3".  J  .  0 

St  H  •  ° 

a  special  representation  for  the  free  surface 
potential  say  be  derived 


♦ps(x.y,*>  •  EiJ«nEiJ^y« 

n*l  ”w»l 


..  l(kx,*x+k>*  'y) 
'  ***  ns  no 

-I 


Representation  of  Vave  Elevation  Field 


nov  the  dynamic  free  surface  condition, 


The  representation  of  the  wave  elevation 
field  and  Its  time  derivative  by  their  spectral 
components  allows  the  linearized  free  surface 
boundary  conditions  to  be  applied  easily  when 
adapting  the  free  surface  component  of  the 
flow.  It  also  aids  In  computing  free  surface 
Induced  pressures  and  velocities  on  the  hull. 

An  arbitrary  real  continuous  function  n<x,y) 
defined  over  the  z  •  0  plane  can  be  written 
in  the  form 


^l<kx*x+ky»y) 


n(x,y)  dkx  /  dky  A<kx,ky)i 

wliere  A(kx,ky}  is  a  complex  function  and  the 
elevation  n(x,y)  is  taken  to  be  the  real  part 
of  the  expression  on  the  right  hand  side. 
Numerically  n(x,y)  can  be  represented  by 

KKX  NKY  r  l(kx  ’x+ky  ‘y) 

n(x,y>  -  Ei^y«  *  “ 

n-1  "a-1  “1"“  ^  o 

l(kx  ’x-ky  ^y) 
+A*^<t)e  "  “ 

Similarly  If  n(x,y)  Is  defined  as  the  time 
derivative  of  n(x,y)  due  to  free  surface 
effects  alone,  that  Is  the  rate  of  change 
of  n(x,y)  In  the  absence  of  the  hull.  It  may 
be  represented  numerically  by 


NXX 


KKY 


n(«,y)  ■ 

where  0  >  0  Is  defined  by 


I(kx^-x+ky^.y) 
Kkx  .«-Vy  .y)] 


can  be  applied  to  yield  the  remaining  equation 
to  be  used  when  updating  ^he  free  surface  in 
time, 


The  free  surface  induced  pressure  and  normal 
component  may  be  computed  from  A  and  A* 
directly 


‘^FS 


'  •'>-3r 

NKX  m  (Ikx  -k-k  -z) 

’  P8  E  Bky^  E  ly,  «  " 

n-l  n-1 

Iky  -y  -fky^'yl 

A^^(t)e  “  +A*  (t)e  " 


.  ^  NKX  KKY  (Ikx  ‘x-k  'z) 

^Fs*”  *  "8  E  E  e  ” 


n-1 


0-1 


Iky  ‘y 

A  (t)’e  (Ikx  ‘n  +lky  'n  -k  'n  ) 
I  n«  n  X  'e  y  nn  z 

-ihy.'y 

4  A*  (t>»c  “  (Ikx  ‘n  -Iky  ‘yk  • 


The  distribution  of  values  of  kx^  end  ky^ 
where  A^,  A*^  and  Bna»  specified  is 

critical.  For  practical  ^putlng  tines,  the 


I 
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nvieber  of  points  «hould  be  kept  to  en  absolute 
alnltaua.  On  the  other  hand,  the  free  surface 
representatlcn  ausc  be  valid 

(1)  Over  the  hull  surface  throughout  the 
flov  in  the  In&ediate  neighborhood  of  the  hull 
surface  and, 

(2)  Over  the  eaxlats  anticipated  tine 
Interval  of  the  siaulatlon. 

The  hull  and  the  free  surface  flow  is 
assiAcd  to  be  located  in  the  general  neighbor* 
hood  of  the  origin  of  the  (x,y)  ^'lane.  Suppose 
the  free*surface  cosponent  of  the  flov  were 
periodic  in  space  with  periodic  lengths  2tr*Lx 
and  2r-Ly  in  the  x  and  y  directions  respective¬ 
ly.  Then  the  continuum  of  kx  and  ky  are 
replaced  by  the  discrete  values 

kx  ■  n/L  n  ■■  1,  2,  3  ... 
n  X 
and 

ky^  •  a/Ly  a  ■  1,  2,  3  ... 

Sinllarly,  if  the  free  surface  cooponent  of 
flow  were  periodic  in  tine  with  &  period  of 
2tI,  then 

k  -  (kxhky^)''^  -  n^/g(^ 

These  results  are  applied  In  obtaining  a  kx, 
ky  distribution  satisfying  the  following 
requlreeents.  The  free  surface  flow  repre¬ 
sentation  Bust  be  valid. 

(i>  Over  a  region  extending  Lj^  in  the  x 
direction  and  Ly  in  the  y  direction  froa  the 
origin  of  the  (x,y)  plane, 

<2)  Over  features  with  characteristic 
lengths  of  lx  S' 

(3)  Over  tine  Intervals  of  length  T  or 
shorter 

without  significant  Influence  froa  the  discre¬ 
tization  of  kx  and  ky. 

Condition  (1)  loposes  oaxlasun  step  sizes 
for  kxn  and  ky^ 


''>'..1  ■  i  s'  ■ 


Condition  (2)  seta  the  olnleua  upper 
bounds  for  kx^  and  kv^^ 


kx 


•1 

X 


-1 

y  ’ 


Condition  (3)  cannot  be  applied  directly 
for  independent  values  of  kx^  and  ky^.  It  can 
be  adequately  replaced  by  a  pair  of  siollar 
conditions. 


-  Aji;  1  (!•/«)■ 

These  final  conditions  usually  affect  only  the 
f  •  lowest  values  ef  kx  and  ky,  depending  on 
tne  values  of  the  other  paraaeters. 

Advanceocot  of  the  Free  Surface  in  Tice 

With  each  tlee  step,  the  free  surface  por¬ 
tion  of  the  flow  as  represented  by  Ajy,(t), 

A*  <t)  and  B  <t).  B*  <C>  (l.e.,  n(x,y»  aust 
be*advanced.  The  new  values  are  those  which 
would  result  If  the  hull  were  not  present  over 
the  tiae  Interval  (froa  t^  to  t^+At)  added  to 
estlaates  for  the  free  surface  flow  generated 
by  the  body  (l.e.,  by  the  source  panels  and 
theli  iaages)  over  the  snail  tine  interval. 

The  algorthos  used  to  update  the  coefficients 
are 


B  (t  ♦At)-B  (t  )cosa  it-A_(t  )Bin(J„At 
nan  nnn  na  nan  na 

(with  identical  algorthss  for  updating 
B*  ).  Since  the  body-induced  potential  is 
defined  as  zero  on  the  free  surface, 

♦j[,<x.y.t)  -  0.  X  •  0, 

the  influence  of  the  body  source  panels  and 
their  iaages  on  B^a’  short  tine 

period  are  second  order^in  At 

:  0«t)^ 


The  free  surface  elevation  Induced  by  the 
body  source  panels  and  their  iaages  over  a 
snail  tine  Interval  At  aay  be  ecraputed  by  sun¬ 
ning  the  contributions  of  each  panel  and  its 
laage.  A  panel  with  unlfom  densltv  Oj  acting 
over  a  surface  of  area  Aj  is  replaced  by  a 
single  point  source  with  strength 


,,(t)  -  A,<0,«„)  *  (t-t„)5(t„)) 

located  at  the  panel  center  point  ^x^,  yj,  z^) 
as  defined  at  the  nldpolnt  of  the  interval, 
t  -  ♦  1/2  At. 


The  vertical  velocity  at  z  ■  0  Induced  bv 
these  source  points  and  their  iaages  aay  be 
written  as 


3z  A 


1-1  |(x-x,)^.(y-y,)^+xjP'^ 
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This  cAn  be  expressed  la  Integrsl  fors  as 
tn+Ai 

An,(x.y)-|  /  dt  s,(t) 
t  1*1 

n 

»  lkx(x«x.)  •• 

•J  dkx  e  / dkyeosky(y-y^) 

-(kx^+ky^)jj 

•  e 

«.  j  ,  I  .  .iWDY  .  ..BOD 

Thus,  CO  second  order  In  ^c,&A,„  end 
can  be  written  as 


i?i 


-l(kx  'x  eky  ‘y  ) 


and 

m' 


na  1 
N, 


BODY*  ^  ^At  ^ 
‘na 


-Kkx  ' 


,-ky  *y  ' 


Also  in  second  order  In  At.  the  chanijes  In  B^^ 
Induced  by  the  body  la 


AB 


BODY 

na 


1  i 

2  3t 


The  tei»  represeJjts  the  tUe  deriva¬ 
tive  ol  the  poteotlal  at  a  point  fixed  on  the 
hull  (l.c.  at  a  panel  center).  In  nost  cases 
of  Interest 


•  P  e^j  ♦  0  (t) 


where  V  la  the  forward  speed  and  Is  the 
unit  vector  in  the  x  direction.  Unless  other¬ 
wise  specified  the  body-induced  pressure  Is 
assuned  to  be 


*^BD  ' 


“*BD 

dt 

dJBOi 


♦  <5U  • 


“•'BOi 

The  tine  derivative  the  center  point 

of  panel  1  can  be  calculated  fro*»  the  prevlous- 
y  coBputed  tine  derivative  of  the  source 
strengths  in  a  hull-fixed  systen. 


j-i 


fij”)".’ 


w*.cre  P.,  represents  the  potential  at  the 
<'enter  of  panel  1  Induced  by  a  unlfore  source 
density  of  unit  strength  acting  over  panel  J. 
Unfortunately,  elenenia  of  the  Matrix  P|. 
giving  the  potential  are  not  as  easv  to  cco- 
pute  nunerlcally  as  the  natrlx  E^.  giving  the 
velocity.  At  present  Integrals  of  the  forn 


with  a  slsllar  expression  for  AB^ 
Cocputatlon  of  the  Eodylnduced  Pressures 


The  total  force  acting  on  the  hull  surface 
Is  deCernlned  froa  the  pressures  coaputed  at 
the  center  points  of  the  hull  panels.  These 
pressures  are  assused  to  act  unlforaly  over 
the  panel  surface*.  Fron  Bernoulli's  equation, 
the  pressure  at  a  point  fixed  In  space  Is 

p  -  -f  If  *  0  (c^) 

where  the  tine  derivative  Is  In  a  space-fixed 
coordinate  systen  and  the  velocity  field  rela¬ 
tive  to  this  space-fixed  systen  Is  assuned  to 
be  of  order  c.  The  pressure  nay  be  written  as 
the  sun  of  frec-surface  and  body-induced 
coaponents 


where 


P  •  Pfs  *  Pbd 


Pps 


3( 


where  x*  Is  the  loage  of  point  x  on  surface 
S..  are  estimated  by  dividing  the  surface 
into  eany  snail  eleaents  and  Integrating 
nunerlcally  with  the  Integrand  evaluated  at 
the  center  of  each  subeletsent.  This  'brute 
force*  ttethoJ  can  consuae  significant  coaput- 
Ing  tine  If  resonablc ’accuracy  Is  desired. 
These  eleaents  reed  be  cooputed  only  once, 
however.  If  the  hull  does  not  change  over  the 
tine  period  of  slsulatlon. 


The  forces  and  noaculs  acting  on  the  body 
In  a  hull-fixed  coordinate  systen  aay  be 
written  In  the  fora, 

N- 


F 

n 


-  E 

1-1 


6 


where  F  Is  a  gcnerallred  force  corresponding 
to  the  degree  of  freedou,  n_|  Is  the  gen¬ 
eralized  noma*,  A|  Is  thi-  panel  area  and  pj 
Is  the  pressure  cu  the  l^^  pinel.  Fron  this 
fom,  the  force  F'  resulting  fren  the  d5gj)/dt 
tern  can  be  written  as 

a 

’’m  ■  *'  S  "«l*l  at  *BD 

l-l  1 


and 

PfiD 


where  Vg  Is  the  velocity  of  a  point  on  the 
hull  surface.  If  the  body  aoves  with  trans¬ 
lational  velocity  and  rotational  velocity 
«B  then 


•  '>  2  ".1*1  ‘'i)''j 
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The  yPwj  «rr«y  of  (6  *  Sg)  «le»ent*  e*n  be 
eveluet^  oooe  «c  the  beginning  of  the  cospu* 
tetloo  (t  •  t„). 

SieiUrly  the  setho*!*  u«e4  to  calculate 
Che  Ejj  oacrlx  cao  also  give  eleaeatt  of  a 
satrlx  X<{  Such  that 

si  "»>  -  S  Wi  <'n>  ■ 

The  forces  resulting  froa  the  second  tene  of 


-  -PU  £  PX 


— oj  i 


where  PXai  Is  a  (6  x  Sg)  aatrlx  slat  tar  to 


Alternative  fecholques 

Certain  subeleaonts  of  the  coaputatlon  can 
be  represented  by  alternative  ferns.  The  coop- 
utatlonal  oethod  described  above  was  chosen 
froo  the  following  set  of  possibilities 

(1)  Either  source  or  dipole  panel#  cao  be 
used  to  represent  the  hull  surface.  If  dipoles 
are  used,  then  the  noraal  velocity  on  the  laage 
panel  Is  the  negative  of  the  velocity  on  the 
panel  Itself  so  that  the  net  aass  inflow  Into 
the  region  encloaed  by  the  hull  and  Its  laage 
is  aero.  The  aajor  nuaerlcal  advantage  of 
dipole  panels  Is  that  the  potential  Induced 

by  a  unlfora  dipole  strength  of  unit  nagnltude 
is  easily  cooputed  at  any  arbitrary  point  in 
space  (It  la  slaply  the  solid  angle  encloaed 
by  the  panel  relative  to  that  point).  Thla 
allows  one  to  coopute  the  pressures  Induced  by 
the  tiae  derivative  of  the  body-induced  poten¬ 
tial  auch  Bore  easily  nuaerically  than  If 
S‘>urce  panels  were  used.  The  prioarv 
disadvantage  of  dipole  panel#  is  that  the 
free  surface  disturbance  generated  by  then  Is 
discontinuous  slong  points  where  the  hull 
intersects  the  free  surface.  That  is.  there 
Is  a  Juap  in  elevation  between  the  interior 
and  exterior  regions.  This  requires  ouch 
finer  resolatlon  in  the  representation  of  the 
free-surfacc  and,  therefore,  Bore  points  In 
k-space  for  the  spectral  distribution  of  the 
free-surfacc. 

(2)  Alternative  conditions  can  be  applied 
to  the  ftee  surface  interior  to  the  hull. 

For  exaaple  Instead  of  using  the  linearized 
frce-surface  condition  after  the  entire  free 
surface,  the  surface  elevation  Interior  to 
the  hull  can  be  constrained  to  be  unlforsly 
zero  b>  placing  surface  panels  over  this 
region.  One  possible  advantage  of  "adding  a 
lid”  is  that  It  auppresses  standing  waves 
which  otherwise  are  excited  In  the  hull^ 
interior.  The  najor  disadvantage  of  a  "lid” 

Is  the  extra  ccoputlng  tine  required.  In 
theory  these  Internal  standing  waves  produce 
no  net  pressure  on  the  (exterior)  hull  surface. 


That  is  the  body-induced  and  free-surface 
Induced  coBponenta  of  pressure#  cancel  at 
points  exterior  to  the  hull  surface.  In 
practice,  they  eay  not  cancel  unless  the  pres¬ 
sures  are  evaluated  nuacrlcally  In  certain 
ways.  It  ha#  been  found  that  using  the  free 
surface  induced  acceleration,  rather  than 
velocity.  In  the  hull  nonsal  boundary  condi¬ 
tion  is  very  effective  In  re»ovlng  any  influ¬ 
ence  on  the  pressures  froo  the  standing  waves 
generated  Internal  to  the  hull. 


(3)  The  spectral  representation  of  the 
free  surface  can  be  used  either  as  a  rectang¬ 
ular  or  cylindrical  representation  In  spectral 
space.  That  Is  n(x,  y),  the  elevation,  can  be 
represented  either  as 


KKX  KCT 

n(x,y)  •  S  fiJtx  2  Aky^ 

n»l  B-1 


Ikx  -x  lk>'  -y 

.  “  •  A  c  “ 

na 


SX  NTH  Ik  (xcosd  ♦vslnQ  ) 

Il(«.y>- i;  V“'‘n  " 

n»l  *“1 

(6.  •  -  ?.  e  TU  •  *  l> 


Both  eethods  have  been  prograwsed.  They  aie 
very  siBllar.  The  advantage  of  the  rectangu¬ 
lar  systeo  Is  that  the  length  scales  of  the 
free  surface  are  Independent  In  the  x  and  y 
directions.  This  Is  particularly  useful  for 
typical  ship  hulls  where  the  hull  length  Is 
Bueh  greater  than  the  transverse  dloenslcns  of 
the  ship  and  the  flow  Is  expected  to  change 
ouch  Bore  slowly  In  the  x  direction  than  In  the 
y  direction. 


Applicatton  to  Linearized  rrequeney-PoBjln 
SeaVeepIng  CharaeVeristics  with  Fotvard._SpAed 

Consider  a  hull  oovlng  with  forward  epfiod 
U  and  oscillating  about  its  oean  position 
defined  by  the  surface 


F{x-'Jt,y,z)  -  0 


The  flow  velocity  perturbation  Induced  by  the 
forward  action  alone  Is  asxuaed  to  be  small, 
l.e.  0(c).  Harmonic  perturbations  about  the 
Bean  flow  Held  are  also  assueed  to  be  of 
order  €.  Interactions  between  the  steady  and 
harmonic  portions  of  the  flow  field  are 
asswBcd  to  be  of  higher  order  In  c. 


Motions  are  described  In  a  coordinate  sys- 
te«  (x*.  y*.  z*)  moving  with  the  mean  hull, 
l.e.  with  forward  speed  U.  The  coordinates  of 
this  moving  syslra  relative  to  that  of  the 
space-fixed  (x,  y.  z)  system  are  given  by 

X*  •  X  -  Ut 

y*  -  y 

z»  •  z  . 

The  velocities  of  the  craft  relative  to  a  mov¬ 
ing  (x*.  y*.  z*)  ship-fixed  aystea  are  written 
for  the  six  degrees  of  freedom  as 
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Vj  •  «urge  velocity  forwird) 

Vj  •  ewe/  velocity  (♦  to  sterboerd) 

Vj  •  heave  velocity  <+  dovnverd) 

v^  -  roll  velocity  (♦  for  right* hand 
rotations  about  x  axis) 

Vj  ■  pitch  velocity  (4  for  right-hand 
rotations  about  y  axis) 

Vg  •  yaw  velocity  <4  for  right-hand 
rotations  about  z  axis) 


All  velocities  are  assuoed  to  be  of  order  C 
and  haraonic  in  tlat  with  frequency  «.  (Since 
these  velocities  are  specified  in  a  ship-fixed 
systea,  they  are  related  to  both  velocities 
and  angular  displaceeents  in  a  space-fixed 
systea  for  finite  forward  speed.  For  cxaaplc. 


v^<t>  •  v,(t)  -  e.(t)*U 

■’ship  ■’space  ^ 


where  U  is  the  forward  speed  and  6-  is  the 
pitch  angle.]  ^ 


The  noreal  velocity  at  a  point  on  the 
surface  is  given  by  haraonic  velocities  in  a 
snip-fixed  systea  with  aagnitude  v_  and  phase 
6  is 

^  ^  6  ^ 

v**n  •  ''n 

where  n^(x*),  n.<x»),  and  n.(x*)  arc  general¬ 
ized  noreals  defined  as  ° 


n^(x*)  •  n2<x*)‘x^  -  nj<x*)*xJ 
n5<x*>  -  nj(x»>*xJ  -  nj(x*).x* 
n^<x*)  •  n^<x»)*x*  -  n2<x»)*x| 

slollarly  the  normal  acceleration  produced  by 
the  motion  is 

-  ^  6 

a*»n  -  -2  n*<x*)  v  w8in((..t*^  ) 
m-l  “  “  “ 

The  problem  is  to  compute  the  forces  and  ooments 
induced  by  these  harmonic  motions  for  arbitrary^ 
from  a  set  of  time-domain  solutions  (one  for 
each  of  the  six  degrees  of  freedom)  for  impul¬ 
sive  motions.  Since  the  problem  is  linearized^ 
a  single  degree  of  freedom  can  be  considered 
without  loss  of  generality.  Consider,  for 
example,  the  s.'cady  harmonic  motion  described 
by 

v*«n  -  Vjnj(x*)cos»t 

a*«n  •  -«  Vjnj(x*)sin«t 

Assume  that  the  time-domain  solution  based  on 
the  computational  method  described  above  is 
available  fot  the  following  problem  in  the 
Umltlng  case  as  v*0.  The  flow  is  at  rest  for 
t<0.  Starting  at  time  t-0  tha  flow  is  disturbed 
by  motion  in  the  degree  of  freedom  des¬ 
cribed  by  the  body  boundary  condition, 

v**n  •  nj(x*)  0  <  t 

-  0  t  <  0 


l.e.,  v*'n  -  nj(x*)H(t) 

where  ll(t)  Is  the  unit  step  function  and  where 
X*  is  any  point  on  the  hull  surface.  Define 
the  reauUlns  potential  at  a  point  x*  on  the 
liull  as 

^j(x*,t)  t  >  0 

and  the  forces  and  moments  relative  to  the 
(x*,y*,z*)  system  in  the  six  degrees  of  freedom 
as 

T^M  k-  1,2,3  ...6  t>0 

The  tllda  aymbol  -  indicates  a  time-domain 
solution  obtained  from  the  numerical  simula¬ 
tion.  The  j  subscript  refers  to  the  degree  of 
freedom  of  the  notion.  T!>e  k  subscript  refers 
to  the  degree  of  freedcs  of  the  force  or 
moment. 


The  forward  speed  U  should  be  included  in 
the  time-domain  computations.  Although  forward 
speed  does  not  appear  directly  in  the  body 
boundary  condition.  It  enters  the  computation 
in  two  wa.  s.  First  the  mean  hull  surface  neves 


F(x-Ut,y,2>  -  0 


with  opeed  U  80  that  over  the  time  of  the  comp¬ 
utation  the  space-fixed  (x,y,z>  and  body  fixed 
(x*,y*,z*)  coordinate  are  displaced  with  res¬ 
pect  to  each  other.  Secondly,  the  body-induced 
pressure  contains  a  term  proportional  to  for¬ 
ward  speed 


ZB, 

it 


It  is  assumed  that  the  general  form  for  the 
force  and  moment  vector,  Fjt(t>  generated  by  a 
velocity  of  node  J  and  time  history  Vj(t>  in 
the  ship  fixed  reference  system,  ^ 

v*»n  •  Vj(t)nj(x)  , 

is 

*  ^k)(IMPr<‘>  * 

where  the  first  tern  represents  virtual  o.tsa 
effects  and  the  second  term  contains  the  memory 
effects  resulting  from  the  free  surface.  If, 
for  example,  a  step  function  is  imposed  in 
mode  j, 

Vj  -  H(t) 

then  the  solution  Is 

F.  ,(l)  -  /  K(T)dT  I  >  0 
KJ  0 

'^kJ(IMP)  “ 

From  integration  by  parts  for 

v**n  •  Vjnj(x)coswt 
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ch«  nolueloci  1* 

•  ■‘•I 

-  «o»4*  /  F.  ,(r)tln«-T  dT 
Of  •‘J 

Th«  fir«e  t«re  In  th«  *xpre»sion  for  1«  In 
phote  with  th«  4c<«l«raelon  and  uy  b«  thought 
of  a«  a  g«ner«llxcd  added  »a«t  t«r«t  The 
second  Ccn.  In  phase  with  velocity,  repre^ 
seat*  a  damping.  The  hydrostatic  effect,  not 
Included  In  these  dynaalc  forces,  would,  of 
course,  give  a  tern  proportlcnsl  to  displace* 
■ent. 

Wave  excited  forces  for  haraonlc  waves  can 
be  coeputed  using  slnilar  techniques.  Consider 
an  aablcnt  wave  field  defined  by 

.  _  I,  lJi(x<os^yslnA)»k2-l«tf 

$  •  FejA  a  j 

^  ^lltfx*eos&fy*slne-Vi*-lw^tj 

where  A  Is  the  conplex  aeplltude  and  Is  the 
encounter  frequency  defined  as 

;  <.?*Uk  cos9. 

The  resulting  oabient  velocity  and  acceleration 
field  can  be  written  in  the  fore 

v<x«,t)  •  Vj(x«)8ltVJ^t+V2(x*)COS«^t 
and 

a<x*,t)  •  w^Vj(x*)cosu^t-w^V2<x*)slni.^t 

•  aj<t)Vj(x*)+a2<t)v2(x*) 

where 


;j{x)  - 


ccnpwtatfonal  solution  to  these  two  step  pro* 
bleas  for  arbftrsry  Sj(t)  aud  a2(t) 

'k2<‘>  ■  fk2<IKf)*2<'> 

Vhere  the  pair  of  tiee^dosain  forcea  and  aooenta 
for  each  of  the  six  degrees  of  freedca  obtained 
by  applying  the  tiae*dcaa!n  ccnputatlonal  s:ethod 
to  theac  two  probleas  arc  written  as 

\,(t)  f^jCO. 

respectively  where  the  tilda  *  sy^ol  Indicates 
a  tl9C*d(naln  solution,  the  subscript  k  refers 
to  the  degree  of  freedoes  of  the  force  or  eceent, 
and  the  renainlng  subscript  Indicates  which  of 
the  pair  of  body  boundary  conditions  were 
esploved. 

The  forces  and  nceents  generated  by  Che 
haraonic  velocity  field 

v(x*,t)  -  Vj(x*)s!nj^t*v,(x*)cos.,)^t 

aay  be  expressed  in  teres  of  the  tiee*dcnaln 
solutions  as 

•■k ' 

-  »  /  f.,(T)tin.' 

-  V‘'"<■'|^2(I>lr)*/  pk2<’>'°%’ 


Now  assuae  Che  tlBC''doeain  eethod  of  solution 
is  applied  to  the  following  pair  of  tioe  step 
probleas.  In  each  case  the  hull  and  the  sur* 
rounding  fluid  is  at  rest  for  t<0.  Aftei  t*0; 
Che  body  boundary  conditions  arc 

v*"n  •  Vj(x*)'n(x*)aj(t)  t  0 
•  Vj(x*)n(x*)K(t),  all  t 
for  the  first  case  and 


v**n  •  V2(x*)*n(x*)a2<t)  t  >  0 

•  V2fx*)'n(x)H(t>,  all  t. 
and 

aj(t)  •  ajit)  •  H(t) 

for  tae  second  case.  The  pair  of  tiee-doeain 
forces  and  ecaents  for  each  of  the  six  degrees 
of  freedca  obtained  by  applying  the  titse-dooaln 


As  s  sisplc  exaaple  of  the  eethod  described 
above,  the  corpuCer  prograa  capable  of  handling 
any  three  diaenslonal  hull  shape  was  applied 
to  the  case  of  heave  notion  for  a  3eal*subaerg* 
ed  sphere,  i.o.,  a  healspherlral  hull.  The 
coaputer  ptograa  is  conpletely  general  and 
sakes  no  assunptlons  concerning  either  lateral 
or  longitudinal  symsetry  of  the  body  or  the 
flow.  For  the  case  of  zero  forward  speed, 
however,  the  synsetry  of  the  henlspherlcal 
hull  requires  that  only  heave  force  result 
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1 


1 


frco  heave  action.  The  aagnltudes  of  other 
forces  calculated  nvterlcally  should  be  oae 
eeasure  of  the  adei)uacy  of  the  surface  panels 
chosen  to  rep:e«ent  the  body  and  the  prograa 
itself. 

In  the  test  case  60  panels  were  used  to 
represent  the  hesisphere  vith  spaclngs  speci¬ 
fied  by 


^45(IMP)  “  ttoatnt  •  .00004 

and  t«»«nt  •  -  .00012  . 

Froa  theory 

^3(I«P)  *  “  ’ 


60  -  2S/12  and  6d  •  «/5 
vbere  <K^2s  Is  the  circuaferentlal  angle  and 
CKtKs  1*  the  polar  angle.  The  hull-fixed  coor¬ 
dinates  are  specified  at  each  of  the  four 
comers  of  each  panel  with  coordinates  given 

by 

X*  •  a  coa<*  CC30 
y*  ■  a  sln^  cos0 
and  z*  •  a  slnO 

with  radius  a  act  to  unity  In  this  test  case. 


11  the  hull  Is  not  flat  over  a  panel.  Its 
finite  size  causes  errors  In  the  cosputatlon 
of  the  panel  center  and  panel  area.  For  sla- 
pllclty  the  panel  center  Is  coaputed  to  be  at 
the  scan  of  the  four  corner  points.  For  a 
convex  hull  such  as  the  hesisphere  these  points 
fall  slightly  Inside  the  physical  hull  rather 
than  directly  on  It.  More  Isportaot  1*  the 
error  In  the  coaputed  hull  area.  Again  for 
slftpllelty.  the  pair  of  diagonals, 


and 


are  used  to  estlsate  the  panel  area, 


and  unit  nonoal, 

n  -  X  Xjj/  x^2  X  Xj^ 

where  x,,  x-,  x,  and  x^  are  the  coordinates  of 
the  fouf  corner'^polnts  of  the  panel  in  the  body- 
fixed  systea.  Although  It  Is  leaaterlal  whether 
any  single  panel  norsal  points  Inward  or  outward, 
for  slspllclty  all  normals  are  assuaed  to  be 
outward  In  the  description  of  the  zethod  and  In 
the  saaplc  problea.  In  the  case  of  convex 
bodies  the  areas  are  undcrprcdlctcd  by  an 
aaount  which  depends  on  the  panel  size,  hike- 
wise,  the  areas  are  also  undcrestlaated  for 
concave  portions  of  the  physical  hull. 


For  the  case  of  a  henlspherlcal  hull  repre¬ 
sented  by  sixty  plane  ^uadralateral  panels  the 
iBpulslve  forces  and  aoaents  resulting  froa  an 
Instantaneous  change  In  the  heave  (z>  velocity 
(+  downward;  froa  zero  at  t«0-  to  unity  at  t«0*, 
was  ccopuicd  to  be  (for  unit  density,  p-l); 

^13(IKP)  *  "  -0.00003 

*^23(1MP)  “  *  .00656 

^33(IMP)  *  "  -1.00150 


and 


*33(IM») 


-v/3  *  -1.04720  . 


The  coaputed  teras  are  thus  ^0(10'^)  for  all 
forces  and  eccsents  other  than  heave.  The 
coaputed  heave  force  Is  about  3  percent  too 
low;  a  nu&ber  which  could  be  reduced  with  a 
finer  hull  resolution  In  the  panels. 


The  tlae-doaaln  nuaerical  eethod  was 
applied  to  the  sealsuboerged  sphere.  Initially 
(t<0)  the  flow  and  the  body  was  specified  to 
be  at  rest.  At  tlae  t-0.  a  step  function  was 
applied  to  the  heave  velocity.  Forward  speed 
was  set  at  zero.  Thus  the  hull  velocity 
boundary  condition  is 

where  x*  is  any  point  on  the  hull  surface  and 
H(t)  Is  the  unit  step  function.  For  the 
Initial  iapulse  tire  step  of  inflnltesaal 
duration  starting  at  t*0,  a  velocity  boundary 
condition  was  applied  at  each  panel  center  as 

^5  ^  * 

(since  vpsi  1«  **  t»0+).  The  source 

strengths  at  t*0+,  i7.(t-CH-)  were  then  used 
to  find  the  potentials  on  the  panels  and, 
therefore,  the  forces  and  anaents  acting  on 
the  body  In  all  six  degrees  of  freedexa  as  a 
result  of  the  initial  lapulslve  step  froa 
zero  to  unity  In  heave  velocity  (the  third 
node).  That  Is  equivalent  to 

^kj(IHP)  *  ■ 

In  practice  these  lapulslve  forces  are  equiv¬ 
alent  to  the  fomula  given  earlier. 

For  later  tlae  steps  the  tlae-doaain  force 

was  coaputed  using  the  nethod  presented  In 
this  report  with  an  acceleration  body  boundary 
condltlcn  of  the  fora 

Nj 

E  Ei,Oj<o  •  \s  ' ' 

(with  the  forward  speed  U  set  to  be  zero) 

since  the  prescribed  noraal  acceleration  a* 
la  Identically  zero  for  tXH.  The  resulting 
values  for  <5j(t),  l.e.,  the  time  derivative 
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of  tbe  source  streagth  densltjr  on  each  panel • 
gives  the  tise  rate  of  change  of  the  body 
potential  aadt  therefore}  the  bodyinduced 
pressure  pgj).  ac  each  panel.  By  adding  the 
frce>surface^induced  pressures}  the  total 
pressure  acting  on  each  panel  was  detcrnlned. 
Iliis  produced  the  net  cosputcd  force 

acting  on  the  body  for  t  >  Oh. 


For  the  nuoerlcal  test  case,  the  forces 
and  oooents  of  the  clast  k  j*  3  were 

all  Insignificant.  Figure  I  shows  p3)<e) 
cooputed  under  the  following  nuserical 
conditions 


-  aaxleua  length  scale  in  x  •  2.5 
1  ■  ainieun  length  scale  in  x  •  0.25 

X 

Ly  •  eaxlaua  length  scale  la  y  •  2.5 
•  slniaua  length  scale  in  y  “  0.25 
T  •  oaxlnus  tloe  scale  •  8.0 


g  ■  acceleration  of  gravity  "  1.0 

p  •  fluid  density  ■  1.0 

a  •  radius  of  sphere  •  1.0 

fit  •  tlae  step  site  •  0.10 


The  first  five  of  these  conditions  produce  17 
wave  lengths  for  the  free  surface  representa¬ 
tion  in  both  the  x  and  y  directions  or  17  x  17 
modes.  For  the  harmonic  case 


Vj(t)  •  cosut  , 

the  force  acting  In  the  z  direction  (+  downward) 
is  given  by 

FjCO  -  f33(t)cos<«l)dtj 

■H.<os(«t)  f  P..(t)8ln(uT)dt  . 

(H 

This  formula  can  be  evaluated  numerically  and 
compared  with  the  classical  results  of  Havelock 

(31. 

Havelock  expresses  the  z  force  Induced  by 
the  heave  oscillations 

Vj  ■  coswt 
as 

z  -  “  iipa^kslm.t  -  I  iTpa^2N>x‘osut 

where  a  is  the  radius  and  p  is  the  density 
(both  are  unity).  Tho  coefficients  k  (not  a 
wave  number)  and  2h  determine  the  added  mass 
and  hydrodynamic  damping  of  the  sphere  in 
heave.  These  two  coefficients  are  ccpeoonly 
expressed  in  terms  of  the  nondlmenslonal 
variable  t^a/g. 


These  coefficients  defined  by  Havelock  are 
related  to  tbe  values  derived  from  the  tloe- 
doaain  solution  for  a  step  function  in  the 
heave  node  as 

and 

«» 

2h(«^a/g)  -  -  ^/rjj(T)sln(«t)dT 

Figure  2  shows  coefficients  k{(i>^a/g)  and 
2h((.^a/g)  calculated  in  this  manner  using 
^33(XMP)  •  -1*0035  and 
Figure  1.  The  resulting  curves,  close  to 
those  predicted  by  Havelock  using  analytic 
methods,  given  in  reference  (3) .  Tabular  re¬ 
sults  for  this  problem  were  also  given  by  Kla 
(4).  Table  1  below  shows  a  cooparlson  between 
Kim's  results  and  the  computed  results  for 
various  values  of  u^a/g. 
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THREE-DIMENSIONAL  TIME-DEPENDENT  NONLINEAR  SHIP  MOTION  SIMULATION 
USING  THE  INERTIAL  MARKER  PARTICLE  TECHNIQUE* 


Gtorg*  t  Bouri«noff 
Au«ttn  A«M»rch  Amoom**.  Inc. 
1901  Rutl«n4  Driv*«  Austin,  Texas  78756 


Abstract 


A  nonlinear.  three>dlMnsional«  tltte* 
dependent  ship  notion  sfsulatlon  code  Is 
described  which  Is  formlated  In  teres  of  the 
prlnitlve  variables.  The  code  solves  Euler's 
equation  for  the  flow  field  and  the  rigid 
body  equations  of  notion  ^Or*  the  ship  to 
produce  a  tine^narching  solution.  The  code 
is  capable  of  accepting  arbitrary  externally- 
applied  forces  on  the  ship  such  as  nooring 
forces.  Results  are  presented  of  a  bank 
rejection  simlation  as  well  as  results  for 
the  full-scale  Esso  Osaka  naneuvering  studies. 


1.  Introduction 


The  inertial  marker  particle  technique 
was  originally  developed  to  allow  sioulation 
of  ship  notion  In  confined  regions  where  the 
presence  of  bottoms  and  banks  could  signifi¬ 
cantly  affect  the  flow.  It  was  desired  to 
have  irregularly-shaped  banks  with  essentially 
arbitrary  shape.  In  addition,  one  wanted  to 
add  external  time-dependent  forces  to  the 
ship  which  would  siBulate  such  things  as  wind 
forces,  propulsion  forces,  and  mooring  forces. 

To  meet  these  needs,  we  undertook 
development  of  a  three-dimensional  time- 
dependent  technique  which  would  solve  Euler's 
equation  on  a  fixed  Cartesian  grid.  The 
ship's  hull  would  constitute  one  boundary  of 
the  flow  frCR  which  the  hydrodynamic  forces 
could  be  derived.  The  ship's  motion  would  be 
calculated  from  the  rigid  booy  equations  of 
motion  taking  account  of  the  hydrodynamic 
forces,  as  well  as  all  externally-applied 
forces.  The  flow  field  and  the  ship's  velocity 
would  be  advanced  in  time  In  a  forward  tine 
marching  solution.  The  ship  is  free  to  move 
throughout  the  Cartesian  grid. 

The  code  was  developed  first  as  a  two- 
dimensional  code  which  has  been  reported  on 
previously  in  Reference  1.  This  was  used  to 
calculate  the  mean  second  order  drift  force 
on  a  tanker  moored  in  broadside  waves. 


A  full  nonlinear  treatment  of  the  free 
surface  and  ship  motion  has  been  Included  in 
both  two  and  three-dimensional  versions  of 
the  code. 


11.  Formulation 


The  basic  formulation  involves  a  finite 
difference  solution  to  Euler's  equation  and 
the  continuity  equation  shown  In  equations 
(!)  and  (2). 

(fr{)v..7-p*9  (1) 

where  the  pressure  has  been  normal 1  zed  with 
respect  to  density. 

7.V  0  (2) 

The  continuity  equation  is  enforced  by 
iterating  on  the  pressure.  The  free  surface 
1$  defined  by  a  surface  height  function 
h(x,y,t)  which  satisfies  the  equation 


ah 

7t 


u  ah 


y  3h 


(3) 


The  boundary  condition  on  the  free 
surface  Is 


P  •  0  @  Z  -  h  (4) 

at  the  ship's  hull,  the  kinematic  condition 
on  velocity  is 

VnF  ■  VnS  (5) 


•This  work  was  sponsored  by  the  Office  of 
Maritime  Technology  of  the  U.  S.  Maritime 
Adninistration. 
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I 


•rt  Inonn.  A  set  of  connectWIty  relations 
are  then  reaO  In  to  fora  the  triangular 
segnnts  as  follows: 

11(0,  12(0.  L3(I)  1.1,  NE  (7) 


where 


%  •  fluid  velocity  nonoal  to  the 
ship's  hull 

%  ■  ship  velocity  In  the  direction 
nonsal  to  hull. 


The  tangential  fluid  velocities  at  the 
slip  Interface  are  given  hy  the  free  slip 
condition.  The  pressure  at  the  ship  surface 
Is  found  from  equation  (1)  since  all  the 
velocities  at  the  hull  are  defined  and  tne 
pressure  interior  to  the  fluid  Is  known. 

The  boundary  conditions  on  rigid  boundaries 
are  very  similar  except  that  the  nonnal  fluid 
velocity  is  set  to  aero. 

The  nonaal  fluid  velocity  on  the  free 
Surface  Is  determined  from  a  cell  divergence 
condition  and  the  tangential  velocities  are 
derived  from  equation  (1)  using  one-sided 
spatial  derivatives  In  the  vertical  direc¬ 
tion. 


111.  Numerical  hnWntatlon 

The  nirerical  laplementatlon  utilizes 
finite  difference  approximations  referenced 
to  a  fixed  Eulerlan  grid.  Since  the  physical 
boundtrles  of  the  ship,  banks  and  bottm  do 
not  In  general  coincide  with  cell  boundaries, 
marker  particles  are  used  to  define  the 
actual  location  of  boundaries  within  the 
eesh. 

Tach  cell  within  the  corsputatlonal  itesh 
Is  assigned  a  flag  which  controls  the  logic 
of  the  code.  This  flag  field  Is  time  dependent 
and  will  Change  as  the  ship  moves  through  the 


The  ccraputatlon  begins  by  reading  In  the 
various  parameters  associated  with  grid  size, 
cell  size,  time  steps,  and  ship  parameters. 

The  rigid  boundaries  are  then  defined  by  NE 
triangular  plane  segments  which  are  defined 
by  NG  points. 

The  three  coordinates  for  each  of  the  NG 
points  are  read  In  so  Shat 

X(I).  T(I),  2(1)  I.l.NG  (6) 


Hence,  the  three  points  which  define  panel 
nimtrer  7  are: 

7(11(7)).  r[Ll(7)],  Z[ll(7)) 

7tl.2(7)],  va2(7)],  2(12(7)]  (8) 

7(I-3(7)).  7(13(7)],  2(t3(7)] 


The  points  and  connectivity  relations  are  then 
read  In  to  oefine  the  Initial  location  of  the 
ship.  The  next  step  Is  to  associate  these 
points  with  the  Eulerlan  grid. 

Each  set  of  three  points  Is  used  to  form 
a  plane  segment  analytically  defined  by 


aX  ♦  bY  +  c2  "  0  (9) 

The  Intersection  point  of  each  plane 
segment  with  the  lines  corresponding  to 

X  •  lax  •  constant 

y  ■  jay  •  constant 

z  ■  kaz  •  constant 


are  then  calculated  and  stored.  These 
Intersection  points  are  associated  with  the 
Eulerlan  cells  and  the  flag  field  Is  set  to 
Indicate  a  boundary  cell.  There  win  be 
between  3  and  6  Intersection  points  per  cell. 

A  best  fit  technique  Is  used  to  define  a  plane 
segment  lying  totally  within  the  specified 
cell.  The  area,  normal  direction  and  center- 
point  of  each  small  segment  Is  associated  with 
an  Eulerlan  cell  and  stored  for  later  use  In 
satisfying  boundary  conditions  at  the  hull's 
surface,  as  well  as  exterior  boundaries. 

Before  one  Is  able  to  advance  the  romentum 
equation  and  pressure  field,  the  cell  flagging 
must  be  completed.  The  flag  for  each  cell 
consists  of  four  significant  figures,  I,,  Ij. 
Ig,  Ig.  1)  and  la  digit  have  the  meanings 
shown  In  Table  1 . 
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TASie  i 


Ij  -  0 

Bapty  Cell 

'l- 1 

Full  Cell 

If  2 

Boundary  Cell 

11-3 

Intersection  Cell 

>2-' 

Rigid  Boundary 

Ij.2 

Hoving  Boundary 

12-3 

free  Surface 

12-4 

Inflow  Bour^ry 

'2-5 

Outflow  Boundary 

The  U  digit  has  significance  oniy  for 
cells  in  *tnich  is  egyal  to  2.  The  I3  *nd 
Ii  digits  arc  filled  as  follows.  Each  of  the 
six  faces  of  the  cell  under  consideraticn  are 
classified  as  open  if  fluid  is  free  to  flow 
through  it  and  closed  if  the  inverse  Is  true. 
Each  of  the  six  faces  is  then  assigned  the 
value  1  if  it  is  open  and  0  if  it  is  closed. 

A  six«digit  binary  nusber  is  fonned  whose 
decioal  equivalent  is  stored  in  I3  I4. 

It  is  now  possible  to  advance  the  po«ntua 
equation  and  pressure  equations.  The  nooentua 
equation  Is  advanced  by  using  centered  finite 
differences  for  all  spatial  derivatives  and 
an  explicit  forward  difference  for  the  tlae 
derivative. 

The  code  expects  a  layer  of  "ghost 
cells'  lying  exterior  to  the  fluid  and  adjacent 
to  every  boundary  cell.  The  values  of  pressure 
and  velocity  in  the  ghost  cell  are  such  that 
the  physical  values  shewn  in  equations  (4) 
and  (5)  result  when  one  interpolates  between 
the  interior  and  exterior  cell. 

The  pressure  is  advanced  by  the  algoritho 
shown  in  equation  (9). 


pK*l  .  pK  ♦  avyK  {9a) 

,  yntl  -  (9b) 


where 

v"*'is  the  velocity  field  resulting  fren 
the  explicit  tine  advance 

yOtl  ■  v"  -  (V^rV)  -  tTP"  -  g  (10) 


The  ..luatlohs  (n  (9)  are  Iterate  unj]' 
pK*l  •  pK  to  within  sotae  specified  ll«1v  at 
which  time  the  continuity  equation  has  ^en 
satisfied.  By  substituting  (9b)  into  (10).  we 


yKpax  ,  yn  .  (yn  .  yn 


-  (rvP-‘<^B  VP-***')  01) 


where  iteration  count.  Thus 

a  partial  tine  centering  of  the  pressure  tern 
is  achieved. 

At  a  rigid  or  reactive  boundary  cell,  the 
pressure  iteration  is  modified  slightly  freo 
that  shown  in  equation  (9a)  to  that  shown  in 
equation  (12)» 

pK*l  .  pK  .  5  {Vg,p  -  Vpb)  ■  02) 


where 


(  •  constant 

V  •  the  fluid  velocity  at  the  nidpoint 

of  the  segc«nl  associated  with 
the  boundary  cell. 

^ob  •  boundary  velocity. 

n  •  unit  nomal  to  the  ship's  boundary. 


In  ordrr  to  advance  the  rigid  body 
forward  in  tine.  U  is  necessary  to  Introduce 
a  set  of  coordinates  fixed  in  the  body.  The 
forces  and  rooents  are  calculated  in  the  fixed 
Cartesian  frame,  transfomed  to  the  body  frame 
where  the  rigid  body  equations  are  advanced  in 
time.  The  new  velocity  vector  and  angular 
velocity  vector  are  transformed  bacK  to  the 
Cartesian  frame  In  order  to  provide  boundary 
conditions  for  the  hydrodynaolc  calculation. 
The  transformation  process  is  straightforward 
end  details  may  be  found  in  Reference  z. 
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The  nunepicil  sUbflfty  of  the  code  Is 
dmlnited  by  the  Courent  condition  since  the 
tt»entu«  equations  ere  edvenced  In  en  explicit 
Mnnep.  for  three-dloenslonel  explicit 
elgorlthas,  the  Courent  condition  Is  show  In 
Reference  3  to  be 


The  ship  Is  positioned  Initially  parallel 
to  a  bank  located  at  X  •  0.  The  channel 
depth  MS  taken  to  be  1.5  tines  the  draft. 

The  particulars  of  the  ship  being  sfnulated 
are  shotrn  In  Table  2. 


i  .  03, 

TABLE  2 

where 

Length  between  perpendiculars 

1000  feet 

Breadth 

155  feet 

>i.  ■ 

Mxlnn  fluid  velocity  In  x 
direction. 

Draft 

65  feet 

■ 

naxlaun  fluid  velocity  in  y 

Height  of  C.6. 

43.7  feet 

direction. 

Longitudinal  Radius  of  Gyration 

2500  feet 

Mxinuo  fluid  velocity  In  i 
direction. 

Transverse  Radius  of  Gyration 

56  feet 

In  order  to  Insure  numerical  stability* 
It  Is  necessaiy  to  add  a  nonerlcal  viscosity 
which  win  overcotne  the  effects  of  truncation 
errors.  The  amount  of  viscosity  «  lies  In 
the  range 


^  wx  (U^  V^,  u2)  <  „ 


IV.  Bank  Rejection  Simulation 

The  geometry  of  the  bank  rejection 
simulation  Is  shown  in  Figure  1. 


Figure  1,  Geometry  of  Bank  Rejection  Sinutation 


Tliere  were  three  sets  of  simulations  run 
using  this  geometry.  Two  were  captive  tests 
in  which  the  model  was  partially  constrained 
and  the  third  simulation  had  the  model  totally 
unconstrained.  The  unconstrained  ease  utilized 
the  model  being  propelled  by  a  force  applied 
at  the  approximate  propeller  location  and 
directed  along  the  axis  of  the  ship.  This 
effecitvely  simulated  a  free-runnlng  rodel. 

One  of  the  constrained  cases  allowed  only 
surge  motion,  while  the  other  simulation 
allowed  only  surge,  heave,  roll  and  pitch. 

In  all  the  simulations,  the  ship  was  accele¬ 
rated  from  rest  to  6  knots  during  the  initial 
40  seconds  of  the  simulation. 

The  simulation  results  consist  of  the 
three  forces  and  three  moments  on  the  ship, 
the  fluid  velocity,  pressure,  and  free- 
surface  elevation.  The  forces  and  moments 
all  exhibited  a  large  overshoot  associated 
with  the  transient  start-up  phenomenae,  after 
which  they  settled  down  to  an  eculllbrlum 
value.  The  side  force  and  side  moment  are 
nomalized  to  yield  a  side  force  coefficient 
(Cy)  and  turning  moment  coefficient  (Cu). 

The  normal izing  constants  are  respectively  C- 
and  shown  below.  ^ 


Cf  ■  H  oBOV* 
Ch  ■  >1  pB*Dv2 
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where 


0  •  Water  density 
B  ■  Ship's  Beaa 
0  ■  Ship's  draft 
V  ■  Forward  velocity. 


Measured  node!  results  for  this  case  are 
presented  In  Reference  4.  Table  3  ^Ives  a 
consparlson  of  measured  versus  computed  results 
for  two  different  shlp-to-bank  separation 
distances. 


Table  3 


SuBwary  of  Results 


1  eoav<)t«a  v,la«4  j 

1  N*4iaf«4 

« 

«.ni 

«.2}2 

9.1« 

«.« 

The  flow  fields  which  develop  a-e  shown 
in  Figures  2  and  3»  which  show  velocity 
vector  plots  at  two  water  depths  (depth  3 
being  closest  to  the  bottom).  In  these 
figures,  the  asyornetry  associated  with  the 
bank  (located  toward  the  bottom)  is  clearly 
evident.  The  entrainment  in  the  wake  region 
may  also  be  readily  seen. 


V.  Esso  Osaica  Simulation 

Curing  1977.  the  U.  S.  Harltine 
Administration,  in  conjunction  with  the  U.  S. 
Coast  Guard  and  the  American  Bureau  of 
Shippers,  undertook  a  set  of  fu11>scale 
maneuvering  trials  using  the  Fsso  Osaka  In 
the  Gulf  of  Mexico.  The  goal  was  to  provide 
a  data  base  of  fu11*scale  maneuvering  studies 
In  several  water  depths  at  several  speeds. 

The  purpose  of  this  simlatlon  was  to 
try  to  derive  Information  concerning  the 
distribution  of  side  forces  experienced  by 
the  tanker  during  turning  maneuvers  in  inter¬ 
mediate  water  depths.  In  order  to  do  this, 
the  measured  position,  velocity  and  heading 
Infomatlon  obtained  In  the  sea  trials  was 
used  to  force  the  simulation  model  to  follow 
the  sane  trajectory.  The  hydrodynamic  forces 
on  the  ship  were  recrrded  frcn  the  simulation. 
These  could  then  be  ccnpared  to  the  centrlpital 
force  and  rudder  force  to  gain  sene  insight 
Into  the  amount  of  added  mass  associated  with 
the  maneuver. 


Figure  3.  Velocity  Vector  plot  •  Depth  3 
Velocity  Scale  (FPS/INCH)  3.33 


The  scale  of  the  siaulation  was  large  by 
arty  standard.  It  required  46,800  cesh  points 
for  the  coaputatiofial  grid,  which  covered  a 
region  ^  raile  by  b  aile  by  100  feet  deep. 

The  one  sloulation  reported  here  required 
about  150  hours  of  central  processor  time  cn 
a  VAX  11/780  cotvputer  systera.  The  sieulation 
involved  periodic  rezoning  of  the  grid,  which 
allowed  a  subgrid  containing  the  ship  to  be 
repositioned  on  the  aain  grid  as  the  hip 
Boved  through  the  cnesh.  Without  this  rezoning, 
the  grid  would  have  been  four  times  as  large. 


The  results  of  the  sea  trial  are  described 
in  Reference  5.  We  sinulated  Run  4711,  which 
was  a  aediun  water  depth  turning  circle 
maneuver,  whose  trajectory  is  shown  in 
Figure  4.  The  duration  of  the  tnaneuver  was 
approxinately  one  hour. 

A  theoretical  rudder  force  was  taken  fren 
empirical  results  presented  in 
Reference  6.  A  centripital  'orce  was  calcu¬ 
lated  according  to  equation  (16) 

fj  •  HV^/R  (16) 


where 


H  •  Mass  of  ship. 

V  •  Forward  velocity  of  ship 

R  •  Turning  radius. 

The  pripwry  result  of  this  siwlation  is 
shown  in  Figure  5,  which  compares  the  computed 
hydrodynamic  side  force  to  the  sun  of  the 
theoretical  centripetal  force  and  rudder 
force.  The  conclusion  which  nay  be  drawn  fren 
the  close  agrecnent  of  the  curves  is  that  the 
added  rass  associated  with  th“  maneuver  is 
snail.  This  is  borne  out  by  an  examination  cf 
the  trajectorj*  plot  which  shows  that  the  ship 
stays  nearly  tangent  to  the  turning  circle 
during  the  course  of  the  maneuver. 
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TIME  IN  SEC 
4711 

Fi9ure  5.  Run  No.  4711 
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DISCUSSIONS 
of  tho  p«pef 
by  6  i  B^ntnoff 

THREE-DIMENSIONAL  TIME-DEPENDENT  NONLINEAR  SHIP  MOTION  SIMULATION 
USING  THE  INERTIAL  MARKER  PARTICLE  TECHNIQUE 


Discussion 
by  Choun^ }i.  Lee 

I  undersUnd  that  when  a  ship  is  in  turn 
there  exist  a  significant  sagnitude  of  side  force 
contributed  by  the  so-called  cross-flow  drag. 

Your  calculation  is  based  on  the  inviscid  fluid 
theory,  and,  yet,  the  agreement  shown  in  Figure 
5  is  very  good.  What  is  your  opinion  on  this 
point  ? 

I  would  also  like  to  know  if  there  is  an 
appreciable  eierit  of  using  your  mnserical  oethod 
coepared  to  the  existing  theoretical  s>ethods 
such  as  slender-body  theory  and  singularity 
distribution  method  in  calculating  the  bank- 
suction  force. 

Author's  reply 

The  first  question  raised  by  Or.  Lee  may  be 
explained  by  noting  that  the  bearing  angle 
through  the  entire  maneuver  was  very  swll,  as 
may  bo  observed  in  Figure  4.  The  information  in 
Figure  4  is  measured  data  and  not  a  computational 
result.  It  is  well  known  that  the  bearing  angle 
is  frequently  small  for  turning  circle  maneu¬ 
vers  executed  in  shallow  water.  The  water  depth 
for  the  measurement  was  somewhat  deeper  than 
water  where  one  would  normally  expect  to  encoun¬ 
ter  this  type  of  behavior,  but  it  was  clearly 
in  a  transitional  region 

Discussion 
by  P.  Thomsen 

Hy  coenent  is  not  directed  to  the  lecture 
Just  listened  to  but  to  the  general  topic  of  this 
morning.  I  should  like  to  take  up  the  review 
lecture  of  Or.  Lugt  this  morning  and  point  at 
the  manoeuvring  ship.  Yesterday  in  Dr.  8ouria- 
noff's  representation  it  experienced  a  suction 
force  and  a  yawing  moment  when  approaching  and 
passing  the  underwater  bank.  The  comparison 
computed/measured  was  good  in  force  and  poor 
in  moment  (0.8  calculated,  0.4  measured).  No 
wonder.  The  rear  ship  representation  of  flow 
and  lack  of  vortex  replacement  for  the  wake 
after  the  ship  brought  it  about.  In  that  respect 
I  did  not  understand  Or.  Sourianoff  yesterday 
who  in  way  of  discussion  seemed  to  argue  to 
have  covered  the  rear  ship  physics  in  all  main 
features.  It  could  have  been  possibly,  using 
the  after  ship  vortex  model  quoted  in  the 
review  this  morning.  If  I  see  it  right  following 
the  Kleln-Prandlt-Bett  argumentation  quoted  in 


the  review  paper.  The  Euler  equations  as  used 
by  Sourianoff  do  suffice  for  the  model  of  manoeu¬ 
vring  ship  the  wake  of  which  being  replaced  by 
neck  lace,  bilge  and  propeller  vortex  filaments. 

I  should  be  interested  in  Dr.  Bourianoff's  opi¬ 
nions  on  the  total  flow  and  its  representation. 

Author*$  reply 

The  calculation  is,  of  course,  inviscid. 

Thi$  fact  will  result  in  significant  differences 
for  the  boundary  layer  separation  point  as  well 
as  the  location  and  strength  of  vortex  genera¬ 
tion.  1  made  no  attempt  in  my  code  to  generate 
vortices,  although  it  is  possible  that  such  a 
routine  could  be  added. 
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NONLINEAR  SHIP  MOTIONS 


T.  «nd  P. 

Norw«g<«fi  'flstitutd  of  Te^nology 
«nd 

Ndrw«gi«n  Kydfodyiuniie  l»boffttorie$ 
Trondheim,  Norway 


Abstract 

A  nuRcrlcal  loethod  is  presented  for 
tice  slnulatlon  of  the  nonlinear  notions 
of  2-D  surface-piercing  bodies  of  arbi¬ 
trary  shapes  on  finite  water  depths.  The 
nethod  is  based  on  potential  theory  and 
periodicity  in  space  is  assuned.  At 
each  tlnc-stcp  Cauchy's  integral  theorem 
is  applied  to  calculate  the  coitplex  po¬ 
tential  and  its  tine  derivative  along 
the  boundary.  The  solution  is  stepped 
forward  in  tine  by  integrating  the  exact 
hincnatic  and  dynamic  frec-surface 
boundary  conditions  as  well  as  the  equa¬ 
tions  of  notion  of  the  body. 

The  lesults  are  compared  with  re¬ 
sults  from  linear  theory  for  freely 
floating  circular  cylinders  initially 
dicplacod  from  equilibrium,  showing  good 
agreenent.  The  motion  of  the  cylinder 
does  not  seen  to  be  influenced  to  any 
great  extent  by  nonlinear  effects,  even 
for  extremely  large  initial  displace¬ 
ments.  The  results  also  agree  well  with 
linear  theory  for  a  circular  cylinder  In 
forced  heaving  motion.  However,  large 
deviations  occur  between  this  method  and 
Faltlnsen's  |ref.  /6/)  nonlinear  method 
for  larger  amplitudes  of  forced  heaving 
notions.  Examples  of  nonlinear  motions 
of  shlp-llkc  bodies  in  bean  seas  arc 
presented. 

Introduction 

Recent  accidents  with  smaller  fish¬ 
ing  vessels  and  freighters  have  focused 
a  certain  interest  on  the  problem  of 
extreme  ship  notions,  with  a  particular 
emphasis  on  the  capsizing  problem.  There 
exist  many  nodes  of  capsizing,  and  each 
of  these  modes  seen  to  need  a  special 
theory  to  explain  its  devolopncnt. 

In  this  paper  we  will  approach  the 
problem  of  capsizing  in  beam  seas, 
caused  by  extreme  (often  breaking) 
waves. 

The  numerical  description  of  2-D 
breaking  waves  has  successfully  been 
brought  through  by  Longuet-Higglns  and 
Cokelet  /)/  and  later  by  Vinje  and 


Brevig  /2/  (solving  the  problem  in  a 
slightly  different  way).  Some  confi¬ 
dence  in  the  numerical  model  is  gained 
by  referring  to  Mclver  and  Peregrine  /3/ 
who  have  compared  results  from  the  dif¬ 
ferent  methods,  and  to  Brevig  et  al.  /4/ 
who  have  compared  the  numerically  calcu¬ 
lated  wave  fora  with  experimental  re¬ 
sults  furnished  by  the  University  of 
Edinburgh. 

In  reference  /4/  the  problem  of  cal¬ 
culating  the  forces  on  submerged,  stati¬ 
onary  cylinders  under  breaking  waves  has 
been  treated,  together  with  the  more  ad¬ 
vanced  problem  of  calculating  the  notion 
of  submerged,  freely  floating  (or  moored) 
cylinders  under  breaking  waves.  This 
method  has  been  further  developed  to 
deal  with  surface-piercing  cylinders  and 
this  is  what  we  will  present  in  this 
paper. 


Formulation  of  the  problem 

In  the  development  of  the  present  me¬ 
thod  we  have  been  aiming  at  the  problem 
of  capsizing  in  extreme  beam  waves.  This 
is  a  highly  transient  problem,  and  acco¬ 
rdingly  wc  arc  permitted  to  make  one 
simplifying  assumption,  in  addition  to 
the  assumption  of  potential  flow  (which 
is  discussed  by  Nichols  and  Hlrt  /5/). 
This  is:  the  boundary  conditions  at  in¬ 
finity  are,  as  for  the  breaking  wave, 
determined  from  periodicity  in  space.  As 
long  as  this  period  in  space,  L,  is  long 
enough  (or  the  actual  time  interval  Is 
short  enough),  the  solution  of  the  ini¬ 
tial  value  problem  will  not  bo  signifi¬ 
cantly  affected.  This  in  turn  enables 
us  to  introduce  a  nonlinear  incoming 
wave,  which  we  otherwise  would  have  had 
problems  with  Introducing  (see  Faltlnsen 
/6/),  The  transient  nature  of  the  pro¬ 
blem  also  justifies  treating  it  as  an 
initial  value  problem,  as  long  as  the 
initial  values  are  properly  chosen. 

The  mixed  Eulerian/Lagranglan  de¬ 
scription  from  reference  /2/  is  used, 
together  with  a  modified  Lagrangian 
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description  on  the  body  (following 
points  fixed  to  the  lK>dy  surface).  The 
fluid  Is  assumed  to  be  hosogenous  and 
Inco&prcsslblc  and  the  flewfield  irro« 
tatlonal.  Together  with  the  assunptlon 
of  2-D  notion  this  stcans  that  the  con- 
plex  potential  is  applicable  for  de¬ 
scribing  the  fluid  flow: 

8(z;t)  •  d(x,y;t)  ♦  lt(x,y;t)  (1) 

wJiere  z  ■  x  ♦  iy. 


Bottom 


be  derived  fron  equation  St 

c  ° 

for  z^  on  and 

<l2>  -  o’  (■'I 

o  o  ;z  z^ 

for  2  on  C^.  Here  a  is  the  angle  bc- 
tween^the  two  tangents  of  C  at  z  .  On 
a  snooth  curve  a  ■  «.  ^uations  s  and  7 
fora  a  Prcdholn's  integral  equation  of 
the  second  kind,  froa  which  8  ■  ^  *  i^ 
can  be  found  on  C.  Koticc  that  both 
equations  S,  6  and  7  arc  valid  when 
^  «  i'(i  is  replaced  by  any  analytic  func¬ 
tion,  such  as  d(^  «  it')/3t. 


Figure  1  Definition  sketch 

The  problea  is,  as  indicated 
earlier,  solved  as  an  initial  vaUe 
problcB  with  the  position  and  velocity 
of  the  body  as  well  as  the  elevation 
and  velocity  potential  along  the  free 
surface  given  at  t  •  0.  From  these 
initial  conditions  the  position  and 
the  potential  of  a  fluid  particle  at 
the  free  surface  arc  integrated  in  tiae 
froa  the  kinoaatlc  boundary  condition 

§1  ■  u  •  Iv  «  w*  (2» 

and  froa  the  dynanic  boundary  condition 

II  •  !ww‘  -  9y  -  Pj,/e  (3) 

where  *  denotes  conplex  conjugation, 

D(  )/Dt  the  aatcrial  derivative: 

||_!  .  ^  .  v«.7(  )  (4) 

and  pg  is  an  arbitrary  pressure  distri¬ 
bution  applied  at  the  free  surface. 

Since  6  ■  $  «  iC*  is  analytic  inside 
the  fluid  donaln  Cauchy's  integral 
theorem  is  valid: 

dz  •  0  (51 

c  ® 

assuming  C  to  be  the  closed  contour 
consisting  of  the  bottom,  the  submerged 
part  of  the  body,  the  free  surface  and 
two  vertical  boundaries  a  distance  L 
apart  (sec  figure  *),  and  with  z^^  situ¬ 
ated  outside  C,  as  shown  on  figure  2. 

Assuming  C  to  consist  of  C^andC^, 
where  $  is  given  on  and  ^on  cji 
and  letting  Zq  approach  C  from  thc’’out- 
sidc,  the  following  twe  equations  can 


Figure  2  The  contour  C  and  the  point 


On  the  free  surface  c  is  given 
(according  to  equation  3)  and  hence  this 
Is  part  of  C^.  The  bottom  forms  a 
streamline  and  accordingly  is  part  of  C.. 
On  the  vertical  boundaries  both  c  and 
are  unknown,  but  the  application  of  per¬ 
iodicity  furnishes  us  with  the  necessary 
additional  conditions.  On  the  vessel  v 
is  given  fron 


^  -  Irniw^r.*)  (8) 

where  6  is  the  roll  angle  of  the  rigid 
body  and  w^  is  the  complex  velocity, 
wg  •  Zq  of  the  reference  point  (center 
or  gravity)  G,  fixed  In  the  body,  c  is 
shown  on  figure  3. 


In  •  z  -  Zg 


Figure  3 


This  obviously  leads  to  the  conclu¬ 
sion  that  the  body  surface  is  part  of 

To  step  the  solution  forward  in 
time  we  have  to  establish  the  dynamic 
equations  of  the  vessel: 


2S8 


(9) 


fora: 


Mo*-  ■  -i  /  pdz 


-Re(  / 
C, 


pcdz  \ 


(10) 


B 


where  G  in  assumed  to  coincide  with  the 
center  of  gravity.  M-  and  X-  are  the 
aass  and  the  aosent  °of  inertia  of  the 
vcbeelf  respectively*  €>  is  the  wetted 
part  of  the  ]»ody  surface*  and  p  is  the 
pressure*  calculated  according  to  Ber¬ 
noulli's  equation: 


•p/o  •  11  •  iw-w*  *  qy  (II) 

To  evaluate  p*  H/H  has  to  be  calcu¬ 
lated.  This  is  done  according  to  equa¬ 
tion  5i  when  ($  •  iv)  is  replaced  by 
^(<1  ♦  l*ij/''t.  In  this  case  we  have 


II  •  -iw.w*  -  qy  -  (12) 

on  the  free  surface*  '**/^t  constant  on 
the  botton  and  ^$/v^t  and  9v/^t  periodic 
on  the  vertical  boundaries.  On  the  body 
we  have  from  equation  8: 


-lm<w^v)  ♦  Re(;(w*  -  w)^)  (»3) 


where  w  is  the  coaplox  Huld  velocity 
at  Cp,  w  •  u  -  Iv*  and  Pe<t7  and  Ia(2) 
are  the  real  and  inaqinary  part  of  s* 
respectively.  The  develcpsont  of  this 
equation  is  found  in  appendix.  The 
total  solution*  «  l*)/H  now  can  be 
found  on  C  in  the  following  fora: 


^15 


•  ‘'3t'' 


(14) 


wliere  arc  uniquely  determined  from 
the  boundary  conditions.  Introducing 
this  into  equations  9  and  10  yields: 

'«B  •  •  \yS'G  •  ••  •  ''x 


.  r,(Vj,Vj,t:) 


(16) 


Wuiserlcal  solution 


Piqute  4  Elcrents  along  the  boundary 

To  evaluate  the  integral  of  equation 
S  we  assume  8  (  and  98/3t)  to  vary  linc- 
arlly  between  the  nodal  points  on  C 
(see  figure  4). 

The  influence  function  of  the  vari¬ 
ables  at  the  nodal  point  z,  is  there¬ 
fore: 

Z  -  2*0 

*14(2)  •  ;■■■  for  z  on  C  between 

1  and  Zj^j 

(17) 

*  *  *1-1 

)*.(z)  •  for  z  on  C  between 

^  *)-l  Zj,j  and  2^ 

and  zero  elsewhere  on  C. 


Application  of  the  collocation 
method  then  yields  the  following 
faatrlx  equations: 


dz 


‘kj 


(18) 


,  4  -  z^ 

c 

whore  8 .  •  *8  ( z  ^ ;  t ) , 
and  ^  ^ 


.  0 


(19) 


xihi)„iiZis_ . 


‘)  ‘)*i 


''«x’‘g  •  '‘.yS’e  •  "b  •  \b>”  ' 

where  A-,  and  F_  depend  on  the  gooFMjtrlc 
form  of^d*  while  Pp  also  depends  on  Ac* 

5  and  the  spaclal  distribution  of 
tne  fluid  velocity.  The  develcpment  of 
equations  14  and  15  is  shown  in  appen¬ 
dix. 

By  olininating  K(<*  and  »  from 
equation  IS,  tho  equations  of  motion  of 
the  body  are  brought  into  the  standard 


with  limiting  values  applied  when  H«j-1* 
)  or  1i*l .  If 


are  both  small  then  wc  can  use  asympto- 
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tic  expressions  for  the  logarith«s 
giving: 


Introduction  of  this  when  approprl* 
ate  reduces  the  cost  of  running  the 
prograa  by  about  40%. 

To  do  the  tlae-stepplng  wlsjtJ  • 
d&(z;t)/d2  •  u  -  iv  has  to  be  ealcula* 
ted  along  the  boundary.  In  general 
w(Zo*t)  can  be  found  front 

{7^  '20» 

(where  2  Is  Inside  the  fluid  donain). 
This  expression  turns  out  to  be  singu¬ 
lar  at  the  nodal  points.  This  Deans 
that  w  on  the  boundary  has  to  be  cal¬ 
culated  In  a  different  way  and  a  second 
order  differentiation  schene  is  intro¬ 
duced. 

To  integrate  equations  2,  3  and  16 
In  tlBc  Haraaing's  fourth-order  predlc- 
tor/corrector  method  is  applied  with  a 
Runge-Kutta  starting  procedure.  This 
method  has  shown  to  bo  remarkably  stab¬ 
le  and  no  numerical  instability  has 
been  observed. 


Numerical  results 

To  gain  a  certain  confidence  in  our 
numerical  model  wo  have  compared  our 
results  to  those  given  by  Haskell  and 
Ursell  /5/  (the  numerics  kindly  fur¬ 
nished  by  professor  Ursell)  for  a  cir¬ 
cular  cylinder,  starting  fro-m  rest  with 
an  initial  displacement.  Their  solu¬ 
tion  is  based  on  linear  theory  and  on 
a  semi-inf inite  fluid  domain.  To  esti¬ 
mate  the  influence  of  our  periodicity 
assumption  we  tiavc  Bodified  the  results 
of  Haskell  and  Ursell  by  introducing  a 
series  of  pulsating  sources  at  a  dis¬ 
tance  L  apart  and  with  source  strengths 
given  from  the  rate  of  change  of  the 
displaced  volume  of  the  cylinder  (for 
details:  sec  reference  /7/) .  The  sur¬ 
face  elcNAtion  from  these  sources  at 
the  *  of  the  cylinder  is  then 
intrc  .  <  into  the  long-wave  theory, 
yieK  1'..  v»  e  broken  lino  on  figure  5, 

Wo  have  then  run  our  program  for  a  re¬ 
lative  displacement  y(0)/R  >  0.05  and 
R/L  ■  1/30  (L  as  given  on  figure  1). 

The  results  seem  to  agree  well  with  the 
r^dified  linear  theory. 

Figure  6  shows  our  numerical  results 
for  y(0)/R  •  0,05  and  0.9  ,  with  the 
intormodiate  values  discarded.  The  re¬ 
sults  do  not  seem  to  be  greatly  affec¬ 
ted  by  the  nonllncaritlcs,  oven  for  the 
extreme  case,  y(0)/R  •  0.9.  The 
largest  deviation  from  the  small  ampll- 


Flgurc  5  Motion  of  a  freely  floating 
circular  cylinder  with  small 
initial  displacement  (y(0)/RB 
0.05) 


Figure  6  Motion  of  a  freely  floating 

circular  cylinder  with  diffe¬ 
rent  initial  displacements 

tude  solution  occurs  for  the  accelera¬ 
tion  at  t  ■  0,  where  it  is  about  40% 
larger  in  magttitude.  However  this 
value,  y(0)R/y(0)g  •  0.901,  is  in  good 
agreement  with  the  results  of  Kaplan  and 
Silbert  /)3/,  yielding  the  exact  value: 
0.910. 

In  reference  /$/  Faltinscn  has  given 
some  results  for  forced  harmonic  heave 
notion  of  a  circular  cylinder  starting 
from  rest.  With  minor  changes  our  pro- 
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Figure  7  Hydrodynamic  force  on  a  half  submerged  circular  cylinder  in  forced  heave  no¬ 
tion#  y(t)  “  A3  The  linear  restoring  force#  -2ogRy(t)#  is  excluded. 

R  is  the  radius  of  the  cylinder 


Figure  9  Hydrodynamic  xorcc  on  circular  cylinder  for  different  amplitudes  of  forced 
heave  notions 
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gran  was  nodlficd  to  deal  with  this 
problen,  and  coaparisons  of  the  tcsults 
with  the  ones  from  reference  /6/  arc 
shown  on  figures  7  and  8. 

Figure  7  clearly  shows  that  both 
Faltlnsen's  and  our  results  agree  well 
with  linear  theory  for  sisallcr  aDpll«* 
tudes  of  oscillation  (A^/R  ■  0.05). 

When  comparing  the  results  for 
larger  aaplitudes  (A^/R  >  0.6)  rather 
large  discrepancies  occur  ,  as  shown  on 
figure  7.  The  asymptotic  expansion  of 
the  force  for  t  0,  developed  in 
reference  /7/: 

-  Fq  *  r,t  (21) 

is  drawn  on  figure  8.  The  two  numerical 
solutions  seem  to  agree  well  with  It  for 
small  values  of  t»  which  docs  not  indi¬ 
cate  that  any  of  then  is  In  error.  The 
plot  on  figure  8  of  the  linear  solution 
does  not  give  any  clear  indication 
either.  Both  solutions  are  that  far 
away  from  this  curve  that  no  conclusion 
can  be  drawn. 

What  can  cause  the  differences  be¬ 
tween  the  results  given  by  the  two 
cethods?  Faltlnsen's  thorough  dis¬ 
cussion  of  his  b<t)-value  and  the  re¬ 
sults  of  figure  5  rule  out  that  the 
matching  between  the  "inner  problem" 
and  the  "cuter"  can  be  the  source  for 
the  discrepancies.  Further  more:  the 
initial  distribution  of  elements  along 
the  free  surface  and  on  the  body  is  the 
same  in  both  cases.  The  time-stepping 
procedure  Is  not  expected  to  give  rise 
to  largo  errors;  both  Faltlnsen's 
(Runge-Kutta)  and  the  present  (Kimwlng's 
P/C)  are  expected  to  be  stable  and  have 
rather  stwU  round-off  errors.  The 
differences  between  the  methods  appear 
in  the  way  Laplace's  equation  Is 
solved,  the  way  the  force  is  calculated 
and  where  the  "narked  particles"  are 
situated  on  the  elements,  without  much 
detailed  knowledge  about  Faltlnsen's 
numerical  results,  it  Is  hard  to  say 
which  causes  the  difference.  The  solu¬ 
tion  of  Laplace's  equation  Is  probably 
not  the  one.  In  this  case  the  csrors 
would  expectedly  had  shown  up  for  small 
amplitudes  also.  Though  the  calcula¬ 
tion  of  the  force  Is  different,  it  is 
not  expected  to  cause  the  trouble;  a 
check  by  applying  Faltlnsen's  method  on 
our  numerical  solution  did  not  give 
rise  to  differences  of  the  actual  order. 
What  wo  then  arc  loft  with  is  the  way 
the  particles  on' the  free  surface  are 
situated  and  how  their  velocities  are 
calculated.  Especially  the  position  of 
the  particle  closest  to  the  body  is  of 
importance,  both  for  estimation  of  the 
wetted  surface  (and  hence  the  static 
force)  and  because  of  the  possible 
singularity  at  the  intersection  point 
between  the  body  and  the  free  surface. 


(sec  discussion  in  ref.  /7/).  It  is 
difficult  to  draw  any  conclusions  from 
the  fact  that  Faltlnsen's  "closest  par¬ 
ticle”  is  about  half  the  distance  away 
from  the  body  compared  with  our  "closest 
particle".  To  place  the  particle  too 
close  to  a  singularity  (even  if  it  is  a 
weak  one)  can  cause  trouble  wnen  the 
numerical  procedure  is  based  on  non¬ 
singular  velocities.  On  the  other  hand: 
if  the  solution  is  non-singular  at  the 
intersection  point,  to  put  the  particle 
closer  to  the  body  will  give  a  better 
fit,  and  expectedly  a  better  solution. 

C.M.  Lee  /9/,  Parlssis  /10/  and 
Potash/11/  have  developed  second  order 
perturbation  solutions  for  forced  oscil¬ 
lations  of  a  circular  cylinder.  These 
theories  predict  the  amplitude  of  the 
second  order  force  to  be  about  1/3  of 
that  of  the  first  order  (for  fi/S7g«1.0, 
A3/R  ■  0.6),  Faltlnsen's  linear  calcu¬ 
lations  indicate  that  steady  state  is 
(approxitoately)  reached  at  Ot  «  2.0, 
These  two  statements  indicate  that  the 
solution  Is  expected  to  be  within  i  501 
of  the  linear  solution  from  Ot  is,  say 
1.5,  which  is  hardly  the  case  for  either 
of  the  two  numerical  solutions.  The 
experlraents  of  Tasal  and  Kotcrayama  /12/ 
do  not  seem  to  give  any  additional  in¬ 
formation.  We  arc,  in  other  words, 
forced  to  conclude  that  we  are  unable  to 
deternine  which  of  the  two  nonlinear 
methods  is  most  in  error. 

Figure  9  shows  our  results  for  vari¬ 
ous  amplitudes  of  forced  motions.  Notice 
that  for  A^/R  •  0.8  the  cylinder  leaves 
the  water  when  Ht  is  about  1>0. 

Finally  we  have. simulated  the  mot¬ 
ions  of  a  ship-like  body  in  beats  seas 
and  tried  to  compare  our  results  with 
those  of  model  tests  corried  out  at  the 
Norwegian  l^ydrodynamlc  Laboratories. 
Because  of  the  computer  costs  we  tried 
to  start  the  simulation  in  the  middle  of 
the  run  and  had  to  estimate  the  initial 
conditions.  Even  thoiigh  wo  had  8  wave 
recorders  working  in  the  experiments, 
the  near  field  wave  elevation  was  not 
available,  and  the  same  was  the  case 
with  the  velocity  potential  along  the 
free  surface.  We  therefore  chose  the 
arbitrary  initial  condition  that  the 
free  surface  elevation  and  the  potential 
along  it  were  given  from  the  linear  wave 
theory,  with  a  phase  estimated  from  the 
8  wave  records.  The  initial  position 
and  velocity  of  the  body  were  taken  from 
the  model  testt*.  On  figure  10  the  ini¬ 
tial  conditions  arc  shown. 

Some  of  our  results  are  shown  on 
figures  11  and  12.  We  have  here  fol¬ 
lowed  the  development  in  time  for  about 
one  wave  period.  During  this  time  the 
body  has  drifted  against  the  wave,  which 
seems  rather  strange.  If  we  examine  the 
sketches  closer  we  observe  unexpected 
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cities  given  fron  sodol 
tests 

Figure  10  InitlsI  conditlcns 

Have  steepness  «  0.0&4 

Wavelength/ 

beam  of  body  >  1.0 

Have  period/natural 
roll  period  of  body  •  1.0$ 

irregularities  on  the  free  surface  up  to 
the  time  of  the  order  t  ■  T/2.  Further 
x&ore  the  vessel  seem  to  oscillate  in 
time  at  a  period  closer  to  the  charac¬ 
teristic  period  in  roll  than  to  the  wave 
period  (this  seems  partly  to  be  the  case 
for  the  experiments  too)  and  with  a  net 
completely  developed  steady  list.  All 
these  observations  indicate  that  the 
initial  conditions  arc  not  properly 
chosen  to  fit  into  a  steady  state  con¬ 
dition,  and  for  sure  not  to  match  the 
experimental  results. 

On  figure  12  we  have  plotted  the 
calculated  roll  angle  as  a  function  of 
time  together  with  the  measured  roll 
angle.  In  cur  opinion  the  agremont  be¬ 
tween  the  numerical  and  experimental  re¬ 
sults  is  fairly  good  considering  the  ex¬ 
treme  roll  angles  wo  have  simulated  (as 
well  as  the  uncertainties  connected 
with  the  initial  conditions). 

More  recently  Or.  Greenbow  has  run 
the  program  for  a  breaking  wave  acting 
on  the  wavo-powcx  device,  "Salter's 
Duck",  and  has  found  good  agreement  with 
measurements.  Kis  results  will  be  pub¬ 
lished  later. 

Conclusion 


A  numerical  time-stepping  proce¬ 
dure  has  been  presented,  calculating  the 
nonlinear  motions  of  2-D  surface- 
piercing  bodies  in  beam  seas. 

The  notions  of  a  freely  floating 
circular  cylinder  initially  displaced 
from  equilibrium  arc  calculated.  For 
small  initial  displacement  the  results 
agsee  well  with  the  linear  theory  of 
Maskoll  and  Ursoll.  Even  for  initial 
displacements  of  0.9  R  there  seem  to  be 
only  minor  nonlinear  effects,  except  in 
the  initial  acceleration.  The  forces 
acting  on  a  circular  cylinder  in  forced 
heaving  notion  have  also  been  calculated 
For  small  amplitudes  of  motions  (A./p 
0.1)  the  results  agree  well  with  linear 
theory.  For  larger  amplitudes  of  mo* 


Figure  11  Motion  of  the  body  and  the 

fice  surface  as  a  function  of 
tltse.  T  is  the  initial  linear 
wave  period 


T»tcr^oc‘«'4t< 
C»r.eo  fpi! 


Figure  12  Roll  motion,  plotted  versus 
cxperimontal  results 


tions  (A3/R  •  0,6)  we  have  compared  our 
results  with  those  of  Faltinson  finding 
large  discrepancies  in  the  vortical  for¬ 
ces.  He  arc  not  able  to  explain  why 
those  deviations  occur. 
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Aa  exat&ple  o£  the  tactions  of  a  ship- 
like  body  in  beas  seas  is  presented. 
These  results  are  conpared  with  those  of 
i&odel  tests,  shoving  fairly  good  agree¬ 
ment.  The  discrepancies  between  the 
theoretical  results  and  the  taodel  tests 
are  expected  to  be  due  to  the  lack  of 
proper  data  for  the  Initial  conditions 
used  as  input  to  the  computer  program. 
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Appendix 

Development  of  equations  13,14  and 
IS. 


Figure  A. 1 . 

The  value  of  p  along  the  wetted 
part  of  the  body  surface  is  given  accor¬ 
ding  to  equation  8  as: 

e  •  -J§P^  ♦  Ugly-y^j)  -  Vq(x-Xq)  (A.1) 

where  R,  (xQ,yQ)^and  (x.y)  are  given  on 
figure  A.I  '*and  vq  ■  u-t  ♦  Vq3  f®  the 
velocity  vector  or  tho^center  of  gravity 
G. 

If  we  follow  the  point  P,  fixed  to 
the  body,  the  change  in  time  of  the 


264 


strcaa  function  bccoses: 

dUg  . 

3t-  •  *y-yG'3r  •  "cst'y-vc' 

■‘=‘‘*g'  tI  ■  ''g 

-iR^  il  - 


<lf'p  '  ar  -  Vp-t9«.)p  ■  (y-yo>*c 

-(X-Xjjyg-  iR^e  •  XgV  -  y^u 
♦  e ( (Xg-u) (X-Xg)  *  (y^-v) (y-yg) )  (A. 9) 

which  is  identical  to  equation  13. 


where  the  operator  i/dt  indicates  the 
change  in  tine  when  actually  following 
the  point  . 

According  to  Chasles  theorea  (sec 
reference  /14/)  we  have: 

I^Cx-Xg)  .  -9(y-y^) 


(A. 3) 

^(y-yg)  .  e(x-x^) 

Substituting  this,  together  with 
^/dt  r2  •  0,  into  equation  A. 2  yields: 

-  2 

ar  •  'r^G'^G  ■  '“•’‘Gi’G  •  i®"* 


Writing  (3^/9t)p  in 
fonaj  ^ 


.^1 


3^ 


Tt 


-Jww*  -  gy  ■ 


the  following 


ir® 


3<'4 

IT 

(A. 10) 


on  the  free  surface  we  will  find  a 
unique  solution  on  C,  given  as  equation 
14: 


*  *iSt^  “  ®lt^G  *  ®2t^G  *  *®4t 

(A. 11) 


t  5(x<,(x-X(j)  .  yg<y-yg))  (A. 4) 

equation  A. 4  is  based  purely  on  the 
doternination  of  ^  froa  equation  $, 
which  only  ta)(e$  into  account  the  rigid 
body  action.  Fro.a  "the  fluid’s  point 
of  view"  iS'p/dt  can  be  expressed  as 
follows:  ^ 


where  g.  .  j  •  1,2,3  are  found  from  the 
following  problen: 

•  0  on  the  free  surface 

^  on  the  body 


3t»  •* 

where  Vp  is  the  (rigid  body)  velocity 
of  the  point  P; 


together  with  the  honogonous  boundary 
conditions  on  the  bottom  and  on  the  ver¬ 
tical  boundary  lines.  B.*.  is  then  found 
fron: 


94  , 

Ti  JT 


on  the  free  surface 


Vp  -  (x^-Sfy-y^))!  .  (y^'-eix-x^,))] 

{A. 6) 


on  the  body 


and  (7i^)p  gl^cn  in  teras  of  the 
velocity,  V  ■  ui  ♦  vg,  of  the  fluid 
particle  at  the  point  P; 

(74)p  •  -vT  •  u3  (A. 7) 

yielding: 

Vp'  (V\^)p—XQV»yQU*5  (  (x-Xq)u*  (y-y^)v) 

(A. 8) 

Combining  equations  A. 2,  A. 5  and  A. 8 
then  finally  gives: 


together  with  the  same  homogenous  bound¬ 
ary  conditions  on  the  rest  of  C. 

The  solutions  as  such  are  found  by 
icplaclnq  (♦  ♦  Iti-)  by  (3^/$t*i  3<-/3t) 

In  equation  5.  This  means  that  the 
matrix  of  the  set  of  linear  equations  is 
unaltered  (from  the  problem  of  finding 
(♦  ♦  111/)),  while  the  right  hand  side 
vector  has  to  be  reestablished  for  each 
problem. 

The  generalized  forces: 

•  -  I  p  n^  d  C  (A. 13) 
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acting  on  the  body  fron  the  fluid  now 
can  bo  calculated  as: 


‘"WET 
*  ^  * 


3»j 


*♦35 

5t-* 


Jww*  ♦  gy)njdC 


(A.14) 


where  n  is  the  generalized  norsal 
vector  conponent.  Now  A  ,  of  equation 
15,  is  found  as; 

Set 

and  Fp  as: 

t  3d . 

Fp  ■  -  Ip(“5|  *  Jw*w*  ♦  gyJnpdC  (A. 16) 
c 

It  is  now^slly  seen  that  Ap^  only  de¬ 
pends  on  the  geoTsetric  forn  of  the  con¬ 
tour  C,  while  F_  depends  on  this  geo- 
RCtrlc  form  plus  y^,  e  and  the 
special  distribution  of  the  fluid  velo¬ 
city. 
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DISCUSSIONS 
of  the  paper 

by  Tor  Vmje  end  per  8rev<s 

nonlinear  ship  motions 


Olscossfon 

EyTTTSwsen 

J  restoring 

^ftt  in  the  equation  of  equilibriua.  it  seeas 
to  loe  t^t  this  is  the  reason  for  certain  dis¬ 
crepancies  versus  experiaent  that  you  seeoed  to 
^  f‘  *5  insuntaneous 
SJri  r  that  the  weight 

Is  ^Th!?  *ts  lever  for  restoring  ooment  refers 
^turn.  is  obtained  accor- 
^  of  aechanics  by  resul- 

ting  instantaneous  dynaaic  force  and  oasent  due 
«  distribution  along  the  contour 

as  coeputed  by  your  routine. 

5*’“''*  I'®*'*’  W"*'  <•'"1“  ’Roll 

t«-d<aensional  forms",  HSVA  report, 
11®®'  Instantaneous  axis  ^ 

the  full  oechanlos  of  the  probleo  is  done  for 
rolling,  non-eapsiting  bodies  at  free  osctlla- 
tions  -as  I  reoeaber  now. 

Authors'  reply 


question  goes  wre  on 

classical  aechanics  than  on  hydrodynaolcs  and 
Tfc!!’  therefore  try  and  answer  very  briefly. 

The  problem  is  in  principle  stated  in  a  way  that 

ccKitBOn  way  of  formula- 
tion  ship  notion  problems.  What  it  then  boils 
down  to  is  :  if  it  is  permissible  to  use  the 
center  of  gravity  of  the  rigid  body  as  a  refe¬ 
rence  point  for  the  motion  of  this  body  ihc 
answer  is  undoubtedly  yes,  and  I  will  only 
trlfii  d2  Lifshitz  :  Course  of  Theore¬ 

tical  Physics,  Yol.  I,  Mechanics,  §  34  for  a 
further  discussion.  Or.  Thomsen’s  suggestion 
that  the  Instantaneous  center  of  rotation  should 
reference  point  has  the  advantage 
that  only  the  rotation  will  become  an  unknown  ^ 
quantity  directly  connected  to  the  motion  of  the 
body.  On  the  other  hand  the  equation  of  motion 
will,  for  this  finite  displacement  problem, 
becotse  a  mess  and  in  addition  the  position  of 
integrated  in 

time.  This  method  will  be  preferable  for  ©any 
problems  in  classical  mechanics,  but  I  doubt 

Olseussion 
by  Choung“>i.  lee 


larger  than  the  measured  values  at  the  resonant 
frequency.  This  discrepancy  has  been  understood 
to  be  due  to  the  absence  of  viscous  damping  in 
the  calculation.  The  good  agreement  you  have 
shown  in  Figure  12  seems  to  imply  that  an  accu¬ 
rate  pressure  calculations  at  the  instantaneous 
position  of  the  body  is  sufficient  to  predict 
roll  notion  accurately,  without  introducing  the 
viscous  damping  in  the  equations  of  motion.  Do 
ywi  have  any  cocreent  on  this  point  7 

Authors*  reply 


we  will  thank  Or.  lee  for  asking  this 
question  that  points  out  that  we  have  not  stres¬ 
s'  properly  :  the  basis  for  the  results  of  our 
figure  12.  Hjoely,  the  initial  conditions  for  the 
ti^  history  shown  are  picked  from  the  experimen¬ 
tal  data.  What  is  then  compared  are  the  experi¬ 
mental  results  and  the  numerical  calculations 
bas^  on  the.saee  initial  condition  (for  t  •  0 
on  the  figure;,  since  the  damping  is  small,  the 
wtiors  s^wn  on  the  figure  are  dominated  more 
by  the  initial  conditions  than  by  the  integrated 
damping  effect.  One  has  to  bear  in  mind  that  we 
originally  were  aiming  at  capsizing  of  smaller 
vessels,  where  everything  happens  that  fast  that 
the  damping  )s  not  expected  to  play  any  important 
wle  (even  though  it  is  of  great  importance  for 
the  initial  values  chosen  for  the  vessel  motions 
in  this  case).  I  hope  this  answers  Or.  Lee's  ques¬ 
tion. 


Discussion 
by  A,  Papanikolaou 


Hluainating  the  background  of  ay  follo¬ 
wing  questions  I  would  like  first  to  refer  to  a 
P«P«^,P»‘$5cnted  by  H.  Nowacki  and  myself  last 
f»n  In  Tokyo  111  (I3th  ORR  Syno.  1980)  and  sooe 
orevlous  work  of  oine  cited  in  [1|  .  In  tiy  opl- 
"  *''P'"'.fee!luercy-d(wain-teehnigoes  like 
ref.  I9|  -  (111  in  your  paper  and  (l|  (i.e.  : 
regular  perturbation  expansions,  frequency- 
d^jn  transfer  model  assumption  and  solution 
"^1*'  8VP  by  integral-equation  methodsiare 
till  today  much  more  successful  in  treating 
any  nonlinear  sMp-notions  related  problems 
(20  case)  than  any  of  the  kr.own  time  domain 
techniques,  Faltinsen's  work  (1977)  included. 

I  would  appreciate  the  answers  or  cocnents  of 
the  authors  to  ay  following  objections  : 


I’'•«ll«‘l0''  oased  on 

potential-flow  theory  nomally  is  significantl. 


!.-  Old  you  conpare  your  results  for  other  than 
the  indicated  section  forms,  e.g.  for  more  dif¬ 
ficult  shapes  like  triangles,  with  frequency- 
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doaaifi-tcchniques  results  ?  Because  our  theore¬ 
tical  results  in  lU  arc  in  very  good  agreewnt 
•with  cxperitsenUl  data  by  Tasai-Koterayaw  (1976) 
and  YanashiU  (1977;  why  dlo  y  not  trust  in  a 
coawrison  with  these  well  known  results  (forced- 
heaving-second  order)  ? 

2. -  Your  aica  in  this  paper  was  apart  from  the 
treatment  of  the  initial  behaviour  of  oscillating 
ships  the  computing  of  the  periodic  but  nonlinear 
forces  motions  etc»  when  initial  phenomena  have 
gone  to  zero.lhth  reference  to  your  fig,  7,  8,  9 
after  how  fi>any  time  did  you  establish  a  periodic 
solution  and  at  what  period  if  at  all  ?  In  fig. 

9  tor  A3/R  ■  0.8  and  SI  t  'v  1.1  your  cylinder  is 
leaving  the  water.  What  is  then  the  meaning  of 
your  definition  for  ? 

3. -  Did  you  include  in  your  considerations  drif¬ 
ting  forces  ?  Oft  page  6  (below)  you  ccfttioned 
that  the  booy  runs  against  the  wave.  Oo  you 
mean  it  is  a  negative  horizontal  drifting  force 
present  and  now  can  be  explained  this  in  terms 
of  potential  theory  by  momeniun  considerations 
(haruo  (I960))  ? 

Concluding  I  can  not  see  any  ieprovenent  in 
comparison  to  already  existing  solution  proce¬ 
dures.  But  I  concede  that  there  are  some  good 
reasons  to  expect  that  a  well  working  time 
domain  technique  can  be  very  successful  in 
studiing  for  example  capsizing  problems  or 
BVR  with  initial  conditions. 

Referance 

Ill  A.  Papanikolaou,  H.  Nowacki.  ■Second-Order 

Theory  of  Oscillating  Cylinders  in  a  Regu¬ 
lar  Steep  Vave'.  P-oc.  13th  Syrsp.  Naval 

H^rod.,  Tokyo,  1980 

Authors'  reply 

The  answer  to  Or.  Papanikolaou'*  first  ques¬ 
tion  is  negative  ;  we  have  not  coa,'»red  our 
theory  with  results  for  forced  hca.e  motions  of 
other  bodies  than  circulai.  neither  have  we  tried 
to  reach  the  steadv-state  solution  in  our  simu¬ 
lations.  We  would  like  to  stress,  however,  that 
we  had  no  intention  of  reaching  the  >teady  state 
solution,  since  this  solution  obviously  would  be 
influenced  by  our  assumption  about  periodicity. 
Our  only  aim  with  ti-e  forced  heave  simulations 
has  been  to  get  a  certain  amount  of  confidence 
in  our  numerical  scheme,  we  feel  that  this 
confidence  to  a  certain  extent  is  confirmed  by 
the  comparisons  presented  in  this  pap-r. 

\s  stressed  in  the  presentation,  the  parame¬ 
ter  A3  is  defined  as  the  amplitude  of  v 
heave  aiotlon.  In  figure  9  we  indicate  *1  v  t^i*» 
cylinder  leaves  the  water  for  A3  eqvais  ..C  0, 
Under  radius.  This  might  be  due  to  n.«52ri  si 
errors,  Since  small  ^-rors  in  the  surface  r’^>;ile 
near  the  intersection  point  easily  could  re>uU 
in  a  "non  surface-piercing"  cylinder.  On  the 
other  hand  we  can  not  see  any  reason  (either 
physical  or  theoretical)  that  the  cylinde**  can 
not  leave  the  water  at  smaller  .^-aving  amplitudes 
than  its  radius. 

Regarding  Or.  Papanikolaou' s  third  question. 
^  would  llk(  to  stress  that  our  fon-ulation  of 


the  problem  IS  a  fully  non-linear  one,  and  in 
additioii  <s  transient  in  time,  whicS.  ^'eans  that 
talking  abwt  drift-forces  has  no  sense.  We 
agree  with  Or.  Papanikolaou  that  second-order 
frequency-docBain  analysis  are  powerful  tools  for 
ship  motion  problems,  but  we  doubt  that  such 
methods  can  be  used  to  describe  the  capsizing 
problem. 
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A  NUMERiCAL  SIMULATION  OF  LARGE  AMPLITUDE  SLOSHING 

rhom«i  8ridg«s 
Oce«n  EnQiM^ftAg  Program 
Tex*$  A  St  M  UnivMftity 
College  Steoon,  Texes  7^43,  U  SA 


Abatrect 

The  voluac  of  fluid  technique,  lu  coablna- 
tion  with  the  SOLA  algorltha,  has  jeen  codified 
to  slculato  tvo>dlcenilonal  liquid  aloih.'ng  In 
a  novlng  container.  A  literature  revlcv  shows 
that  previous  nuaerlcal  Investigations  have  r.ot, 
taken  into  account  the  coving  boundary  condl* 
tlons,  at  the  tank  valla,  and  large  surface 
displaceaents.  A  bo/ing  coordinate  system  Is 
umJ.  reJuflnj  the  tJl.'..  to  rest,  and  tteklng 
the  vaL'  boundary  conditions  noaogeneous.  A 
new  technique,  kn  s».  as  the  volume  of  fluid 
technique,  is  used  to  track  the  free  surface. 

It  is  not  restricted  to  gentle  surface  slopes 
or  single  valued  surfaces,  baffles  can  be 
easily  Introduced  when  using  this  eethod  ind 
results  of  both  baffled  and  unbaffled  tanks 
are  shoyn.  The  study  shovs  that  dynamic  loads 
due  te  large  amplitude  tank  excitation  tan  be 
ccaputed  numerically. 


1»  Introduction 

An  analytic  study  of  the  liquid  notion 
In  an  accelerating  container  Is  not  new,  nor 
1#  It  a  specialized  phenomena.  Liquid  slosh¬ 
ing  Includes  such  practical  problems  as  earth¬ 
quake  Induced  la.ee  oscillations,  harbor  os¬ 
cillations,  tank  trucks  on  highways,  liquid 
fuel  In  spacecraft,  and  sloshing  of  liquid 
cargo  In  oceangoing  vessels.  Early  analytic 
studies  were  crude  until  the  1950*8  when  man's 
exploration  Into  space  required  accurate  know¬ 
ledge  of  the  effect  of  slosh  Induced  loads  on 
vehicle  trajectory,  Analytic  studies  became 
»re  sophisticated,  but  most  of  the  propellant 
dynamics  problems  were  concerned  with  the  re¬ 
latively  low  amplitude  slosh  encountered 
during  flight  (1|.  Ihe  more  complex  problems 
were  solved  by  experimental  rather  than  analy¬ 
tical  techniques. 


In  the  1960’s,  as  .arger  and  larger 
liquid  natural  gas  (LNC)  tsnkers  were  pro¬ 
duced,  It  became  obvious  that  slosh  generated 
loads  must  bo  taken  Into  account  in  tank  and 
support  structure  design.  Accounting  for 
liquid  impact  loads  In  cargo  tanks  is  not 
restricted  to  LNG  csrrlero  since  similar 
problems  have  been  experienced  in  other  types 
of  liquid  transport  ships  such  as  bulk  oil 
carriers.  However,  several  fsetors  make 
slosh  loads  more  Important  with  regard  to  LKG 
ship  design.  In  addition,  the  need  for 


continued  evaporation  to  maintain  low  tempera¬ 
tures  results  In  LNC  tanks  being  partially 
full;  a  condition  creating  the  highest  Impact 
loads  from  liquid  sloshing.  This  Is  discussed 
In  more  detail  In  Ref.  6. 

Although  a  number  of  simplified  analytic 
techniques,  some  linear  and  some  nonlinear, 
have  appeared  In  the  literature,  very  few 
numerical  Investigations  have  appeared,  leng 
18)  used  a  3-D  version  of  the  Marker  and  Cell 
(MAC)  method  to  study  sloshing  In  a  rectangu¬ 
lar  tank.  He  acknowledges  the  difficulty  with 
thin  method  and  the  results  reported  Indicate 
the  presence  of  an  Instability.  Beside?  re¬ 
quiring  extensive  computer  time  anl  storage, 
extensive  logic  Is  necessary  to  maintain  an 
adequate  number  of  marker  particles  on  the 
free  surface  {20).  Faltlnsen  {?)  suggests  a 
boundary  Integral  technique  for  numerically 
simulating  sloshing,  which  satisfies  the  non- 
linear  boundary  condition  at  the  free  surface. 
The  method  is  transient  and  includes  an  arti¬ 
ficial  ”vl.‘eoslty.'*  Howev-r,  a  fixed  coordin¬ 
ate  systvm  is  used,  limiting  the  amplitude  of 
the  tank  uotlon,  and  the  surface  Is  represented 
by  a  single-valued  function  of  the  horizontal 
coordinate.  A  recent  paper  by  Nakayaaa  and 
Uashlzu  {18)  uses  the  finite  clement  method  to 
represent  the  fluid,  A  moving  reference  frame 
Is  employed,  allowing  large  amplitude  excita¬ 
tion,  and  the  nonlinear  free  surface  boundary 
conditions  are  addressed  using  an  "Incremental 
procedure.”  Since  the  finite  element  method 
Is  a  Lagranglan  technique,  the  method  will  en¬ 
counter  severe  difficulty  when  large  fluid 
distortions  arc  encountered,  limiting  the 
method  to  "gentle"  sloshing.  Some  additional 
numerical  studies  of  sloshing  have  been  dis¬ 
cussed  by  Kerezek  (15). 

In  this  paper,  a  recently  developed  numer¬ 
ical  method  is  modified  to  address  the  unique 
nature  of  the  sloshing  problem,  The  method 
allows  large  amplitude  roll  and  pitch  excita¬ 
tions,  sleep  and  multi-valued  free  surfaces 
and  baffles  can  be  easily  Introduced. 

The  method,  which  combines  the  SOLA  al¬ 
gorithm  with  4  versatile  fluid  surface  track¬ 
ing  algrolthm,  haa  recently  been  developed  at 
Los  Alamos  Scientific  Laboratory  by  Hire  and 
Nichols  (13).  An  experimental  version  of  this 
algorithm,  known  as  the  volume  of  fluid  (VOF) 
technique,  was  first  suggested  in  Ref.  20. 
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The  originators  h-ive  since  refined  the  aethod 
and  applied  it  to  several  prohleas  including 
nuclear  reactor  vent  clearing  hydrodynanlcs 
(21).  This  netliod  allows  steep  and  highly 
contorted  free  surfaces.  Actual  fluid  regions 
arc  traciked,  not  surfaces,  while  the  location 
of  the  fluid  iaplies  an  implicit  knowledge  of 
the  location  of  the  interface.  This  new 
metfod  is  based  on  a  function  whose  value  is 
un:,ty  at  any  point  occupied  by  fluid  and  zero 
elsewhere.  The  average  value  of  this  function, 
F,  in  a  grid  cell  then  represents  the  fraction* 
al  volume  of  the  cell  occupied  by  fluid.  Thus, 
a  unit  value  of  F  indicates  the  cell  is  full 
of  fluid,  while  ^  zero  value  indicates  an 
empty  cell.  Celia  with  F  values  between  zero 
and  one  must  then  contain  an  Interface.  Thus, 
only  one  variable  per  cell  is  stored,  which  is 
equivalent  to  the  storage  requirement  for  all 
other  flow  variables.  In  addition,  the  F  dis* 
trlbutlon  used  in  the  VOF  method  has  sit  the 
remaining  properties  desired  of  an  interface 
tracking  scheme.  Surface  locations,  slopes 
and  curvatures  are  easily  computed  fur  the 
setting  of  boundary  conditions  and  the  F  dis* 
trlbutlon  con  be  advanced  In  time  by  advcction 
through  the  Eulerlan  grid.  However,  since  F 
is  a  step  function,  i*  is  necessary  to  use 
special  advcction  a4.^orithns.  The  encouraging 
resulte  obtained  by  Nichols  and  Hirt  (21)  on 
reactor  hydrodynamics  /nd  the  Inherent  flexi¬ 
bility  of  this  method  suggest  its  use  for 
numerical  st'ulatlon  of  sloshing. 

In  an  Eulerlan  frame  of  reference,  the 
entire  flow  field  is  discretized  into  a  com¬ 
putational  mesh  and  the  computation  of  the 
flow  field  variables  proceeds  as  a  function 
of  time  at  fixed  spatiel  points.  This  dis¬ 
crete  Eulerlan  grid  system  does  not  readily 
accoanodate  the  continuous  motion  of  solid 
bodies. 

In  the  case  of  liquid  sloshing,  the 
fluid-lank  Interface  is  travelling  through 
a  finite  difference  grid  system  and  will  not, 
in  general,  coincide  with  the  computational 
cell  boundary  at  the  end  of  each  time  step. 

This  solid  boundary-computational  cell  non- 
alignment  will  require  complicated  logic  for 
the  setting  of  boundary  conditions  and  will 
likely  lower  the  order  of  accuracy. 

For  this  reason,  it  may  be  convenient  to 
choose  a  frame  of  referenvc  relative  to  which 
the  boundary  is  at  rest.  This  is  accomplished 
by  a  non-incrtlal  coordinate  transformation. 

The  Eulerlan  grid  is  in  essence  "attached"  to 
the  tank  containing  the  fluid.  The  effect  of 
this  attachment  is  the  addition  of  relative 
acceleration  terms  ixi  the  equations  of  motion. 

2.  Mathematical  Formulation 

The  fluids  considered  are  homogeneous, 
viscous,  Newtonian  and  almost  incompressible. 
For  simplification,  the  tank  and  fluid  motion 
arc  atsivmed  to  be  two  dimensional  in  space. 

The  domain  will  be  an  enclosed,  rigid  rectangu¬ 
lar  container  partially  filled  with  liquid. 

The  physical  lavs  governing  the  fluid  motion 
include  the  conservation  of  mass  and  conserva¬ 
tion  of  Bomentm. 


For  an  incompressible  fluid,  the  density 
would  be  constant  and  the  fluid  would  be  non- 
dlvergent.  Since  it  may  be  desirable  for  the 
fluid  to  be  slightly  cotspresslbXe,  in  sotse 
cases,  chls  concept  is  included.  A  discucsion 
and  derivation  of  this  concept  and  its  intro¬ 
duction  into  incompressible  hydrocodciS  can  be 
found  in  a  paper  by  Hire  and  Njchols  (12).  If 
ve  normalize  the  fluid  mean  density  to  one, 
the  modified  continuity  equation  becomes, 

Wi  +^•0  =  0 

where  c  is  the  adiabatic  speed  of  sound  in  the 
fluid. 

Conservation  of  momentum  requires  Chat 
the  rate  of  change  of  linear  momentum  of  the 
fluid  be  balanced  by  tbc  sum  of  the  forces 
acting  on  the  fluid.  Before  writing  this 
equation  it  is  necessary  to  discuss  the  modi¬ 
fication  necessary  when  the  equation  is  re¬ 
ferred  to  a  set  of  moving  axes. 

The  acceleration  of  an  element  of  fluid 
relative  to  the  moving  frame  of  reference  may 
be  different  from  the  absolute  acceleration 
in  the  Newtonian  frame  of  reference,  and  th^ 
equations  of  motion  must  be  modified  accord¬ 
ingly.  A  rigorous  derivation  of  the  relation¬ 
ship  between  a  moving  frame  and  a  fixed  frame 
can  be  found  in  any  thorough  text  on  mechanics 
of  partlcles|23).  Simply  stated;  if  ve  assuoe 
the  tenk  is  rotating  about  a  fixed  point  in 
Newtonian  space,  the  absolute  acceleration  of 
a  fluid  clement  is 

A  -  a  +  2nx0  +  Sxr  +  nx(sjxr)  (2.2) 

where  r,  u,  a  are  Che  position  vector,  velo¬ 
city,  and  acceleration  of  the  fluid  element 
relative  to  the  moving  frame,  and  is  the 
angular  velocity.  The  equation  of  motion  then 
becomes; 

A  =  F  (2.3) 


where  F  Includes  the  pressute,  gravitational, 
and  viscous  forces  per  unit  mass.  The  equa¬ 
tion  of  motion  of  a  fluid  element  in  the 
moving  frame  Is  therefore  identical  in  form 
with  that  in  an  absolute  frame,  provided  ve 
add  the  additional  accelerations  to  the  right 
hand  side  of  the  equation  and  refer  to  them 
as  fictitious  body  forces. 

The  iM>dlflcd  equation  of  notion  then  be¬ 
comes: 

IV  +  U-vO  +  VI*  - 

d  I 

(2. A) 

-gvh  -  2nxu  -  nxr  -  nx(nxr)  +  vv’O 


vhere  Vh  is  the  rste  of  increase  of  elevstion, 


In  this  the  tank  is  tvo  disenslosal, 

and  it  is  forced  to  pitch  about  a  fixed  point 
as  shown  in  Figure  2>lt 


Flgute  2>1<  The  Moving  Coordinate  Systca 

The  distance  between  the  fixed  point  and 
the  origin  of  the  sovlng  coordinate  systcts  is 
d  and  the  equilibrium  angle  is  the  angle 
between  d  and  a  horitontal  line  passing  through 
the  fixed  point,  x  is  chosen  to  correspond  to 
the  tank  bottom  and  y  is  chosen  to  correspond 
to  the  left  tank  wall.  In  this  fraae  9.  the 
sngular  dispUcement*  is  positive  counterclock¬ 
wise.  Expanding  the  modified  equation  of  mo¬ 
tion  yields  the  required  equations  for  the  two 
dimensional  notion: 

Iy  +  U'Vii  +  1^-  =  gs'"®  +  '-0'' 

<3.5> 

+  e(.''Mlsin<^)  e*(<  mIcos*)  +  w’n 


2i'  +  (j-vv  +  =  gCOSO-26u 

9l  wj 

(2.6) 

-6('mIcos^)  <■  <lsin4)  ♦  vv'. 


i  !i’  4. 

c“3l  8x  3y 


=  0 


u-n 


where  g  is  the  local  acceleration  of  gravity. 

When  the  apparent  forces  are  added  to  the 
actual  forces,  the  law  of  motion  of  an  clement 
relative  to  the  moving  fraae  is  precisely  the 
Newtonian  Law;  wc  say  that  the  frame  is  re¬ 
duced  to  rest  by  the  introduction  of  these 
fictitious  forces.  The  frame  resalns  Eulerlan 
and  the  boundary  condition  on  the  tank  wall 
becomes  homogeneous  and  simple  to  apply. 

For  the  ease  of  a  viscous  fluid,  the 
boundary  condition  at  a  solid  wall  is  that  of 
no  slip;  i.e,  both  the  normal  and  tangential 
components  of  the  velocity  must  vanish  on  the 
sarface.  However,  due  to  the  finite  grid  size, 
an  unnecessarily  large  boundary  layer  can  be 
created  using  a  nuaerlcal  no-slip  condition, 
therefore  a  free  slip  approximation  is  used 
on  the  tank  walls. 

At  the  free  surface,  the  boundary  condi¬ 
tions  arc  based  on  the  following  principles; 

a)  stress  tangent  to  the  surface  must  vanish, 

b)  stress  normal  to  the  surface  must  exactly 
balance  any  externally  applied  normal  stress  * 
such  as  atmospheric  pressure.  The  mathemati¬ 
cal  statement  of  these  principles  is  rather 
complex  and  must  be  simplified  for  numerical 
application.  A  derivation  of  the  equations, 
in  terms  of  the  fluid  momentum  and  viscosity, 
can  be  found  in  Alexander  (2).  Due  to  the 
relatively  high  Reynolds  number  encountered  in 
physical  sloshing,  the  free  surface  boundary 
conditions  used  are  inviscld  boundary  condi¬ 
tions. 


3.  Solution  Technique 

Liquid  sloshing  is  essentially  a  free 
surface  phenomena.  When  a  moving  container 
is  cooplctcly  filled  with  fluid,  its  motion 
is  that  of  a  rigid  body.  When  a  tank  is  par¬ 
tially  filled,  a  free  surface  is  present,  and 
any  rigid  body  acceleration  of  the  tank  will 
produce  a  subsequent  "sloshing"  of  the  fluid. 
In  considering  problems  with  a  free  surface, 
the  use  of  the  primitive  variable  system  be¬ 
comes  recomended  by  history,  since  it  has 
often  been  used  successfully  with  these 
problems. 

The  marker  and  cell  class  of  codes,  ori¬ 
ginally  developed  in  the  early  1960*3  at  the 
Los  Alamos  Laboratory,  have  been  successfully 
used  to  treat  problems  involving  complicated 
free  surfaces.  A  new  technique  based  on  a  MAC 
like  algorithm,  has  been  developed  by  Hirt  and 
Nichols  (13).  The  method  has  been  assigned 
the  acronym:  SOLA-VOF.  The  fluid  equations  of 
motion  aro  satisfied  using  the  well  known  SOLA 
algorithm  which  Is  discussed  in  Ref.  9.  The 
location  of  the  fluid  in  the  mesh,  and  subse¬ 
quently  the  Interface,  is  cracked  using  the 
voUtic  of  fluid  (VOF)  technique. 

As  in  most  other  fluid  dynamics  computing 
methods  for  transient  problems,  the  SOLA-VOF 
teclinlque  works  with  a  time  cycle,  or  "movie- 
frame",  point  of  view.  This  means  that  the 
calculstion  proceeds  through  a  sequence  of 
cycles,  each  advancing  the  entire  fluid 


configuration  through  a  small,  but  finite,  in¬ 
crement  of  time,  it.  The  reaulta  of  each  cycle 
act  as  initial  condition#  for  the  next  one,  and 
the  calculation  proceed#  for  a#  many  cycles  a# 
the  Investigation  require*. 

At  each  tine  step  the  solution  i#  based 
upon  three  major  factors: 

a)  Explicit  approximations  of  the  velo¬ 
city  field  from  the  monentun  eqiutlons  using 
old  time  level  values  for  the  advective,  pres¬ 
sure,  viscous  and  Coriolis  terms  and  time 
centered  values  for  the  other  apparent  accel¬ 
erations.  Since  the  pressure  is  evaluated 
implicitly,  its  contribution  to  the  new  velo¬ 
cities  is  added  in  two  parse.  This  can  be 
easily  explained  using  the  x-aomentun  equa¬ 
tion,  with  a  constant  mesh  spacing,  as  an 
example: 


At  each  step,  of  course,  suitable  boundary 
conditions  must  be  imposed  ct  all  mesh  and 
free  boundaries.  Details  of  some  of  these 
steps  sre  given  in  Che  following  subsections. 

Momentum  Equation  Approxioations 

A  variable  mesh  is  employed,  which  re¬ 
quires  some  modification  to  the  finite  differ¬ 
ence  approximations.  The  modified  expressions 
can  be  derived  using  the  SOLA  {9}  expressions 
as  a  basis.  For  the  advecclon  terms  the 
U*Vu  form  is  suggested,  since  the  divergence 
form  appears  to  be  inaccurate  [13,221.  Ref.  9, 
22  include  a  discussion  of  the  finite  differ¬ 
ence  forms  used  for  the  sdvection,  viscous, 
a»l  pressure  terms.  The  addition  of  general 
body  forces  is  new  and  Is  therefore  mentioned 
here. 
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where  includes  the  viscous,  advective  and 
body  force  terms.  The  new  pressures  can  be 
broken  up  into  two  parts 


<1= 


(3.2) 


Substituting  this  expression  into  (3.1)  and 
combining  Uj  .  with  the  old  pressure  gradient 
yields: 


6^r 


(}.3) 


To  express  the  ficticious  body  forces  In 
finite  difference  form,  one  must  consider  their 
discretisation  in  both  space  and  time.  Since 
they  appear  in  the  momentum  equations,  they 
should  be  centered  at  the  cell  walls.  This  is 
straightforward,  except  for  the  Coriolis  terms. 
Since  the  grid  is  staggered,  there  is  not  a  y- 
veloclty  at  the  cell  right  face  or  an  x-velo- 
clty  at  the  cell  upper  face.  Therefore  a 
weighted  average  of  the  four  nearest  velocities 
are  used  to  evaluate  the  Coriolis  terms. 

In  considering  the  time  discretisation, 
stability  is  of  prise  importance.  The  angular 
motion  of  the  tank,  being  a  prescribed  func¬ 
tion  of  time,  remains  bounded  and  therefore 
has  no  effect  on  the  stability.  However,  the 
Coriolis  terms,  being  a  function  of  velocity, 
can  be  expected  to  Influence  the  stability. 
Since  they  are  linear,  their  stability  pro¬ 
perties  can  be  addressed  using  a  linear  von- 
Kewunn  analysis,  Reducing  the  momentum 
equation#  to  simple  "Inertial  flow"  yields: 


The  first  contribution  to  the  new  velocities 
cones  from  the  momentum  equation  and  the 
second  contribution  is  added  after  the  new 
pressures  are  calculated. 

b)  In  the  second  step  the  dp  for  each 

ia  calculated  and  added  to  the  pressure 

obtained  from  the  previous  step.  This  value 
of  dp  is  derived  by  substituting  equation 
(3.3)  into  the  continuity  equation.  There¬ 
fore,  in  this  step,  the  continuity  equation 
is  satisfied,  the  new  pressure  field  is  cal¬ 
culated  and  the  additional  pressure  contribu¬ 
tion  la  add.  J  into  the  velocity  field.  An 
iteration  is  required  since  adjacent  cells 
are  coupled.  After  completion  of  this  step, 
the  new  pressure  and  velocity  field  is  known. 

c)  Using  the  new  velocity  field,  the 
fluid,  in  the  form  of  the  volume  of  fluid 
function  F,  1#  advected  with  the  local  velo¬ 
city  to  give  the  new  fluid  configuiatlon. 


Iy  -  2©V  -  0  (3.4a) 

+  2eu  =  0  (3.4b) 

which  can  be  written  in  the  form: 

1^  +  i2ez  =  0  o-s.) 

whtte 

- -  (3.5b> 

Z  »  u  +  IV  I  =  V-1 

Using  forward  tine  differencing  and  evaluating 
the  Coriolis  term  explicitly  yields 


Repetition  of  these  steps  will  advance 
a  solution  through  any  desired  time  interval. 


Z"  -  i26l0Z"  (3.6) 
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Subttltuclog  the  Fourier  coapoftent  z"  -  t%xp 
(IkAx)  end  dividing  through  by  the  «*ae  yields: 

—  -  I  -  i285t  0-« 

Teking  the  aegnitude  yields  the  uq>liflc<tloQ 
lector: 


|a|  =  Ji  +  4e’8t’  (3.8) 


It  is  seen  that  the  ugnitude  is  larger  then 
unity  fore  /  0,  laplying  that  energy  will  be 
added  at  every  tlae  step.  A  siallar  analysis 
will  shew  that  an  iapllclt  fora  for  the 
Coriolis  ten  will  yield  an  aaplification 
factor  always  less  than  unity  (daaped),  and 
consequently  centering  the  Coriolis  tera  at 
will  yield  an  aaplification  factor  of  one. 

At  first  glance  this  problea  with  the 
Coriolis  tera  can  be  bewildering,  but  it  has 
a  fundaaental  explanation.  Physically  the 
Coriolis  teras  contribute  no  energj  •©  the 
systca.  If  a  aechanical  energy  equation  is 
foraed  froa  the  soaentua  equations,  the 
Coriolis  teras  drop  out.  Therefore,  a  finite 
difference  energy  equation  foraed  froa  the 
finite  difference  aoaentua  equation  should 
exhibit  the  saae  property. 

Fur 'her  study  and  nuaerical  experiaents 
shows  that  the  instability,  resulting  froa  sn 
explicit  fora  of  the  Coriolis  teras,  is  saall. 
A  saall  amount  of  nvnerlcal  or  physical  daap- 
Irig  will  negate  the  instability.  Therefore, 
the  Coriolis  teras  sre  evaluated  at  t  ••  a$t» 
but  the  ocher  prescribed  body  forces  are 
evaluated  at 


problea  in  finer  detail.  Each  cell  is  rec'* 
cangular  as  It  is  in  the  fixed  spacing  model, 
but  evaluation  of  the  finite  difference  ex¬ 
pressions  is  Bade  acre  complex  due  to  the 
unequal  spacing.  Although  convenient,  the 
variable  grid  spacing  does  introduce  some 
aubclecles.  Hire  and  Nichols  (131  shoved  that 
Che  use  of  Che  divergence  fora  of  the  advcction 
teras  resulted  in  a  zeroth  order  fieiti^  dif¬ 
ference  approximation.  Therefore  the  U'Vu 
fora  of  the  advection  teras  had  to  bo  used. 

The  use  of  this  fora  results  in  at  least  first 
order  accurate  approxiaations  for  all  teras  in 
the  moaencua  eqiiacions  when  using  a  variable 
grid. 


The  approximation  for  the  pressure  gra¬ 
dient  in  the  aoaencua  equation,  although  first 
order  accurate.  1$  not  centered  at  the  cell 
wall  when  a  variable  spacing  is  used: 


!L*  .  I’.. 
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(3.9) 


When  Caking  the  divergence  of  the  pressure 
gradient  (by  substitution  into  the  aass 
equation),  the  divergence  of  the  piessure 
gradient  is  not  necessarily  first  order  ac¬ 
curate.  Since  the  solution  for  the  pressure 
is  siallar  to  the  solution  of  a  Poisson 
equation,  this  could  lead  to  errors  in  the 
pressure  field  if  the  aesh  spacing  varies  too 
rapidly. 


It  does  not  follow,  however,  that  variable 
aeshea  are  necessarily  less  accurate  because 
they  do  allow  finer  zoning  in  localized  regions 
where  flow  variables  are  expected  to  vary  most 
rapidly.  Nevertheless,  variable  aeshea  aust 
be  used  with  care.  It  ia  best,  for  exaaple, 
to  allow  for  gradual  variations  in  cell  aizes 
to  ainlalze  the  reduction  in  approxiaacion 
order. 


Boundary  Conditions 


Brief  aention  la  aade  here  of  a  higher 
order  ties  splitting  scheae  suggested  by 
KacCoraack  (17)  which  could  allow  tiae  cen¬ 
tering  of  the  Coriolis  teras.  Kirt  and 
Stein  (10)  have  auggeated  related  aethod 
which  can  be  eaaily  Introduced  in  the  SOLA 
algoritha.  In  this  aethod,  the  aoaencua 
equaciona  are  flrat  advanced  to  ntij  using 
upsercaa  differencing  for  the  advection  terms. 
Then  using  the  values  at  n>H.  the  calculation 
is  advanced  to  n^l  using  downstream  differ¬ 
encing  for  the  advection  teras,  Ihe  result 
is  a  tlae  centered  scheae  which  Is  second 
order  accurate  in  both  tiae  and  space.  This 
technique  may  have  a  wide  application  in  ex¬ 
plicit  finite  difference  acheaea  where  space 
centered  advection  is  unscablo.  With  the  use 
of  this  aethod  the  Coriolis  terms  can  be  time 
centered.  Calculations  performed  using  this 
second  order  Method  do  tend  to  be  acre  accur¬ 
ate,  but  coaputation  tiaes  arc  also  increased. 

Variable  Mesh 


In  addition  to  free  surface  boundary  con¬ 
ditions  it  is  necessary  to  set  conditions  at 
all  aesh  boundaries  and  at  surfaces  of  all 
internal  obstacles.  The  fluid  doeain  is 
bounded  by  the  walls  of  a  rigid  enclosed  tank. 
Due  to  the  inconvenience  of  eaking  the  aesh 
fine  enough  at  the  walls  to  resolve  the  boun¬ 
dary  layer,  a  free  slip  boundary  condition  is 
used  at  all  four  walls;  the  normal  velocity  is 
set  at  zero  and  the  normal  gradient  of  the 
tangential  velocity  is  also  set  to  zero. 

In  cells  where  a  baffle  is  located,  the 
velocity  ccaponenta  on  the  faces  of  the  cell 
are  autoaatically  set  at  zero.  Because  all 
velocity  components  within  obstacle  cells  are 
set  to  zero,  r.o-slip  tangential  velocity  con¬ 
ditions  at  obstacle  boundaries  are  only  flrat 
order  accurate.  That  is.  tangential  veloci¬ 
ties  are  zero  at  locations  shifted  into  the 
obstacles  one-half  of  a  cell  width  froa  the 
actual  boundary  location.  This  approxiaatlon 
is  convenient  and  it  alto  allows  baffles  to 
be  constructed  which  are  only  one  cell  thick. 


The  variable  grid  concept  affords  a 
aethod  of  analyzing  particular  sections  of  the 


The  invlscld  free  surface  boundary 


condition  for  normal  ttrcts  Is  sutooatlcslly 
satisfied  by  the  implicit  pressure  calculation. 
This  condition  must  be  supplemented  vlth  the 
specifications  of  velocities  iBcsedlately  out* 
side  the  surface,  where  these  values  are 
needed  in  the  finite  difference  equations  at 
points  Inside  the  surface.  The  specifications 
are  Identical  to  those  used  In  many  earlier 
MAC  codes.  If  the  surface  cell  has  only  one 
neighboring  empty  cell,  the  normal  velocity 
is  set  to  Insure  vanishing  of  the  velocity 
divergence  In  the  cell.  When  there  are  two 
or  more  empty  cell  neighbors,  the  Individual 
contributions  to  the  divergence  are  separately 
set  to  zero.  Additionally,  Che  normal  gra¬ 
dient  of  tangential  velocity,  at  the  free 
surface  Is  set  to  zero  In  order  to  prevent  an 
unnecessary  drag  which  would  be  Induced  on 
the  fluid  particle  there. 

The  Volume  of  Fluid  Fuflction.  T 

The  basis  of  the  SOLA^VOF  method  Is  the 
fractional  volume  of  fluid  function  for  traeV- 
Ing  free  boundaries.  A  function  F(x,y,t)  Is 
defined  whose  value  ia  unity  at  any  point 
occupied  by  fluid  and  zero  elaewhere.  Cells 
with  F  values  between  zero  and  one  contain  a 
free  aurface.  In  addition  to  defining  which 
cells  contain  a  boundary,  the  F  function  can 
alao  be  used  to  define  where  the  lluld  is 
located  In  a  boundary  cell.  The  normal 
direction  to  the  boundary  lies  In  the  direc¬ 
tion  In  which  the  value  of  F  changes  most 
rapidly.  When  the  normal  direction  and  the 
value  of  F  In  a  boundary  cell  are  known,  a 
line  cutting  the  cell  can  be  constructed  that 
approximates  the  Interface  there. 

The  time  dependence  of  t  la  governed  by 
the  Culerlan  conservation  equation: 

+  U-VK  -  0  »•'»> 

C  I 


5«psrately.  Since  a  cell  face  Joins  two 
cells,  one  the  donor  and  one  the  acceptor 
cell,  they  are  updated  together.  The  direc¬ 
tion  of  the  velocity  at  the  Interface  indicates 
which  cell  Is  the  donor  and  which  Is  the  ac¬ 
ceptor. 

A  general  but  simple  algorithm  Is  used 
to  flux  the  F  function  at  each  interface.  If 
V  -  U-  .4t,  then: 

X  1,J  " 


6F  -  MIN  {  Ko|V,|  +  CK  ,  j  0-12) 


where 


CK  -  MA\  J  (I.- •  (I.- V.ltx,  .  O"!  <3-13> 
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With  the  use  of  the  Incompressible  continuity 
equation,  this  equation  can  be  converted  to 
divergence  form: 


8T+  "  0 


Even  when  the  fluid  is  slightly  compressible, 
this  Is  still  an  acceptable  approximation. 

This  equation,  In  divergence  form,  is  con¬ 
venient  for  numerical  approximation  since 
changes  In  F  In  a  cell  reduce  to  fluxes  of  F 
across  the  cell  faces.  Since  F  Is  a  atep 
function,  fluxes  must  be  computed  carefully 
to  avoid  smearing  of  the  dlscontlnultlea.  In 
the  SOLA-VOF  method,  the  donor-acceptor  method 
Is  used.  Generally,  a  pure  acceptor  method 
Is  unstable,  but  the  donor-acceptor  method 
uses  some  simple  tests  to  determine  more  ac¬ 
curately  the  location  of  the  fluid  In  a  cell 
yielding  a  stable  algorlttim. 


where  the  A  subscript  refers  to  the  acceptor 
cell,  D  to  the  donor  cell  and  AD  Is  either 
acceptor  or  donor  depending  upon  the  local 
surface  orientation.  The  F*  value  contains 
the  old  F  plus  any  new  flux  contributions. 

For  each  cell  there  are  four  flux  contribu¬ 
tions  as  the  mesh  Is  wept  row  by  row.  The 
MIN  feature  presents  tluxlng  of  more  fluid 
from  the  donor  cell  then  It  has  to  give,  while 
the  MAX  feature  accounts  for  an  additional  F 
flux  CF,  If  the  ataount  of  void  (1.0-F)  to  be 
fluxed  exceeds  the  amount  available.  A  simi¬ 
lar  expression  is  used  for  vertical  flux 
through  a  horizontal  cell  face.  Whether  AD-A 
or  AD-D  Is  decided  bv  the  local  surface  orien¬ 
tation.  AD”A  when 

a)  Both  cells  arc  full  cells. 

b)  The  surface  Is  advectlng  normal  to 
Itself. 

c>  The  surface  Is  advectlng  parallel  to 
Itself  and  the  acceptor  cell  Is  empty. 


Each  computational  cell  has  four  faces 
and  the  flux  at  each  cell  face  Is  computed 
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d)  The  cell  downstream  of  the  donor  cell 


Is  eaptjr  snd 

AD*D  when  ch«  surface  Is  sdvectlng  nearly 
parallel  Co  itself  and  condition  (c)  and  (d) 
above  are  not  tut. 


Vich  the  general  aovlng  coordinate  systea, 
virtually  aey  tank  excitation  can  be  prescribed, 
such  as  a  hansonle  function,  Fourier  series,  or 
a  rand^  tlae  series.  For  the  calculations 
presented  in  this  paper,  the  excitation  is  that 
of  forced  sinusoidal  rolling  osclllatioa,  where 


f 

F  =  0. 

Jg. 

F».a 

(A) 


Fs.l 
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Figure  3-1.  Exanples  of  F  Advectlon 

Two  sleple  examples,  which  frequently 
occur  In  sloshing,  deoonstrate  why  the  MIN, 

HAX.  tests  are  necessary.  Assualng  the  two 
cells  shown  are  at  the  left  tank  wall  and  the 
fluid  is  gently  sloshing  up  and  down.  For 
these  cases  the  acceptor  sethod  Is  automatic* 
ally  used.  Assualng  a  vertical  Couranc  nuaber 
of  0.3  ve  see  that  for  case  A,  CF  ■  ■ 

0.1  ly^.  Here  the  K\X  function  takes  Into 
account  the  void  region  which  aust  be  trover* 
sod  before  the  fluid  reaches  the  acceptor  cell. 
In  the  second  case  <B),  where  the  fluid  la 
sloshing  downward,  ve  see  that  CF  •  0  and 
6F  •  O.ldyp.  this  shows  how  the  MIN  function 
prevents  aore  fluid  to  be  transported  out  of 
the  donor  cell  than  the  coll  contains. 

After  all  the  cells  are  swept  and  fluxes 
for  each  Interface  calculated,  the  resulting 
field  of  F  corresponds  to  the  tiee  advanced 
location  of  :>io  fluid  Interface. 


4.  Nvwcrlcal  Results 


the  liquid  notion  Inside  a  rectangular 
lank  has  an  infinite  number  of  natural  fre* 
quencles,  but  It  Is  the  lowest  taodc  that  Is 
oost  likely  to  be  excited  by  the  notions  of 
a  ship.  Most  studies  have  therefore  concen¬ 
trated  on  Investigating  forced  hamonlc  oscil¬ 
lation  In  the  vlcinltN  of  the  lowest  natural 
frequency,  where  the  natural  frequency  Is  de¬ 
fined  as  that  predicted  by  linear  theory 


JiliTVMI  (2n.lin 
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where  n"0,l,2,... 


^ere  g  is  the  gravitational  acceleration.  2a 
the  tank  length  and  D  the  fill  depth. 


e  =  e,  sinut  for 


and  the  tank  is  rot'  ".Ing  about  the  center  of 
the  tank  bottom.  The  location  of  the  point 
of  rotation  does  have  a  profound  effect  on  the 
fluid  response  and  this  Is  discussed  In  Refer¬ 
ence  16.  Although  this  simple  excitation  has 
been  chosen.  It  should  be  noted  that  many  com* 
plicated  excitations  could  be  input,  including 
multicomponent  excitations  such  as  simultan¬ 
eous  heaving  and  pitching. 

To  case  study  of  the  results  generated,  an 
extensive  array  of  conputcr  plotting  has  been^ 
used.  Although  this  tends  to  make  the  program 
"sluggish".  It  does  save  user  time.  Xt  has 
been  found  that  a  "snapshot"  type  plot  shoving 
the  free  surface,  the  velocity  field,  and  the 
pressure  distribution  on  the  tank  walls,  at  a 
particular  time,  Is  extremely  valuable  for 
display  of  the  results.  Time  series  of  pres¬ 
sure  and  surface  height  are  also  plotted  at 
prescribed  locations.  Hydrodynamic  forces  on 
the  tank  walls  and  baffles  can  also  be  easily 
determined  from  the  pressure  field. 

A  range  of  parameters  which  play  an  im¬ 
portant  role  in  liquid  sloshing  is  chosen  to 
demonstrate  the  versatility  of  the  volume  of 
fluid  technique.  A  number  of  these  cases  have 
been  compared  with  experimental  results  shov¬ 
ing  excellent  agreement.  Ihe  results  also 
demonstrate  how  some  phenomena,  such  es  velo¬ 
city  kinematics,  can  easily  be  studied  numeri¬ 
cally  but  is  difficult  to  observe  in  experi¬ 
ments,  Baffles  arc  easily  introduced  into  the 
code  by  simply  setting  the  velocities  in 
staclc  colls  to  zero.  Some  simple  baffle  con¬ 
figurations  are  shown  and  a  discussion  of 
their  advantages  and  disadvantages  are  given. 

Of  course,  many  different  baffle  configura¬ 
tions  can  be  tried  in  a  numerical  scheme, 
which  might  be  easier  than  in  an  experiment. 

Although  the  average  time  Increment  __ 
varied  from  case  to  case,  the  normalized  Tt, 
defined  as  it  divided  by  the  forcing  period, 
remained  relatively  constant  at  about  Tt  - 
.005.  Iherefore  about  200  time  steps  arc  re¬ 
quired  per  forcing  period.  This  appeared  to 
bo  true  regardless  of  discretization  or  hov 
rigorous  mass  conservation  was  enforced.  How¬ 
ever.  the  amount  of  computer  time  per  tine 
step  did  vary  from  case  to  case.  Computer 
times,  on  an  AMDAHL  470/V6  at  Texas  A&M 
University,  varied  frc«k  about  .15  seconds 
per  time  step  to  3  seconds  per  tlae  step  de¬ 
pending  on  discretization  and  enforcement  of 
mass  conservation.  Mass  conservation  (or 
volume  conservatf  >n)  becomes  especially  im¬ 
portant  in  sloshing  since  any  gain  or  loss  In 
mass  will  result  in  a  shift  of  the  fluid 
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Figure  4-1.  Shallow  Water  Sloahisg  in  an 
Unbaffled  Tank 

D/2a  -  .25 


2a  -  $0  ft 
®o  * 

o  •  .9942  rad/sec 


t/T  -  .87 


C 

P 


2.73 

1.11 


,nn..  1  .  I  ♦  :  t  i  .  r  .  ;  w  . . J 


Figure  4-3.  Shallow  Water  Slothing  in  a  Baf* 
fled  Tank.  Resulting  In  Mild 
Baffle  lepact 

D/2a  -  .25 

2a  •  2  ft 

«o-8- 

u  -  6.0737  rad/sec 


t/T  •  1.45 


n«cur«l  £r«^u«ncy.  ftw^vtr,  fluid  voltm 
chAQ^et  are  cracked  and  printed  out,  and 
typically  are  leaa  than  one  percent  of  the 
original  voIium. 


In  the  celculitlons,  t  "cosoetle"  klne- 

included,  Cenerally,  when  using  the  first 
orter  SOU  ncthoi.  the  nnaerlcel  .Ilffusfon 
me  truneatlon  error  ulU  doalnate  thla  value. 


In  the  "anapahot"  type  plota  ahom,  the 
oox  represents  the  tank  and  the  tickurks 
represent  the  cell  edges  sad  therefore  the 
eesh  configuration.  The  dots  on  sone  of  the 
plota  pertain  to  the  expcrlwnt  and  are  ex¬ 
plain^  In  a  later  subsection.  The  approxl> 
Mte  location  of  the  free  surface  lies  at 
r  ■  .5,  slaply  requiring  a  contour  fitting 
routine  to  plot,  Each  velocity  vector  orI“ 
glnatea  at  the  center  of  a  conputatlonal  cell 
and  la  drawn  with  a  direction  and  eagnltude 
proportional  to  the  average  of  the  velocity 
coi^nenta  located  at  the  cell  sides.  The 
pressure  distribution  plotted  represents  the 
pressure  at  the  center  of  the  cells  adjacent 
to  the  walls.  The  aaxl&vs  velocity  Is  nor- 
tullied  by 


Cv 


V 

- 

2aw0(, 


(4.5) 


Figures  4»l  and  4*2  show  a  shallow  water 
non^baffled  case,  where  D/2a  -  .25.  Ihe  tank 
snd  fluid  are  Inieially  at  rest,  and  the  tank 
begins  osclllsclng  hareonlcatly  at  t  •  0. 

The  half  anplltude  Is  18*,  and  the  forcing 
frcquMcy  Is  .9942  rad/soc,  corresponding  to 

of  the  linear  natural  frequency,  A  nesh, 
consisting  of  30  constant  height  cells  in  the 
vertical  direction  and  30  variable  width  cells 
In  the  horizontal  direction  was  used.  Finer 
spacing  was  used  at  the  left  and  right  walls 
to  resolve  the  steep  wave.  Figure  4-1  shows 
the  wave  developing,  and  Figure  4-2  shows  the 
veil  developed  large  anplltude  wave.  This 
non-llnear  type  wave  Is  very  coaaon  In  shallow 
vater  sloshing,  and  the  VOP  algoritto  easily 
handles  the  resulting  steep  wave  that  Is  gen¬ 
erated.  The  dots  on  the  figures  refer  to  the 
experlaent  and  are  explained  later.  Pertinent 
Inforaatlon  Is  Included  In  the  figures. 

Figure  4-3  Is  a  slnllar  case,  with  the 
exception  of  soae  arbitrarily  located  baffles. 
In  this  case,  the  baffles  essentially  lower 
th.  tauk  top  ratkar  thao  aid  l„  r.acrlctiog 
tho  «uld  ootloo.  Ihia  oooflguratlon  could 
be  effective  when  the  tank  Is  alwst  full, 
m  Is  Ineffective  at  this  shallow  depth. 

This  flpre  displays  the  nultl-valued  surface 
capability  of  VOF  and  also  the  pscudo-tank-tep 

^  "e'*  pressure 

at  th©  left  tank  wall  as  the  baffle  Is  cn- 
countered. 


and  the  oaxltsua  pressure  Is  noreallzed  by 


Cp  « 


»*Mat 

2aYo, 


(4.4) 


Where  2a  *  the  tank  length,  w  •  forcing  fre¬ 
quency,  T  .  fluid  specific  weight,  and  0  - 
forcing  anplltude.  The  dlnenslonless  coef¬ 
ficients  pertaining  to  each  result  are  shown 
on  esch  plot,  and  the  rest  of  the  velocities 
and  pressures  arc  scaUd  In  relation  to  the 
aaxlauss.  Ihe  nornallrcd  tine,  defined  as 
tl»e  divided  by  forcing  period,  and  the  aop- 
lltude  of  the  tank  angular  dlspUccoert,  8 
are  also  shown  for  each  figure, 

pic  following  subsections  describe  In 
oore  detail  various  aspects  of  the  results. 

Unbaff’.ed  Tanks 


In  analytical  techniques  yielding  closed 
fora  solutions,  baffles  cannot  be  readily  ac- 
coBBOdated,  and  aethods  esploylng  a  fixed 
coordinate  systea  will  encounter  cospllcated 
boundary  conditions  at  the  fluld-bafflc  Inter¬ 
face.  Iherefore,  previous  analytic  Investi¬ 
gations  have  been  concerned  prlttarlly  with 
sloshing  In  uhbaffled  tanks.  Nevertheless 
sloshing  In  unbaffled  tanks  Is  a  very  practi¬ 
cal  problea,  slnre  LVC  cargo  tanka  can  be 
considered  unbaffled.  Practically,  the  sost 
dangerous  fill  depths  occur  when  a  tank  Is 
alBDSt  full"  or  *'claost  eapty”. 


vnoaiiiea  deep  water 
Msa  vh.rc  D/2a  .  .75,  i„ 

tank  begins  oscillating  at  t  •  0  ulth  a  half- 
’  *"'*  *  (reiiuency  of 

J.2863  rad/scc,  ulilch  cortesponiJs  to  the^ 
linear  natural  frequency.  The  variable  nesh 
fs  used  here,  with  a  course  nesh  near  the  tank 

Snd Tfi"'""  't'  "‘“^‘''ely  stagnant, 

and  a  finer  nesh  nesr  the  tsnk  top.  Alnost 

'""’""lot,  the  tank  top. 
Figure  4.5  shoya  the  tine  trace  of  the  pressure 
at  the  upper  right  corner  cell.  IMe  is  a 
gentle  Inpact,  vhere  the  duration  Is  about 
one-tenth  of  the  forcing  period.  Uter.  In 
""■'F  -'lolont  and 

difficult  to  slojlate.  Severthcless.  It  docs 
denonatrste  the  ability  of  tho  algorltha  to 

tnlattvely 


Vhen  tanks  are  filled  to  higher  fill 
•tepths,  Intersctlon  with  the  tank  top  can 
occur.  n»is  Interaction  can  be  gentle,  as 

be  violent.  In  the  latter  case,  pressure 
w*^*,**^*  slalloT  to  those  experienced  In 
Ship  slewing,  and  the  pressure  variation  is 
neither  harwnlc  nor  periodic  because  the  bsb- 
nliude  and  duration  of  the  preisurc  peaks 

the  tank 

is  experiencing  a  haraonlc  excitation.  When 
pnile  Interaction  occurs,  the  technique  seeas 
to  sloulate  the  lapact  and  subsequent  re¬ 
treating  of  the  fluid  quite  well.  However, 
when  violent  l-spact  occurs,  other  factors  cone 
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Figure  4-5.  Gentle  lepact  Pressure 


Figure  4-7.  Deepvater  Sloshing  In  a  Multi 
Baffled  Tanlc,  Resulting  tn 
Violent  T«nlc-Top  lopact 

D/2a  •  .75 

2a  -  2  ft 

■  ^ 

^  .5  rsd/sec 


Into  piny  which  taikt  the  slaulatlon  extreeely 
difficult.  Generally,  after  a  violent  ii^ct 
the  fluid  splashes  away  froa  the  tank  top. 
Unless  a  very  fine  sesh  is  used,  this  splash* 
ins  is  subgrid  scale,  precluding  application 
of  the  equations  of  mtion.  A  special  algo* 
ritha  Is  likely  to  be  reccssary  in  order  to 
correctly  aodel  this  post  icpact  phenoeena. 
Also,  lapact  of  this  type  is  statistical  in 
nature.  Pressure  peaks  vary  frosa  cycle  to 
cycle  requiring  long  tera  slsulation  and  then 
careful  statistical  study.  The  trapping  of 
air  or  gas  during  physical  lapact  could  also 
change  the  nature  of  the  process.  Although 
the  violent  lapact  problca  is  difficult,  the 
initial  lapact  can  be  studied. 

Figure  4*7  is  an  exasple  of  a  violent 
type  lapact.  In  this  case  the  tank  is  filled 
to  751  of  the  tank  height.  The  tank  is  forced 
to  oscillate  at  a  half  ac^litude  of  sS*  and 
a  frequency  of  7.0455  rad/s«c  corresponding 
to  the  linear  unbaffled  natural  frequency. 

Two  horizontal  baffles  are  placed  just  below 
the  still  water  level  (SWL)  and  a  vertical 
baffle  is  placed  at  the  boctoa.  Again  the 
variable  aesh  is  used,  allowing  a  fine  grid 
to  be  used  near  the  tank  top  and  a  coarse 
grid  near  the  bottoa.  The  plotted  pressure 
distribution  sh^s  a  large  pressure  field 
that  is  developed  at  the  tank  top.  Fig>ire 
4*6  shows  the  tiee  trace  of  the  pressure  at 
this  location.  The  spike  duration  is  less 
than  a  aillisecond  and  Is  typical  of  violent 
lapact  pressures  witnessed  in  the  experiaental 
study  (16].  One  peculiar  aspect  of  this  case 
is  that  the  baffle  say  be  so  restrictive  that 
the  upper  portion  of  the  fluid  reacts  as  if 
the  depth  is  shallow  and  cay  cause  soro  daoago 
than  the  saac  unbaffled  case. 

Although  the  problca  of  tank  cop  inter¬ 
action  has  been  partially  addressed  In  this 
paper,  there  are  aany  factors  which  aaVc  this 
an  extreaely  difficult  problea.  Hence  nuacrl* 
cal  slaulation  of  tank  top  interaction  will 
require  a  great  deal  acre  study  before  reason¬ 
able  conclusions  can  be  drawn. 

Baffles 


liquid  sloshing  inside  a  baffled  tank 
exhibits  aany  cooplex  flow  phenoeena,  and 
there  are  aany  baffle  types  and  arrangeaents 
chat  may  be  considered.  This  study  is  Halted 
CO  siaple  baffles  that  arc  rigid  and  fixed  In 
location  within  the  container.  Baffles  arc 
generally  used  to  oininlzc  daaago,  and/or  in¬ 
stabilities,  which  can  occur  froa  liquid 
actions.  Soee  of  the  acchanisas  by  which 
baffles  achieve  this  arc: 

a)  Cause  energy  to  be  dissipated  through 
eddy  foraatlon,  turbulence,  hydraulic  juop 
formation,  and  wave  breaking, 

b)  Shift  tlM  resonant  frequency  away 
from  the  unbaffled  resonant  frequency. 

c)  Restrict  fluid  aotlon.  An  extrcee 
cxaaple  would  be  pHcing  a  horizontal  baffle 
at  the  still  water  level  (SVl). 


Uhen  baffles  are  Introduced  in  a  tank 
containing  fluid,  the  resonant  frequency  will 
be  shifted  away  froa  the  unbaffled  resonant 
frequency.  Therefore  when  placing  baffles  in 
a  tank,  care  eust  be  exercised  to  avoid  shift¬ 
ing  the  resonant  frequency  to  a  value  near  the 
forcing  frequency.  Generally,  when  baffles 
are  submerged  in  the  fluid,  the  resonant  fre¬ 
quency  is  Increased.  This  is  desirable,  since 
low  frequencies  tre  characteristic  of  ship 
oscillation.  In  soae  cases,  the  shift  in 
resonance  can  have  an  adverse  affect.  As 
aentloned  previously,  In  reference  to  Figure 
4-7,  the  upper  portion  of  the  fluid  voluee 
may  behave  as  If  it  were  shallow  water,  possi¬ 
bly  lowering  the  resonant  frequency. 

A  partially  filled  tank  (D/2a  -  .5)  with 
a  restrictive  T-baffle  Is  shorn  in  Figure  4-8. 


Figure  4.8.  Effect  of  T-Baffle  on  Intoraediate 
Depth  Sloshing 


Tho  tank  is  forced  to  oscillate  at  an  asplitude 
of  iS*  and  a  forcing  frequency  which  is  8511  of 
the  lineax  natural  frequency.  Here  the  lover 
fluid  is  so  restricted,  a  shallow  water  effect 
is  produced.  This  Is  manifested  by  tho  forma¬ 
tion  of  a  hydraulic  Jump  type  wave  which  is 
formed  above  the  baffle  and  travels  back  and 
forth. 

Figure  4-9  is  of  a  shallow  water  case 
<D/2a  -  .5)  where  a  siaple  vertical  baffle  is 
placed  in  the  center.  The  tank  is  forced  to 
oscillate  at  an  aaplltude  of  t8*  and  a  fi'e- 
quency  corresponding  to  the  linear  natural 
frequency.  Eddy  foraatlon  is  proalncnt,  which 
aids  in  energy  dissipation.  Figure  4-10  shows 
a  Jeep  water  case  <D/2a  •  .75)  where  two  siaple 
horizontal  ”rlng"  baffles  have  been  inserted. 
The  tank  is  forced  to  oscillate  at  an  aaplltude 
of  y4*  and  a  frequency  close  to  the  linear  un¬ 
baffled  natural  frequency.  Eddy  foraatlon  is 
again  evident,  which  contributes  to  energy 
dissipation. 

Figure  4-12  shows  how  the  introduction  of 
two  baffles  Increases  eddy  formation  and  sub¬ 
sequently  energy  dissipation.  The  tank  is 
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osclllitlcg  «c  the  linear  unbaffle^  resonant 
frequency,  but  due  to  the  resonance  shift, 
and  energy  dissipation,  the  response  is  Tela- 
tlvely  gentle.  The  calculation  reaches  "al- 
•ost"  steady  state  after  only  four  oscillation 
periods.  The  vave  height  at  the  left  wall  is 
shown  In  Figure  4-11.  It  is  plotted  by  find¬ 
ing  the  height  of  the  F  -  .5  value  in  a  cell 
coluflin.  The  result  is  that  of  a  nonlinear 
wave,  where  the  peaV.  la  tsuch  greater  than  the 
trough.  The  pressure  at  the  left  wall,  Just 
below  the  still  water  level  Is  plotted  In 
Figure  4-13.  The  double  peaked  pressure  is 
typical  of  this  type  of  large  anplltude  wave. 

A  baffle  configuration  can  be  found  which 
restricts  the  swtlon  for  a  prescribed  fill 
depth  and  excitation.  But,  in  the  practical 
ease,  a  tank  would  have  to  be  designed  with  a 
particular  set  of  baffles.  This  set  of  baf¬ 
fles  vo\ild  have  to  be  effective  for  all  fill 
depths  and  excitations  to  be  encountered. 

Vhen  posed  with  this  situation,  the  search 
for  an  effective  baffle  arrangeaent  Is  diffi¬ 
cult.  Even  If  a  theoretically  effect  arrangc- 
nent  la  found.  It  nuat  also  use  a  reasonable 
aaount  of  material  and  allow  for  Internal 
cleaning  and  repair  of  the  tank. 

When  studying  liquid  sloshing  In  a 
baffled  tank,  viscous  effects  could  become 
Isportant.  Strong  sheer  layers  and  eddies 
are  formed  In  the  tank,  and  viscosity  could 
be  playing  an  important  role  In  dissipating 
the  fluid  energy. 

Although  the  results  presented  here  show 
relatively  gentle  sloshing  In  a  baffled  tenk, 
observation  of  the  experiment  has  shown  that 
sloshing  In  a  baffled  tank  can  become  quite 
violent,  with  the  occurrence  of  turbulence, 
cavitation,  and  three-dimensional  effects. 

Experimental  Comparison 

At  this  point,  It  seems  relevant  to 
tMntlon  the  validation  of  some  of  the  results. 
There  is  an  ongoing  experimental  study  at  Texas 
A&M  University  on  sloshing  In  rectangular 
tanks.  Some  tt  the  results  have  been  re¬ 
ported  In  ence  16.  Movies  were  taken  of 
some  cases  and  snapshot  photographs  were  made 
from  particular  sections  of  the  film  to  com* 
pare  with  some  of  the  numerical  results.  Al¬ 
though  in  transient  calculations,  It  Is  diffi¬ 
cult  to  compare  exact  does,  the  comparisons 
appear  to  be  quite  good. 

Four  figures  Include  experimental  com¬ 
parison.  On  the  figures,  the  experimental 
results  sre  denoted  by  dots,  figures  4-1 
and  4-2  show  comparison  for  unbaffled  results. 
Even  for  the  very  steep  surface  slope,  shown 
In  Figure  4-2,  the  comparison  is  very  good. 
Figure  4-9  shows  the  comparison  for  a  baffled 
case.  Here  a  almple  vertical  baffle  is  In¬ 
serted  In  the  flow  field.  The  excltetlon  end 
fluid  response  are  large  amplitude  and  the 
agreement  appear#  to  be  quite  good.  Figure 
4-10  shows  the  comparison  of  a  deep  water 
case  with  baffles.  Here  the  fluid  Is  very 
close  to  the  tank  top  and  agreement  with  the 
experiment  Is  agsln  quite  good. 


The  vave  profile  comparisons  do  suggest 
that  the  numerical  scheme  Is  accurate.  How¬ 
ever,  before  c«iplete  confidence  can  be  as¬ 
sured  other  parameters,  especially  pressures, 
must  be  verified.  Some  pressure  time  his¬ 
tories  are  presently  being  compared,  snd 
appear  to  be  In  good  agreement. 

5.  Conclusions 

This  study  has  demonstrated  that  the  use 
of  the  moving  coordinate  system  with  the 
volume  of  fluid  technique  allows  numerical 
treatment  of  liquid  sloshing,  in  partially 
filled  enclosed  prismatic  containers  subjected 
to  large  amplitude  excitation.  Harmonic 
forcing  functions  were  used  In  this  study, 
but  more  complicated  and  multicoa^onent  ex¬ 
citations  could  also  be  studied.  Interaction 
of  the  fluid  with  the  tank  top  is  possible 
with  this  method  and  the  inclusion  of  baffles 
In  the  flow  field  Is  straightforward. 

The  paper  shows  a  variety  of  examples  of 
sloshing  in  tinbaffled  and  baffled  enclosed 
tanks.  Comparison  of  vave  profiles  with  ex¬ 
perimental  results  is  excellent,  but  more 
detailed  comparison  Is  necessary,  including 
comparison  of  impact  pressures,  to  further 
verify  the  method. 

This  study  could  be  extended  to  provide 
valuable  information  on  the  effect  of  various 
fill  depths,  excitations,  and  baffles.  An¬ 
other  Interesting  extension  of  this  work  would 
be  the  effect  of  sloshing  on  ship  dynamics. 

A  model,  similar  to  Dilllrghams  (5),  could  be 
used  to  couple  the  ship  motions  to  the  liquid 
movement.  Similarly,  a  theoretical  analysis 
of  anti-rolling  tanks  could  be  performed. 
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Discussion 
by  G.  Bourianoff 

The  boundary  conditions  on  the  tangential 
velocity.at  the  free'surface  used  in  the  code 
are 

—I  •  0 

9N 

where  Vj  is  the  tangential  velocity  cooponent 
K  is  the  coordinate  nonnal  to  the  surface. 
This  percludes  the  existence  of  linear  gravity 
waves  in  the  solution  which  have  steep  velocity 
gradients  at  the  free  surface. 

I  would  like'to  know  what  wave  solutions 
are  pemitted  and  how  the  lack  of  linear  gravity 
waves  affects  the  nuncrical  solutions. 

Mithor*s  reply 

Although  the  natural  frequency  of  a  con¬ 
tained  fluid  is  predicted  fairly  well  with 
linear  theory,  the  fluid  response  is  not,  In 
fact,  a  linear  solution  is  produced  only  when 
the  excitation  frequency  is  far  fro#  resonance 
and  the  excitation  atsplitude  is  very,snal1.  If 
the  fluid  response  is  still  "reasonable*  the 
idea  of  using  an  extrapolated  velocity  field 
(Chan  and  Street,  p.  79)  is  likely  »ore  accurate 
than  the  staple  condition  used  here.  However, 
the  advantage  of  using  the  VOr  technique  is  that 
it  allows  for  a  more  general  fluid  response.  In 
the  case  of  large  anplitude  waves  or  contorted 
free  surfaces,  the  idea  of  extrapolation  becocses 
difficult,  if  >V)t  inpossible,  to  inplenent,  as 
evidenced  by  the  exaaple  included  below.  The 
response  in  this  case  is  no  longer  a  travelling 
wave,  and  an  extrapolated  surface  condition  may 
not  be  more  accurateV  lherefore,  the  normal 
gradient  of  the  tangential  velocity  is  set  to 
zero  at  the  surface. 


Ref.  :  R.K.C.  Chan  and  R.L.  Street,  "A  Computer 
Study  of  Finite  Anplitude  Water  Haves*,  Journal 
of  Computational  Physics,  Vol.  6,  1970,  pp.  68- 
94. 
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ABSTRACT 


Numerical  computations  based  on  the  full 
water  wave  equations  reveal  that  the  instability 
of  finite  amplitude  periodic  gravity  waves  may 
be  associated  with  resonances  deduced  from  the 
linear  disperslon-^relation.  The-  lowest  order 
resonance  is  responsible  'for  the  familiar* 
sideband  instability*  Higher  order  resonances 
are  shown  to  lead  to  predominantly  three 
dimensional  instabilities,  and  are  the  dominant 
irstabliities  for  sufficiently  steep  waves* 
Comparison  Is  made  with  exsisting  theoretical 
results  and. some  recent  experiments* 

IHTROOOCTiON 

The  subject  of  stability  of  dwp-water  gravity 
waves  has  been  studied  intensively  in  the  past 
1$  years  with  significant  prognss.  for  more 
than  a  century  after  Stokes^  published  his 
solution'for  weakly  nonlinear,  steady,  periodic, 
deep-water  gravity  waves  (Stokes  waves),  the 
problem  of  stability  had  not  received  much 
attention.  It  therefore  came  as  $omev*at  of  a 
surprise  >Aien  Sir  James  lighthill  ,  using 
Hhithan's  theory  of  slowly  varying  averaged 
Lagranglan,  showed  that  a  weakly  nonlinear 
deep-water  wave  train  is  unstable  to  very  long 
wavelength  nodulational  perturbations.  This 
result  was  confirmed  experimentally  by  Benjamin 
A  Felr'*,  who  also  extended  -the  results 
analytically  to  finite-wavelength  perturbations. 
The  theoretical  treatment  of  this  problem  was 
also. done  apparently  Independently  by  Zakharov^ 
The  now  well-known  Benjamin-feir  instability 
states  that  a  uniform  wave  train  with  wavenuober 
ke,  and  steepness  k«a«,.  Is  unstable  to 
perturbations  with  wavenuaber-lying  in  the  range 
(0,  2f?k»ao).  The  maximtn  instability  occurs  at 
a  perturbation  wavenumber  K  ■  Zk^a^.,  and  grows 
with  an;£j(poncntlal  rate  of  O.Swol^a^,  where 
Is  undisturbed  frequency* 

The  above  results  are  for  two-dimensional 
(or  unidirectional)  disturbances  on  a  weakly 
nonlinear  wave  train  (ka-»0).  Extension  of 
these  results  to  finite  amplitude  wave  trains, 
while  still  confined  to  , two-dimensional 
disturbances,  was  done  by  Longuet-Higgln$s  by 
nunerical  calculations  based'  on  the 
unapproximated  equations  for  perturbation 
wavenumbers  equal  to  harmonies  and  low  order 
rational  multiples  of  k,.  On  the  other  hand. 


extension  to  three-dimensional  disturbances, 
while  retaining  the  assumption  that  ka-*’0,  was 
made  Benney  A  Roskes^  among  others.  An 
Interaedlate  approach,  valid  for  two-  and 
three-dimensional  perturbations  on  a  wave  train 
of  small  (but  finite)  amplitude  was  given  by 
Crawford,  Lake,  Saffman  and  Yuen''  using  an 
Integral  .  equation  due  to  Zakharov^.  Their 
results  compare  well,  in  the  two-dimensional 
case,  to  the  results  of  longuet-Higg{n$^''up  to  a 
wave  steepness  -of  about  ak  ■  0.3;  and  removes 
some  severe  deficiencies  in  the  stability 
results  for  three-dimensional  disturbances 
obtained  from  weakly  nonlinear  assumptions. 

Similar  results  have  been  stained  for 
finite  jlepth  periodic  gravity  waves  by 
Benjamin^  Whlthan*®and  Zakharov  A  Kharitonov", 
These  studies  showed  that  the  wavetrain  is 
unstable  to  two-dimensional  perturbations, 
provided'  the  depth  is  not  too  shallow. 
Extensions  to  three  dimensional  perturbations 
(Benney  A  Roskes^  ).  indicates  the  wavetrain  is 
unstable  to  three  dimensional  disturbances  to 
arbitrarily  shallow  depths. 

In  this  paper,  we  report  on  a  numerical 
investigation  of  the  stability  of  a  finite 
amplitude  periodic  gravity  wave  to  infinitesimal 
three  dimensional  perturbations  based  on  the 
unapproximated  equations.  The  instabilities  are 
found  to  be  associated  with  resonances  deduced 
from  the  linear  dispersion  relation.  The  lowest 
order  resonance  Is  responsible  for  the  well 
knoMi  sideband  instability,  and  the  present 
calculations  confirm  the  perturbation  analysis 
In  the  limit  of  snail  amplitude.  The  higher 
order  resonances  lead  to  additional 
Instabilities  >^ich  have  not  been  obtained  from 
perturbation  analysis.  These  new  Instabilities 
are  found  to  be  predominantly  three  dimensional, 
and  are  the  dominant  instabilities  for  moderate 
to  steep  waves.  Comparison  is  made  with  recent 
experimental  observations  by  Su  *  on  the 
evolution  of  periodic  gravity  waves* 

GOVERNING  EQUATION 


Ve  consider  two  dimensional  steadily 
propigating  surface  gravity  waves  on  an 
Invlscid,  Irrotattonal,  incompressible  fluid. 
The  effects  of  surface  tension  are  neglected. 
In  a  frame  of  reference  moving  with  the  wave, 
the  governing  equations  are: 
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-K<a<q 

oi* 

(a> 

It  »Vf.7^ 0  3 

where  Xx»y;z»t)  Js  the  velocity  potehtiel, 
2’»l{x.y,t)  Is  the  free  surfece.-and  B  Is  the 
Bernoulli  constant.  For.  finite  .depth,  the 
boundary-condition  on  the  horl2on(al  bottom'  is 
^^•0.  For  deep  water  (h^ao),  the  velocity  Is 
specified:  -Cx  as  Without  loss  of 

generality,  we  ^  fix-  the  gravitational 
acceleration  to  be  one,  and  the  steady  wave  has 
wavelength  A»2it  These  e^atlons  admit  steady 
solutions  of  the  form: 

e»j 


-Cxj»  2. 
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Substitution  of  (3)  Into  the  boundary  conditions 
(2)  deteralnes  the  coefficients  and  the 
^ase 'speed  C  as  functions  of  the  wave  steepness 
ak  and  depth  kh. 

We  consider  the  stability  of  these  : two 
dimensional  steady  waves  to  an  Infinitesimal 
three  dimensional  dlsturtance.  Let: 


where  and  4'«* «  linearizing  about  the 

steady  wave,  the  perturbations, satisfy; 

7V=o  wi 

The  nomal  nodes  of  these  perturbations  have  the 
form: 
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where  p  and  q  are  arbitrary  real  numbers.  The 
physical  disturbance  corresponds  to  the  real 
part  of  (6).  Substitution  of  (6)  into  the 
equations  (S)  yields: 

=  irTbie‘’‘siiiiL!4i2ili 
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»rf>ere  fcS'»C{P+J)  ♦<l*'3  •  These  equations  are  to 
be  satisfied  for  0<x<2n’>  and  yield  an 
eigenvalue  prt^len  for  t  with  ^a^i  and  ^b,)  as 
the  eigenfunctions.  Instability  corresponds  to 
'Irno-X). 

For  Infinitesimal  waves  (ka-vO),  the 
undisturbed  state  is  the^unlfom  flow: 

^•■o  4*-C)t  C-» 

The  eigenvalues  and  eigenfunctions  are: 

^  iftTS^rK 

»*ere  .  Recall  that  k^«n+p 

and  k,«q,  so  that  (9)  Is  just  the  linear 
dispersion  relation  In  a  frame  of  reference 
moving  with  speed  C: 


where  tc(k)«fkTanh(kh)' , 

We  expect  instability  to  occur 
eigenvalues  associated  with  two 
eigenvectors  coalesce: 

Direct  calculations  Indicate  two  solutions: 
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The  resonance  conditions  (12)  and  (13)  nay  also 
be  expressed  as  : 


to, »  '•*^4  Nw^. 

^ere  t«-(l.O)  and  «oi.vi(ic^).  class  I 
corresponds  to  N  even,  Class  II  is  N  odd.  The 
H»2  curve  is  the  Figure  "8"  resonant  curve  of 
PhlUlps'%  Other  values  of  N  give  rise  to 
additional  curves  (figure  1).  Zakharov®  stated 
that  these j*csonances  lead  to  Instabilities  of 
order  (ka)”  ,  but  only  showed  this  for  N*2.  It 
appears  that  the  higher  order  resonances  have 
otherwise  been  overlooked. 
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The  conpyvatlons  consist  of  tv<o  perts, 
calculation  of  the  unperturbed  wave  and 
subsequent  solution  of  the  eigenvalue  problen. 
To  calculate  the  unperturbed  wave,  it  proved 
convinient  to  solve  for  x  and  2  as  functions  of 
the  velocity  potential  d'  stre« 
function  In  these  variables,  the 
unperturbed  flow  can  be  expressed  as; 


tl^> 


Wa  .>U«0/c 


The  free  surface  Is  the  streamline  ’*'•0,  and  the 
bottom  is  (deep  water  corresponds  to 

The  free  surface  boundary  condition 
nay  be  expressed  as  (Longuct-Higgins^: 

Owl 

j  fe'  'O  <•<’> 

<•)>  i  jv  \  lUlAr.  '  J'.fW  o)'*.* 

'(f  O 

-  .1.  (‘'lii— 

"qir  x^r4,'0 

where  JM-coth{-BiyC).  Substitution  of  (15) 
into  (16)  and  (17)  yields  a  set  of  algebraic 


equations  for  IHhV 


f  t'.t!aii-ia 

i/u  4  "  <T4»  ■ 

The  mean  depth  is  given  by: 

<,>-iC4.g->  ♦it  *1^ 

The  wave  is  fixed  by  specifying  the  steepness  ka 
(one  half  the  crest-to-trough  height),  and  the 
•depth*  of  the  fluid  d**t/C..  The  parameter  d 
represents  the  depth  of  a  uniform  stream  moving 
with  velocity  C  which  has  the  same  mass  flux,  as 
the  steady  wave.  'Differences  between  kh  and  d 
do  not  amount  to  more  than  a  few  percent.  Por’d 
given  ka  and  d,  the  nonlinear  system  (18)  and 
(19)  is  truncated  at  L  fourier  nodes  and  solved 
in  double  precision  (14  digits)  by  Newtons 
method.  The  truncation  L  is  Increased  until -the 
last  coefficient  is  less  than  10*'  in 
magnitude.  Using  50<L<350,  the  have  calculated 
steady  waves  up  to  90%  of  the, steepest  wave  with 
this  method.  Integral  properties  such  as  the 
phase  speed  were  checked  against  the  results  of 
Cokelet'^^and  agree  to  the  published  accuracy 
(six  figures). 


Once  the  unperturbed  wave  has  been 
calculated,  we  return  to  Cartesian  coordinates 
to  construct  the  eigenvalue  problen.  The 
perturbations  ($)  are  truncated  at  M  Fourier 
nodes,  and  the  unknown  coefficients,  \b,  ( 
are  chosen  to  satisfy  (7)  at  W*\  points,  spaced 
in  equal  arclength  increments  between  adjacent 
crests  of  the  unperturbed  wave.  The 
coefficients  of  (7)  are  cenputed  from  (15)  using 
the  fundamental  relations; 


1-4  <■  4  > 


w> 


The  resulting  system  of  order  SH+2  Is  of  the 
fom: 


where 

matrices  A  and  B  are  complex  functions  of  p,q, 
and  the  unperturbed  wave  (>dsich  is  a  function  of 
ka  and  d).  The  eigenvalues  are  obtained  frw 
a  standard  eigenvalue  solver  (QZ  algorithm). 
The  truncation  M  Is  increased  until  the  relevant 
eigenvalues  have  converged.  Computations  were 
perfomed  in  double  precision  on  a  Prime  750 
.minicomputer. 


RFSOITS 

To  fix  ideas,  we  first  present  the  results 
for  the  deep  water  case.  Results  of  the 
calculations  are  presented  as  stability  plots  in 
the  p-q  plane  for  specified  values  of  ka,  figure 
2.  The  dashed  lines  delete  the  loci  where  the 
disturbances  are  neutrally  stable.  The  growth 
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Table  1*  The  naxlnua  growth  rate  as  a'  function  of  wave  steepness*  ^ 
Infinite  de^h  case.  The  first  row  gives  results  for  ka«l.  q'*  jf5’'3»2(ka) 


Figure  2.  Stability  diagram  for  N*2  and  N«3,  deep  water*  Shaded  regions 
denote  instability.  The  •  denotes  the  point  of  naxinun  instability.  Dashed 
curves  denote  neutral  disturbances. 
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rates  ire  given  {n  TM>1e  1.  For  r0»  P^(lti)» 
the  Class  J.'  ivl  InstabllUy  has  a  growth-rate. 
Iaio^*0{{ka)  )  for  s»a11  ka»  >-1n  agreenent  with 
the  perturbation  analysis  of  Benjanln  ft  Felr. 
The  instability  near  {)*5/4  has  ^a  -.growth  rate 
0((Mir)*  For  larger.'Values  of  ka,  the  unstable 
region  continues  .to'  grow  until  kas(0.34;  teien 
the  region  detaches  froca  the  -origin.  '  Beyond 
this,’,  .the  region  shrinks /as.  ka  Increases, 
finally  dissappearing  for  ka^O.39.  Throughout 
this  range  of  wave  .steepness,  the  naxlflun 
Instability  Is  attained  for'  jo-  this 
Instability  Is  predoolnantly  two  dlaensfonal. 
Recall  that  the  unstable  eigenvector  has 
donlnant'conponents.at  k»*(p^l}  andKA*(p-l). 

The, Class  11,  a*il  Instability  Is  new.  Near 
p>3,  q«0,  the  growth  rate  Is  0((karh  while 
near  ,p*l/2,'  the  growth  rate  Is 

0((kar).  Thus,  this  Instability  Is  Initially 
weaker  than  the  Class  I  resonance.  Ihe 
corresponding  eigenvector  has  dominant 
components  at  k^p^l  and  k>f>>2,  so  for  p*l/2, 
the  dominant  waventnber.tls  2  3/2.  The  aaxlmun- 
growth  rate  occurs  -at  p*l/2,  q#0,  so  this 
instability  Is  predominantly  three  dimensional. 
At  kaor0*31,  the  growth  rate  of  this  Instability 
becomes  larger  than  the  growth  rate  of  the  Class 

I  Instability,  and  the  most  unstable  disturbance 
switches  from  the  two  dimensional  Benjamin-Feir 
type  to  this  three  dimensional  perturbation.  At 
ka«0.40S,  the  Instability  region  touches  tte  p 
axis  yielding  a  two  dimensional  unstable 
disturbance,  which  was  Initially  Identified  by 
Longuet-HIgglns’.'*  It  should  be  noted  however, 
that  the  strongest  disturbance  occurs  for  qdO, 
and  Is  three  dimensional. 

The  point  of  maxlnun  Instability  for  the 
Class  II  resonance  occurs  with  Re<r«0,  thus  the 
perturbation  remains  stationary  (but  Increasing 
In  amplitude)  in  a  frame  of  reference  moving 
with  the  unperturbed  wave.  In  fact,  Rer^O 
along  the  line  p*l/2  in  the  imstable  region,  so 
at  the  stability  bowdary  we  have^  *0,  and  the 
perturbation  is  a  neutral  disturt)ance.  This 
suggests  the  posslbll ity  that  the  unperturbed 
wave  can  bifurcate  Into  a.  steady  three 
dimensional  wave  pattern.  Indeed,  this  neutral 
stability  point  touches  the  p  axis  at  ka<0.40S, 
In  good  agreement  with  the  value  found  byChcn  ft 
Saffman**  for  two  dimensional  bifurcation 
of  a  Stokes  wavetrain; 

The  trends  exhibited  byn«l  of  Class  I  and 

II  are  reflwted  in  the  higher  order 

interactions.  For  0*2,  Class  I.  the  maximin 
growth  rite  occurs  for  p*0,  qeO,  and  has  a 
growth  rate  l«o“*0((ka)^)  for  small  values  of 
the  wave  steepness*  For  n-2,  Class  11,  the 
point  of  maximum  instability,  occurs  at  p*l/2, 
q^O  and  has  an  initial  growth  rate  of  0((ka)»). 
The  maximum  instability  In  these  cases  occurs 
with  Rea^'O;  For  the  range  of  wave  heights 
considered  here,'0<k8<0«41,  the  ffi«l  Interactions 
produce  the  dominant  Instabilities.  Comparison 
of  the  growth  rates  for  the  various 
Instabilities  Is  given  In  Figure  3. 

For  finite  depth  periodic  gravity  waves.  It 
is  well  known  that  weakly  nonlinear  water  wives 
are  unstable  or  stable  to  two  dimensional 
Infintesimal  perturbations  If  the  depth  kh  1$ 


greater  or  less  than  1.363  (iltltham*).  For  our 
mnerical  study,  we  have  chosen  three  depths, 
one  greater  and  two. I ess  than  this  value.  The 
results  are  presented  In  Figures  4,  S,  and  6  and 
Table  2^  Vie  first  discuss  the  lowest  order 
Instability. 

for  d*2.0,  the  behavior  of  the -lowest  order 
Instability  (N*2)  Is  very  similar  to  the  deep 
water  case:  for  small  ka,  the  steady  wave  Is 
unstable  to  long  wavelength  perturbations  which 
have  a  growth  rate  0(ka)  .  Note  however  that 
the  dominant  Instability  at  this  depth  Is  three 
dimensional  for  small  ka.  For  steeper  waves, 
the  long  wavelength  perturbations  restablllze, 
and  the  most  unstable  wavenunber  Is  two 


d«2.0 

Highest  wave:  lca«0M2S 

unperturbed 

Mve 

Class  I  InstablUty 

Class  II  Instability 

C- 

<dep> 

P 

9  9er 

P 

q 

Re<r 

0.974883 

2.005125 

0.21 

0.15  -0.0877 

3.19«lfr 

0.5 

1.54- 

0.0 

).24'lo; 

1.008101 

2.019723 

0.31 

0.17  -0.1220 

*0.5 

1.43 

0.0 

6.34-l(r* 

1.06S604 

2.041079 

0.40 

0;14  -0.1342 

2.39*l(fJ' 

0.5 

1.21. 

0.0 

2.65'10'? 

1.104017 

2.052335 

0.46 

0.08  >0.1268 

3.3i*i(rJ 

0.5 

0.99 

0,0- 

5.23MCr^ 

1.137932 

2.059619 

0.62 

0.00  >0.1055 

4.60>lir* 

0.5 

0.68 

0.0 

l.OMO"' 

d-1.0 

Highest  wave:  ka*0.325 

unperturbed 

wove 

Class  I  Instability 

-Class  IMnstabllity 

'<dep> 

P 

9  Her 

lod*  J 

P 

q 

Reu* 

0.781727 

1.006339 

0.28' 

0.19  >0.0618 

2.34‘10, 

0.5 

0.99  V 

0.0 

2.04*lff: 

0.83992S 

1.022771 

0.42 

0.24  -0.0964 

9.54*10*} 

0.5 

0.90 

0.0 

1.80*10, 

0.919308 

1.038987 

O.SS 

0.19  -O.C«88 

3.07*10* 

0.5 

0.62 

0.0 

7,60*10'* 

d*0.5 

Highest  wave:  ica*0.186 

unperturbed 

wave 

Class  I  instability 

Class  11  Instability 

<dep> 

P 

9  Retr 

Ibc”  , 

P 

q 

Rear 

In  o'  ^ 

0.531461 

0.508233 

1.16 

0.00  -0.2273 

4.44*10*^ 

0.5 

0.55 

0.0 

8.77*10  : 

O.S99622 

0.515655 

0.57 

0.23  -0.0763 

1.45*10'* 

0.5 

0.50 

0.0 

3.76*10'* 

Table  2.  Haxlnin  growth  rate  as  a  function  of  wave  steepness 

Finite  depth  case.  <dep>  is  the  mean  depth 
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ha  •  0.3S 
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U  •  0.2 

Figure  4b.  Stability  diagram  for  d«2«0 


Figures.  Stability  diagram  for  d«1.0.  The 
dashed  curve  Is  the  Infinitesimal  resonance. 


dfnensfonal.  Fcr  the'  range  of  Mp1<tude$ 
considered  here»'<  this  lowst^order  tnstahilfty 
did  not  coapletely.restabnize  «s  It  does  in 
deep  Mater.  '  ^ 

For  d«1.0, 'the  unpertuited.  Hive  is  stable 
to  long  wavelength'tMO  dinenslonal  peKurbatlons 
for  snail  anplitude,  as‘  predict^  by  Uhlthan. 
However,  the  Mve  1$  unstable  to  three 
dimensional,  perturbations.  The  growth  rate  of 
the  unstable  sidebands  Is  0(kar.  For  ka*0*29.. 
two  dinenslonal  'perturbations  are  found  to  be 
unstable. ^although.they  are  domlnatedi^;by  three 
dinenslonal  Instabilities. 

The  shallowest  case  we  have  considered, 
d«0.5,  is  most  unstab1e*(at  least  for  small  ka). 
to  a  two  dinenslonal  perturbation  with  a  'length 
scale  conparable  to  the  length  scale  of  the 
unperturbed  Hive,  in  contrast  to  the  fanitiar 
two  dinenslonal  long  wove  -.perturbations  which, 
are  the  dominant  instabilities  in  deep  water. 
Two  'dinenslonal  long  wave  perturbations  are 
stable  at  this  depth.  .For  larger  amplitudes, 
three  dinenslonal  instabilities  again  dominate. 


The  next  order  resonance  (NO)  is 
completely  analogous  to  the  deep  water  case: 
the  naxlnin  growth  rate.occurs  for  p«l/2,  qfO 
and  has  lB(a‘)*0{kar,  Re(c*)»0.  Thus  the 
dcninant  Instability  propagates  with  the 
unperturbed  wave  with  twice  the  spatial  period. 
The  stability  boundary  at  p"l/2  is  a  point  of 
neutral  stability  (d'*0),  and  suggests  a 
bifucation  into  a  steady  three  dinenslonal  wave 
pattern.  While  this  third  order  resonance  is 
initially  weaker  than  the  second  order 
resonance,  It  becomes  dominant  for  sufficiently 
steep  waves,  see  Figure  7  and  Table  2. 


Figure  7.  Haxinin  growth  rates  of  finite 
depth  Instabilities,  d>2;0.  The  dashed  line 
on  the  right  represents  the  highest  wave. 


CCMPftRlSON  WITH  OeSFftVftTlON 

For  deep  water,  the  perturbation  anaysis  of 
Benjamin  i  Feir  afforded  an  explanation  of  the 
observation  that  a  gravity  wave  is  unstable  to 
two-dimensional  perturbations'.  Improvements  of 
the  theory  based  on  the  nonlinear  equations  led 
to  good  .agreement  with  experiment 
(Longuet-Higgins*  ).  It  is. significant  to  note 
that  the  original  experiments  were  for  values  of 
the  wave  steepness  ka<0.17,  a  range  in  which  the 
three  dimensional  instabil ities  are  quite  weak. 

Recently,  a  series  of  spectacular 
experiments  were  performed  by  Su'^  In  an  outdoor 
basin  and  an  indoor  wave  tank  which  exhibited 
distinct  three-dimensional  patterns  on  large 
amplitude  gravity  waves*  Quoting  $u'$ 
description:  *(At  about)  x  •  24^  ,  ...the 
wave  train  evolves  quickly  into  a 
three-dimensional  configuration.  This  stage  of 
evolution  has  a  distinct  three-dimensionality 
that  usually  lasts  about  10  wavelengths.”  This 
is  illus.rated  by  a  photograph  of  the  wave 
pattern  (Figure  8).  These  patterns  are  observed 
for  rather  steep  initial  waves,  with  values  of 
ka  in  the  range  0.25  to  0.34.  Su  reported  that 
90t  of  his  observations  correspond  to  the  case  p 
•  0.5. 

Before  comparing  Su's  experimental 
observations  to  our  results,  we  digress  slightly 
to  consider  the  existence  of  an  apparently 
steady  three-dimensional  wave  pattern  which 
lasts  for  10  wave  periods. 

Consider  infinitesimal  perturbHlons  on  a 
steady  solution.  A  neutral  staolltty  point 
exists  >^en  both  the  real  and  Imaginary  parts  of 
<r  are  zero  In  a  frame  of  reference  moving  with 
the  (Misturbed  solution.  At  this  point,  a  new 
steady  solution  which  1$  the  superposition  of 
the  undisturbed  solution  and  the  infinitesimal 
disturbance  exists.  If  this  solution  can  be 
conttnu^  to  finite  perturbation  amplitude,  new 
steady  solutions  can  be  generated. 

New  steady  two-dimensional  steady  solutions 
were  obtained  via  this  approach  by  Chen  and 
Saffman'®  as  bifurcations  from  the  Stokes 
solutions,  based  on  the  unapproximated 
equations.  These  occur  at  large  values  of  wave. 


2$) 


Figure  8.  Three  dfnMSione)  wave  patterns. 
Photoeraph  from  Su« 


steepness,  and  represent  nodulated  steady  wave 
.trains.  These  results  were  extended  to 
three-dlnenslons  by  Safftian  and  Yuen"  who 
noticed  that  the  critical  wave  steepness  for 
bifurcation  Into  three*dlnenslonal'$olutlon$  are 
typically  nuch  smaller,  and  therefore  the 
analyses  can  be  carried  out  using  the  Zakharov 
equation.  Safftian  and  Yuen  found  two  types  of 
three-dimensional  steady  solutions,  one 
$)metrlc  and  one  antls>metrlc. 

The  bifurcation  theory,  however,  leaves  an 
'Important  question  unanswered.  For  a  given 
value  of  ka,  the  theory  predicts  bifurcation 
Into  wave  forms  with  arbitrary  values  of  p  and 
q. ,  lliat,  then,  Is  the-  selection  rule  which 
causes  Su  to  observe  a  certain  value  of  p  and  q 
for  a  given  ka?  Why  Is  p  >  0.5  preferred? 


yielding  K^/k*  *2.46.  The  wave  profiles  are 
compared  -in  figure  9,  vAere  the  amplitude  of  the 
eigenfunction  (>4iich  Is  undetermined  by  the 
linearized  equations)  has  been  chosen  for  the 
best  agreement  with  the  experimental  profile. 


These  questions  find  their  answers  In  the 
present  results.  For  ka:a0.30  the  most  unstable 
perturbation  1$  three  dimensional  an  d  occurs 
^with  p«0.5,  qKO. .  This  instability  has  Reo-*0 
and  is  the  result  of  coalescence  of  two 
neutrally  stable  eigenvectors.  The  Instability 
co-propigates  with  the  undisturbed  waves,  and  is 
indeed  generic  of  the  neutrally  stable 
eigenvectors.  The  implies  that  this  Instability 
can  trigger  the  bifurcation  into  a 
three-dimensional  configuration.  Ke  further 
note  that  the  e-folding  time  of  the  oaxlmun 
instability  of  Type  II  for  ka  •  0.33  is  about  25 
wavelengths,  which  agrees  very  well  with  Su*s 
observations.  For  the  experimental  value 
ka«0.33,  Su  measures  the  wavelength  of  the 
modulation  to  be  AA*2.I6n,  •0.915a,  yielding 

k4/kj(>2.36.  At  this  steepness,  the  present 
ciTculatlon  predicts  the  most  unstable 
disturbance  will  occur  for  p*0.5,  q>1.23. 


t  ' 


.  These  results  have  an*'!nportant  topUcation 
In  oceanic  applications:  they  predict  that  the 
existence  of  three>dit9ensiona1  structures  on 
ocean  waves,  Mhich  always  have  a .  lengthscale 
twice  that  of  the  dominant  wavdength  in  the 
direction  of  propagation,  and  (for  a  wide  range 
of  ka)  ^a  lateral  lengthscale^  of  about  one 
dominant  wavelength.  The  structure  is  afixed  to 
the  dominant  waves^  and  should  be  readily 
identifiable.  '  For  sufficiently  large  wave 
steepness,  these  three-dimensional  features  are 
strongly  dominant.  This  is  not  to  say  that  they 
are  absent  in  small  steepness,  in  fact,  they  are 
expected  .to  co-exist'  with  the  two-dimensional 
Benjanin-Feir  t^eMnstabilities. 
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of  tha  papof 

by  J  W.  McLean,  Y  C  Me,  0  a  Merfn,  P.6,  Seffmen  end  H  C.  Yuen 

THREE-DIMENSIONAL  INSTABILITIES  OF  FINITE  AMPLITUDE  GRAVITY  WAVES 


Oi$eus$fon 

Sy  J.WrVaricri-Broeck 

7o  coapute  Uie  steady  state  solution  before 
doing  tbe  perturbation  analysis,  you  use  a  trun* 
cated  Fourier  expansion.  Could  you  use  Instead 
an  Integral  equation  foraulatlon  to  coapute  this 
steady  state  solution.  If  so,  you  could  go  to  a 
higher  steepness  and  nuch  ssialler  depth. 

Authors'  reply 


It  would  certainly  be  possible  to  use  an 
integral  equation  to  calculate  steeper  steady 
waves,  but  we  are  Halted  by  resolution  of  the 
perturbations,  for  the  steepest  waves,  an  alter¬ 
nate  foraulatlon,  possibly  a  local  analysis  about 
the  wave  crest.  Is  required  to  obtain  the  stabi¬ 
lity  properties. 
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NUMERICAL  MODELLING  OF  VORTEX  FLOWS  IN  SHIP  HYDRODYNAMICS 
A  REVIEW 


David  W.  Taylor  Naval  Ship  flOMarch  and  Davalopmant  Cantor 
Sathaada,  Mar^and  20064 


ABSTRACT 

Tha  Inereasing  activity  in  the  atudy  of 
vortlcea  in  nunerleal  ship  hydrodynaalcs  is 
closely  linked  with  the  rapid  advances  in  co»- 
puter  technology  and  nunerleal  analysis, 
larsely  influenced  by  successes  in  the  sister 
field  of  aerodynanlcs.  This  review  starts  with 
a  discussion  of  the  distinct  features  of  vor¬ 
tices  around  ships,  their  definitions  and 
nonenclature.  The  nunerleal  aethods  are 
treated  by  dividing  the  subject  into  techniques 
for  invlscld  flows,  viscous  notions,  and  tur¬ 
bulent  vortices  with  special  enphssis  on  ship* 
hydrcdynanical  problens. 


1.  BACKCROUMD 

Vortices  are  ordered  structures  of  fluid 
notion,  which  nature  prefers  over  chaos  in  nany 
situations.  Recent  pictures  fron  Voyagers  I 
and  2  of  the  planet  Jupiter  cenfirn  through  the 
display  of  ttultiple  vortex  arrays  the  beauty  of 
such  order  in  the  universe. 

Vortices  are  omnipresent  in  flows  about 
bodies  of  complex  fern,  including  marine  struc¬ 
tures  like  noving  surface  ships  and  suboarlnes, 
and  oil  rigs  in  wind  and  ocean  currents. 
Hence,  their  study  does  not  start  with  the 
question  of  whether  vortices  are  present  but 
with  the  question  of  which  vortices  have  a 
noticeable  influence  on  the  performance  of 
naval  vehicles  snd  other  structures. 

Since  the  mathematical  description  of  vor¬ 
tices  is  inherently  a  nonlinear  problem  (except 
for  a  few  degenerate  cases  with  simtlsrtty  or 
symefy  properties),  solutions  of  the  basic 
equations  of  motion,  which  describe  vortex 
flows,  require  the  full  exploitation  of  modern 
computers.  The  impact  of  the  present  rapid 
development  of  computer  hardware  and  of  tha 
advances  in  numerical  techniques  on  fluid 
dynamics  was  recently  discussed  in  a  review 
article  devoted  to  aerodynamical  problems  by  D. 
Chapman  of  tha  NASA  Ames  Reaearch  Center 
<t979).  The  increaaing  emphasis  on  vortices  in 
aerodynamics  is  reflected  in  a  summary  by  Peaka 
and  Tobak  (1980),  and  a  comprehensive  survey  on 
the  general  role  of  vortices  in  nature  and 
technology  was  published  in  s  book  by  the 
author  (Lugt  1979s). 


In  recent  years  a  nisaber  of  good,  survey 
articles  have  appeared  In  the  literature  on 
basic  vortex  flows  and  their  nunerleal  computa¬ 
tion  (Fink  snd  Soh  1974,  Clements  snd  Hsull 
197S.  Uwellen  1976,  Saffman  and  Baker  1979, 
Leonard  1980,  and  J.H.B.  Smith  1980).  Host  of 
these  surveys  are  restricted  to  invlscld  fluid 
flows  and  are  geared  largely  to  problems  in 
aerodynamics  snd  meteorology  and  very  little  to 
problems  in  ship  hydrodynamics.  The  question 
thus  arises  whether  vortex  problens  in  ship 
hydrodynamics  are  so  different  fron  those  in 
aerodynamics  that  the  flow  models  snd  nunerleal 
methods  especially  developed  for  aerodynaaic 
problems  cannot  be  applied  to  ship  hydrodynan- 
ios  at  all  (or  only  after  modifications).  Or 
one  nay  ask  whether  vortices  plsy  only  a  minor 
role  in  ship  hydrodynamics.  The  first  question 
teoltly  Implies  thst  aerodynaniolsts  ere  nore 
Involved  in  nuaeriosl  fluid  dynamics  thsn  ship 
hydrodynaatclsts.  The  feet  is  that,  due  to 
industrial  demands,  the  effort  spent  in  funds 
snd  nan  power  is  sn  order  of  nsgnitude  larger 
in  nunerleal  aerodynamics  thsn  in  nixsericsl 
ship  hydrodynamics.  It  Is.  therefore,  impor¬ 
tant  to  discuss  briefly  the  nsjor  differences 
snd  sinilsrities  of  the  two  fields. 

The  degree  of  relationship  between  aero¬ 
dynamics  and  ship  hydrodynanlcs  nay  be  con¬ 
sidered  to  encompass  three  levels: 

(1)  Some  ship  problens  have  no  counter¬ 
parts  in  aerodynamics  and,  therefore,  there  is 
a  real  need  for  hydrodynanic  research.  Obvi¬ 
ously,  a  ship  operates  relatively  slowly  in  the 
free  surface  of  an  incompressible  fluid,  con* 
pared  with  an  airplane  or  missile,  which  moves 
through  sir  at  sub-  or  supersonic  speed.  Both 
esses,  however,  have  certain  mathematical  pro¬ 
perties  in  coanon:  the  boundary  conditions  at 
the  water  surface  snd  the  shock  wave  in  air  ore 
nonlinear,  and  the  positions  of  these  boun¬ 
daries  are  not  known  a  priori  but  must  be 
determined  as  parts  of  the  solutions.  Typical 
vortex  problems  In  ship  hydrodynamics  which  do 
not  occur  in  aerodynamics  are  those  involving 
propeller-hull-rudder  interactions,  hydrofoils 
(Acoste  1973) •  the  inception  of  cavitation 
(Morgan  end  Parkin  1979),  and  the  rolling 
notion  of  •  ship  which  generates  bilge  snd 
stern  vortices  (Cox  and  Lloyd  1977). 

(2)  Many  ship  problens  have  elements  which 
are  shared  with  certain  aerodynamic  problens. 
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However,  due  to  the  speelel  nature  of  these 
probleas,  approxlaatlons  which  are  peralaslble 
in  one  field  aay  not  be  realiatlc  In  the  other 
(that  is.  there  are  differences  In  the  physical 
Bodels).  This  includes  the  fact  that  the  iapor'* 
tance  of  a  problea  aay  have  different  weights 
in  the  two  fields.  For  Instence.  vortex  breaks 
down  can  have  a  siaeable  effect  on  the  lift  of 
a  delta  wing,  depending  on  its  location,  while 
vortex  breakdown  behind  the  sail  of  a  subaarine 
aay  be  insignificant  for  lift  or  propeller 
efficiency, 

(3)  Vortex  probleas  in' ship  and  aircraft 
applications  of  fluid  dynaalcs  aay  be  the  saae, 
but  the  nuaerlcal  aethod  for  a  specific  problea 
aay  have  to  be  altered  because  geoaetry  and 
paraaeter  ranges  differ  (these  are  differences 
in  numerical  aodelling).  In  this  context  it 
aay  be  mentioned  that,  even  for  the  saae  ^ysi> 
cal  situation  in  the  sane  engineering  field, 
the  numerical  aethod  aay  vary,  depending  on  the 
((•jestion  asked.  For  instance,  the  location  of 
tip  vortices  can  influence'  the  lift  of  a  down¬ 
stream  control  surface.  In  this  case,  sn 
inviaetd-flow  model  aay  suffice.  However,  a 
viscous-flow  model  is  needed  to  find  the  lowest 
pressure  near  the  origin  of  the  tip  vortex  of  a 
aarine  propeller  to  deternine  the  inception  of 
cavitation. 

This  paper  includes  soae  sketches  of  typi¬ 
cal  vortex  systees  around  the  hulls  of  ships 
and  around  propellers  to  illustrate  the 
occurrence  of  aajor  vortices  and  their  complex¬ 
ity.  These  figures  aay  also  serve  to  facili¬ 
tate  the  discussion  of  the  nvaerical  methods 
applied  to  vortex  flows  and  to  elarlfy  the 
nonenolature  and  definition  of  varloua  types  of 
vortices,  since  the  literature  is  not  con¬ 
sistent  in  these  areas. 


Probably  the  oldest  comprehensive  collec¬ 
tion  of  drawings  of  vortices  around  surface 
ships  and  subaarlnes  can  be  found  in  Saunder's 
book  on  "Hydrodynamics  in  Snip  Design”  of  19&5. 
The  aost  important  types  of  vortices  in  ship 
hydrodynmaics  are  the  tip,  wake,  necklace,  and 
hub  types.  All  are  illustraUd  in  Fig.  la, 
which  shows  the  aain  vortices  about  subaarlnes. 
Notice  that  the  tip  vortices,  which  occur  at 
the  end  of  the  sail  ("fairwater"),  sail  planes, 
rudders,  and  stabilizers,  correspond  to  the 
wing  tip  vortices  of  an  aircraft.  In  these  tip 
vortices  the  axial  velocity  component  is  rela¬ 
tively  strong  so  that  the  vortex  exhibits  a 
swirling  action.  If  this  velocity  coaponent  is 
relatively  saall  or  nonexistent,  as  with  the 
vortices  at  the  leading  and  trailing  edges  of 
high-aspect  ratio  airfoils  at  large  angles  of 
attack,  the  vortex  is  labelled  an  "edge  vortex" 
(Fig.  »7  in  Section  3.t).  "Hake  vortices"  in 
the  narrow  sense  (edge  vortices  are  also  wake 
vortices)  develop  in  the  rear  of  blunt  bodies 
(Fig.  1b).  They  are  shed  when  aarine  vehicles 
turn,  and  when  the  local  angle  of  attack  (drift 
angle)  in  general  varies  along  the  hull.  At 
higher  angles  of  attack  "secondary  vortices" 
can  fora  in  the  wake.  A  "necklace  vortex”  is 
generated  at  the  base  of  a  cylinder  or  strut, 
attached  to  a  larger  solid  surface.  In  Figs,  'a 
and  Ic  such  vortices  are  drawn  at  the  intersec¬ 
tions  of  sail  and  hull,  sail  plane  and  sail, 
and-  rudder  or  stabilizer  and  hull.  Necklace 
vortices  are  soaetiaes  called  "horseshoe  vor¬ 
tices".  This  tera,  however,  is  usually 
reserved  for  the  vortex  system  associated  with 
wings  in  an  invisold  flow  (the  "bound  vortex” 
of  the  wing  and  the  two  tip  vortices).  In  the 
necklace  vortex  of  the  hull-sail  intersection 
the  phenoaenon  of  vortex  breakdown  can  be 
observed  (Granger  197^).  as  indicated  in  Fig, 
la. 


Figure  1  -  (a)  The  aajor  vortex  configurations  around  a  subaarine  at  a  saall  angle 
slight  turn,  (b)  Two  cross-sections  of  the  hull  at  the  sail  and  behind, 
tices  around  the  control  surfaces  at  the  stern. 


of  attack  in  a 
(o)  Necklace  vor- 
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Whenever  •  body  routes  in  «  fluid,  the 
axi^s  of  rotation,  which  is  Itself  a  vortex 
line,  extends  into  the  fluid  in  the  fora  of 
vortioity  lines.  These  lines  are  bent  Inaedi- 
ately  in  front  of  the  routine  body  and  -  spread 
in  spirals,  but  they  resain  bundled  and 
straight  in  the  rear  of'.the  body.  They  thus 
fora  the  "hub  vortex". 

The  hulls  of  surface  ships  can  produce 
bilge,  stern,  and  bow  vortices,  whose 
occurrence  and  strength  depend  on  the  geoeetry 
of  the  hull  and>  the  ship's  aovenent.  Bilge 
vortices  fora  at  sharp  or  high-curvature  keels 
and  are  actually  tip  vortices  (Fig.  2).  Two 
types  of  bilge  vortices  ha/e  been  identified: 
steady  and  unsteady.  Steady*state  vortices 
occur  even  (dien  the  ship  is  not  rolling,  sway* 
ing,  or  heaving.  They  are  caused  near  the  bow 
by  the  downward  notion,  in  the  rear  by  the 
upward  flow  (Tagorl  1967).  Unsteady  bilge  vor¬ 
tices  are  shed  during  rolling,  swaying,  and/or 
heaving  with  or  without  forward  speed. 


Figure  4  - 

Difference  between  sUrn-bilge  vortex  at  the 
bilge  of  a  full  ship  (a)  and  stern  vortex  at 
the  concave  surface  of  the  hull  (b>. 


s 


two  baw*bilge  vortices  rotate  opposite  to  the 
two  steriv>bilge  vortices  (Lugt  1979a). 


Stern  vortices  (Fig.  3)  have  a  certain 
slailarity  to  bilge  vortices  formed  at  the 
stern.  They  nay  be  categorlted  as  tip  vortices 
too,  although  they  are  generated  In  the  region 
where  the  convex  surface  of  the  hull  becomes 
concave  (Kux  and  Wieghardt  1980).  According  to 
Fig.  a  the  generation  of  axial  vorticlty  Is 
caused  in  both  cases  by  flow  separation  either 
at  the  keel  or  the  bilge.  Stern  vortices  have 
counterparts  in  aerodynsnlcs,  for  instance  on 
the  fuselage  of  the  conceptual  "delta-wing 
Orbiter"  space  shuttle  (Peake  and  Tobak  1980). 


Stern  vortex  at  the  concave  surface  of  the  hull 
(after  Hoekstra  1977). 


Figure  5  - 

Hecklace  vortices  sketched  In  the  plane  df  sya- 
oetry,  (a)  around  the  strut  on  a  solid  surface, 
(b)  bow  vortex.  $  t  stagnation  point. 


There  Is  also  a  certain  slnllartty  between 
vortices  at  the  bow  of  full  ships  (Dagan  and 
Tulin  1972)  and  the  necklace  vortices  around 
struts  (Fig.  S).  For  bow  vertices,  of  course, 
the  bow  wave  deUralnes  the  shape  of  the  free 
aurface  whereas  boundary-layer  separation  at  a 
solid  wall  causes  the  necklace  vortex,  Notice 
the  flow  direction  in  these  vortices,  A  par¬ 
ticular  kind  of  necklace  vortex  Is  formed  at 
the  stern  of  surface  ships  (Baba  1976)  as  shown 
in  Fig.  6  for  the  flow  behind  a  transom  stern. 
Waves  break  behind  the  ship  by  generating  vor¬ 
tex  layers  in  the  flow  direction.  For  large 
Froude  nuabirs  the  two  layers  shown  in  Fig.  6a 
extend  far  downstream;  for  smaller  Froude 
nvnbers  a  breaking  wave  perpendicular  to  the 


Figure  6  - 

Vortex  layers  caused  by  wave  breaking  behind  a 
transom  stern;  (a)  perspective  view  for  large 
Froude  numbers,  (b)  side  view  for  small  Froude 
numbers. 
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Figure  7  -  Deck  vortices  oo  on  eircreft  carrier.  Other  major  vortices  like  those  around  the  islanc 
are  omitted  (for  vortices  around  buildings  see  Hunt  1971). 


flow  also  occurs  (Fig.  6b).  forcing  a  necklace 
in  a  way  opposite  to  those  previously  dis* 
cussed. 

Vortices  above  the  water  line  are  of 
naval  interest  as  well  as  underwater  vortices* 
but  they  are  centioned  here  only  In  passing. 
An  example  is  furnished  In  Fig.  7  which  shows 
the  two  tip  vortices  of  the  staggered  flight 
deck  of  an  aircraft  carrier*  Since  these  vor¬ 
tices  rotate  In  the  same  direction,  they  also 
revolve  about  their  common  center  and  are  a 
hazard  for  landing  airplanes  (Oh  and  Dean 
1971)*  A  similar  problem  exists  behind  large 
aircraft,  where  two  or  more  tip  vortices  fora 


on  each  side  of  the  plane  (Donaldson  and  Bila- 
nin  1975).  See  also  Fig.  15.  On  carrier 
flight  decks  with  three  protruding  edges*  three 
deck  vortices  of  the  same  sign  develop.  The 
aoveaents  of  three  vortices  have  been  studied 
by  Aref  (1979)  and  Leonard  (1980), 

Vortices  shed  from  marine  propellers  are 
of  opeciai  naval  Importance  (Flatter  and 
Souders  1979>>  Fig.  8a  shows  the  hollow  cavi¬ 
tation  core'*  of  four  tip  vortices  from  the 
blades  and  the  cavltatlng  hub  vortex.  The 
latter  is  not  axlsyametric  since  It  la  fed  by 
the  four  secondary  flows  between  the  blades 
(Fig.  8b).  in  many  situations  non-uniform 


Figure  8  -  Propeller  vortices,  which  are  visible  through  iiollow-core  cavitation*  (a)  Four  tip  vor¬ 
tices  and  hub  vortex  In  perspective.  Secondary  flow  between  two  blades  Is  Indicated  only 
In  one  quarter,  (b)  Secondary  flow  circulation  sketch  in  a  reference  frame  fixed  to  the 
propeller. 
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Inflow  C4us«9  un9te*JlnesS'  of  the  propeller 
flow,  i4tlch  results  In  noise  end  vlbrstion  of 
the  blades  (Brooks  19S0).  A  review  of  esvite- 
tion  in  fluid  aachlnery,  includins  vortices,  is 
Aiven  by  Arndt  (1981). 

Vortex-generated  noise  wes  reviewed  by 
Powell  (1975).  This  subject  leads  to  the  study 
of  vortices  generated  in  the  unstable  shear 
flows  of  Jets  and  boundary  layers  (Rockwell  and 
Naudascher  1979). 

Finally,  the  nunerlcal  treatsient  of 
vortex-induced  vibration  was  recently  reviewed 
by  Sarpkaya  (1979).  Probleas  in  this  area  are 
encountered  when  underwater  vehicles  are  tewed 
at  the  end  of  cables  (Griffin  et  al.  1980). 

Socse  vortex  configurations  auy  be 
described  by  inviscid-flow  sodels,  soae  by 
viscous-flow  aodels,  and  soae  by  a  coobination 
of  the  two  by  dividing  the  flow  dooain  into 
suitable  regions.  Special  attention  aust  be 
given  to  turbulent  vortices.  The  following 
review  of  nuaerical  aethods,  illustrated  by 
ship  pi  cbleas,  is  hence  divided  into  three 
parts:  Inviscid-flow  aodels,  viscous-flow 
nodels,  end  turbulent  vortex  aodels.  This 
review,  however,  can  present  the  various 
nethods  only  in  a  general  way  because  of  the 
extent  of  the  existing  literature. 


2.  IMVIbtfl&«FLOW  HOQELS 

According  to  Saffoan  and  Baker  (1979)  a 
vortex  in  an  invisoid  fluid  aay  be  defined  as  a 
"finite  volune  of  rotational  fluid,  bounded  by 
irrotatlonal  fluid  or  solid  walls*.  The  vorti- 
city  vector,  in  contrast,  is  unaabiguously 
defined  as  the  curl  of  the  velocity  vector. 

Potential  flow  around  a  cylinder  with 
inbedded  point  vortices  is  the  oldest  aathenat- 
ical  Dodel  to  siaulate  vortex  flows  near  a  body 
and  goes  back  to  Foppl  in  1913,  The  early  days 
of  airfoil  theories  in  the  twenties  snd  those 
of  aissile  aerodynaaics  in  the  fifties 
(Nielsen  I960)  were  devoted  to  the  study  of  one 
or  several  point  vortices  near  a  body.  The 
advent  of  ooaputers  has  aade  it  possible  to 
extend  and  refine  those  aethods  for  many  point 
vortices,  and  in  the  last  two  decades  great 
progress  has  been  aade.  This  developaent  was 
encouraged  by  the  persistent  difficulties  of 
solving  the  Navler-Stokes  equations  for  large 
Keynolds  nuabers.  The  extensive  literature  on 
point  and  line  vortices  includes  the  survey 
papers  cited  in  the  first  chapter. 

The  negleot  of  viscosity  in  a  flow  oocel 
poses  liaitations  which  range  froa  the  funda- 
aental  physical  question  of  how  vortioity  can 
be  created  to  the  nuaerical  difficulties  of 
instability  and  convergence.  The  creation  of 
"frozen"  vortioity  in  an  invisoid  fluid  or  of 
point  vortices  in  a  potential  flow  is  already  a 
questionable  procedure,  since  according  to 
Lagrange  and  Helaholtz  vortices  cannot  fora  and 
cannot  decay  in  an  invisoid  fluid  (see  Section 
2.1).  In  particular,  once  vortices  have  been 
introduced  into  the  fluid  oodel  artificially, 
they  do  not  weaken  when  in  contact  with  or 


close  to  a  solid  wall,  and  they  do  r<ot  dissi¬ 
pate  and  do  not  coalesce.  Moreover,  the  lack 
of  .viscous  daaping  causes  instability  probleas. 
To  overcooe  all  these  difficulties,  the  oethoos 
of  discontinuity  lines  and  point  vortices  aust 
be  eneuabered  with  a  number  of  ad-hoe  assua;^ 
tloAs.  Thus,  care  must  be  taken  in  deciding  If 
and  when  to  use  such  Inviscid-flow  aodels. 

On  the  other  hand,  inviscid-flow  aodels 
are,  in  general,  less  expensive  to  evaluate 
niAerlcally  than  vlseous-flow  techniques,  snd 
they  have  often  proven  to  be  In  good  agreeaent 
with  ezperlaents.  Inviscid-flow  solutions  are 
also  soaetlaes  used  as  input  for  vlseous-flow 
calculations  (Chapter  3).  This  usefulness  end 
the  lack  of  better  aethods  Justify  their  exten¬ 
sive  application  to  certain  types  of  vortex 
probleas.  In  the  next  sections,  the  strengths 
and  weaknesses  of  these  oodels  are  discussed. 

2.1  Two-Dloenslonal  Flows 

The  potential  flow  about  a  cylinder  with 
tvo  point  vortices  representing  the  wake  of  the 
body  Is  quite  unrealistic  in  two  respects:  (a) 
With  certain. positions  and  strengths  of  the  two 
vortices,  the  drag  can  be  negative  (Vibrans 
1962,  Sarpkaya  and  Garrison  1963).  (b)  Viscous 
wake  flows  reveal  that  the  center  of  the  vortex 
Is  not  a  point  of  extreeal  vortioity  as 
predicted  by  the  point-vortex  oodel.  The  reason 
for  these  deficiencies  is  that  the  sheet  feed- 
ingiVortioity  froa  the  body  is  ignored.  A 
technique  to  overcoae  these  difficulties  was 
used  a  few  years  earlier  than  the  above  cited 
work  by  Brown,  Michael,  and  Edwards,  who  intro¬ 
duced  aodels  to  balance  the  force  on  the  line 
between  body  and  vortex.  For  a  discussion  of 
the  relevant  literature  see  J.H.B.  Saith 
(1980). 

It  is  tacitly  assuoed  In  inviscid-flow 
aodels  that  the  layer  feeding  vortioity  froa 
the  body  in  a  viscous  fluid  degenerates  into  a 
spiral  discontinuity  sheet  when  the  Reynolds 
nuDber  becooes  infinite.  This  statcaent  has 
never  been  proven  oatheaatlcally,  or  at  least 
such  proofs  as  exist  have  not  been  universally 
accepted.  In  fact,  the  classical  controversy 
is  still  alive  between  the  claia  of  Hadaaard 
(1903,  1926),  who  rejected  the  possibility  of 
vortioity  production  in  an  invisoid  fluid,  and 
Klein  (1910),  who  argued  that  Helaholtz's  vor- 
ticity  theorea  aust  be  interpreted  in  such  a 
way  that  it  includes  vortioity  p''oductlon  if 
the  surface  at  which  vcrticity  Is  generated 
shrinks  to  zero  (as  in  the  case  of  the  poten¬ 
tial  vortex  vm 1/r  at  rtO).  Subsequent  discus¬ 
sions  in  the  literature  were  either  in  support 
of  Klein  (Betz  1930,  1950)  or  against  hla  (Ack- 
eret  1935),  all  without  coapelling  proofs. 

Prandtl,  although  in  general  supporting 
Klein  (see  Prandtl  1922),  nevertheless  offered 
a  solution  to  the  problem  in  his  ingenious, 
practical  way  by  cutting  the  Gordian  knot  as 
follows:  He  argued  that  viscosity  cannot  be 
neglected.  One  therefore  oust  look  at  the  lim¬ 
iting  process  Re-^«  rather  than  analyzing  the 
existence  properties  of  the  equations  for 
Invisoid  fluids  (which  represent  Re  a  »).  If  an 
Invlsoid-flow  solution  nust  be  used  as  the 
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starting  point,  because  at  that  tine  it  was 
(and  still  is)  difficult  to  construct  solutions 
of  the  full  Navier-Stokes  equations,  the 
discontinuity  line  Bust  be  introduced  artifl- 
dally.  '  Prandtl  did  this  for  the  roll-up  of  a 
discontinuity  line. by  using  a  sifiilarlty  argu- 
nent  and  the  Kutta-Joukowsky  condition.  It  is 
significant  that  he  'called  this  artifice  an 
*axioa",  which  is  a  clear  indication  of  his 
opinion  of  the  problea  (Prandtl  1918).  This 
approach  was  highly  successful  and  has  been 
followed  to  the  present  day  by  sany  scientists 
(see  Pullln  1978).  With  regard  to  the  Unit  as 
Re^«»,  there  seeas  to  be  a  general. consensus 
aowng  experts  that  the  roll-up  sheet'  does,  in 
fact,  nodel  the  growth  of  a  laainar  vortex  at 
high  Reynolds  nuabers  (in  the  subcritical 
range). 

A  related  problea  is  the  generation  of 
lift  of  an  airfoil  in  an  inviscid  fluid.  The 
Lanchester-Prandtl  theory,  which  introduces  a 
"bound  vortex*  or  circulation  around  the  wing 
and  the  "Kutta-Joukowsky"  condition  at  the 
trailing  edge,  is  a  hypothesis.  It  has  never 
been  proven  aatheaatically  that  this  hypothesis 
is  the  liait  of  a  viscous  fluid  process  as 
Re-.^*  (Lagerstroa  1975).  Still,  the  practical 
success  of  this  hypothesis  has  been  overwhela- 
ing,  but  in  this  case  the  invlscid-flow  nodel 
seeas  to  better  represent  the  state  of  tur¬ 
bulent  flow.  Prandtl  (1927)  described  the 
situation  as  "eigenartlg*  in  Geraan,  which 
aeans  "peculiar"  (The  English  translation 
•unique  characteristic"  in  the  Roy.  Aer.  Soc. 
31,  1927,  720,  is  incorrect). 

An  interesting  coapllcatlon  enters  the 
problea  when  inviscid  fluids  with  free  surface 
boundaries  which  can  be  penetrated  are  co.*)- 
sidered.  Two  thought-experlaents  of  Interest 
to  ship  hydrodynaalcs  are  depicted  in  Fig.  9, 
which  shows  the  circulation  generated  when  a 
slaply-connected  region  (in  which  the  notion  is 
acyclic)  becoaes  a  aultlply-connected  one  (in 
which  the  flow  is  cyclic). 

In  the  following  discussion  the  existence 
of  singularities  is  assuaed  and  postulated  in 
the  sense  of  Prandtl's  "exioa",  Unless  proven 
otherwise  in  the  future,  the  generation  of  such 
singularities  in  an  inviscid  fluid  aust  be  con¬ 
sidered  an  artifice. 


Figure  9  - 

(a)  The  breaking-wave  problea  according  to 
Prandtl  (19^9),  (b)  the  water-entry  problea. 
At  situation  A  the  flow  domain  is  siaply- 
conneoted,  B  is  the  transition  state,  and  C  is 
the  flow  situation  with  circulation  around  a 
border  line  in  a  doubly-conneoted  region. 


For  nuaerical  coaputatlons  discontinuity 
lines  andjjvorticity  layers  of  nonsero  width  are 
often  approximated  In  Inviscid  fluids  by 
clouds,  bands,  and  rows  of  point  vortices  or 
•blobs"  of  vortices-(wlth  nonzero  core'  dlaae- 
ter)  (Leonard  1980). 

The  discretization  of  discontinuity  lines 
and  bands  introduces  new  difficulties.  For 
siaplicity,  only  rows  of  point  vortices  are 
discussed  here.  The  replacement  of  a  discon¬ 
tinuity  line  by  a  row  of  equally-spaced  point 
vortices  is  a  special  case  of  discretization, 
which  is  aerely  the  application  of  the  tra¬ 
pezoidal  rule  (shown  by  Pullln  1978  for  the 
circular  discontinuity  line).  For  tmequal 
spacing,  which  occurs  naturally  when  the  paths 
of  the  individual  vortices  are  computed,  the 
method  of  discretization  has  frustrated  workers 
in  this  field  since  Rosenhead's  first  attempt 
in  1931. 

Before  dwelling  on  these  difficulties,  the 
distinction  Bust  be  made  between  a  set  of  point 
vortices  whose  total  number  does  not  change 
over  the  tiae  period  considered  (as  in 
Rosenhead*s  problea  of  the  roll-up  of  a  period¬ 
ically  perturbed  straight  discontinuity  line) 
and  an  asseably  of  vortices  whose  nuabers 
increase  with  tiae  by  the  admission  of  new 
point  vortices  (as  in  the  roll-up  behind  a 
sharp  wedge).  In  the  first  ease  the  velocities 
of  the  point  vortices  define  a  Kaalltonlan  sys¬ 
tem  with  a  constant  Haailtonian  function, 
Birkhoff  and  Fisher  (1959)  have  shown  for  this 
systea  that  "the  vortioity  in  the  periodic 
array  of  .point  vortices  cannot  tend  to  becoee 
concentrated".  In  fact,  this  systea  is  therao- 
dynaalcally  reversible,  according  to  Polncarl, 

The  second  case  is  complicated  by  the  fact 
that  vortices  are  created  in  a  certain  tiae 
interval.  The  introduction  of  such  a  nascent 
vortex  between  the  body  and  the  previously 
created  vortex  is  quite  a  drastic  procedure. 
The  Hamiltonian  still  exists,  but  it  is  now  a 
function  of  tiae.  More  fundaaental,  however, 
is  the  fact  that  the  systea  is  "open"  in  the 
theraodynaaic  sense.  The  author  conjectures 
that  the  edge  froa  which  the  discontinuity  line 
(or  the  vortices)  eaanate  is  a  source  (and 
never  a  sink),  which  makes  the  birth  of  vor¬ 
tices  an  irreversible  process  In  that  open  sys¬ 
tem.  The  iaportance  of  this  conjecture  lies  in 
the  fact  that  it  preserves  the  essential 
feature  of  the  Havler-Stokes  equations  to  be 
dissipative  (Prlgonine  1980). 

NuaericBlly  the  introduction  of  a  new  vor¬ 
tex  is  a  sensitive  procedure  and  affects  the 
accuracy  of  the  pressure  distribution  on  the 
body  surface,  ^e^  strength  of  the  new  vortex 
is  deteralned  by  the'  Kutta-Joukowsky  condition, 
which  requires  that  the  Infinite  velocity  at 
the  sharp  edge  of  the  body  becoae  finite 
through  the  presence  of  the  new  vortex.  Addi¬ 
tional  assuaptions  aust  be  made  about  where  to 
place  the  new  vortex. 

The  deficiency  of  vortioity  gereration  in 
an  invisoid  fluid  becooMS  even  acre  obvious 
when  flow  separation  occurs  on  a  blunt  body 
without  sharp  edges.  In  this  case  both  the 


>strenicU>  and  th«. location  of  tha  origin  of  tha 
vortlcity  sh««t'  aust  be  obtained  froa'other 
sourcea,  either  fron  boundary^layer  theory  or 
froa  experlaental  data  (Wardlaw  1^3). 

fiosenhead'a  'results  froa  193t  Indicate 
already  nonconvergenee  of  the  point«vortex 
aethod*  an  observation  which  has  been  confiraed, 
aany  tiaes  afterwards.  A  reason  for  this 
behavior  was  revealed  by  Fink  and  Soh  (1974)  In 
an  laportant  contribution*  in  which  they  showed 
ithat  for  unequal  spacing  .a  logarithnic  error 
occurred.  This  error  accuaulates  with  tiae  and 
leads  to  the  aboveoaentioned  irregularity. 
Fink  and  Soh  reaedied  this  deficiency  by  redis> 
tributlng  the  row  of  vortices.  They  gave  up 
trying  to  preserve  the  identity  of  the  indlvi> 
dual  vortices  and  divided  the  discontinuity 
line  into  equal  intervals  after  each  tiae  step. 
Vortices,  whose  strengths  were  coaputed  froa 
the  known  vortlcity  distribution  along  the 
discontinuity  line,  were  placed  in  these  inters 
vals.  The  advantage  of  Fink  and  Soh*s  tech<* 
nique  is  displayed  in  Fig.  10,  where  the 
uncorrected  and  corrected  results  are  coopered 
for  the  abrupt  start  of  a  thin  plate  at  an 
angle  of  attack  of  45^.  The-severlng  of  the 
rolled'Up  sheet  froa  the  developing  one  at  the 
body  does  not  happen  autoaatically,  and  a  new 
ad-hoc  procedure  aust  be  built  into  the*  tech¬ 
nique  (Sarpkaya  and  Shoaff  1979b). 

In  this  context  another  difficulty  oust  be 
eentioned.  A  finite  nunber  of  point  vortices 
can  only  approxiaate  the  discontinuity  spiral, 
which  consists  -of  infinitely  aany  windings* 
Care  aust  be  taken  with  respect  to  the  site  of 
the  intervals  between  two  vortices  and  the  dis¬ 
tance  of  the  windings  (Pullin  1978).  Xn  addi¬ 
tion,  the  finite  nuaber  of  point  vortices  can 
approxiaate  only  a  certain  nmber  of  windings 
and  then  a  central  vortex  oust  be  Introduced  to 
represent  the  rest  of  the  spiral  (Vedeeeyer 
1961).  In  reality,  of  course,  the  core  of  the 
vortex  rotates  like  a  solid  body. 


-Baker  (1980)  found  recently  that  an  error 
still  reaains  in  the  redistribution  procedure 
because  of  curvature  effects.  Baker  concludes, 
however,  with  the'pessiaistic  reaark  that  not 
only  is  Fink  and  Soh's  technique  unreliable  but 
his  own  is  also.  At  least  he  concedes  that  the 
redistribution, process  retards  the  growth  of 
insUbllities  (Fig.  10). 

On  the  basis  of  Fink  and  Soh's  work  and 
other  iaprovenerts  a  nunber  of  fluid-flow  prob- 
leas  have  been  investigated.  Sarpkaya  and 
Shoaff  (1979a>  studied  the  roll-up  of  vortex 
sheets  froa  a  vibrating  circular  cylinder  in  a 
parallel  streaa  and  could  duplicate  various 
^ysical  phenoaena  known  froa  experiaents.  For 
ship  hydrodynaaics  proper,  coaputer  codes  have 
been  developed  for  vortex  shedding  froa  arbi¬ 
trarily  shaped  cylinders.  In  one  coaputer  code 
use  was  aade  of  exact  confornal  transforaations 
to  avoid  errors  of  nuaerical  aapping.  This  is 
particularly  desirable  for  cylinders  with  fins 
as  in  Pig.  11,  which  is  an  exaaple  froa  a  paper 
by  Telste  and  Lugt  (1980).  Muaerioal  conforaal 
transforaations  were  used  by  Mendenhall , 
Spangler,  and  Perkins  (!979>  fnr  the  Theodorsen 
transformation  and  by  Shoaff  and  Franks  in 
these  Proceedings  for  arbitrarily  shaped 
cylinders.  Another  nuaerical  technique  based 
on  Fredholm  integral  equations  was  published  by 
V.A.  Golovkin  and  H.A.  Golovkin  (1979)  on  the 
subject  of  vortex  shedding  from  arbitrarily 
shaped  cylinders. 

The  rolling  motion  of  a  cylindrical  body 
is  of  particular  interest  in  ship  hydrodynam¬ 
ics.  Its  inclusion  in  a  coaputer  program,  how¬ 
ever,  requires  the  determination  of  coeffi¬ 
cients  of  a  Laurent  series,  which  are  difficult 
to  obtain.  A  nuaerical  method  for  computing 
these  coefficients  was  presented  by  Telste  and 
Lugt  .(1980). 

Vhat  kind  of  physical  problems  can  be 
solved  with  the  two-dimensional  point-vortex 


Figure  10  -  Development  of  discontinuity  lines  after  the  abrupt  start  of  a  flat  plate  at  an  angle  of 
attack  of  45^  to  a  constant  speed  U.  tiae  is  made  dimensionless  with  U  and  the  width 
of  the  plate,  (a)  Uncorrected  results  by  Belotserkovskii  and  Nisht  (1973).  (b)  Results 

corrected  with  Fink  and  Soh's  method  by  Telste  and  Lugt  (1980). 
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t««hnlqu«97  A»  «  ceneral  rule,  these.  Mthods 
give  «t  least  qualitative  and  often  good  quan> 
tltatlve  results  for  technical  probleaa  If  the 
flou  Is  unsteady  and  the  vortices  are  suffi¬ 
ciently  far  reeoved  froa  solid  surfaces.  Oth¬ 
erwise,  viscous  effects  aust  be  considered. 
For  Instance,  the  leading  edge  vortex  In'  Fig. 
Its  is  In  reality  trapped  between  fin  and  body, 
and  good  results  for  tlaes  longer  than  that 
instant  shown  In  Fig.  11a  cannofbe  expected. 


(a)  Vortex  sheets  behind  the  two  fins  of  a 
cylindrical  body  at  a  certain  Instant  after  the 
abrupt  start  of  the  body  at  an  angle  of  attack 
of  45^.  <b)  Coaparlson  with  the  flow  past  a 
flat  plate  (fro*  Telste  and  Lugt  t9W). 


The  application  of  point-vortex  techniques 
to  the  Investigation  of  hydrodynamic  noise  was 
studied  by  Crabowskl  and  Telste  (1978).  They 
concluded  that  these  techniques  cannot  ade¬ 
quately  Bake  acoustic  predictions  because  the 
aagnltude  of  the  nvaerlcal  noise  far  exceeds 
that  of  the  real  noise.  It  appevs  then  that 
other  work  In  acoustics  based  on  point  vortices 
(Davies  et  al.  1976  and  Hardin  and  Hason  1977) 
should  be  carefully  scrutinized. 


Quite  good  agreeoent  with  experlnents  and 
observations  has  been  achieved  in  the  past  when 
the  tl**  t  In  the  (x,y)-plane  of  the  unsteady 
flow  is  interpreted  as  the  third  spatial 
coordinate  z  in  a  steady  three-dlaenslonal  flow 
according  to  the  relationship  t  iz/W,  where  w 
Is  the  constant  velocity  coaponent  In  the  z- 
dlrectlon.  This  "unsteady  cross-flow  analogy", 
which  Is  a  kind  of  strip  theory  (see  Marshall 
and  Deffenbaugh  1970,  1#  ***0^  only  for  the 
u  v-veloolty  field  with  u  and  v  the  velocity 
co*ponents  In  the  x  and  y  directions,  respec¬ 
tively.  However,  the  vortlolty  field  (being 
three-dlBenslonal  by  nature)  can  only  be 
approxlBated.  This  Interesting  behavior  can  be 
seen  iMedlately  fro*  the  Euler  equations: 


for  unsteady  two-dlBenslonal  flow; 


dt 


- 

•p  dx  I 


for  steady  three-dlBenslonal  flow: 
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with  corresponding  equations 
eoBpenents.  For  the  vorticlty 
two-dleenslonal  flow  it  is: 
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8ut  for  three-dlBenslonal  flow  it  Bust  be: 

“c  •  “  It  •  “y  "  az  •  ^  ^  • 

This  can  be  accoopllshed  only  if 
i  and  .7  -  C, 


Again  the  proble*  of  the  location  of  flow 
separation  arises.  While  the  sharp  leading 
edge  of  a  cylindrical  body  Is  a  natural  separ^ 
tion  line,  the  location  of  this  line  and  the 
strength  of  the  vorticlty  shed  are  not  known  a 
priori  on  the  saooth  surface  of  a  blunt  body. 
Here  too  experlBents  or  boundary-layer  theory 
must  give  the  missing  InforBStlon.  Then,  the 
computed  results  are  usually  in  good  agreeaent 
with  experlBents.  The  unsteady  cross-flow 
analogy  has  been  applied  to  rolled-up  vortex 
sheets  along  cylinder-type  bodies  and  to  vortex 
wakes  behind  bodies. 

The  problem  of  providing  Inforaatlon  on 
the  separation  line  as, Input  data  was  solved  by 
Angelucci  (1971),  who  equated  the  separation 
point  with  the  stagnation  point  of  the  cross 
flow.  Wa-dlaw  (1973)  used  experimental  data, 
Marshall  and  Deffenbaugh  (197#)  and  Nielsen  and 
Mendenhall  (1978)  boundary-layer  theory.  These 
methods,  originally  developed  for  aero- 
d^amlcal  problems,  can  be  applied  directly  to 
naval  problems  too,  although  the  literature  on 
these  techniques  in  ship  hydrodynamics  Is. 
meager.  Tatlnclaux  (1970a)  investigated  steady 
bilge  vortices,  representing  them  by  several 
point  vortices  in  only  one  cross-flow  plane. 
He  also  computed  the  wake  of  a  ship  with  a  free 
surface  by  means  of  point  vortices  and  addi¬ 
tional  simplifying  assusptlons  (Tatlnclaux 
1970b).  Beck  (1971)  solved  the  same  problem 
with  the  assiaptlon  of  a  U-shaped  vortex  sheet. 
Hlmeno  (1979)  proposed  the  computation  of  the 
rolling  motion  of  a  ship  including  bilge  vor¬ 
tices  with  a  method  tested  for  flows  around  an 
oscillating  plate  (see  also  the'  contributions 
of  Ikeda  and  Hlmeno,  and  Kudo  in  these  Proceed¬ 
ings).  In  addition,  the  technique  of  Shoaff 
and  Franks  in  these  Proceedings  has  been 
developed  for  vortex  shedding  from  ship  hulls. 

Tip  vortices,  which  have  left  the  air¬ 
craft,  have  been  studied  by  Steger  and  Kutler 
(1977),  who  solved  the  Euler  equations  with 
Lamb  vortices  as  the  initial  condition. 
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Axi8)m«trio  vort«x  sheets  in  an  Inviseld 
fluid  are  treated  in  a  way  siailar  t«  these  in- 
plane  two^isensional  flows.  An  example  was 
furnished  recently  by  Bernardinls.  Crahaa,  Md 
Parker  (1961)  for  the  oscillatory  flow  around 
disks  and  through  orifices.  Here  in  axisy»> 
netrie  flows,  the  situation  becoces  OMre  eo»o 
plicated  because  of  the  possibility  of  vortex 
stretching  and  the  appearance  of  self>induced 
velocity  (see  Sect.  2.2). 

Finally,  it  nay  be  nentloned  that  point- 
vortex  aethods  can  also  be  used  to  conpute  flow 
fields  which  are  disturbed  by  the  presence  of 
solid  bodies  or  free  surfaces  uslnt  aethods 
siailar  to  source  parel  aethods.  In  this  case* 
vortex  distributions  do  not  (or  do  not  only) 
represent  physical  vortices  but  are  aatheaatl- 
cal  devices.  A  coabtnation  of  bound  vortices 
and  free  (physical)  vortices  is  the  essence  of 
airfoil  theory.  Examples  of  acre  recent  work 
are  the  publications  by  Hokry  (1976).  Raj  and 
Gray  (1976)*  and  Katz  (1961).  These  "vortex- 
panel*  aethods  can  also  be  used  to  conpute  free 
water  surfaces  as  demonstrated  in  these 
Proceedings  by  Baker,  Helron,  and  Orazag. 

2.2  Three-dlaensional  Flows 

Point  vortices  and  vertex  panels  In  plane 
or  axlsyoBetrlc  actions  are  special  cases  of 
vortex  filaments  and  vertex  sheets  in  three- 
dimensional  flows  (Brard  1972).  The  physical 
complexity  due  to  vortex  stretching  and  other 
three*dlaenslonal  interactions  as  well  as  the 
numerical  difficulties  involved  are  magnified 
considerably,  and  the  use  of  large  computers 
becomes  mandatory. 

The  shortcomings  of  two-dimensional  flow 
techniques  due  to  the  neglect  of  viscosity, 
discussed  in  Sect.  2.1,  are  compounded  in 
three-dimensional  flow. 

Consider  the  velocity  field  induced  by  a 
vortex  filament,  as  described  by  Biot-Ssvart*$ 
law.  It  may  be  sufficient  here  to  invoke  the 
*local  induction  approximation"  of  Arms  (Hama 
1961)  which  leads  to 


where  v  Is  the  Induced  velocity  component  per¬ 
pendicular  to  the  curvature  plane,  R  the  local 
radius  of  curvature,  6  the  core  radius,  and 
r  the  circulation.  This  equation  reveals 
Immediately  the  well-known  fact  that  a  curved 
filament  of  zero  thickness  causes  an  infinite 
value  for  v.  Hence,  curved  vortex  filaments 
SMSt  be  replaced  by  vortex  tubes  of  nonzero 
diameter,  the  size  of  the  diameter  being  an 
arbitrary  coefficient  which  must  be  determined 
with  the  Sid  of  viscous  fluid  arguments. 

Vortex  sheets  may  be  considered  as  com¬ 
posed  of  vortex  filaments  or  vortex  panels.  In 
the  past,  various  degrees  of  approximation  and 
simplification  were  applied  to  model  such  vor¬ 
tex  sheets.  The  oldest  and  simplest  model  Is 
the  "horseshoe*  vortex  which  consists  of  three 
straight  vortex  lines  representing  the  bound 
vortex  of  the  wing  and  the  two  tip  vortices. 
The  horseshoe  vortex  is  rigid  in  the  sense  thsi 
the  tip  vortices  are  straight  lines  of  seml- 
inflnlte  lengths.  More  refined  structures, 
although  still  rigid*  are  the  *llftlng-line* 
and  the  "vortex-sheet*  models,  in  which  the 
individual  elements  are  horseshoe  vortices 
(Fig.  12b  and  o).  either  In  a  discrete  or  a 
continuous  sense  (Karamcheti  1966). 

'Two  more  re^vnt  methods  of  naval  interest 
are  the  vortcx-law.v*  kid  vortex-  filament 
techniques  (Fig.  12d  and  e).  The  vortex- 
lattice  technique  (HASA  vortex-lattice  Workshop 
1976)  divides  the  wing  into  circulation  cells 
end  the  free  vortex  lines  into  segments.  Boun¬ 
dary  and  Kutta-Joukowsky  conditions  determine 
the  strengths  of  the  circulation  cells  end  the 
segments.  The  early  work  of  the  sixties 
(Kerwin  1961,  Hedman  1966)  was  restricted  to 
steady  flow  without  tip  vortices.  An  assess¬ 
ment  of  the  accuracy  of  these  methods  was  given 
by  James  (1972).  Steady-flow  techniques  with 
tip  vortices  were  developed  by  Belotserkovsktl 
and  Nisht  (1976)  and  by  Hook  and  Haddox  (197A), 
Xandil  (197«),  and  Kandil.  Hook,  and  Nayfeh 


Figure  12  -  Models  of  wing  and  tip  vortices  with  Increasing  complexity,  (a)  Horseshoe  vortex,  (b) 
lifting  line,  (o)  vortex  sheet*  (d)  steady  vortex  lattice,  and  (e)  vortex  filament  model. 
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(1976),  Unsteady-flow  techniques  were  pub¬ 
lished  by  Atta  (1976)  and  Atta,  Xandil,  Hook, 
and  Nayfeb  (1976)  for  an  unsteady  free  stream; 
and  for  the  general  soveaent  of  the  body  by 
Thrasher,  Hook,  Xandil,  and  Nayfeh  (1977)  and 
Thrasher,  Hook,  and  Nayfeh  (1976).  The 
arrangeeent  of  the  vortex  lattice  for  unsteady 
flow  is  depicted  in  Pig.  13  and  can  be  compared 
with  the  steady-flow  case  in  Fig.  t2d.  The 
induced  velocity  field  is  at  variance  with  that 
based  on  the  equation  at  the  beginning  of  Sec¬ 
tion  2.2,  An  example  of  steady  flow  wlUi 
rolled-up  vortex  sheets  is  furnished  in  Fig. 
14. 

Parallel  to  the  development  of  vortex- 
lattice  methods  was  the  development  of 
doublet-lattice  methods  for  lifting  surfaces 
with  and  without  tip  vortices  (Johnson  et  al. 
1980,  Koyama  I960).  Oifficultles  of  the 
vortex-lattice  method,  which  are  worth  mention¬ 
ing,  are  the  doubtful  application  of  the 
Kutta-Joukowsky  condition  to  unsteady  flow 


Figure  13  - 

Vortex-lattice  method  for  unsteady  invlscid- 
fluid  flow.  Illustrated  with  a  helicopter 
blade.  After  each  time  step  a  row  of  elements 
is  shed.  The  earliest  segments,  indicated  by 
arrows,  are  semi-infinite  vortex  lines.  For  a 
marine  propeller,  the  root  vortex  becomes  the 
hub  vortex. 


problems  (Costelow  1975)  and  the  relatively 
long  computer  time  necessary  for  complex  flow 
problems.  Vortex-lattice  methods  have  been 
applied  in  ship  hydrodynamics  mainly  to  pro¬ 
peller  and  turbine  probleus  as  in  the  work  of 
Kerwln  (1981)  and  Yuasa  et  al.  (1980)  for 
steady  and  unsteady  propeller  forces  and  of 
Strickland,  Webster,  and  Nguyen  (1979)  Tor  the 
Darrieua  turbine. 

The  most  rigorous  treatment  of  ou’‘ved  vor¬ 
tex  sheets  and  filaments  so  fsr  has  been  done 
by  Leonard  (1975.  1980)  with  the  vortex- 
filament  method  Fig.  !2e.  This  method  takes 
Into  account  the  curvature  effect  expressed  in 
the  equation  at  the  beginning  of  Section  2.2 
and  models  the  core  of  nonzero  radius  with  a 
Gaussian  vortieity  distribution  (Tung  and  Ting, 
1967,  Saffsan,  1970).  Thus,  filMent  stretch¬ 
ing  and  viscous  diffusion  can  be  incorporated 


Figure  15  - 

Computed  vortex  filaments  in  the  wake  of  a  Boe¬ 
ing  747  according  to  Leonard  (1980).  The  be¬ 
ginning  of  instability  of  the  flap.inboa<‘d  vor- 
tex  is  clearly  visible. 


Figure  14  -  Dolled-up  vortex  sheet  on  one  side  of  a  body,  wnlch  consists  of  an  ogive  bow  tangent  to  a 
cylindrical  after-body  at  an  angle  of  attack  of  15^,  computed  with  a  vortex-lattice  method 
(from  F.  Thrasher,  DTNSDDC). 
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into  the  oodel.  An  exeaple  of  the  vortex* 
fllenent  nethod  is  provided  in  Fig.  15.  An 
improved  sethcd,  which  uses  ideas  to  those 
slniler  expressed  by  Christiansen  (1973)  and 
Fink  and  Soh  (197<)  for  point  vortices,  has 
been  developed  for  three-dlBenslonal  filsaents 
by  Cou«t,  Bunenan,  and  Leonard  (1980). 


3.  V1SC(XIS*FL0W  MODELS 


in  viscous  fluids  which  Includes  rotating 
reference  franes  and  stratification  is  very 
difficult.  It  nay  suffice  nere  to  indicate 
that  any  sass  of  fluid  noving  around  a  conmon 
axis  constitutes  o  vortex.  Katheeatically, 
such  action  can  be  described  by  closed  or 
spiralling  pathlines  if  a  local  reference  fraae 
exists  in  which  the  flow  field  becoaes  steady. 
Hence  the  definition  requires  a  knowledge  of 
the  tine  history  of  the  flow  (Lugt,  197Sb>, 


The  exactness  with  which  solutions  of  the 
Navler-Stokes  equations  can  describe  real  fluid 
flows  (at  least  Hewtonian  fluids  like  water  and 
air)  was  first  revealed  about  I8t0  when  the 
solution  for  the  laminar  flow  in  a  circular 
pipe  was  compared  with  experiments.  Since  then 
the  theory  of  the  Navlcr*Stokes  equations, 
which  can  describe  the  generation  and  decay  of 
vortices,  has  been  confirmed  over  and  over 
again  within  the  erro'"  limits  of  experimental 
measurements.  Unfortunately,  only  a  few 
closed-form  solutions  of  the  Navier-stokes 
equations  for  vortices  exist,  and  even  moat  of 
these  are  not  very  practical  because  of  their 
similarity  or  symmetry  properties  (Bellamy- 
Knlghts  1970).  The  difficulties  In  solving 
these  equations  in  general  are  due  to  their 
nonlinearity. 


Ihe  study  of  vortices  in  a  viscous  fluid 
flow  may  be  divided  into  three  parts,  depending 
on  the  severity  of  the  truncation  of  the 
Mavier-Stokes  equations:  (1)  the  classical 
boundary-layer  approach,  (2)  the  streamuise 
approximations  of  the  Navicr-Stokes  equations, 
and  (3)  the  full  Navier-stokes  equations. 
Boundary-layer  theory  is  merely  mentioned  here 
despite  its  importance  in  ship  hydrodynamics. 
Boundary-layer  calculations  can  roughly  locate 
M»e  separation  line,  which  is  needed  for 
Invtscid-flow  models.  In  the  following  sec¬ 
tions  only  the  last  two  groups  will  be  dis¬ 
cussed. 

3.*  Streamwlse  Approximations  of  the  Navler- 
Stokes  Equations 


The  advent  of  modern  computers  has  msde  it 
possible  to  obtain  numerical  solutions  of  the 
Navier-stokes  equations  for  moderate  Reynolds 
rumbers,  that  is  roughly  for  Re  <  5000  If  the 
length  scale  is  based  on  the  diameter  of 
cylindrical  bodies.  This  advancement  and  the 
associated  physical  analyses  have  led  to  scrut¬ 
inizing  of  a  number  of  familiar  fluid  dynamical 
concepts.  Two  generations  of  fluid  dynamiclsts 
have  followed  certain  familiar  concepts  in 
their  dally  work  on  vortex  flows:  the  Kutta- 
Joukowsky  condition,  the  image  vortex  inside 
the  body,  the  bound  vortex,  and  the  discon¬ 
tinuity  line,  all  of  which  are  off-springs  of 
potential-flow  theory.  But  In  constructing 
solutions  of  the  Navier-stokes  equations,  the 
Kutta-Joukowsky  condition  has  become  superflu¬ 
ous,  image  vortices  are  no  longer  needed,  the 
bound-vortex  concept  has  lost  Its  usefulness, 
and  the  Hadamard-  Klein  controversy  (see  Sec¬ 
tion  2,1)  has  become  an  academic  question. 
Instead,  the  hypotheses  and  approximations  of 
Invlseid-flow  models  have  been  replaced  by 
other  difficulties,  especially  by  the  proper 
interpretation  of  numerical  results  and,  above 
all,  by  the  concern  about  the  accuracy  and 
validity  of  computer-generated  data.  Despite 
the  criticism  directed  against  numerical  fluid 
dynamics,  especially  the  sometimes  justified 
condemnation  of  unsound  and  careless  computer 
runs,  the  time  for  computer-bssed  numerical 
analyses  of  viscous  flows  has  arrived  and  their 
essential  and  growing  role  in  fluid  dynmaios  is 
indisputable.  It  must  be  acknowledged,  how¬ 
ever,  that  SO  far  solutions  of  the  Navter- 
Stokes  equations  are  restricted  to  moderate 
Reynolds  numbers  in  the  laminar  flow  domain 
(with  a  few  exceptions  in  simple  turbulence 
modelling). 


The  integration  of  the  Navler-Stokes  equa¬ 
tions  can  be  simplified  considerably  If  some 
knowledge  of  the  flow  field  Is  available.  This 
knowledge  is  particularly  helpful  if  the  direc¬ 
tion  of  the  main  stream  along  the  body  is 
given,  and  the  flow  derivatives  In  this  direc¬ 
tion  are  much  smaller  than  in  the  plane  perpen¬ 
dicular  to  it.  Such  a  situation  exists  for  the 
tip  vortices  created  at  the  edges  of  plates, 
wings,  and  blades. 


One  possible  approach  Is  the  classical 
Oseen  linearization,  which  has  been  applied  to 
the  tip-vortex  problem  by  Davies  and  Breslln 
(1980),  They  also  simplified  the  problem  by 
assuming  symmetry  about  an  axis. 


Here  involved  and  more  realistic  are  two 
metJtods  which  approximate  the  Navler-Stokes 
equations  in  the  streamwlse  direction.  These 
methods  "parabolize"  vhe  original  equations  of 
motion  either  complevcly  or  partly  and  thereby 
restrict  the  region  of  elliptic  Influence. 


To  Illustrate  the  fully  parabolic  approxi¬ 
mation,  a  simple  Cartesian-coordinate  formula¬ 
tion  is  chosen,  with  the  flow  mainly  in  the  x- 
directlon.  The  Navler-Stokes  equations  are 
then  truncated  to 


3*  3y  3?  p  3z  .2 
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for  viscous  fluids  the  vortex  defini¬ 
tion  of  Chapter  2  is  too  restrictive. 
Unfortunately,  a  general  definition  of  vortices 
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Purth«rftore,  a  pressure  deconposition  Is  postu¬ 
lated  as 


p(xiy»s)  • 


such  that  the  static  pressure  p(x,y,2)  is  the 
sua  of  a  3>D  Inviscld  pressure  Pj„y(x,y,z).  a 
Dean-pressure  p^Cx)  and  a  cross-plane  pressure 
due  to  viscous  effects. 

This  Method  has  been  eaployed  by  a  nusber 
of  researchers  for  low-speed  flow  and  its 
several  variants  have  appeared  in  the  litera¬ 
ture,  e.g.,  Patankar  and  Spalding  <1972).  Bri¬ 
ley  (19/Q).  Chia,  U.,  Ghia,  K.  and  Studerus 
(1977),  Chia  and  Sokhey  (1977)  and  by  Ghia  and 
Sathyanarayana  (1979);  Lin  and  Rubin  (1973)  as 
well  as  Lubard  and  Helliwell  (1976)  used  an 
analogous  aproach  for  high-speed  flow.  The 
nunerical  solution  can  be  obtained  very  effi¬ 
ciently  by  a  single  narchlng  in  the  forward 
streaowlse  direction.  The  aethod  does  not  per- 
Bit  the  consideration  of  streaowlse  flow 
separation  but  has  a  distinct  advantage  over 
3-D  boundary-layer  theory  as  it  can  provide 
accurate  treataent  of  cross-flow  recirculation. 
Of  relevance  to  ship  hydrodynaatcs  is  the 
application  of  this  aethod  to  the  tip-vortex 
probleo  (Shanroth  and  Briley  <1979)),  whose 
solution  took  a  few  ninutes  on  the  COC  7600 
cooputer  (Fig.  l6a),  and  to  curved  three- 
diaensional  gec«etries  as  they  occur  in  pro¬ 
pellers  and  turbines  (Briley  and  McDonald 
1979). 

An  approxiaate  forn  of  th«  Navier-Stokes 
equations  that  reaalns  regular  at  points  of 
streaowise  flow  separation  is  the  one  developed 
by  Chia  et  al.  (1961)  and  reviewed  by  Rubin 
(1981).  It  belongs  to  the  class  of  ”seni- 
elllptic"  foraulations.  The  aoaentua  transport 
equations  are  parabolized  as  in  the  fully  pars- 
bolic  eodel,  but  no  particular  decoapositicn  is 
postulated  for  the  pressure.  In  fset,  the 
pressure  Is  deterained  froa  a  Poisson  equation 
that  serves  to  indirectly  satisfy  the  aass- 
conservation  equation  as  well  as  to  partially 
retain  elliptioity  In  the  foraulation.  Appli¬ 
cation  to  flow  through  an  asymetrically  con¬ 
stricted  channel  (Fig.  I6b)  shows  that  this 
Dodel  is  coapletely  capable  of  describing  flows 


with  streanwlse  flow  separation,  with  definite 
coaputational  advantages  over  the  fully  ellip¬ 
tic  Navler-Stokes  equations. 


Figure  164  - 

Tip  vorux  at  the  end  of  a  flat-plate  wing  seen 
froa  the  front  parallel  to  the  plate.  Angle  of 
attack  *  6^  ,  Reynolds  number  based  on  the 
chord  s  10*.  (a)  Streanwise  velocity  contours 
in  the  (x,y)-plat.e  at  z/c  •  0.9,  where  c  is  the 
cliord,  <b)  corresponding  secondary  flow,  velo-. 
city  vectors,  and  (c)  equi-vortlcity  lines  w  ■ 
const  (fr«a  Shaaroth  and  Briley  1979).  * 


Figure  16b  -  Flow  through  an  asyaaetrically  constricted  two-diaenslonal  channel.  Streailines  fron 
left  to  right  for  Re  ■  1000,  based  on  the  channel  width  at  entrance.  Kotice  the  oc¬ 
currence  of  three  vortices  at  the  channel  walls  (froa  U.  Ghia  et  al.  1981), 
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3.2  Tw^lnensloMl  gluttons  of  the  Navler. 

Stokes  Equations  ^ 

Since  the  pioneering  work  of  Payne  (1958> 
end  Frooa  (1963)  on  solving  the  tlae^ependent 
two-dimensional  Havler-Stokes  equations  for  an 
Inexpressible  fluid,  an  Increasing  strema  of 
publications  has  appeared  with  Improved  and 
wphlsticated  numerical  techniques.  Papers 
dealing  with  vortex  shedding  behind  bodies  are. 
In  chronological  order:  Thoman  and  Stewezyk 
(1966)  on  circular  cylinders;  Lugt  and  Hauss- 
iing  <1971)  on  elliptic  cylinders  at  high 
anjlM  of  .tt.ok  (Fig.  17)!  K.ht.  inO  Lav.n 
n972)  on  airfoils;  Jordan  and  Frocu  (1972)  on 
olrculir  ofllniiers  In  a  shear  now:  Lugt  and 
Ohrlng  (197a)  on  rotating  thin  eUlptic 
OFllndersi  Hehta  (1977)  and  Vu.  Sanpath.  and 
''577)  on  oscillating  airfoils  (Fig. 
18);  Xlnney  (1977)  on  airfoils  In  unsteady 
flows;  Hodge  and  Cooper  (1977)  on  aelf-exciud 
oscillation  of  stalled  airfoils;  Hankey. 
Hunter,  and  Harney  (1979)  on  self-sustained 
oscillations  on  aplke-tlpped  axisymetrle 
bodies  In  supersonic  flows;  and  To  Phuoc  Loc 
(1980)  on  secondary  vortices  generated  by  an 
abruptly  started  circular  cylinder. 


The  solution  of  flow  problems  of  such 
Increasing  complexity  was  made  possible  by  (a) 
the  development  of  more  sophisticated  numerical 
techniques  and  (b)  the  availability  of  more 
powerful  computers. 


Figure  17  - 

Laminar  flow  past  an  elliptic  cylinder  at  a 
certain  Instant  after  the  abrupt  start  for  Pe  i 
200,  based  on  the  width  of  the  cylinder, 
(a)  Streamlines  (b)  equl-vortlclty  lines  (Lugt 
and  Haussllng  1971), 


Figure  18  - 

Streamlines  of  the  larlnar  flow  past  an  oscil¬ 
lating  wing  at  a  certain  Instant  for  Re  a  5000 
(Hehta  1977). 


(a)  The  flrat  breakthrough  In  the  develop¬ 
ment  of  niaerleal  methods  after  the  period  of 
overrelaxation  techniques  was  the  introduction 
In  the  sixties  at  Stanford  University  (Suneman 
1969,  Boctaey  1970,  'yjibee,  Golub,  and  Hlelson 
1970)  of  Direet-Polsson  solvers  for  plasma 
flows.  These  were  applied  in  the  early  seven¬ 
ties  to  the  Navier-Stokes  equations,  snd  capa¬ 
citance  matrix  and  embedding  techniques  were 
developed  for  Irregular  flow  regions.  Since 
the  mid  seventies  five  major  advancements  In 
solving  the  Msvler-, stokes  equations  have  been 
mode:  (l)  The  boundary-fitted  coordinate 
method,  tdiich  makes  it  possible  to  compute 
flews  around  arbitrarily  shaped  bodies  with 
finite-difference  techniques  (Thompson,  Thames, 
and  Hastin  ,1979);  (2)  The  adaptation  of 
finite-element  methods  to  viscous-flow  problems 
(diung  1978);  (3)  Higher-order  techniques  which 
include  spline  and  spectral  functions  and  Her- 
mlte  polynomials  (Orszag  1971,  Hirsh  1975, 
Krause,  Hlrschel,  and  Kordulla,  1976,  Rubin  and 
Khosla  1976);  (9)  Adaptive  grid  techniques  for 
controlling  grid  sizes  automatically  to  improve 
efficiency  of  a  method.  These  studies  are 
going  on  for  both  finite-difference  (NASA  CP 
2166,  1980)  and  finite-element  methods  (Babulka 
and  Rhelnboldt  1980).  (5)  Hultl-grld  method 
(Brandt  1977). 

(b)  Parallel  to  the  develepoent  of  more 
complex  numerical  techniques  was  the  Impressive 
advancement  In  computer  hardware.  The  teelinol- 
ogy  of  semiconductor  memory  and  parallel  pro¬ 
cessing  led  to  the  present  supercomputers, 
which  Include  2LLIAC  IV,  STAR,  CRAT  IS,  CTBER 
205*  and  BSP. 

When  numerical  methods  are  applied  to 
engineering  problems,  It  Is  often  unnecessary 
to  solve  the  Navler-stokes  equations  for  the 
whole  flow  domain.  Rather,  the  computation  can 
he  simplified  by  dividing  the  flow  field  into 
regions  In  which  the  vortlclty  Is  negligible 
and  regions  In  which  It  Is  not,  iVu  (1976) 
presented  a  technique  which  confines  the  solu¬ 
tion  of  the  Navler-stokes  equations  to  areas  of 
nonzero  vortlclty.  The  boundaries  of  these 
areas  must  be  determined  as  part  of  the  solu¬ 
tion  and  may  change  In  time.  If  the  flow 
behavior  is  (at  least  roughly)  predictable 
beforehand,  the  flow  field  can  be  divided  Into 
appropriate  regions  In  advance.  An  example  of 
naval  InUr.est  Is  furnished  In  Fig.  19a  for  the 
axlsymoetrlo  flow  past  an  underwater  vehicle. 
Techniques  and  solutions  based  on  this  Idea 
have  been  published  by  Schetz  and  Favln  (1979). 

In  this  paper  the  propeller  is  Included  by 
using  the  actuator-disk  model. 

For  studies  of  vortex  flows  In  which  (at 
least  locally)  the  rotation  axis  Is  perpendicu¬ 
lar  to  a  solid  wall,  the  flow  field  may  be 
divided  into  three  parts,  a  procedure  trtilch  is 
a  simplified  version  of  Lewellen's  partition  of 
a  tornado  field  (1976),  Fig.  19b.  Here,  In 
region  I  almllarlty  solutions  of  the  type  of 
Long  (1958)  predict  the  real  flow  behavior 
fairly  well.  In  region  11  the  flow  has  the 
chsracterlstlcs  of  a  boundary  layer.  Region 
III  Is  the  most  difficult  one.  and  here  the 
full  Navler-stokes  equations  must  be  solved 
nwerlcally.  It  may  b^  mentioned  that  In  this 
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region  slBllsrlty  solutions  do  exist  but  only 
up  to  a  certain  Reynolds  nwber  <Goldshtlk*s 
problen  I960).  Solutions  of  these  vorUx  flows 
are  of  particular  interest  in  the  study  of  cav¬ 
itation. 

^  M4.0N1 

nTtMTUifie* 


•OUNOAMVlAmriM 


Figure  19  -  >  . 

The  division  of  flow  regions  <see  text). 


3.3  Three-dlaenslonal  Sclutlons  of  the 

Navler-Stokes  Ecuatlcns 

The  ultluale  objective  of  any  numerical 
analysis  in  fluid  dynamics  is  the  construction 
of  solutions  oT  the  Kavler-Stokes  equations  for 
time-dependent  three-dimensional  laminar  or 
turbulent  flows  around  bodies  of  arbitrary 
shape  up  to  high  Reynolds  numbers.  This  goal  is 
still  a  number  of  years  away.  Although  the 
size  and  power  of  computers  iVom  the  mid 
eighties  on  will  make  it  possible  to  consider 
such  flow  problems  (NASA  CP-2032  Workshop), 
there  is  still  a  lack  of  physical  insight  into 
the  fundamental  nature  of  turbulence  (see 
Chapter  4).  Nevertheless,  great  progress  has 
already  been  made  in  developing  numerical  tech¬ 
niques  for  three-dimensional  flows.  Most 
recent  methods  for  two-dimensional  motion. 


cited  in  Section  3.2,  can  be  extended  to 
three-dimensional  flows. 

Actual  ccaputatlons  have  been  carried  out 
Bost  recently  by  Wray  0979),  Daigujl. 
Shlrahata,  and  Taaada  (1979).  Sb«ng,  Bunlng, 
Hankey,  and  Wlrth  0980).  Driley  and  McDonald 
0980).  and  by  Haase  0980).  Wray  computed  the 
transition  of  an  axlsymnetric  jet,  which  has  an 
initial  three-dimensional  disturbance,  to  a 
turbulent  staU  for  Re  *  20,000  and  Mach  number 
Ha  *  0,5.  The  computer  time  on  the  ILLIAC  IV 
was  of  the  order  of  7  hours  (Fig.  20).  Shang 
et  al.  used  MacComack's  explicit  scheme,  vec¬ 
torized  for  the  CRAY-1  computer,  to  solve  the 
transonic  flow  in  a  wlndtunnel  diffusor.  The 
other  computations  have  potential  applications 
in  ship  hydrodynamics:  Daigujl  et  al.  and  Bri¬ 
ley  and  McDonald  studied  the  neckiace-vortex 
problem,  and  Haase  the  flow  past  s  prolate 
spheroid  St  nonzero  angle  of  attack  (Fig.  21). 
One  aspect  of  Haase's  difference  scheme  is  the 
use  of  a  "cell  Reynolds  number, "'wtiich  controls 
stability  and  convergence.  This  idea  goes  back 
to  Il'in  (1969)  and  Dawson  and  Marcus ~( 1970), 

The  need  for  more  advanced  computer 
hardware  to  solve  general  three-dimensional 
flow  problems  is  evident.  Efforts  in  the  USA 
to  meet  this  requirement  Include  the  pro¬ 
posed  "Numerical  Aerodynamic  Simulator"  (NAS) 
with  the  following  specifications  (as  of  Spring 
1981):  speed-  at  least  1  billion  arlthsetio 
operations  per  sec;  memory-  at  least  40  billion 
directly  addressable  words  and  at  least  200 
million  block  addressable  words  (information 
from  NASA-Ames).  Similar  efforts  are  already 
underway,  and  further  advanced  in  Japan  for  the 
National  Aerospace  Uboratory  (equivalent  to 
the  NAS  proposal  in  the  USA)  and  at  Hitachi 
(HAF-1)  and  Fujitsu. 

Applications  of  viscous-flow  methods  to 
vortex  problems  in  ship  hydrodynamics  are  vir¬ 
tually  nonexistent.  Techniques  for  two- 
dimensional  vortex  flows  can  be  applied  to 
problems  of  cable-towing  and  ocean  structures. 
Axlsymetrlc  and  three-dimensional  flow  tech¬ 
niques  in  combination  with  tu»‘bulence  modelling 
(see  following  chapter)  will  find  application 
in  the  study  of  bare  hulls  of  fully  submerged 
naval  vehicles,  in  particular  of  the  stern  of 
such  bodies  (Intern,  Towing  Tank  Conf.  1981). 


^iRura  20  -  Decay  of  an  exlsymmetrlc  Jet  Into  turbulence.  Re  •  20,000  and  Ha 
eoul-vortlclly  lines  at  a  certain  insUnt  (Wray  1979). 
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Figure  21  •  Equl*vortlcity  lines  in  the  pUn«  of  synetry  of  a  prolate  spheroid  4:1  at  an  angle  of  at¬ 
tack  of  300  for  Re  s  1000  based  on  the  length  of  the  body  (froo  Haase  1980). 


4.  TURBULENT  VORTICES 

Alaost  100  years  have  passed  since 
Reynolds'  basic  experiaents  on  turbulence. 
During  these  100  years  the  problca  of  tur¬ 
bulence  has  reoained  probably  the  aost  chal¬ 
lenging  one  in  classical  physics.  Although  It 
is  far  free  solved,  work  on  turbulence  has 
received  a  new  iapetus  in  recent  years  by  the 
recognition  of  the  existence  of  coherent  struc¬ 
tures  in  the  fora  of  "large-scale  eddies". 

Turbulent  action  eay  be  thought  of  as  a 
spectrvn  of  "eddies"  which,  according  to  Ton- 
nekes  and  Lualey  (1972),  are  vortices  with  a 
certain  bandwidth  of  energy  and  which  are  sta¬ 
tistical  up  to  a  certain  site.  Urge  eddies, 
which  are  coherent  and  Identifiable,  have  an 
ordered  structure  and  are  non-statistioal. 
Although  such  coherent  structures  were  observed 
in  the  twenties  by  Nikuradse,  their  real  signi¬ 
ficance  has  been  recognized  only  in  the  last 
decade  (Roshko  1976),  and  they  are  now  the  sub¬ 
ject  of  experiaental  and  nuserlcal  investiga¬ 
tions.  However,  the  hypothetical  (or  seni- 
eapirical)  nature  of  turbulence  nodelllng 
reaains  in  the  subgrid  range  (Ferziger  1977). 
The  confidence  that  solutions  of  the  Navier- 
Stokes  equations  for  laainar  flows  enjoy  is 
here  diainished  by  the  necessity  for  closu'‘e 
assumptions  because  they  are  not  universally 
valid  for  all  flows  and  are  thus  tentative  . 

This  review  is  certainly  not  the  place  to 
sunsarize  the  effort  in  nunerical  turbulence 
modelling,  even  if  it  were  restricted  to  tur¬ 
bulent  vortices.  A  few  examples  of  special 
interest  in  ship  hydrodynanics  have  been 
selected,  and  the  remainder  of  this  chapter  is 
devoted  to  turbulence  modelling  based  on  sUn- 
dard  Reynolds-stress  averaging  and  on  "large- 
scale  eddies". 

4.1  Methods  Based  on  Reynolds-Stress  Modelling 

Although  vortices  are  part  of  the  general 
flow  field,  they  often  can  be  singled  out  and 
treated  separately  as  in  the  example  of  vortex 
rings.  When  they  change  froa  the  laminar  to 
the  turbulent  state ,  their  characteristios 
change  too.  Examples  in  addition  to  the  vor¬ 
tex  ring  (Kaxworthy  1974) ,  are  the  turbulent 


line  vortex  (Hoffmann  and  Joubert  1963,  Covin- 
daraju  and  Saffman  1971,  and  H.  Hacagno  and  E. 
Hacagno  197S)  and  the  tip  vortex  with  its  swir¬ 
ling  behavior  (Donaldson  and  Bilanin  1975). 

This  change  in  flow  behavior  is  usually 
ignored  in  invlscid-flow  aodels.  For  instance, 
the  roll-up  of  discontinuity  sheets  described 
in  Chapter  2  is  often  tacitly  assumed  to 
represent  a  turbulent  motion,  although  it  is 
probably  the  limit  of  a  laminar  flow  process 
when  Re— >«*  (Section  2.1),  Nevertheless,  this 
assumption  may  be  acceptable  as  long  as  tur¬ 
bulence  is  modelled  by  a  simple  constant  "eddy 
viscosity*  which  is  merely  a  very  large  laminar 
viscosity  coefficient. 

For  viscous-flow  models  it  has  long  been 
recognized  that  a  constant  eddy  viscosity  is 
not  reslistio.  "Closure”  procedures,  which 
become  necessary  tdten  the  Navier-Stokes  equa¬ 
tions  are  averaged,  may  be  divided  into  two 
groups:  (a)  first-order  procedures,  in  which 
the  Navier-Stekes  equations  describe  mean  velo¬ 
cities  and  mean  pressure  (first-order  quanti¬ 
ties)  and  second-order  quantities  are  modelled; 
(b)  second-order  procedures,  in  which  first  and 
second-order  quantities  are  described  by  the 
equations  of  motion  and  third-order  quantities 
are  modelled  (Rubesin  1977,  Launder  1979,  Mehta 
and  Lomax  1981). 

Recent  applications  of  first-order  pro¬ 
cedures  have  been  published  by  Raj  and  Xversen 
(1980)  for  tip  vortices  behind  aircraft  and  by 
Shamroth  and  Cibeling  (I960)  on  unsteady  two- 
dimensional  flows  past  airfoils  at  high  angles 
of  attack  for  Re  ■  lo* . 

According  to  Donaldson  (1972)  it  appears 
that  at  least  second-order  procedures  are 
required  to  siaulate  turbulent  vortices. 
Donaldson  and  his  colleagues  (Donaldson  and 
Bilanin  1975,  Bilanin,  Teske,  and  Williamson 
1977,  Bilanin,  Teske,  and  Hirsh  1978)  have 
developed  second-order  techniques  to  compute 
tip  vortices.  Although  these  techniques  are 
Intended  for  studying  tip  vortices  behind  air¬ 
craft,  they  can  be  applied  directly  to  tip  vor¬ 
tices  behind  lifting  surfaces  of  naval  vehi- 
oles.  Such  techniques  have  also  been  applied 
to  vortices  near  solid  walls  as  in  the  study  of 
tornadoes  by  Lewellen  and  Teske  (1977). 
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More  g«ner«l  than  closure  procedures  for 
vortices  are  those  which  sUulate  shear  flows 
and  boundary  layers  with  curvature  and  rota¬ 
tion.  Prandtl  (1929)  noticed  that  curved 
streamlines  of  a  turbulent  notion  have  a  sta« 
billzlng  effect.  A  review  of  this  effect  and 
others  was  given  by  Bradshaw  (1973) •  First- 
order  closure  techniques  have  been  recently 
compared  by  Hah  and  Lakshmlnarayana  (1980a)  and 
applied  to  rotor  blades  (1960b).  A  recent 
second-order  procedure  has  been  .presented  by 
Gibson  and  Rod!  (1981). 

ii,2  Large-eddv  Simulation 

What  is  the  distinction  between  turbulent 
vortices  and  large  eddies?  Probably  none  con¬ 
ceptually.  Turbulent  vortices,  such  as  tur¬ 
bulent  tip  vortices  or  vortex  rings,  may  be 
considered  as  isolated  entitles  In  themselves, 
whereas  large  eddies  like  those  in  shear^flows 
are  regarded  as  parts  of  an  overall  turbulent 
notion.  Doth,  however,  have  in  comoon  that 
their  substructures  must  be  modelled  as  men¬ 
tioned  In  Section  «.l.  Urge  eddies  oust  be 
filtered  out  iron  their  less  distinguished 
smaller  companions.  A  general  formulation  of 
such  a  filtering  scheme  was  given  by  Uonard 
(1974).  Urge  scale  eddies  are  computed 
directly,  but  small  scale  ones  must  be 
modelled.  Direct  turbulence  calculations  were 
done  by  Oeardorff  (1970).  Schumann  (1973).  and 
Orszag  and  Pao  (1974).  among  others.  Work  of 
this  nature  was  recently  reported  by  Ferzlger 
(1977>,  Kla  an^  Holn  (1979).  and  Blrlngen  and 
Reynolds  (1981). 

An  interesting  study  of  large-eddy  simula¬ 
tion,  which  Is  based  on  an  Invlscld-vortex 
filament  method  by  Uonard  (1979).  »*y  be  sin¬ 
gled  out  here.  The  computer  program  calculates 
the  growth  of  a  turbulent  spot  triggered  by  a 
local  disturbance  In  a  laminar  boundary  layer. 
This  idea  has  a  strong  similarity  to  the  con¬ 
cept  of  the  "horseshoe*  structure  in  a  boundary 
layer  by  Theodersen  (1955).  H  Is  remarkable 
how  well  this  Inviscld-flow  model  can  simulate 
the  essential  features  of  the  development  of 
turbulent  spots. 

Finally,  It  may  be  pointed  out  that  tur¬ 
bulent  vortices  car.  occur  in  a  turbulent 
envlror«ent  (so  that  they  become  large  eddies 
according  to  the  distinction  made  at  the  begin¬ 
ning  of  this  section).  This  environment  can  be 
In  the  form  of  background  turbulence  or  can 
consist  of  contact  with  a  neighboring  turbulent 
boundary  layer,  Bllanln,  Teske,  and  Hirsh 
(1978)  have  computed  the  Influence  of  back¬ 
ground  turbulence  on  tip  vortices.  Wind  tunnel 
measurements  were  made  by  Mehta,  Shabaka,  and 
Bradshaw  (1980  on  longitudinal  vortices  Imbed¬ 
ded  In  turbulent  boundary  layers.  These  stu¬ 
dies  are  of  particular  interest  In  understand¬ 
ing  the  influence  of  vortices  near  Ww  hull  of 
naval  vehicles. 


5,  COMCLUSIOMS 

The  conclusions  drawn  from  this  review  may 
be  presented  In  two  parts;  an  sssessment  of 
what  can  be  done  with  presently  available 


niMertcal  techniques  and  computers,  and  what 
can  be  expected  within  the  next  decade. 

5.1  Present  State-Of-The-Art 

In  all  fluid-flow  areas  covered  In  this 
review,  methods  and  capabilities  already  exist 
to  solve  ceruln  vortex  problems.  These  capa¬ 
bilities  are  not  yet  fully  exploited  In  ship 
hydrodynamics  applications.  A  similar  state¬ 
ment  made  by  Brard  (1972)  almost  a  decade  ago 
is  confirmed  by  the  very  few  papers  on  vortex 
flows  in  this  conference.  They  are  restricted 
to  two-dimensional  point-vortex  methods. 

As  indicated  in  the  abstract,  however, 
activity  In  the  study  of  vortices  has 
increased,  especially  in  the  area  of  Inviscld 
vorUx  flows.  Here,  techniques  based  on  point 
vortices  and  vortex  lattices  are  applied  In  the 
study  ard  design  of  propeller  blades  and  In  the 
study  of  flow  behavior  around  ship  hulls  with 
and  without  simple  control  surfaces.  However, 
three-dimensional  flow  problems  attacked  with 
vortex-laltlce  methods  require  much  computer 
tine.  In  addition,  they  rely  on  available  com¬ 
puter  codes  for  three-dimensional  potential 
flows  and  boundary  layers  with  and  without  free 
surfaces.  Full  exploitation  In  ship  design 
calls  for  more  efficient  techniques. 

Tip  vortices,  which  are  generated  at  lift¬ 
ing  surfaces,  and  their  interference  with  down¬ 
stream  solid  surfaces  can  be  simulated  with 
vortex  filament  methods,  but  they  have  not  yet 
been  exploited  in  ship  hydrodynamics. 

Techniques  for  viscous  vertex  flews  are 
restricted  at  present  essentially  to  two- 
dimensional  vortex  shedding  from  cylindrical 
bodies  at  moderate  Reynolds  numbers.  Flows 
past  csbles  and  underwater  structures,  either 
fixed  or  oscillating,  can  be  computed,  although 
here  too  more  economic  methods  are  required  to 
be  practical.  An  analogous  situation  exists 
for  axlsymetrie  flows. 

For  three-dimensional  laminar  flow  prob¬ 
lems,  techniques  for  solving  the  parabolized 
Navler-Stokes  equations  are  promising.  Com¬ 
puter  programs  for  solving  the  full  Navler- 
Stokes  equatlonr  are  In  their  Infancy. 

The  methods  for  laminar  viscous  flows  can 
be  extended  by  building  in  turbulence  models. 
Such  Inclusion  makes  computer  programs  attrac¬ 
tive  for  a  wide  area  of  technical  problems. 

It  nay  be  stressed  at  this  point  that  the 
development  and  availability  of  cemputer  pro¬ 
grams  Is  evolutionary  In  the  sense  that  one 
does  not  have  to  wait  to  solve  a  problem  until 
more  efficient  techniques  and  bigger  computers 
are  at  hand,  Vlth  their  gradual  availability 
more  complex  problems  can  be  solved. 

5,2  Future  Outlook 

In  the  ne  t  few  years  vortex  lattice 
methods  will  become  available  for  flows  past 
fully  submerged  and  surface  ships  with  control 
surfaces.  These  methods  require  more  accurate 
computer  codes  for  potential  flows  and  boundary 


Uycrs  to  obUin  .occursto  data  on  the  location 
of  separation  lines  and  rate  of  vortex  shed- 
ding. 

Froa  the  old-eighties  on«  the  coaputatlon 
of  three-dioensional  flows  around  fully  sub- 
nerged  bodies,  based  on  the  Reynolds-averaged 
Havler-Stokes  equations  with  suitable  closure 
nodels  for  turbulence  and  with  eooputers 
envisioned  in  the  KAS-projecti  will  be  feasi^ 
blc.  By  that  tiae  the  study  of  direct  tur¬ 
bulence  siaulation  (KcCoraack  197d)  will  n^ke 
it  possible  to  oinialxe  the  iapact  of  closure 
uodels  for  the  subgrid  range.  Still,  the  solu¬ 
tion  of  cooplicated  probleos  like  -th^ee- 
dioensional  flows  around  freely  ooving  ^ips 
and  hull-propeller-rudder  interaction  will  have 
to  wait. 

Nevertheless,  vortex  siaulation  as  part  of 
numerical  fluid  dynaalcs  will  be  revolutionized 
in  the  decade  ahead. 

Due  to  the  wide  areas  covered,  this  review 
can  give  only  a  broad  outline  of  the  subject, 
and  the  caore  than  170  references  quoted  are  in 
almost  all  cases  only  examples. 
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DtSCUSSiON 
6fth*p*p«r 
by  H  J.  Lugt 


NUMERICAL  MODELLING  OF  VORTEX  FLOWS  IN  SHIP  HYDRODYNAMICS 
A  REVIEW 


Discussion 
by  0.1.  Heiron 

While  it  is  true  that  no  rigorous  proofs 
have  been  offered  as  to  the  well-posedness  of  the 
classical  rolt-up  problea,  there  exists  a  body 
of  calculations  which  indeed  refute  this  alleged 
well'posedness.  Suspicions  about  the  lack  of 
well  posedness  were  already  voiced  aany  years 
ago  by  G.  Birkhoff  in  his  studies  of  periodic 
Kelvin^Helnholta  instability.  Recently,  0.1.  Moor 
has  shown  through  an  as>iBptotic  analysis  that 
after  a  finite  titoe  a  curvature  singularity  (or, 
at  any  rate,  a  singularity  in  the  second  deriva¬ 
tive  of  the  interface)  develops.  At  this  tiae, 
the  sheet  is  only  slightly  inclined  about  the 
roll-up  point. 

Baker,  in  his  assessaent  of  the  nethod  of 
Fink  and  $oh  has  not  been  overly  pesslnistic. 

The  scheme  does  indeed  give  saooth  results  in 
problems  where  chaotic  eotion  results  in  its 
absence.  However,  'n  analysis  by  Moor  has  shown 
that  the  redistribution  process  acts  as  a  saooth* 
ing  eechanisa.  Although  certain  experimental 
features  are  reproducible,  exaoples  have  been 
offered  recently  in  which  unphysical  phenomena 
result  when  the  method  is  applied.  On  the  other 
hand  it  has  been  shown  that  in  a  vortex  sfaula- 
tion  of  the  Rayleigh-Taylor  instability  of  fluid 
into  vaccuua,  in  which  the  Lagrangian  motion  of 
the  vortex  markers  is  followed,  there  appears  to 
be  no  need  to  redistribute  the  vortex  markers. 

The  results  remain  smooth  even  for  late  tiaes. 

Author* s  reply 

In  ay  paper  I  have  not  addressed  the  ques¬ 
tion  of  whether  the  roll-up  of  an  existing  dis¬ 
continuity  line  is  a  well-posed  problem  of  not, 
although  1  briefly  mentioned  Birkhoff  and 
Fisher^s  paper  in  which  this  question  is  raised. 
My  concern  is  whether  a  discontinuity  tine  can 
be  generated  at  all  in  a  potential  flow  ;  and 
if  it  can  be  generated,  what  are  the  Initial 
conditions  .  For  instance,  for  a  flow  field  due 
to  an  abruptly  started  wedge,  governed  by  the 
Laplace  equation,  what  are  the  initial  conditions 
at  t  •  0,  especially  at  the  apex,  where  there  is 
a  singularity  7  This  question  is  still  unanswered. 
The  onlv  attemps  at  an  answer  that  I  know  of,  is 
Prandtrs  "initiar  condition  for  t  •  0  ,  that  Is 
a  self-sinilar  spiral. 

The  development  of  numerical  approxiaations 
of  discontinuity  lines  adds  another  order  of 


difficulties.  The  notion  of  'pessiaisa*  appears 
justified.  Fink  and  Soh  contributed  to  the  sta- 
bili2ation  of  a  row  of  point  vortices  with  their 
redistribution  procedure.  However,  the  point- 
vortex  method  is  still  plaged  with  ad-hoc  assuap- 
tions.  For  instance,  redistribution  requires  the 
Introduction  of  a  new  artificial  criterion  to  cut 
off  a  vortex  during  the  shedding  process 
(Sarpkaya  and  Shoaff).  I  believe  that  everybody 
who  works  with  the  engineering  application  of 
the  point-vortex  method  will  agree  that  it 
is  a  cuabersome  art  but  not  natheaatical  physics. 
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A  DISCRETE  VORTEX  ANALYSIS  OF  FLOW  ABOUT  NONCIRCULAR  CYLINDERS 
flL  Shocft*  •nd  CB.  Frank*** 

David  W4  Taytor  Naval  S^(p  ftaaaarch  and  Dtvaiopmant  Cantar 
Bathaada,  Maryland  2DOB4 


This  pspsr  dsterlbdt  the  epplicetlon 
of  the  Discrete  Vortex  Method  (DVH)  to 
«n  is^ulslvely  started,  unlfot«,  two- 
diMASlonsl,  and  separated  flow  about 
non-circular. cylinders. "  Body  shapes  con¬ 
sidered  are  typical  of  underwater  Tehiele 
cross  sections  and  include  those  that 
can  be  transformed  to  the  unit  circle  by 
both  exact  and  approximate  confonul 
transforiMtlone.  -The  feeding  mechanism 
for  introducing  circulation  into  the 
separated  shear  layers  (represented -by 
point  vortices)  uses  a  wake-boundary- 
layer  interaction  technique.  Pedltcreti- 
tation  is  used  to  alleviate  instabilities 
in  the  point  vortex  representation  of 
the  shear  layers.  The  model  also  uses  a 
method  to  account  for  the  effect  of  vis¬ 
cosity  and  turbulence  in  the  wake  by 
circulation  reduction.  Considerations 
and  problems  associated  with  irregularly 
shap^  non-circular  cylinders  are  dis¬ 
cussed,  especially  with  respect  to  the 
difficulty  caused  by  separation  and  re- 
attachment  of  flow  at  points  on  ^e  body 
upstream  of  the  primary  separation  points. 
Calculations  of  the  force  coefficients 
are  presented  for  each  of  the  cross  sec¬ 
tions  considered.  The  sensitivity  of 
the  results  to  the  parameters  of  the 
analysis  is  also  discussed. 

1.  Introduction 

This  paper  describes  the  application 
and  extension  of  the  discrete  vortex 
method  (DVH)  to  the  analysis  of  an  impul¬ 
sively  started  flow  about  bluff  bodies 
of  general  cross  section.  The  objectives 
are  twofold.  First,  it  is  desired  to 
extend  the  capabilities  of  the  DVM  to 
provide  a  tool  by  which  designers  can 
predict  the  cross-flow  kinematics,  drag 
and  lift  forces,  and  moment  a^ut  cross- 
sectional  shapes  of  interest  to  naval 
hydrodynamicista;  and  second,  to  develop 
a  method  by  which  researchers  can  1 :rform 
numerical  experiments  to  gain  insight 
into  the  complex  phenomena,  not  previ¬ 
ously  investigated,  of  flow  separation 
abOvt  bluff  bodies. 


^*Ll^tMant  Commander,  U.S.  Navy 
**Aerospaca  Engineer 


The  challenge  of  numerically  analysing 
the  complex  phenomena  associated  with 
high  Beynolds  number  flows  about  bluff 
bodies  has  encouraged  researchers  to  ex¬ 
ploit  all  viable  methods  of  solution. 
Lixiitations  of  numerical  techniques  which 
attempt  to  solve  the  full  Navier-Stokes 
equations  have  led-to  modeling  in  an  at¬ 
tempt  to  gain  further  insight  and  predic¬ 
tive  capability  in  the  analysis  of  sepa¬ 
rated  flows.  Synonymous  with  modeling, 
however,  is  the  introduction  of  assump¬ 
tions  and/or  empiricisms  based  on  experi¬ 
mental'  evidence  and  heuristic  reasoning. 
Once  modeling  is  resorted  to,  the  assur¬ 
ances  that  come  from  demonstrating  the 
convergence,  stability,  and  consistency 
of  the  numerical  solution  of  the  equa¬ 
tions  are  usually  overshadowed  by  the 
limltatlona  of  the  particular  assumptions 
associated  with  the  "model”.  This  is 
especially  true  when  the  model  uses  a 
simulation  of  effects  in  addition  to  the 
solution  of  an  approximate  set  of  govern¬ 
ing  equations.  Thus  in  order  to  gain 
confidence  that  the  results  represent 
the  actual  phenomenon  being  modeled,  it 
is  necessary  to  make  comparisons  with 
experimental  evidence. 

The  DVM  is  an  excellent  example  of  a 
phenomenological  model  that  makes  exten¬ 
sive  use  of  heuristic  reasoning  in  its 
hybrid  combination  of  boundary  layer  and 
potential  flow  theories.  However,  partly 
because  of  the  inconsistencies  that  arise 
from  attempting  to  model  viscous  effects 
by  potential  flow  theory,  and  partly  be¬ 
cause  of  the  lack  of  rigorous  means  to 
gain  the  assurances  of  an  accurate  anal¬ 
ysis  discussed  above,  the  DVM  has  been 
pursued  by  a  relatively  small  number  of 
researchers.  Although  the  challenges 
presented  in  the  use  of  a  potential  flow 
representation  of  a  viscous  flow  phenom¬ 
enon  are  formidable,  recent  applications 
of  the  method  have  demonstrated  a  dis¬ 
tinct  and  useful  predictive  capability. 

The  reader  is  referred  to  Clemente  and 
Maull  (1],  Pink  and  Soh  [2],  or  Clements 
(3)  for  extensive  reviews  of  the  appli¬ 
cations  of  the  DVM.  Recent  Investigations 
of  particular  interest  to  this  paper  are 
Shoaff  (4),  Sarpkaya  and  Shoaff  (5),  and 
Telste  and  Lugt  (6).  Great  progress  has 
been  made  in  discrete  vortex  modeling) 
however,  the  fundamental  problem  remains 


319 


bw  to  best  account  for  tha  effects  of 
snd  Reynolds  nunber  both  on 
the  body  and  in  the  wake. 

The  lnco^^)atib^Ilty  of  the  potential 
vortlcity 

and  t^  viscous  phenonenon  which  cener- 
vortlcity  Is  most  pronounced 
at  ^e  separation  points.  .It  ls  here 
that  one  Mst  account  for  the  generation 
of  the  body. 

Its  diffusion  through  the  boundary  layer.. 
Its  separation,  and  Its  eventual  repre¬ 
sentation  by  discrete  vortices,  all  ac- 
coaplished  In  a  nanner  which  maintains  a 
cause  and  effect  relationship 
betw^  the  ^undary  layer  and. wake  cal- 
cvlaWons,  ihe  fact  that  the  separation 
points  are  mobile  and  sensitive  to  the 
dicing  vortlcity  distribution  In  the 
wake  illustrates  the  difficulty  of  the 
problea.  JPurtheraore,  the  arbltrarl- 
ness  of  ^e  cross  sections  considered  in 
this  study  presents  added  difficulties 
in  the  application  of  boundary. layer  con¬ 
siderations  In  two  areas.  First, ^the 
cross  sections  being  studied  may  have 
sharply,  rounded  edges  and/or  changes  in 
cu^ature  on  the  upstrean  face  of  the 
wy.  %ese  configurations  generate  raul- 
pressure  gradients  ahead 
^  the  primary  separation  points  and  make 
te^dary  layer  analysis  difficult.  These 
sdverse  pressure  gradient  may 
21!?  *cp«ratlon  and  reattaeh- 

»ent.  Second,  cross-sectional  shapes 
generated  by  exact  conformal  transforma¬ 
tions  may  have  sharp  edges  (mathematical 
singularities)  which  also  complicate 
boundary  layer  considerations. 

The  effect  of  viscosity  and  Reynolds 
number  on  ^e  shear  layers  In  the  wake 
is  not  well  understood.  Virtually  all 
investigations  of  vortex  strengths  in  the 
wke  of  bluff  bodies  have  noted  a  deficit 
between  the  amount  of  vortlcity  shed  at 
the  separation  points  and  that  contained 
In  the  wake.  This  Includes  attempts  at 
direct  measurements  by,  among  others, 
Schml^  and  Tllwn  (7J,  and  Bloor  and 
Gwrard  181.  Similar  results  have  been 
obtained  by  Schaefer  and  Esklnasi  (9J, 

(10],  and  Davies  (llj  by  Indi- 
rectly  estimating  vortex  strengths  based 
on  their  longitudinal  and  transverse 
seeing  in  the  wake  as  computed  from  von 
Mnnjn  ,  vort«  •tre.t  model,  Eitlmetee 
pjjcent  dUterence  In  vortex 
strengths  in  the  wake  compared  to  the 
amount  of  vortlcity  ihed  from  the  body 
have  been  reported.  Although  the  meaa- 
eitimatlon  technique,  are 
ateittedly  of  limited  accuracy,  the  qual- 
Itatlve  reaulta  aubatantiate  the  obaerva- 

of  vorticity  in  the  vahe.  rurthermore, 
the  tranaition  to  turbulence  in  the  ahear 
layer,  mvea  upatrean  in  the  vah.  with 
increaainq  Reynold,  number.  According  to 
a  circular  cylinder  thia 
???-  •  *  Reynold,  number  of  about 

1000,  and  by  Re-50000  the  turbulence  haa 


reached  the  shoulder  of  the  cylinder 
despite  the  fact  that  the  boundary  layer 
separating  from  the  cylinder  is  laminar 
in  this  R^nolds  number  range.  The  oc¬ 
currence  of  turbulence  amplifies  the 
effects  of  viscosity  and  results  in  an 
apparent  reduction  of  vortex  strengths. 
Thus  any  method  that  ignores  the  effect 
of  viscosity  and  turbulence  in  the  wake 
neglects  an  essential  feature  of  the 
flow  being  modeled. 


The  rsnainder  of  this  paper  describes 
a  c^prehenslve  numerical  model  developed 
to  investigate  the  characteristics  of  an 
impulaivaly  atartni,  two-dimenaional,  and 
uniform  flow  about  non-circular  cylinders. 
The  development  of  the  wake  and  the  hydro- 
dynamic  forces  are  investigated  from  the 
start  of  motion  to  the  quasi-steady  state 
(l.e.,  multiple  vortex  eheddings).  Ex¬ 
tensive  use  is  made  of  the  DVM  work  pre- 
viously  reported  by  Sarpkaya  and  Shoaff 
(5]  for  the  flow  about  circular  cylin- 
dersa  ^e  extension  of  the  DVM  to  Inves¬ 
tigate  flow  about  arbitrary  cross  sec¬ 
tions  provides  both  naval  hydrodynami- 
clsts  and  researchers  with  a  useful  tool 
to  predict  the  flow  characteristics  about 
bodies  of  practical  interest. 


I_I.  Theoretical  and  Phenomenological 
Basis  of  £KyDVM 

The  DW  is  a  potential  flow  represen- 
totion  of  shear  layers  in  which  vortlcity 
is  confined  to  restricted  subregions  of 
the  flow.  It  has  been  observed  and  ex- 
perlmentally  verified  by  Page  and  Johan¬ 
sen  (13)  that,  at  sufficiently  high 
^ynolds  numbers,  the  shear  layers  shed 
from  a  bluff  body  are  thin  and  the  vor- 
ticity  is  confined  to  restricted  sub- 
regions  of  tightly  spiralled  vortex 
This  fact  alone  suggests  the 
division  of  the  shear  layer  into  small 
segments  and  the  concentration  of  the 
vortlcity  of  each  segment  into  a  point 
wrtex.  Once  this  discretization  has 
been  performed,  the  kinematics  of  the 
shear  layer  can  be  modeled  by  the  motion 
of  the  point  vortices.  This  fundamental 
application,  namely  the  modeling  of 
shear  layer  kinematics,  is  the  essence 
of  the  DVM,  the  importance  of  which  will 
become  evident  later.  At  this  point 
suffice  it  to  say  that  it  is  a  basic 
premise  of  this  paper  that  the  potential 
flow  equations  can  be  used  to  represent 
only  the  kinematics  of  the  wake  and  the 
velocity  (and  thus  pressure)  distrlbu- 
tlon  on  the  body.  Accounting  for  vor¬ 
ticity  generation  (or  decay)  in  the  hy¬ 
drodynamic  equations  or  using  these 
equations  directly  to  determine  genera¬ 
tion  rates  are  clearly  not  feasible  and 
give  only  the  illusion  of  modeling  the 
actual  phenomenon. 


Chimerical  Conformal  Transformations 

The  use  of  the  discrete  vortex  method 
to  study  the  two-dimensional  flow  about 
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Physical  Plane 

Fig.  1  Transformation  between  physical 

non-circular  cylinders  requires  a  con¬ 
formal  transformation  which  maps  the 
points  on  and  outside  the  body  under 
consideration  to  the  points  on  or  out¬ 
side  a  circle  and  vice  versa#  i.e.# 

*  ■  f(c)  (la) 

5  -  g(2)  (lb) 

Figure  1  illustrates  the  transformation 
between  the  physical  plane  containing  a 
non-circular  cross  section  in  a  uniform 
flow  of  velocity  U*  with  point  vortices 
in  the  wa)ce  and  the  corresponding  flow 
about  a  circular  cylinder  in  the  compu¬ 
tational  (circle)  plane.  Note  that  the 
characteristic  dimension  in  the  physical 
plane  is  taken  as  the  radius  c  of  a  cir¬ 
cle  inscribed  in  the  cross  section.  The 
radius  of  the  circle  in  the  computation¬ 
al  plane  is  unity  and  thus  the  uniform 
flow  velocities  U-  and  U,  may  be  differ¬ 
ent.  ^ 

Numerous  exact  conformax  transforma¬ 
tions  exist  which  are  of  interest  to 
naval  hydrodynamJcists,  but  most  under¬ 
water  vehicle  cross  sections  of  practical 
concern  cannot  be  exactly  transformed. 

The  method  utilized  here  to  transform 
the  cross  sections  with  no  exact  confor¬ 
mal  transformation  is  that  of  von 
Xerczek  and  Tuck  (14) #  a  truncated 
Laurent  series  expressed  as 

.  -  Z  (2«> 

j-1 

J 

t  -  Z  *1  (2b) 

J-1 

Where  the  Aj's  and  Bj's  are  the  coeffi¬ 
cients  of  the  series  to  be  determined. 

Given  the  physical  plane  cross  section 
shown  in  Fig.  la,  each  of  the  digi¬ 
tized  points  on  the  body  can  be  mapped 
to  the  unit  circle  by 
J 

5m  -  I  («j+iej)*m'^  +  +ir„  (3) 

j-1 


Computational  Plane 
and  computational  (circle)  plane. 

where  !U  and  represent,  respectively, 
the  real  and  imaginary  parts  of  the 
error  associated  with  the  truncation  of 
the  series  to  J  terms,  and  the  Aj  coef¬ 
ficients  are  expressed  in  terms  of  their 
real  and  imaginary  parts.  Since  the 
points  in  the  computational  plane  are  on 
the  unit  circle,  the  left  side  of  Eq.  (3) 
can  be  represented  by  Cm  ■  cos  On  -f  i 
sin  S|2.  The  coefficients  of  the  series 
can  now  be  determined  in  a  least-squared 
sense  by  defining  a  total  error  function 

M 

-  I  «> 

m*l 

and  minimizing  this  function  with  respect 
sjr  And  SiQ.  This  gives  2j-fK  un¬ 
knowns  in  2J  linear  plus  H  nonlinear 
simultaneous  equations.  The  method  of 
solution  used  is  that  of  von  Xereze)c  and 
Tuck  (14)  and  is  not  discussed  here.  It 
is  noted,  however,  that  use  of  symmetry 
in  the  body  being  transformed  can  render 
the  coefficients  of, the  series  as  purely 
real  or  purely  imaginary,  thus  simpli¬ 
fying  and  reducing  the  number  of  equa¬ 
tions  and  unknowns.  For  the  work  re¬ 
ported  here,  the  number  of  coefficients 
J  is  13.  Furthermore,  all  shapes  have 
sysBaetry  about  one  axis  and  thus  the 
transformation  is  performed  for  a  half- 
plane  using  50  points  to  describe  the 
shape.  A  computer  program  written  by 
Dawson  and  Dean  [15)  was  used  to  solve 
for  the  Aj  and  values. 

Once  the  coefficients  of  the  approxi¬ 
mate  g(z)  transformation  are  known,  the 
coefficients  of  the  reverse  transforma¬ 
tion,  f(c},  can  be  found  either  by  the 
expression 


or  by  the  same  least-squared  approach 
already  used,  in  these  calculations  the 
Aj  coefficients  are  determined  first 
(along  with  the  f«'s)  and  the  Bj's  are 
then  determined  using  the  same  9^  values, 
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thus  reducing  the  solution  of  the  re** 
verse  transformation  to  2J  linear  equa¬ 
tions  in  23  unknowns.  It  should  be 
noted  that  the  use  of  Eq.  (5)  is  alge¬ 
braically  cumbersome  for  values  of  J>2. 

This  method  of  determining  an  approx¬ 
imate  conformal  transformation  is  not 
without  some  restrictions  and  associated 
difficulties.  For  one,  the  type  of 
bodies  that  can  be  successfully  trans¬ 
formed  is  restricted  to  those  having  no 
excessively  sharp  edges,  concave  sur¬ 
faces,  or  excessive  deviation  from  a 
"circular"  shape.  As  expected,  the 
suitability  of  various  cross  sections  to 
successful  transformation  is  rather  sub¬ 
jective.  Also,  the  success  of  solving 
for  the  Aj  and  Bi  values  depends  on  the 
reasonableness  or  the  body  shape  and  a 
good  first  guess  of  the  Sq  values.  The 
second  difficulty  associated  with  the 
numerical  transformation  is  that  the 
finite  number  of  terms  in  the  series 
gives  rise  to  fluctuating  small  errors 
in  the  velocity  calculation  along  the 
surface  of  the  body  which,  as  is  dis¬ 
cussed  in  detail  later,  affect  the  bound¬ 
ary  layer  calculations. 

Cross  sections  that  have  exact  con¬ 
formal  transformations  are  also  consid¬ 
ered.  Exact  transformations  offer  the 
advantage  of  having  no  truncation  error. 
However,  this  advantage  must  be  weighed 
against  the  fact  that  most  marine  vehicle 
cross  sections  do  not  have  an  exact 
transformation;  also,  those  cross  sec¬ 
tions  with  sharp  corners  pose  additional 
problems  in  the  calculation  of  the  veloc¬ 
ity  distribution  near  these  corners  and 
thus  restrict  the  use  of  boundary  layer 
analyses.  The  form  of  the  exact  trans¬ 
formations  used  is  presented  later. 

Potential  Flow  Model 

Before  proceeding,  it  is  necessary  to 
develop  the  hydrodynamic  relationships 
which  determine  the  kinematics  and  dy¬ 
namics  of  the  two-dimensional,  uniform, 
incompressible,  an('<  invlscid  flow  about 
a  non-circular  cross  sectic*^  in  the  pres¬ 
ence  of  point  vortices.  This  development 
depends  on  the  ability  to  conformally 
transform  the  kinematic  i  of  the  flow  in 
the  computational  or  circle  plane  to 
that  of  the  physical  plane.  Thus  the 
transformations  just  discussed,  either 
exact  or  approximate,  are  essential  to 
this  development. 

The  complex  potential  function  w<z) 
governing  tho  flow  in  the  physical 
plane  (see  Pig.  1)  is  determined  by  tho 
point  vortex  strengths  fn,  their  loca¬ 
tion  in  the  physical  plane  the  con¬ 
formal  transformation  functions  f(c)  and 
g(z),  and  tho  circle-plane  complex  po¬ 
tential  function  w(c}  for  uniform  flow 
past  a  circular  cylinder  of  unit  radius 
with  point  vortices  located  at  corres¬ 
ponding  c^-g(z  )  positions,  i.e.. 


K 

w(C)  - 

n"l 

-z»({-l/c„)l  (6) 

The  sign  convention  is  such  that  w'(c) 
gives  the  negative  conjugate  of  the  cir¬ 
cle-plane  velocity  (note  that  the  prime 
indicates  differentiation  with  respect 
to  the  independent  variable).  Given  Eq. 
(6),  the  velocity  in  the  physical  plane 
is  given  by 

-u+iv  «  w*  (z>  w*  (;>3| 

“  w' (c)g' (z)  (7) 


for  non-vortex  locations  on  or  outside 
the  body.  To  determine  the  velocity  of 
the  n-th  point  vortex,  Routh's  rule  must 
be  applied  by  subtracting  the  effect  of 
Tn  at  Zn  from  the  complex  potential 
function  and  evaluating  the  derivative 
of  w(z}  at  the  vortex  location,  i.e., 

-^Zn(z-z„))j  (8) 

To  express  Eq.  (8)  in  terms  of  w(c), 


w(r)  -  frt(z-Zj^)  -  w(c) 

-  fn(c-C„) 

(9) 

or 

w(z)  -  w(t)  -  -jf  (ID* 

Substitution  into  Eq.  (8)  and  evaluation 
of  the  limit  gives 


*  I 

'  [£*({„)/|f(C„)]^  (U) 


Substitution  of  Eq.  (6)  into  Eq.  (7) 
gives  the  velocity  at  non-vortex  loca¬ 
tions  in  the  physical  plane  as 
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/  N 

-u«v.  -O^d-IA^) 

n-l  “ 


CMplex  potential  function.  Hereafter, 
all  neasures  of  distance,  tine,  velocity^ 
and  circulation  are  given  in  terns  of 
these  nomalised  variables  unless  other¬ 
wise  stated. 


<»> 

It  is  advantageous  to  work  with  di- 
nensionless  paraneters  nomalised  with 
respect  to  the  geometry  and  the  uniform 
flow  in  the  physical  plane.  Since  the 
cross  sections  C'^nsidered  are  of  roughly 
circular  shape,  the  characteristic 
length  scale  la  chosen  to  be  the  radius 
c  of  a  circle  inscribed  inside  the  cross 
section.  The  dimensionless  fom  of  the 
equations  are  obtained  by  the  following 
change  of  variables t 


2  •  s/c,  I  «  c/c,  u+lv  »  <u+lv)/Oj, 

f  -  r/UjC,  w(i)  -  w(5)/0^c, 

w(t)  «  w(?)/u^c,  €  «  Ujt/c  <13) 

Note  that  U  and  U  are  related  by  the 
expression  ^  ^ 


0  -  U  Urn  g'  (z)  •  A,0.  (14) 

*  '  ’ 


Substitution  of  Eq«  (13)  into  Eqs.  (S), 
(11),  and  (13),  letting  «  1.0,  e  •  1.0, 
and  dropping  the  tildes  for  sa)(e  of  sin* 
plicity,  gives 


N 

w(0  -  -Uj(!*l/0  * 

n"l 


The  dynanics  of  the  flow  can  be  de¬ 
termined  using  the  generalized  fom  of 
Blaslus*  theorem  (Milne-Thompson  (16)) 
The  forces  and  moment  are  expressed  as 


Vil-y  -  I  iO  /  tW{2)l^dZ 


+  Ip  ^/wdz 
Re  |-  I  P  /  zlw'(i)l^dz 
*  ^  zw(z)dzj 


(18) 


where  E  and  Fy  represent,  respectively, 
the  dra$  and  lift  forces,  and  Az  the 
moment  about  the  origin.  Re  refers  to 
the  real  part  of  the  expression  in 
brackets.  Although  Eq.  (18)  can  be  ex¬ 
pressed  in  terms  of  wU)  and  the  inte¬ 
gration  performed  in  the  circle  plane, 
the  complexity  of  the  transformation 
functions  used  in  this  study  produces 
an  algebraically  intractable  fom. 
Therefore,  the  forces  are  computed  by  a 
numerical  integration  of  the  unsteady 
pressure  distribution  using  Bernoulli's 
equation.  For  purposes  of  presenting 
the  force  and  moment  calculations  in  a 
normalized  fom,  the  following  force 
and  moment  coefficients  are  defined t 


(15) 


Vorticity  Generation  and  Introduction 


-  frt(?-l/c„)I  (15) 

and 


and 


-a„nv 


n 


wMc„)g'(t„) 

lr„ 

♦irj 

(17) 


where  u,  v,  r,  z,  and  c  are  now  the  nor¬ 
malized  variables  and  w  the  normalized 


The  DVM  accounts  for  the  generation 
and  shedding  of  vorticity  by  the  intro¬ 
duction  of  a  vortex  (referred  to  as  a 
nascent  vortex)  at  every  separation 
point  each  time  step  of  the  analysis. 

The  location  of  t))e  separation  points 
are  either  known  (e.g.,  sharp  edges)  or 
determined  by  boundary  layer  consider¬ 
ations.  There  is  no  clear  consensus 
between  DVM  investigators  concerning  how 
nascent  vortex  strengths  should  be  de¬ 
termined.  However,  It  is  generally 
accepted  that  the  nascent  vortex 
strengths  and  their  introduction  posi¬ 
tions  should  satisfy  the  Kutta  condition 
at  each  separation  point.  The  various 
methods  used  to  detemlne  nascent  vortex 
strengths  can  be  divided  into  three 
categories.  First,  the  nascent  vortex 
strengths  are  specified  by  boundary 
layer  considerations  which  detemlne 
the  flux  of  vorticity  from  the  sepa¬ 
rating  boundary  layer  into  the  outer 
flow}  the  nascent  vortex  introduction 
positions  sre  then  computed  according 


to  the  Kutta  condition.  The  eecond  ap~ 
proach  selects  the  introduction  posi¬ 
tions  and  then  determines  the  nascent 
vortex  strengths  necessary  to  satisfy 
the  Kutta  condition.  The  third  method 
satisfies  the  Kutta  condition  and  at  the 
same  tine  uses  a  force  free  condition  on 
the  connecting  shear  layer  (represented 
by  the  nascent  vortex)  to  jrelate  the 
rate  of  change  of  circulation  and  the 
nascent  vortex  strength  and  velocity 
(see,  for  example,  Fink  and  Soh  (2)). 

The  present  study  uses  the  first  methcd. 

The  use  of  boundary  layer  considera¬ 
tions  to  calculate  nascent  vortex 
strengths  requires  the  determination  of 
the  separation  point  locations  and  the 
flux  of  circulation  in  the  separating 
shear  layers.  For  smooth  surfaces, 
where  the  location  of  the  separation 
points  are  not  obvious,  a  boundary  layer 
separation  calculation  is  performed 
using  the  velocity  distribution  on  the 
body  available  through  Fq.  U6) .  Once 
the  separation  points  have  been  deter¬ 
mined,  the  rate  of  generation  of  vorti- 
city  is  easily  obtained  by 


o 


where  i  is  the  boundary  layer  thic)cness, 
u  the  velocity  within  the  boundary  layer, 
and  y  the  distance  along  the  outward 
normal*  The  contribution  of  )v/)x  is 
excluded  from  the  vorticity  expression 
in  conformity  with  the  approximations  of 
the  boundary  layer  theory.  Integration 
of  Eq.  (20)  to  obtain  the  flux  of  circu¬ 
lation  at  a  separation  point  gives 


■  ir 

3t 


(21) 


where  U.  is  the  tangential  velocity  at 
the  predicted  separation  point.  Ordi¬ 
narily  the  circulation  flux  into  the 
outer  flow  should  be  written  as 


3t  "  7 


(22) 


where  and  U2  represent,  respectively, 
the  velocities  at  the  outer  and  inner 
edges  of  the  separating  shear  layer. 
However,  extensive  experiments  with  var¬ 
ious  bluff  bodies  by  Fage  and  Johansen 
(131  have  shown  that  Uj  is  about  5  per¬ 
cent  of  and  that  the  flux  of  circula¬ 
tion  is  accurately  represented  by  U|/2. 

In  numerical  calculations  dr/dt  is 
replaced  by  ar/at  and  the  strength  of 
the  nascent  vortex  is  calculated  from 
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(23) 


Once  the  nascent  vortex  strengths  are 
computed  (one  for  each  separation  point) , 
the  vortices 'are  introduced  radially 
outward  from  the  circle  plane  points 
which  correspond  to  the  locations  of  the 
physical  plane  separation.  The  nascent 
vortices  are  simultaneously  introduced 
at  distances  which  produce  a  stagnation 
point  on  the  surface  of  the  circle  at 
each  separation  point. 

The  particular  boundary  layer  analysis 
used  depends  on  whether  a  laminar  or 
turbulent  separation  criterion  is  desired. 
In  some  cases  the  high  degree  of  curva¬ 
ture  on  the  body  makes  the  separation 
points  obvious,  in  these  cases  a  time 
consuming  analysis  is  unnecessary  and  the 
flow  is  assumed  to  separate  almost  im¬ 
mediately  after  encountering  an  adverse 
velocity  gradient.  The  amplitude  and 
frequency  of  fluctuation  of  the  separa¬ 
tion  point  depends  on  the  severity  of 
the  adverse  pressure  gradient  and  on  the 
sensitivity  of  this  gradient  to  the  time 
dependent  vorticity  distribution  in  the 
wake.  It  should  be  noted  that  this  com¬ 
bination  of  potential  and  viscous  flow 
methods  used  in  discrete  vortex  modeling 
cannot  establish  a  one-to-one  relation¬ 
ship  between  the  Reynolds  number  and  the 
flow  characteristics.  Thus  it  is  the 
kind  of  separation  criteria  used  that 
determines  whether  the  flow  is  in  the 
subcritical,  critical,  or  turbulent 
Reynolds  nu^er  regime. 

In  the  application  of  boundary  layer 
considerations,  one  must  recognize  the 
characteristics  of  the  time-dependent 
location  of  the  separation  points  on  the 
surface  of  a  body  in  an  impulsively 
started  flow  and  then  choose  an  analysis 
method  that  will  sufficiently  account 
for  those  features.  The  characteristics 
of  boundary  layer  separation  for  impul¬ 
sively  started  flows  are  characterized 
by  three  regimes,  which  can  be  illus¬ 
trated  in  the  impulsively  started  flow 
about  a  circular  cylinder.  The  flow 
does  not  separate  immediately  upon  start 
because  the  boundary  layer  is  just  be¬ 
ginning  to  develop.  Thus  the  first 
regime  covers  the  time  from  the  start  of 
flow  until  the  first  occurrence  of 
separation.  The  location  of  separation 
corresponds  to  the  point  of  maximum  ad¬ 
verse  pressure  gradient  (rear  stagnation 
point  for  circular  cylinder)  at  a  rela¬ 
tive  fluid  displacement  of  (Schlichting 
(171) 

lirl J‘‘ 


where  ldU/di(mAx  1*  maximum  adverse 
velocity  qradicnt.  For  the  circular 
cylinder  |dU/dX}»{|x"7.0  (at  the  rear 
stagnation  point)  and  thus  t"0.351.  The 
second  regime  begins  as  the  separation 
point  moves  rapidly  upstream  from  the 
point  of  first  occurrence.  During  this 
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period  there  is  no  noticeable  foraation 
oC  separated  shear  layers  in  the  wake 
and  the  velocity  distribution  about  the 
body  does  not  change  appreciably.  Thus 
the  motion  of  the  separation  point  is  due 
primarily  to  the  further  development  of 
the  boundary  layer.  In  the  third  regime# 
the  notion  of  the  separation  point  slows 
and  the  point  eventually  reaches  the 
general  location  of  its  steady  state 
value.  This  corresponds  to  the  observe* 
tion  of  distinct  shear  layer  separation. 
In  this  final  regime  the  motion  of  the 
separation  point  is  dictated  primarily 
by  the  changing  velocity  distribution  on 
the  b^y  due  to  the  accumulation  of  vor- 
ticity  in  the  wake.  The  DVM  is  applies* 
ble  only  from  the  point  at  which  distinct 
shear  layer  separation  occurs.  Although 
one  night  expect  that  a  fully,  time  de* 
pendent  boundary  layer  analysis  would  be 
required#  Sarpkaya  and  Sheaf f  tS]  have 
demonstrated  that  unsteady  and  steady 
treatments  of  the  boundary  layer  yield 
essentially  identical  motions  of  the 
separation  point.  This  result  was  based 
on  a  comparison  of  Schuh'a  tl8]  unsteady 
analysis  with  Pohlhausen's  (see  Schlicht* 
ing  (17])  steady  treatment  for  the  start* 
ing  flow  about  a  circular  cylinder. 
Sarpkaya  and  Shoaff  chose  the  starting 
time  of  point  vortex  .introductions  as 
the  tine  given  by  Eq.  (24)  plus  the  tine 
required  for  the  separation  point  to 
move  from  the  point  of  naximum  adverse 
pressure  gradient  to  the  point  predicted 
by  Pohlhausen’s  steady  method  for  first 
separation.  This  second  tine  delay  is 
conputed  using  Sehuh's  method.  For  sym¬ 
metric  cross  sections  this  delay  tine 
establishes  only  the  start  tine  for  the 
boundary  layer  calculations.  However# 
this  value  takes  on  added  significance 
for  cross  sections  of  irregular  shape. 

Zn  these  cases  the  separation  of  flow 
may  begin  at  more  than  one  point  and  the 
start  tine  of  separation  will  vary  from 
point  to  point#  depending  on  the  local 
severity  of  the  adverse  velocity  gradi¬ 
ent.  For  sharp  edges#  the  flow  separates 
at  t"0.0. 

The  technique  used  to  predict  the 
Instantaneous  location  of  the  separation 
points  for  the  bodies  considered  in  the 
present  study  is  Pohlhausen's  method  for 
steady  flow.  As  discussed  later#  how¬ 
ever#  highly  irregularly  shaped  bodies 
may  exhibit  velocity  distributions  which 
are  not  suitable  to  analysis  by  Pohl¬ 
hausen's  method. 

A  problem  not  yet  discussed  is  how  to 
account  for  vorticity  generation  and  in¬ 
troduction  at  sharp-edged  separation 
points  where  the  singular  nature  of  the 
sharp  edge  makes  the  velocity  distribu¬ 
tion  difficult  to  compute.  Even  if  the 
velocity  at  the  sharp  edge  can  be  cal¬ 
culated  after  the  Kutta  condition  is 
satisfied  (as  in  the  case  of  the  flat 
plate)#  the  velocity  distribution  near 
the  edge  is  difficult  to  obtain  accu¬ 


rately.  Also#  unless  the  exact  trans¬ 
formation  function  is  easily  expressed#’ 
the  determination  of  the  finite  velocity 
at  the  sharp  edge  is  algebraically  in¬ 
tractable.  Thus  an  application  of 
boundary  layer  considerations  similar  to 
the  method  above  has  yet  to  be  devised. 
However#  in  keeping  with  the  premise 
that  the  nascent  vortex  strength  should 
be  determined  independently  of  the  choice 
of  Introduction  position#  the  only  method 
available  is  to  base  the  vorticity  gen¬ 
eration  rate  on  some  representative  ve¬ 
locity  near  the  separation  point.  Two 
methods  have  been  used.  Sarpkaya  [19] 
based  the  nascent  vortex  strengths  on 
the  velocity  of  the  represented  shear 
layer  near  the  separation  points.  Cle¬ 
ments  (20)  based  the  nascent  vortex 
strength  on  the  fluid  velocity  at  a 
fixed  point  above  the  separation  point; 
however#  he  gives  no  indication  of  the 
sensitivity  of  the  results  to  the  choice 
of  the  fixed  position.  The  present 
study  used  a  modification  of  the  former 
method  in  which  the  nascent  vortex 
strength  at  time  t  is  computed  from  the 
velocity  of  the  nascent  vortex  intro¬ 
duced  in  the  previous  tine  step;  that  is 

r„,(t+At)  -  (JS) 


For  the  first  time  step#  the  nascent 
vortices  are  introduced  at  fixed  posi¬ 
tions  above  the  sharp-edged  separation 
points.  The  location  of  each  introduc¬ 
tion  position  is  arrived  at  iteratively 
to  give  a  smooth  transition  between  the 
first  and  subsequent  time  steps  as  judged 
by  the  continuity  of  the  time  variation 
of  the  flux  of  circulation  dr/dt. 

Pohlhausen's  method  has  been  used 
successfully  to  predict  separation  for 
the  discrete  vortex  analysis  of  flow 
about  circular  cylinders  (4#51,  However, 
difficulties  can  occur  when  thia  tech¬ 
nique  is  applied  to  bodies  that  require 
numerical  transformations.  Most  notable 
is  the  difficulty  associated  with  the  ^ 
approximate  nature  of  the  transformation 
function  which  gives  rise  to  an  undula¬ 
tion  of  the  velocity  profile  on  the  sur¬ 
face  of  the  body.  This  is  illustrated 
in  Fig.  2#  where  the  solid  curve  indi¬ 
cates  the  velocity  distribution  along 
the  lower  portion  of  the  cross  section 
shown  in  Fig.  la.  The  undulation  of 
this  curve  is  caused  by  the  Inaccuracies 
associated  with  the  numerical  transfor¬ 
mation  and  is  not  representative  of  the 
actual  velocity  distribution.  As  ex¬ 
pected,  the  separation  prediction  tech¬ 
nique  is  somewhat  sensitive  to  these 
undulations.  Accordingly#  it  is  neces¬ 
sary  to  smooth  the  velocity  profile 
before  performing  the  boundary  layer 
analysia.  The  method  used  for  the  par¬ 
ticular  shape  Illustrated  was  to  least- 
square  fit  a  polynomial  to  the  velocity 
distribution.  Since  the  body  shape  it 
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Tig.  2  Velocity  profile  before 
end  after  aaoothln9. 

circular  alonv  the  lower  half,  a  polyno- 
alal  of  the  fora  u«ed  by  lllenenx  |211  to 
represent  the  velocity  distribution 
about  the  forebody  of  a  circular  cylin¬ 
der  was  used,  that  Is 


U(J)  -  4ijl  ♦  ajX*  ♦  (Jt) 


where  X  repreientc  the  ere  length  eieee- 
ured  alon9  the  body  surface  fro«  the 
forward  stagnation  point.  The  results 
of  such  a  curve  fit  are  shown  by  the 
dash^  lino  In  Pig.  2.  Use  of  this  curve 
fitting  technique  Is  restricted.  Bodies 
of  irregular  shape  »ay  have  nultlple 
relative  extresals  In  the  velocity  pro¬ 
file  which  correspond  to  changes  In  cur¬ 
vature  on  the  body,  “hus  there  ®ay  be 
one  or  eore  areas  of  adverse  velocity 
gradient  upstrean  of  the  point  at  which 
prisary  separation  occurs.  Jn  sose 
cases  there  siay  even  be  separation  and 
reattachaent  upstreaa  of  the  prl&ary 
separation  point.  Atteaptlng  to  reJove 
the  undulations  In  the  velocity  profile 
due  to  the  approxlsate  transforeation 
function  Bay  also  alter  details  which 
are  representative  cf  the  actual  flow. 
Therefore,  this  technique  Bust  be  used 
with  caution.  Fortunately,  for  the 
cross  sections  considered  here  the  loca¬ 
tion  of  the  prlaary  separation  points  Is 
either  asenable  to  boundary  layer  analy¬ 
sis  or  is  obvious  duo  to  their  shape  and 
orientation  to  the  flow.  There  are 
cates,  however,  which  are  clearly  beyond 
present  capabilities  to  handle.  Such  a 
case  la  illustrated  In  Pig.  3;  the  sepa¬ 
ration  and  reattachsent  In  the  areas 
near  points  A  and  A*  clearly  preclude  the 
use  of  any  available  boundary  layer  pre¬ 
diction  techniques  in  conjunction  with 
the  DVH  to  predict  the  location  of  the 
prisary  separation  points  B  and  B\ 

Convection  and  Redlscretisatlon  of  Shear 
Layara  " ' 

The  klnematlca  of  the  wake  la  account¬ 
ed  for  by  convectlng  each  of  the  vorticea 
according  to  Its  Instantaneous  velocity 
cooputed  froB  Eq.  (17),  i,*.. 


Pig.  3  Separation  and  reattachment 

followed  by  prisary  separation. 


s„(tfAt)  -  z^(t)  ♦  (u^(t) 


♦  lv^(t))At  (27) 


.Mthough  sore  conplex  integration  aethoda 
could  be  used,  Eq.  (27)  was  found  satis¬ 
factory  when  used  with  a  aufflciently 
asall  tine  interval.  One  auat  bear  in 
mind  that  nearly  90  percent  of  the  conpu- 
tation  tlae  required  in  discrete  vortex 
Bodeling  is  consuned  In  the  cosputation 
of  vortex  velocitiea.  The  convection  of 
the  nascent  vortices  is  treated  at  a 
special  case  in  which  their  velocities 
are  conputed  as  the  velocities  at  their 
introduction  points  prior  to  t)ie  actual 
placeaent  cf  the  vortices  into  the  flow. 
The  arguBent  here  is  that  the  nascent 
vortices  should  be  convected  with  veloc¬ 
ities  cemensurate  with  the  Ug  values 
used  to  coepute  their  strengths.  Other¬ 
wise,  the  introduction  of  the  nascent 
voitlces  alters  the  flow  field  in  the 
vicinity  of  separation  with  the  result 
that  the  vorticea  tend  to  linger,  even¬ 
tually  loading  to  prcaature  prediction 
of  the  separation  points. 

In  order  to  avoid  the  logarithaic 
error  in  convectlng  the  individual  vor¬ 
ticea,  the  discretisation  of  the  shear 
layers  Bust  be  such  that  each  vortex 
la  located  at  the  center  of  the  segaiont 
It  la  lo  represent.  This  fact  gave  rlso 
to  the  aethod  of  redlscretlzatlon  or 
redistribution  first  proposed  by  Pink 
and  Soh  (2J,  Discrete  vortex  analyses 
which  allow  the  vorticea  to  aove  In  the 
fem  of  clouds  require  special  aeasures 
to  elialnate  the  vortex-vortex  proxiaity 
effectii  indeed,  the  clouds  result  from 
a  coBblnation  of  the  accunulation  of 
logarithmic  errors  and  the  frequent  ne¬ 
cessity  to  coalesce  vortices  or  use 
sooo  nodlfled  velocity  calculations 
when  proximity  problems  occur.  Not  to 
be  entirely  critical,  the  use  of  vortex 
clouds  can  yield  force  coefficients 
nearly  identical  to  those  obtained  with 
the  use  of  rediscretixed  sheets. 

The  rediscretlsatlon  method  used  in 
the  present  analysis  is  essentially  that 
of  Saepkaya  and  Shoaff  (5J  which  was 
ueed  auccesafully  to  represent  the  shear 
layers  emanating  and  shed  from  a  circu¬ 
lar  cylinder.  The  technique  is  applied 
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to  th«  vortex  dietrlbution  in  the  compu- 
tetlonal  (circle)  plane  since  it  is  here 
that  the  logarithnic  error  term  must  be 
eliminated.  The  method  computes  the 
distribution  of  circulation  along  each 
shear  layer,  adjusts  the  vortex  loca¬ 
tions  to  ensure  even  spacing,  and  then 
determines  a  new  strength  for  each  vor¬ 
tex  along  the  sheet  according  to  the 
circulation  distribution  function.  The 
reader  is  referred  to  reference  (5)  for 
details. 

Vortex  Shedding 

Vortex  shedding  is  understood  as  the 
mechanism  whereby  the  feeding  layer 
(i.e.,  that  emanating  from  the  separation 
point)  is  cut,  allowing  the  shed  vortex 
(spiralled  sheet)  to  move  downstream  and 
be  replaced  by  a  newly  developing  vortex 
spiral.  This  process  is  illustrated  by 
the  sequence  of  flow  pictures  shown  in 
Pig.  4.  This  process  occurs  alternately 


Fig.  4  Vortex  shedding  process. 


from  each  side  of  the  body  in  the  fa¬ 
miliar  KamUIn  vortex  shedding  pattern. 
Inherent  in  tho  mechanics  of  making  this 
cut  are  the  questions  of  where,  when  and 
how  to  accomplish  this  process  in  a 
manner  that  will  preserve  the  continuity 
of  the  flow  field  development,  flux  of 
circulation,  notion  of  the  separation 
point,  etc.  The  method  of  Sarpkaya  and 
Shoaff  (5)  uses  an  argument  that  is  con¬ 
sistent  with  flow  visualisation  results 
and  heuristic  reasoning.  The  method 
recognises  that  the  flux  of  vorticity  at 
each  separation  point  fluctuates  peri¬ 
odically  about  a  non-sero  mean  and  that 
the  occurrence  of  the  minimum  within 
each  cycle  corresponds  to  the  time  at 
which  the  connecting  shear  layer  ia  being 
stretched  by  the  downstream  motion  of 
the  spiralled  vortex  about  to  be  shed. 

The  result  of  the  simultaneous  stretching 
and  low  introduction  rate  is  to  make  the 
connecting  shear  layer  most  susceptible 
to  cutting.  Accordingly,  Sarpkaya  and 
Shoaff  cut  the  sheet  when  tho  vorticity 


flux,  dr/dt,  was  at  its  mini'^um  value 
in  each  vortex  shedding  cycle.  The 
actual  cutting  is  accomplished  by  re¬ 
moving  a  single  vortex  (for  one  time 
step  only)  from  the  sheet  At  a  distance 
of  approximately  0.4  from  the  nascent 
vortex.  This  criterion  was  arrived  at 
through  numerous  tests  and  was  found  to 
be  satisfactory.  Figure  4  also  shows  a 
coalescenced  vortex  from  a  previous  cut 
(represented  by  the  asterisk) .  This 
occurs  as  vortices  enter  the  far  wake 
and  is  done  solely  for  the  purpose  of 
reducing  the  number  of  vortices  in  the 
flow  field  in  order  to  reduce  the  compu¬ 
tation  time.  The  vortices  in  this  sheet 
are  coalesced  into  a  single  vortex  locat¬ 
ed  at  the  center  of  vorticity  in  the 
circle  plane;  the  strength  and  position 
are  computed  as 
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where  N  is  the  number  of  vortices  in  the 
detached  sheet.  Comparison  with  calcu¬ 
lations  in  which  detached  shear  layers 
were  not  coalesced  showed  an  insignifi¬ 
cant  difference  in  the  results,  as  was 
also  observed  by  Sarpkaya  and  Shoaff. 

Circulation  Reduction 

The  experimental  evidence  and  heuris¬ 
tic  reasoning  substantiating  the  need 
to  account  for  the  action  of  viscosity 
and  turbulence  in  the  wake  have  already 
been  introduced.  It  should  be  added 
that  the  question  of  how  much  of  the 
circulation  remains  in  a  vortex  gener¬ 
ated  and  shed  from  a  body  has  been  a 
topic  of  discussion  since  the  time  of 
Prandtl;  he  suggested  that  the  net  re¬ 
maining  circulation  of  a  shed  vortex 
(i.e.,  one  downstream  of  the  formation 
region)  is  about  60  percent  of  that 
generated.  All  applications  of  the  DVM 
have  recognized  the  importance  of  cir¬ 
culation  reduction;  however,  none  have 
realized  reductions  of  greater  than  15 
percent  without  resorting  to  special 
techniques.  The  two  circulation  reduc¬ 
ing  mechanisms  which  are  logically  in¬ 
corporated  into  the  DVM  are  discussed 
first. 

It  has  been  noted  by  users  of  the  DVM 
that  circulation  may  be  reduced  by  the 
rexM>val  of  vortices  that  come  too  close 
to  the  surface  of  the  body  (and  thus 
their  iiaage  vortex  inside  the  body). 
Accordingly,  vortices  which  come  closer 
than  a  predetetnined  distance  of  0.04 
from  the  surface  of  the  body  are  annihi¬ 
lated.  Experiments  by  Page  and  Johansen 
(13)  have  shown  that  at  cost  a  10  per¬ 
cent  reduction  is  brought  about  by  the 
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entr«inn«nt  of  fluid  bearing  circula¬ 
tion  oppoaitely-signed  free  that  of  the 
flow  downstream  of  the  separation 
points.  Use  of  this  technique  in  the 
DVM  shows  similar  results.  Thus  this 
mechanism  alone,  although  necessary  and 
realistic,  accounts  for  only  a  small 
portion  of  the  total  circulation  reduc¬ 
tion. 

The  second  mechanism  for  circulation 
reduction  involves  the  interaction  of 
oppositely-signed  vortices  in  the  wake. 

The  technique  is  inherently  pact  of  the 
vortex  shedding  process  already  dis¬ 
cussed.  Again  Fig.  4  shows  that  the  end 
of  the  connecting  shear  layer  cut  in  the 
shedding  process  tends  to  be  drawn,  or 
entrained,  into  the  large,  oppositely- 
signed  vortex  still  attached  to  the 
body.  Gerrard  [22]  proposed  that  the 
circulation  of  that  portion  of  the  shear 
layer  drawn  across  the  wake  eventually 
becomes  part  of  the  attached  sheet.  A 
similar  idea  is  employed  in  the  present 
model  by  removing  any  vortices  from  the 
portion  of  the  shear  layer  entrained 
Into  the  region  delineated  by  the  line 
AA*  in  Fig.  4.  The  circulation  of  these 
vortices  is  distributed  evenly  among  the 
nearby  vortices  of  opposite  sign  across 
the  wake.  The  location  of  the  line  AA* 
is  chosen  to  be  tangent  to  the  cuter 
spirals  of  the  two  connected  shear  lay¬ 
ers.  It  should  be  emphasized  that  this 
circulation  reduction  mechanism  is  not 
sensitive  to  the  precise  location  of  the 
line  AA* i  the  same  is  true  for  the  se¬ 
lection  of  the  0.04  distance  parameter 
discussed  in  the  previous  paragraph. 

As  noted  earlier,  the  use  of  circula¬ 
tion  reduction  mechanisms  such  as  those 
just  described  have  failed  to  account 
for  the  observed  reduction  of  circulation 
found  by  experiments.  Furthermore, 
through  inspired  hindsight  one  can  con¬ 
clude  that  the  poor  comparison  of  DVM 
and  experimental  results  for  force  co¬ 
efficients,  Strouhal  number,  separation 
point  locations,  etc.  is  largely  due  to 
the  poor  representation  of  vortex 
strengths  in  the  wake.  This  observation 
led  some  researchers  (23,24,25  and  others) 
to  Impose  a  circulation  reduction  factor 
as  large  as  40  percent  in  the  computation 
of  nascent  vortex  strengths  in  order  to 
bring  the  DVM  results  into  closer  agree¬ 
ment  with  experiments.  This  method, 
however,  is  not  consistent  with  the  meas¬ 
urements  of  shear  layer  vortlcity  dis¬ 
tribution  by  Page  and  Johansen  [13]  or 
observations  that  the  amount  of  diffu¬ 
sion  and  dissipation  of  vortices  varies 
with  distance  behind  the  body. 

Recognizing  the  need  to  include  a 
phenomenologically  based  circulation 
reduction  mechanism,  Sarpkaya  and  Shoaff 
[5]  devised  a  heuristic  model  to  reduce 
individual  vortex  strengths  at  each  tine 
step  of  the  analysis  by  a  factor  (l-p); 
that  is  rn(t+At)-(l-p)rn(t).  The  circu¬ 
lation  reduction  factor  p  depends  on 


whether  the  vortex  is  within  or  down¬ 
stream  of  the  formation  region  in  ^he 
wake  of  the  body.  The  argument  of 
Sarpkaya  and  Shoaff  is  that  the  diffu¬ 
sion  of  vorticity  in  a  shear  layer  in¬ 
crease  along  the  length  of  the  shear 
layer,  since  the  vortices  nearest  the 
core  of  the  spiral  are  the  oldest  and 
hence  most  affected  by  circulation  re¬ 
duction.  It  is  emphasized  that  this 
heuristic  approach  does  not  model  vis¬ 
cous  or  turbulent  diffusion  directly 
but  rather  models  the  effect  of  diffu¬ 
sion  which  is  an  apparent  reduction  of 
vortex  strengths.  The  parameter  p  used 
by  Sarpkaya  and  Shoaff  was  as  follows: 
p  Increases  linearly  from  0  to  0.01  for 
t<9}  p>0.01  for  t>9  in  the  region 
0<x<10;  and  p  decreases  from  0.01  to  0 
at  large  distances.  The  particular  form 
of  p  for  x>10  had  little  or  no  effect  on 
the  results.  Numerous  variations  in  the 
ct^lce  of  the  p-factor  in  the  analysis 
of  flow  about  a  circular  cylinder  were 
used  by  Sarpkaya  and  Shoaff  and  led  to 
the  following  conclusions:  i)  the  ef¬ 
fect  of  using  a  circulation  reduction 
factor  was  to  bring  the  predicted  values 
of  force  coefficients,  base  pressure 
coefficient,  separation  angles,  Strouhal 
number,  vortex  spacing  in  the  wake, 
iM>tlon8  of  separation  and  stagnation 
points,  and  vortex  strengths  in  the  wake 
into  closer  agreement  with  experimentally 
observed  values;  ii)  the  best  results 
were  obtained  when  the  p-factor  was 
kept  constant  within  the  formation  region 
(0<x<10);  iii)  the  results  of  the  model 
showed  varying  sensitivity  to  the  magni¬ 
tude  of  p,  but  none  were  so  sensitive 
as  to  imply  that  the  particular  choice 
of  p  was  unique;  iv)  it  it  possible  to 
adjust  the  p-factor  to  bring  the  numer¬ 
ical  predictions  into  conformity  with 
experimental  results;  and  finally,  v) 
after  adjusting  the  p-factor,  the  model 
could  be  applied  to  other  flow  conditions 
such  as  the  vortex-shedding-induced  os¬ 
cillation  of  an  elastically  mounted 
circular  cylinder  (4)  with  good  results, 
thus  demonstrating  the  general  applica¬ 
bility  of  the  technique.  In  view  of 
these  conclusions,  the  same  circulation 
reduction  method  used  by  Sarpkaya  and 
Shoaff  is  applied  to  the  present  analy¬ 
sis. 

III.  Discussion  of  Results  and 
Sensitivity  AMlysis 

The  principles  of  the  DVM  discussed 
here  have  been  applied  to  study  the  im¬ 
pulsively  started  flow  about  two  cross- 
scctional  shapes.  Only  laminar  flow 
separation  (l.e.  subcrltical  Reynolds 
number  regime)  is  considered.  Figures 
5  and  6  show  the  time  evolution  of  the 
wake  for  two  cylinders,  A  and  B,  respec¬ 
tively.  The  number  inside  the  body 
indicates  the  time  elapsed  from  the  im¬ 
pulsive  start  of  flow.  Drag  and  lift 
coefficients  for  both  shapes  are  shown 
in  Figs.  7  and  8,  The  particular  de¬ 
tails  associated  with  each  body  are 
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0 

Fi9.  S  Evolution  of  vake  for 
cylinder  A. 

0  0^ 


Pig.  6  Evolution  of  wake  for 
cylinder  B. 

dl.cuased  «epar«toly,  and  a  aensltlvity 
analyals  la  pre.ented  at  the  oonclualoh 
Of  this  section. 

Cylinder  A 

of  Pohlhausen's  nethod  to 
predict  separation  for  this  shape  was 

only  along  the  lower  cylindri- 
cal  portion.  Where  the  dock  joins  the 
cylindrical  body,  the  velocity  distribu¬ 
tion  on  the  forebody  has  slight  adverse 


Pig.  7  Drag  coefficient  versus 

normalized  time:  a)  cylinder 
A;  b)  cylinder  8. 


Pig.  8  Lift  coefficient  versus 

normalized  time:  a)  cylinder 
A;  b)  cylinder  B. 


wnicn  cause  Poblhau- 
SfL?  unrealistic  pre 

diction  of  the  separation  point.  Ap- 
Cebecl’s  (26}  more  accurate 
meth^  i^l90  for  laminar  separation)  in- 
the  flow  does  not  separate 
until  the  rear  shoulder;  however. 
Cebeci's  method  is  too  time  consuming  to 
^  used  except  for  a  few  time  steps. 

"v  the  separation  point  was 

chosen  at  a  location  downstream  of  the 
point  of  maximum  velocity  near  the  rear* 
shoulder  where  the  velocity  is  97  per¬ 
cent  of  the  maximum.  This  criterion  is 
not  as  arbitrary  as  one  might  expect. 

For  instance,  the  location  of  the  sepa- 
ration  points  for  the  cirr.lar  cylinder 
studied  by  Sarpkaya  and  Shoaff  {5}  indi¬ 
cates  that  the  ratio  of  the  separation 
point  velocity,  Ug,  to  the  maximum  is 
very  nearly  0.97.  Furthermore,  exami- 
experimentally 
determined  velocity  profile  for  a  circu¬ 
lar  cylinder  yields  nearly  the  same 
result.  A  sensitivity  study  in  which 
this  ratio  was  varied  from  0.95  to  1.0 
indicated  that  the  parameters  of  the 
analysis  (force  coefficients,  etc.) 
change  by  only  a  few  percent.  It  is 
concluded  that  the  adverse  velocity 
gradient  is  sufficiently  steep  that 
there  is  little  difference  in  the  loca¬ 
tion  of  the  100,  97,  and  95  percent 
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velocity  points 


Figure  9  shows  the  variation  of  the 
separation  and  forward  stagnation  points 

with  tiae  (angles  6 _  and  respee- 

sep  srag 


Fig.  9 


Variation  of  forward  stagnation 
angle  and  separation  angles  with 
normalized  tine  for  cylinder  A: 


(lower);  b) 


stag 


-90; 


tively).  Angles  are  measured  positive 
in  the  counter-clockwise  direction  (see 
Fig.  1}  from  the  real  axis.  The  terms 
•upper*  and  'lower*  refer  to  the  condi¬ 
tions  at  the  upper  and  lower  separation 
points  on  the  body.  The  start  tines 
for  vortex  introduction  at  the  upper  and 
lower  separation  points  are  0.35  and  l.O, 
respectively.  Separation  begins  earlier 
at  the  rear  edge  of  the  deck  because  the 
adverse  .pressure  gradient  is  stronger  at 
that  location.  Figure  10  gives  the  flux 
of  circulation^  dr/dtf  for  each  of  the 
separation  points  used  in  the  calcula¬ 
tion  of  nascent  vortex  strengths.  A 
conparison  of  the  variation  of  each  of 
these  parameters  to  the  development  in 
the  wake  (Fig.  5)  illustrates  that  the 
nascent  vortex  introduction  method 
achieves  the  essential  interdependence 
of  the  distribution  of  circulation  in 
the  wake  and  the  location  and  flux  of 
circulation  introduction. 


Examination  of  the  force  coefficients 
indicates  that  the  drag  rises  rapidly 
after  the  start  of  flow,  reaches  a  maxi¬ 
mum  value  of  approximately  1.8  and  then 
decreases  to  a  mean  value  of  about  1.4. 
The  lift  coefficient  varies  periodically 
with  a  period  T«10.4.  Defining  a 
Strouhal  number  based  on  the  character¬ 
istic  diameter  2c  as 


Pig.  10  Flux  of  circulation  versus 

normalized  tine  for  cylinder 
A:  a)  lower;  b)  upper. 


gives  a  value  of  St>0.19.  The  fluctu¬ 
ation  of  the  drag  for  t>10  has  a  period 
half  that  of  the  lift.  Somewhat  sur¬ 
prisingly,  the  calculation  of  the  zoonent 
yields  a  negligibly  snail  value. 

Cylinder  B 


The  cross  section  for  the  D-w.*linder 
has  an  exact  conformal  transformation 
given  by  Telste  (27)  as 


(30) 


Oj  .  o-‘*  ,  c,  . 

^  ^  i+e^^ 

c.  •  c,  -  i 


2  cos  B  ^  _  "ixt 
4 "  ''2  ■  *  TTTrr  » ^5  ® 


c,  -  e 


-i2K» 


Ikc^  sin  8 
sin  Kt 


"  7^ 


o  and  8  are  the  angles  indicated  in  Pig. 
11  (8"0.9273  radians).  Polhausen's 


Fig.  11  Cylinder  B. 


St 


2c 

Ulf 


nethod  was  used  to  detemine  the  point 
(29)  of  laminar  separation  on  the  lower  cylin¬ 
drical  section.  Use  of  an  exact  conformal 
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trAMfonabioh  obviates  the  r.eed  to 
s^th  the  velocity  profile.  Celcula- 
tlon  of  flux  of  circulation  fro«  the  two 
sharp  edges  Is  based  on  the  nascent  vor- 
t«  velocity  introduced  in  the  previous 
tlee  step  (see  Eq.  (25)).  Examination 
Sf  ^f.ci^^Utlon  Introduction  rates  In 
Interesting  aspect 
of  the  flow  about  this  body.  At  t-0  the 


Fig,  12  Flux  of  circulation  versus 

noraalized  tine  for  cylinder 
8i  a)  upper  rear  edge;  b) 
upper  forward  edge;  c)  lower 
separation  point. 


variation  of  separation  angle 
and  forward  stagnation  angle 
with  normalized  time;  a)  >e.. 
(lower);  b)  S^^ag  “50.  ® 


about  A  circular  cylinder. 


flow  begins  to  separate  from  the  two 
sharp  edges.  However,  as  the  shear  layer 
from  the  leading  separation  point  ap¬ 
proaches  tte  rear  edge  (see  Fig,  7),  the 
flux  of  circulation  rapidly  drops  to 
zero  and  remains  negligibly  small  there¬ 
after.  For  the  calculation  shown,  the 
introduction  of  nascent  vortices  from 
5,  ''•®  discontinued  when  the 

flux  became  negligibly  email.  Without 
further  vortex  Introduction  the  shear 
layer  was  essentially  cut  and  the  shed 
vertex  was  allowed  to  move  downstream. 
Serration  from  the  lower  portion  of  the 
body  began  at  t-1,0.  The  motlona  of  the 
separation  point  and  forward  atagnatlon 
point  are  shown  in  Pig,  13,  The  flux  of 
circulation  for  each  separation  point 
shown  In  Fig,  12  shows  a  definite  de¬ 
pendence  on  the  conditions  in  the  waltc. 


Examination  of  the  force  coefficients 
In  Figs.  7  and  6  Indicates  that  the  drag 
reaches  a  peak  value  of  approximately 
1.4  and  then  falla  to  Its  steady-state 
mean  of  about  0,8,  The  large  flat  area 
on  the  top  of  the  cylinder  gives  rise  to 
a  large  amplitude  lift  force  with  a 
Strouh.l  niHiber  st*0.18.  Tli,  noD.nt  for 
thl.  body  .1.0  i.  n,9li9ibly  .Mil. 


Sensitivity  Analysis 


It  is  Important  to  examine  the  sensi¬ 
tivity  of  the  results  to  the  circulation 
reduction  factor  and  tha  time  step  incre¬ 
ment,  not  only  to  eatabllah  the  atabillty 
of  the  results,  but  to  elucidate  cause 
and  effect  relatlonshl*  The  results 
«l«»dy  presented  used  a  time  step  size 
4t"0.125  and  a  circulation  reduction 
factor  p  identical  to  that  used  by 
Sarpkaya  and  Shoaff  (5)  for  the  flow 


The  effect  of  reducing  the  p*factor 
1$  to  increase  Cp  and  C»  and  to  reduce 
St.  The  separation  points  move  farther 
upstream  and  fluctuate  with  a  larger 

P  to  zero  (keeping 
At«0.125)  produced  the  following  results 
for  cylinder  A;  the  drag  attained  a 
mean  steady  state  value  of  2.1  and  fluc¬ 
tuated  with  an  amplitude  of  about  0.2; 
the  Initial  peak  (overshoot)  in  the  drag 
observed  for  p»0,01  was  not  present; 
the  steady-state  amplitude  for  the  lift 
coefficient  was  1.9;  and  the  Strouhal 
number  was  St«0.1$.  These  results  indi¬ 
cate  that  the  circulation  reduction 
causes  the  vortices  in  the  wake  to  have 
reduced  strengths  and  as  a  result  the 
shedding  frequency  increases.  Converse¬ 
ly,  stronger  vortex  strengths  decrease 
the  shedding  frequency.  The  combined 
effect  of  reduced  vortex  strengths  and 
a  reduced  Strouhal  number  is  to  decrease 
both  the  amplitude  and  period  of  the 
fluctuations  in  lift,  drag,  separation 
and  stagnation  anglea.  etc.  The  mean 
value  of  the  drag  and  the  width  of  the 
wake  alao  decrease. 


Varying  the  size  of  the  time  step  At 
from  0,1  to  0.2  produced  little  variation 
in  the  results.  The  drag  coefficient 
remained  essentially  unchanged.  De¬ 
creasing  At  did  increase  the  amplitude 
of  the  lift  slightly  from  approximately 
1.2  for  At>0.2  to  approximately  1.4  for 
4t-0.l.  Attempts  to  reduce  the  time 
etep  further  caused  the  shear  layers 
emanating  from  the  tnooth  aeparatlon 
points  to  be  convected  along  the  surface 
of  the  body  and  never  to  form  a  wake. 

problem  did  not  occur  for  the  sepa¬ 
ration  at  sharp  edges.  It  la  concluded 
that,  when  the  first  and  subsequent 
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natcent  vortieea  are  Introduced  too  cloae 
“>«y  never 

attain  a  coeponent  of  velocity  noraal  to 
SI  :  Thua  there  appears 

this  hIS‘  '*"  **  'x**^ 

thll  ihlS  “IS*"‘*°"  P«*ltlona  ither 

wSel  Ifth^S";  limiting  value 

cure  near  the  separation  point. 

^ — goncluslona  and  RecoaM#nf*a^^op>^ 

Recent  advances  in  aiscrete  vortex 
aoaellng  have  been  used  in  conjunction 
with  nunerical  and  exact  confo^l 
transforwatlon  functions  to  study  the 
two-dlaensional,  separated  flow  about 
non-circular  cylinders.  The  DVM  an- 
proach  utilise,  shear  layer  redi.I'^ 

fIS  “nnWcrations 

for  vorticlty  generation  and  introduc¬ 
tion,  and  a  circulation  reduction  aethod 
effects  of  viscosity 
and  turbulence  in  the  wake.  The  primary 
applying  the  DVM  to  non- 
thJ  «eetions  is  related  to 

separation  pre- 
handle  adverse  velocity 
primary  sepa- 
^  oethod  has  been  sug- 
?S  overcome  this  difficulty 

in  certain  cases,  it  is  recommended 

developed  for 

prMicting  the  location  of  primary  sepa- 
ratlon  about  irregularly  shaped  bodlM. 
ii-i?  ti  rtcommended  that  a  separation 
«ethod  for  turbulent  boundary 
extend  the  appUca-  ^ 
bility  of  the  model  to  higher  Reynolds 
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CALCULATION  OF  VORTEX-SHEODING  FLOW 
AROUND  OSCILLATING  CIRCULAR  AND  LEWIS-FORM  CYLINDERS 


Yoshihd  Iked*  end  Yoii  H-meno 
Un<ver«ity  of  OMka  Prefecture 
Sekst,  Ouke 


Abstract 


Sysaetric  vortex-shedding  flows  around 
swaying  circular  and  Lewis-fora  cylinders  are 
calculated  usirvg  a  discrete  vortex  model. 

The  boundary  layer  on  the  body  surface  is 
replaced  by  a  discrete  vortex  at  the  zero-shear 
point,  where  the  location  is  obtained  by  Schli- 
chtlng's  oscillatory  boundary  layer  theory  and 
the  strength  is  deteroined  using  the  ordinary 
boundary  layer  assumption ,  The  paths  of  the 
vortices  downstream  of  the  zero-shear  point  are 
determined  by  potential  flow  theory  using  » 
numerical  titae-step  integration.  The  calculated 
flow  fields  are  coiapared  with  the  flow  visuali¬ 
zation  results  to  show  fairly  good  qualitative 
agreements.  The  pressure  and  the  drag  force 
shows  an  agreement  with  the  experiment  in  the 
region  of  K-C  number  between  5  and  9,  if  the 
wake  effect  on  the  determination  of  the  zero- 
shear  point  is  empirically  taken  into  account. 

1.  Introduction 

For  the  prediction  of  the  wave  forces  acting 
on  ships  and  ocean  structures,  and  for  the  esti¬ 
mation  of  their  motions,  it  is  important  to  do- 
volopo  a  prediction  method  for  the  viscous 
forces  of  oscillating  bluff  bodies  with  a  suf¬ 
ficient  accuracy. 

The  experimental  studies  have  been  most 
cocAon  in  this  field,  since  the  theoretical  ap¬ 
proach  is  difficult  due  to  the  existence  of  the 
flow  separation.  Keuiegan  and  Carpenter  111 
measured  the  viscous  forces  acting  on  a  flat 
plate  and  circular  cylinder  submerged  in  the 
standing  waves,  and  found  that  the  viscous 
forces  acting  on  the  bluff  bodies  in  an  oscil¬ 
lating  flow  depend  mainly  on  the  relative  dis¬ 
placement.  The  relative  displacement  defined  by 
them  is  usually  called  Keulcgan-Carpontor  number, 
namely  K-C  number.  The  K-C  number  is  described 
as  maxinua  speed,  f;  period, 

D)  representative  length) ,  and  becomes 

amplitude  of  the  motion)  in  the  cate  of 
harmonically  oscillating  bodies  with  constant 
amplitude.  Since  then,  many  exporiswntal  studios 
in  this  field  have  been  carried  out  to 
confirm  the  fact.  Nowadays,  these  experimental 
results  for  a  circular  cylinder  and  a  flat  plate 
are  used  on  the  practical  estimations  of  the 
wave  forces  acting  on  pile  fS]  and  the  roll 
damping  of  the  bilge  keels  of  ships  [6}, 


Recently,  the  experiments  for  the  Obcillating 
bluff  bodies  with  various  shapes  other  than  a 
flat  plate  and  a  circular  cylinder  have  been 
carried  out  by  Bearmon  ot  al.t7]  ,  Kudo  et  al. 

[8l  and  Tanaka  et  al.[93.  Tanaka  et  al.t9]  found 
from  their  expcriesents  that  the  drag  coefficient 
of  oscillating  bluff  bodies  varies  significantly 
with  the  slight  change  of  the  body  shape  at  low 
K-C  ftuaber  region.  The  characteristics  of  tho 
separation  forces  of  oscillating  bluff  bodies 
are,  therefore,  D<jch  cotoplicatcd. 

The  theoretical  calculation  is  also  one  of 
powerful  tools  for  clearifying  the  complicated 
charactaristics  of  tho  separated  flow  associated. 
Some  theoretical  works  using  discrete  inviscid 
vortex  model  have  recently  bean  proposed,  most 
of  which  treated  the  oscillating  bodies  with 
sharp  edge  lika  a  flat  plate  set  normal  to  the 
flow,  or  a  rectangular  cylinder  [10,ll,12j. 

There  have  been,  however,  a  few  theoretical 
works  for  the  bodies  with  round  corner  like  a 
circular  cylinder  or  Lewis-forn  cylinder  (13,143 
mainly  because  of  the  difficulties  in  rcsonably 
determining  the  location  of  the  vortox-sheddlng 
point  and  tho  vortex  strength.  Two  ways  to  this 
problem  can  bo  considered}  one  is  to  apply  the 
Kutta  assumption  or  other  method  to  detemlno 
the  vortex  strength  at  the  empirically  doter- 
nined  separation  point,  and  another  is  to  use  a 
theoretical  prediction  formula  from  viscous-flow 
theory. 

Sawaragi  et  al.UU]  presented  a  calculation 
method  for  a  circular  cylinder  in  an  oscillating 
flow  using  jione  of  experimental  informations 
They  determined  the  location  of  the  separation 
point  using  the  oscillatory  boundary  layer 
theory  of  Schllchting  [15]  assuming  the  zero- 
shear  point  coincides  with  tho  separation  point 
and  tho  strength  of  shedding-vortex  using  ordi¬ 
nary  boundary  layer  assumption  in  tho  sano  way 
as  Sarpkaya  [16].  They  calculated  tho  flow  field, 
the  pressure  on  the  surface,  the  drag  and  the 
lift  forces,  though  they  treated  only  tho  first 
swing  after  tho  flow  started. 

Although  tho  calculation  method  presented  here 
is  basically  similar  to  that  presented  by  sawa¬ 
ragi  et  al. .several  improvements  are  made,  i.e., 
the  determination  of  tho  separation  point,  the 
strength  of  the  wrtex  and  so  on.  Tho  calcula¬ 
tions  are  carried  out  in  several  swings  in  order 
to  tako  the  wako  effect  into  account. 
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The  epplicetivn  the  ncthcd  to  ship-llke 
sections  is  Ispci^t  in  the  field  of  ship 
liydrodyruLaics.  The  present  eethod  for  a  circular 
cylinder  1$  easily  applicable  to  the  ship*like 
sections  since  no  CRpirical  inforeiatlon  is  used. 
Using  the  Lewis  transfomation  foraula  Cl7]/ 
several  typical  outcoeies  of  the  calculation  for 
Lcwis'fora  cylinders  are  also  shown. 


2.  Calculation  procedure 

Ke  consider  here  the  case  of  a  tvo*diBcnsional 
circular  cylinder  in  a  tl»c-derendont  flow  in¬ 
stead  of  the  cylinder  oscillating  in  still  water. 
The  relative  flow  patterns  with  the  fixed  axis 
on  the  cylinder  arc  the  saae  for  these  two  cases. 
The  pressure  on  the  cylinder  surface  and  the 
force  are.  however,  different  duo  to  the  exist¬ 
ence  of  the  pressure  gradient  in  the  tiac-depen- 
dent  aaln  flow.  Note  that  the  coefficient  of  the 
hydrodyrwLnic  force  proportional  to  the  acceler- 
aticn  of  the  sain-flow  acting  on  a  circular 
cylirder  in  a  tiea-dependent  flow  is  the  twice 
of  that  for  the  oscillating  one.  we  also  assuao 
that  the  flow  field  aroun'  the  cylinder  is 
syraetry. 

The  coaplex  velocity  potential  u  of  the  flow 
that  there  are  a  two-dlsensional  circular  cylin¬ 
der  of  radius  ^  and  a  nurher  N  of  vortices 
located  at  with  strength  in  a  tlae-depen- 
dent  flow  u*  Is  given  by 

u-W.  .AS,  U>g<>-z„l 

(1) 

where  is  assigned  positive  for  clockwise 
circulation. 

2.1.  Path  of  vortex 

The  vortices  swvo  with  their  local  velocities, 
so  that  the  equation  of  notion  of  fc-th  vortex  is 
given  by 

dz 


Several  researchers  have  used  the  CDplxically 
dotemined  shedding-point  and  applied  the  Kutta 
assuaption  there. 

Sawaragi  ct  al.Ua)  applied  the  Schlichting  s 
oscillatory  boundary  layer  theory  for  predicting 
shedding-point  and  an  ordinary  boundary-layer 
assuaption  for  the  strength  of  shedding  vortex. 
We  also  adopt  here  a  siailar  »cthod  to  Sawaragi 
ct  al.  in  order  to  easily  .'ipply  the  nodel  to 
other  body  shapes  as  well  as  a  circular  cylinder 
without  any  experinencal  inforeation. 


By  the  Schlichting's  oscillatory  boundary 
layer  theory,  ve  can  obtain  the  location  of  the 
zero-shear  point  where  the  velocity  gradient 
du/dy  at  the  cylinder  surface  boconcs  zero,  it 
has  been  known  froa  recent  studies  £18]  chat  tho 
zero-shear  point  does  not  coineicle  with  the  sepa¬ 
ration  point  where  tho  vortex  sheds  froa  tho 
surface  into  tho  outer  potential  flow  in  the 
oscillating  case,  and  that  tho  boundary  layer 
assumption  still  holds  at  tho  zoro-shcar  point. 

At  tho  zero-shear  point,  the  following  expression 
is  given  by  the  Schlichting’s  theory. 


«  dx 


•/S  Bin{ut  *  t/4) 


O) 


idicrc  denotes  the  anplitudo  of  fluid 

velocity  at  the  outer  edge  of  the  boundary  layer 
at  tho  zero-shear  point,  x  tho  coordinate  along 
the  cylinder  surface,  tho  origin  of  which  is 
located  at  tho  front  stagnation  point.  Using 
equationil)  we  can  get  the  location  of  tho  zero- 
shear  point  for  any  arbitary  cylinder.  In  tho 
case  of  a  circular  cylinder,  cquatlon(l)  takes 
the  fora. 


K^C 

8 


CCS 


/i  *  ii/4> 


(4) 

whero  6s  <lenotcs  tho  location  angle  of  the  zero- 
shear  point  fron  the  rear  stagnation  point.  Tho 
location  of  tho  zero-shear  point  at  the  pouent 
of  a  certain  tiae-phaso  wt  depends  only  on  K-C 
number.  Tho  zero-shear  point  appearcs  firstly  at 
tho  roar  stagnation  point  and  then  coves  upstrcaa. 
It  reaches  the  nid  beam  of  tho  circular  cylinder 
.whero  tho  velocity  gradient  dC^{6)/<2x  is  equal 
to  zero,  at  tho  eonont  ttt«lV4. 


<2) 

where  denotes  tho  location  of  tho  *:-th 

vortex,  sni  tho  velocity  components 

there. 

As  usually,  the  paths  of  the  vortices  are 
determined  through  equation  (2i  by  a  numerical 
time-stop  integration.  Tho  Euler  formula  Is  used 
in  the  present  calculation  in  order  to  save  ti«o 
computation  time. 

2.2.  Determination  of  shedding-vortex 

In  tho  oscillation  problem  of  a  sharp-edged 
bodies,  the  determination  of  tho  shedding  point 
and  strength  of  tha  shedding  vortex  is  not  so 
difficult,  since  we  can  find  Che  shedding  point 
easily  and  use  Kutta  assumption  for  determining 
the  strength.  Ihe  problem  is,  however,  noco 
difficult  for  bluff  bodies  with  round  corner 
like  a  circular  cylinder  and  ship-like  sections. 


We  can  replace  the  boundary  layer  by  a  discrete 
vortex  at  tho  zoro-shcar  point,  and  assuno  that 
the  generat<^  vortex  keeps  tho  strength  constant 
since  tho  vail  shear  stress  is  small  downstream 
of  tho  zero-shear  point  compared  with  that  in  u{^ 
stream.  The  distance  of  the  replaced  vortex  from 
the  surface  at  the  zero-shear  point  is  assumed  to 
be  half  of  tho  boundary  layer  thickness,  in  the 
present  calculation,  the  toundary  layer  thickness 
d  is  assumed  as  ,  which  is  determined 

as  the  velocity  decrease  in  tho  boundary  layer  is 
1%  of  the  outer  flow  by  the  Stokes'  solution  for 
an  oscillating  flat  plate  CIS]. 

strength  T  of  the  vortex  at  the  zero-shear 
point  is  a  function  of  both  tine  t  and  location 
e.  Then  T  can  be  expressed  as 
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Vtlnij  th«  ordlrary  bowtdary  Uyer  «»«uaption, 
equAtlonCS)  ]>«»»««  to 

iT  t  v(^,)s  m  tei 

vhere  VlQg)  denous  th«  velocity  ouuidt  of  the 
boondery  lAyer  at  the  zero>»h«ar  point  and  Ad  la 
the  displaceoent  of  the  location  angle  of’the 
z«ro>shear  point  during  the  ti>ne  increa>ent  Lx.. 

If  the  zero-ahear' point  doea  not  rove,  aa-in  the 
ateady  cate,  'the  second  tem  vanlahea. 

Note  that  the  pressure  is  lepressed  on  the 
boundary  lavfr  by  the  outer  flow  at  the  zero- 
shear  point  slrive  the  boundary  layer  asswption 
still  holds  ther<i  and  even  downstreaa  to  the 
separition  point.  In  other  words,  the  pressure 
can  b-'x  calculated  by  the  potential  flow  theory 
excluding  the  vortices  in  the  boundary  layer. 

2.3.  Separation 

In  the  present  calculatio*),  the  vortex  gener¬ 
ated  at  the  zero  shear  point  noves  downstreaa 
along  the  surface  like  a  boundary  layer  as  seen 
in  the  flow  pattern  at  «t-r/3  shown  in  Figure  2. 
The  separation  takes  place  when  the  ratio  of  the 
vertical  velocity  to  tho  horizontal  one  is  of  the 
order  unity.  The  nuaorlcal  value  of  the  ratio 
for  the  separation  criterion  is  assuaod  to  be  9.3 
In  tho  present  calculation.  According  to  the 
recent  studies  on  the  unsteady  separation  (Id), 
the  ratio  increases  rapidly  to  tho  infinity  near 
tho  separation  point.  Therefore,  It  can  bo  safely 
said  that  the  calculation  results  is  not  such 
affected  by  the  slight  change  of  the  nunorical 
value  of  the  ratio. 

2.4.  Assumption  of  vortex  diffusion 

In  the  real  fluid,  tho  vortex  gradually  dif¬ 
fuses  with  ti&c.  Several  authors  took  into 
account  this  effect  on  their  Inviscid  vortex 
nodels  C20}.  In  the  present  calculation,  the 
circuBfcrentlal  velocity  9^  for  tho  isolated 
viscous  vortex  described  in  the  paper  of  d.w.Sch- 
aefer  ct  al.  C233  is  also  used. 

‘’e  (7) 

The  circuafcrentlal  velocity  shown  in  Figure  1 
has  a  saxinua  at  r«r*,  and  tho  value  r*  increases 
with  tiao.  In  the  inner  region  r*,  tho  iffect 
of  viscosity  is  doainant.  In  the  prv.ent  calcu¬ 
lation,  the  initial  tiee  t»  in  eguatlon(7)  is 
doterained  when  it  is  created  at  the  zcco-shcar 
point,  with  r*  equal  to  O.Si. 

Using  the  present  vortex  eodel,  wo  can  avoid 
tho  infinite  induced  velocity  in  case  when 
vortices  get  too  close  each  other  or  to  tho  sur¬ 
face.  In  the  real  fluid,  a  vortex  close  to  the 
body  surface  loses  its  energy  creating  a  boundary 
layer  on  the  surface.  In  order  to  take  into 
account  this  effect,  wo  neglect  the  vortex  within 
the  distanco  r*  froa  the  t^y  surfac*. 

2.5.  Pressure 


The  pressure  p(0)  on  tho  cylinder  surface  can 
be  obtained  by  the  following  pressure  equation. 


Flg.l  Peripheral  velocity  of  isolated  vortex  aodel. 


where  g  is  the  velocity  pcuntlal  and  the 
velocity  on  the  surface.  The  first  tera  of 
equatlon(8)  for  a  circular  cylinder  can  be 
expressed  as  the  fora  using  equatlond). 


'P'rsditS  ^  R  oos9 


.19  r 

~  Zft 


i  m  .< 

*17 ril  in-ah  ^ 


<9) 

Since  the  vortex  strength  is  assuaed  to  be 
constant  after  the  generation  at  tho  zero-shear 
point,  tho  last  tera,  which  is  proportional  to 
iTn/H  ,  is  zero  except  at  the  aoeent  of  tho 
generation.  As  aontloncd  above,  the  pressure 
is  lepressed  on  tho  boundary  layer  by  tho  outer 
flow  since  the  boundary  layer  assuaptlon  still 
holds  at  the  zero-shear  point.  Then  we  nay 
neglect  tho  last  torn. 


Froa  a  different  viewpoint,  it  is  possible  to 
consider  to  take  Into  account  the  tens  Vtn/H 
at  the  separation  point  where  the  vortex  sheds 
into  the  outer  r<’t«ntial  flow,  in  the  present 
calculation,  tho  two  aethods  for  the  pressure 
calculation  are  used,  one  excludes  the  last 
tera  of  equatlon(g) ,  and  the  other  includes  tho 
tera  at  tho  separation  point. 

2.6.  Drag  force 

lift  force  docs  not  yield  because  vc  treat 
only  tho  symetrlcal  flow  In  tho  present  calcu¬ 
lation.  Tho  drag  force  acting  on  the  cylinder 
can  bo  obtained  by  integrating  tho  pressure  over 
tho  surface.  It  can  also  be  obtained  sore 
easily  by  using  the  tlra-dopcndent  Blaslus 
thcorca  or  froa  the  tlno-derlvatlvo  of  tho  total 
Impulse  (21). 


(10) 

where  fx'ntW  denotes  the  location  of  the  real 
vortex,  the  location  of  the  inage 

vortex,  (utu^n)  the  velocity  of  the  real  vortex 
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At  ^  v«loclty  of  th« 

ijM9«  vott«x  At  third  torn  is 

d*riv«d  fro«  the  poteotl*!  flov  theory  without 
vorteXf  end  is  c<iual  to  for  A  oscil* 

lstii>9  clrcuUr  cylirder.  The  second  tern  caa 
be  neglected  with  the  ssae  rceson  as  the  pressure 
»entioRed  abovCi  Note  thst  the  dra^  <^ulMd  by 
inte^ratlnr  the  pressure  over. the  surface  is 
slightly  different  froa  the  one  obtained  by  equa* 
tion(lO)  since  the  induced  vortex  velocity  la 
detendned  as  equation!?)  in  the  present  calcu¬ 
lation, 

3.  Calculation  results 

^  calculation  results  of  flow  patum  around 
a  circular  cylinder  in  periodic  flow  at  K-C  nws- 
ber  *  9  are  shown  in  Figure  3.  TYw  circles  in 
the  figure  denote  the  vortices  with  clockwise 
circulation*  and  the  crosses  those  of  opposite 
sign.  'Rxe  flow  begins  to  nove  at  t«0*  with  the 
velocity  According  to  the 

Schllehting*s  theory*  the  sero-shear  point  ap¬ 
pears  at  the  rear  stagnation  point  at  ot«0.8$rad 
in  this  case*  and  then  tioves  upstreaa.  As  seen 
froa  the  flow  pattern  of  wt«r/3  in  Figure  3*  tl>e 
vortices  form  a  line  along  the  surface  like  a 
boundary  layer*  gradually  roll  up*  and  finally 
they  for*  a  luap  of  tne  separation  region.  Since 
the  sain  flow  velocity  is  saall  at  the  last  stage 
of  the  first  swing*  the  vortices  gradually  novas 
toward  upstrcaa  by  the  Induced  velocity  of  the 
iaage  vortices.  At  ut-Sv/^  after  i}>e  reverse 
turn*  the  vortex  lusp  created  during  the  first 
swing  Boves  downstreaa  rapidly  due  to  tha  atin- 
flow  In  addition  to  the  induced  velocity  of  the 
i&age  vortices  and  the  real  ones  in  the  other 
side.  At  ut«)F/2*  the  vertex  lunp  of  the  first 
swing  lies  far  froa  the  cylinder  and  the  vortices 
with  anticlockwise  circulation  create  a  new 
vortex  lusqf>  behind  the  cylinder.  At  Qt*iz/2  of 
the  third  swing*  the  first-swing  vortex  luap  lies 


in  the  left  of  the  cylinder  about  three  tines  of 
the  dlasMter*  the  second-swing  vortex  loep  is  In 
the  right  of  the  cylinder*  iid  the  new  vortex 
created  by  the  third  swing  is  fomed  neu 
the  cylinder. 

The  strength  of  the  vortices  created  In  the 
second  swing  is  greater  than  those  created  In  the 
first  swing  as  snown  in  Figure  3.  This  is  caused 
by  the  wake  effect  of  the  vortices  of  the  previ¬ 
ous  swing.  The  strength  of  the  third-swing 
vertices  is  alnost  the  sane  as  those  in  the 
second  swing. 

Figure  4  shows  the  calculated  pressure  distri¬ 
butions  on  the  cyllridcr  surface  for  the  saao 
condition  as  t)>e  flow  field  calculations  shown 
in  Figure  2.  the  pressure  coefficient  Cn  is 
defined  as  the  aaount  of  the  pxossuro  p(v} 
obtained  by  equation  (8)  devided  by  .  The 

black  circles  In  the  figure  denote  the  pressure 
exeldlng  the  last  ter«  of  equation(9)  and  Lho 
white  circles  denote  that  including  the  tern 
3r^t  at  the  separation  point.  The  solid  line 
shows  ilie  pressure  distribution  by  the  potential 
flow  theory  without  vortex.  Note  that  the  pres¬ 
sure  shown  in  Figure  4  is  of  the  case  for  a 


-••ifltst  swing 
•...isecend  swing 
-»lthird  swing 


Fig. 3  Strength  of  vortex  generated  at  zero- 
shear  point. 


clrcuUr  cyMndor  lnc«  (periodic  flow«  so  that 
the  pressure  frra  that-of  an 

oscillatln9  ,cas«  asoant 

As  scon  fxx/a  the  result  at'ut*i/2«  th«  prsssuro 
is  nearly  uniform  over  a  lar9«  part  of  the  rear 
of  the  cylinder  like  the  case  of  steady  ilod. 
However*  there  is  a  slight'  negative  peak  near 
6*30  degree*  and  the  peak  becones^  aoro  recognis¬ 
able  at  the  Bomant  of  skaxi&ua  flew.velocity  in 
the  second  and  the  third  swing*  <Jt«3T/2  aM 
ut«5r/2.  The  pressure  included  the  last^tera  of 
eguation(9)  at  the  scparatlm  point  has  an  abrupt 


discontinuity  at  the  separation  poi.T.t  as 
mentioned  by  several  authors  Cl4*21J.  This  dis¬ 
continuity  is  due  to  the  discrete  vortex  model. 
Sarpkaya  £21]  avoided  the  discrepancy  by 
replaclng'^the  shear  layers  by  a  combination  of 
ideal  ,vortlces  and  an  infinite  number  of  vortex 
sheets. 
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Pig. 4  Calculated  pressure  distribution  on  circular  cylinder  in  oscillating  flow 
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rig.S  K-^  nu3ib«r  effect  cn  celcuUted  flow  field  around  oscillating  circular  cylinder. 


FI9.6  };*C  nunber  effect  on  surface  pressure 
distribution  for  circular  cylinder. 


Tho  flow  field  at  different  Keulegan-Carpcnter 
Auaber  is  shown  in  ri^ure  S.  The  scale  of  the 
vortex  Itnp  behind  the  circular  cylinder  is 
greater  with  the  increase  of  K-C  nunber.  and  the 
vortex  luap  created  during  the  first  swing 
separates  far  away  with  )C*C  at  SJt»Sr/2. 

the  pressure  of  the  rear  of  the  cylinder  de¬ 
creases  with  the  increase  of  K*C  nueher  as  se«n 
froet  Figure  6. 

Figure  7  shows  the  Reynolds  nis^ber  effect  on 
the  flow  field.  Zn  the  present  calculation,  the 
Reynolds  nunber  effect  is  caused  by  the  differ¬ 
ence  of  the  initial  location  of  the  vortex  at 
the  xoro-shear  point  and  by  the  induced  velocity 
decrcaent  in  the  vortex  core  as  described  in 
chapter  2.3..  Froa  Figure  7.  it  Is  found  that 
the  Reynolds  nusber  effect  is  not  so  largo 
CMtpared  with  the  K-C  nuaber  effect,  and  the 
tendency  coincides  with  the  experiteental  results. 

AA  exajBpXo  of  calculated  drag  forces  Is  shown 
in  Figure  0.  Tho  drag  coefficient  and  the 
inertia  coefficient  can  be  obtained  using 
following  definitions  with  the  calculated  forces 
as  in  Figure  8. 


«  ..  3  Fr>  coahtf 
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«9.5  Dri9  Moffletcnt  of  oscillating  circular 

cyi»ndd/a 


C„  .  i.  r”  fff  sinfot;  JtutJ 
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Of  Oraj  coofllcicnt,  Out 

”‘9i«wd. 

>r  .  cocfllolcnt  I,  Shcvn  by  a 

i,.  .  !  OtMoncy  to  the  axparlnint.  tho  cal- 
culaud  value  Is  BBh  lower  than  tho  esrerlnont. 
Tho  broken  lino  In  tho  Ilouro  represents  tho 

fotso  calculated  by 

/Jllws!'^  ”  *’  '‘oWTilxxI  os 
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AO  «on  fr«  the  the  non^wp^ration  dwa 

fhA^J  i*  »«P^r4tlon  dr*?  in 

th«  K-c  nuab«r  rojlon  4bov«  4,  and  can  bo 
no9ll9iblo  at  present  discussion. 

4.  Improveaont  of  tho  BQt>vfwi 

Although  tho  calculated  Ilov  fl,id  1.  slullar 
TO  the  oxporlsKntal  ones,  tho  calculated  draj 
CMKlcIont  shown  In  fljuro  9  has  tjualltatlvo 
and  quantitative  dlsaqroenent  with  tho  sxporl- 
wnu.  For  exaaplo,  tho  calculated  vain,  seens 
to  bo  havo  a  «axl.ua  at  lower  K-c  nnOu,,.  rc,Ion 
^  Is  lower  than  the  oxporlnontal  ono  In  the 
whole  ranqo  of  K-c  nunber. 

On  oonslderlng  tho  reasons  for  those  dlsaoco- 
•TOts,  It  can  bo  noted  that  two  effects  havo  not 
Ptosent  calcul¬ 
ation.  Firstly,  tho  flow  field  Is  assusxid  to  bo 


sysssetry,  thoush  tho  real  flow  Is  asyxosetry  at 
tho  K-c  ntnber  above  8.  For  solving  the  forncr 
dlsagreenent,  dt  Is  necessary  to  calculate  asyu- 
'botrlc  vortex  flow  at  the  K-c  nunber  above  8. 
^condiy,  no  effect  of  the  vortex  w«Xe  of  the 
forMr  swinj  Is  tsJeen  into  Account  on  deteml- 
nstion  of  the  zero-shear  point.  As  seen  froa 
there  is  a  vortex  luap  created  durino 
the  first  sving  near  the  cylinder  on  the  early 
sugeof  tho  noxtswlng  to  affect  the  location  of 
^  2oro-8hear  point,  it  is,  hbwever,  difficult 
^  wnsidor  this  effect  exactly  on  the  detemi- 
Mtion  of  the  location  of  the  zero-shear  point. 

Insuad,  we  try  to  take  into  account  tho 
^  foraer  swing  in 

following  staple  aethod  of  the  phase  aodiflca- 
tlon.  The  velocity  aeasureaent  around  an 
oscillating  circular  cylinder  suggests  that  the 
vako  e£f«t  duo  to  the  vortex  luap  created 
d^ing  the  foraer  swing  can  be  considered  as  if 
ouur  flow  had  the  phase  advance  against 
the  Min  sinusoidal  flow.  Figure  10  shows  the 
velocity  acasureaents  at  the  side 
oTOlllotlng  oirculor  oylltidcr. 

Mgo  of  the  loundory  loycr  is  about  1/8  duo  to 
^o  wake  offoot.  Ir.  yiguro  11,  the  separation 
^Int  obtained  fro«  tho  results  of  flow  vlsuall- 
eircular  cylinder  are 
roro-shaar  points  by 
tSi’S'*"’  ‘  tteory.  It  Is  a  contradiction 
t^t  tha  zero-shear  point  is  located  downstroan 
^  tta  separation  point,  because  tho  toro-shear 
point  eccuros  earlier  than  tho  flow  separation. 


341 


On  the  basis  of  the  expcrisental  results  shown 
in' Figure  11^  we’  essu&e  that  the  phase' advance 
of  the  outer  flew  is  v/8.  Then  the  equation  for 
the  zero-shear  point  t^cs  the  fom» 

1  »in(at  +  St/S)  .... 

Tho  zero-shoar  point  obtained  b/  equation(X4)  is 
also  shown  in  Figure  11  by  a  broken  line  and 
located  a  little  upstrean  of  the  neasured  sepa¬ 
ration  point. 

The  calculation  results  of  the  drag  coefficient 
using  cquation(l4)  on  the  detemination  of  the 
zero-shear  point  shown  in  Figure  9  show  better 
agreeatent  with  the  experietental  ones  in  the 
region  of  K-C  nunber  between  S  and  8.  The  calr 
culatlon  results  tend  to'zero  at  nearly’K-&*4, 
and  the  discrete  vortex  nodcl  may  not  be  suitable 
in  the  low  K-C  nui^er  region  under  4.  Zn  the 
region*  the  separated' flow  reattachs  on  the  body 
surface  to  fore  a  thin  separation  bubble  as  siany 
flow  visualization  results  stww.  If  the  sepa¬ 
ration  b'Jablo  shiould  be  replaced  by  discrete 
v*ortices 'like  the  present  nethod*  calculated 
surface  pressure  would  rise  because  of  the 
velocity  reduction  on  the  surface  due  to  tho 
vortex  Induced  vclocity-'and  then  the  negative 
drag  force  would  act  on  the  body.  Zt  1$  one  of 
the  reaaining  problca  how  to  theoretically  obtain 
the  drag  force  in  such  low  K-C  nunber  region. 


Fig. 13  Inertia  coefficient  of  circular  cylinder 
in  oscillating  flow, 

S.  J^plieation  to  Lewls-fom  cylinder 

The  present  calculation  nodel  is  easily  appli¬ 
cable  to  ship-like  sections  using  Lewis  transfer- 
nation.  xn  Uils  chapter*  several  exanples  of 
calculati<M  of  flow  field  around  the  oscillating 
Lewis-fora  cylinders  arc  presented. 

snapping  function  of  Lewis  fom  can  be  re¬ 
presented  as  follows* 

<15) 


*  X  *  ty 

•  {  +  in 


Figure  12  shows  the  coaparison  between  tho 
calculated  and  the  neasured  Reynolds  nvober 
effect  on  the  drag  force  of  a  oscillating  circu¬ 
lar  cylinder.  The  agreoaent  is  fairly  good  in 
the  region  of  Reynolds  nuzber  above  $000.  At 
low  Reynolds  nunber  under  5000*  tho  cxperlscntal 
results  are  higher  than  the  calculation.  The 
disagreeaent  nay  bo  resonable  because  the 
discrete  invisid  vortex  nodel  is  meaningful  at 
the  high  Reynolds  nunber  where  tho  viscous  effect 
is  rost&ictcd  in  tho  thin  region.  In  tho  present 
calculation*  the  initial  location  of  tho  replaced 
vortex  becomes  too  far  fren  tho  surface  in  such 
a  low  Reynolds  number. 

The  calculated  inertia  coefficient  shown 
in  Figure  12  is  also  in  good  agreement  with  tho 
exporlnent  at  K-C  nunber  under  7.  The  dlsagree- 
nent  at  K-C  number  above  Ssiay  be  caused  by  the 
difference  of  flow  pattern  between  the  calcula¬ 
tion  and  the  experinont  as  well  as  tho  case  of 
drag  coefficient. 
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Fig. 12  Reynolds  nuxber  effect  on  drag  coeffi¬ 
cient  for  oscillating  circular  cylinder. 


Tho  coefficient  <ix  and  are  the  functions  of 
the  section  shape*  and  M  a  nagnification  factor. 
This  function  transfons  a  unit  circle  in  {:>plane 
to  tho  shlp-like  section  in  z-plane. 

The  equati<m  of  vortex  rotien  at  can  Le 

obtained  from  equationd)  and  (15W 

dfje  dTHf  ,  <j{»  -  iFfe  logf 

dt  *  dt  dZ  03 

(16) 

where  denotes  tho  coordinate  of  the  ^:-th 

vortex  in  (-plane.  Wo  can  get  tho  instantaneous 
location  of  each  vortex  at  tho  real  plane  using 
tho  napping  function  of  cquation(lS).  Zn  the 
sane  nannor  as  tho  circular  cylinder  case*  tho 
location  of  tho  zero-s5iear  point  can  bo  given  by  ^ 
Schllchtlng’s  theory  using  the  velocity  distri¬ 
bution  over  the  real  section*  and  tho  strength 
of  the  vortex  can  be  also  be  dotcrained.  For 
sake  of  slnplicity*  tho  vortex  is  hero  assumed 
to  be  a  potential  vortex*  although  a  noro 
s^histicated  vortex  has  been  used  in  the  case 
of  a  circular  cylinder. 

Figure  14  is  an  example  of  the  calculated  flow 
field  for  a  swaying  bow-section  (K«("half  beam/ 
dreft)«0.33  and  o(>«3ectlonal  area/beanxdraft)* 
0.75)  at  K-C  number  1.67.  The  zero-shear  point 
for  such  a  shape  located  at  the  side  edge  and 
hardly  moves.  Xn  the  first  swing,  the  vortices 
fom  a  largo  vortex  lump  behind  the  cylinder. 

At  «t»3ir/2,  the  newly  created  vortex  lump  does 
not  roll  up  round  in  good  order  like  those  in 
tho  first  swing  because  tho  vortex  lump  created 
during  the  first  swing  is  still  located  near  t)>o 
cylinder.  As  seen  frosa  tho  figure  at  «t«2s,  tho 
vortices  generated  during  tho  second  swing  are 


Fig. 14  Calcul«t«d  flow  flcM  around  swaying  bow^section  cylinder(H$*0.33>  (T*0.75/  K-C  No. "lie?  ) 


dovidsd  into  two  parts*  and  one  of  theA  soves 
downstroan  with  tho  vort«x  lunp  created  in  the 
first  swing  due  to  its  strong  induced  velocity. 

Tbo  flow  field  for  a  swaying  nidship  section 
at  nunber«3.1  is  shown  in  Figure  IS.  For 
this  section,  there  are  two  zoro*shear  points, 
and  the  downstrean  one  appears  firstly  because 
the  flow  acceleration  is  greater  there  than  that 
at  the  upstzcaa  one.  At  ut^s/l,  the  vortices  arc 
generated  only  at  the  downstreaa  bilge.  At 
«.it*3t/4,  the  downstreaa  vortices  fora  a  vortex 
iuap,  while  the  upstreaa  vortices  do  not  grow 
up.  At  «t«5s/4  after  the  reverse  turn,  the 
vortex  luap  aoves  towards  downstreaa  gradually, 
tho  vortex  luap  renains  at  the  bottoa  even  at 
«t«3»/2  and  ?ff/4,  affecting  the  new  vortex 
generation  and  the  growth.  It  is  one  of  the 
probloB  how  to  taVe  into  account  the  dotting 
of  the  strength  of  the  vortex  which  regains  near 


the  body  surface. 

The  flow  field  around  the  oscillating  flat 
plate  at  K~C  nunber*2  is  shewn  in  Figure  16. 

In  the  first  swing,  the  vortices  fora  a  spiral 
vortex  luap  behind  the  plate,  while  in  the 
second  swing,  the  vortices  do  not  fora  such  a 
spiral  lunp  In  the  sane  way  as  the  case  of  the 
bow  section  shown  in  Figure  14. 

Iho  results  of  flow  visualizations  porforned 
to  check  the  calculations  for  lewls-fora 
cylinders  are  also  shown  in  Figs.  17  thru  19. 
like  cylinders  are  swaying  in  a  snail  water  tank 
by  aeans  of  a  forced  oscillating  aechanisa. 

Ihe  oil  particles  vxth  unit  density  in  the  tank 
are  illuainatcd  by  a  lanp  through  a  slit. 
Particle  tracks  are  taken  by  canera  fixed  to  the 
cylinder  with  a  relative  long  exposure  of  1/lS 
see.. 


Fig. 15  Calculated  flow  field  around  swaying  aidship’sectlon  cylinder (Ho«l. 25,  0*0. 97,  K‘*C  No. *2.1). 


Pig. 16  Calculat«d  flow  field  eround  sveying  flat  i>l4to(Ht«0.1«  0«>0.8Sr  K-C  No. '•2). 


Tm  shlp-liko  section  shown  in  Figure  17  is 
tlie  SS  9  section  of  a  container  ship,  and  has 
the  sane  H9  and  0  values  as  the  Lewis-forM 
cylinder  shown  in  Figure  14.  The  cylinder  shown 
in  Figure  18  is  also  the  nidship  secti<m  of  the 
sane  ship  corresponding  to  the  Levis'fom  cylin* 
der  shown  in  Figure  1$.  As  seen  fron  these 
figures,  the  vortices  at  the  coiacnt  of  suxinun 


cylinder  speed  spread  like  a  thin  bubble  on  tho 
cylinder  surface.  In  the  decreasing  stage  of 
the  tcotion.  tho  vortices  roll  up  into  a  large* 
scale  vortex  luisi).  Those  cxperiiecntal  results 
agree  qualitatively  with  the  calculation  results 
shown  in  Figures  I4  and  1$. 

Figure  19  shows  tho  results  for  a  swaying  flat 
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Fig. 17  Flow  visualization  results  around  svaying  bcwsection  cylindcr(K>C  nunterfl.G?  )• 
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Fig. 18  Flow  visualization  results  around  swaying  nidshlp-sectlon  cyllndor(K*C  nual«r*2.1> 


pl*t«.  A  bl«ck  >hj>d«  in  tho  ri^ht  side  of  tbo 
phoco9r«ph9  is  A  shadov  of  tho  pUte  b«cau»«  ol! 
using  single  slit  laaf'.  Tho  pnotogrophs  show 
that  tho  foneer  vortox  lusp  foras  a  vortex  pait. 
with  the  now  vortexy  and  roves  dewnstreaa 
gradually.  The  behavior  of'tho  vortices  is 
slailar  to  tl«  calculated  one  shown  in  figuro 
16. 

6.  Conclutler.s 

In  this  papor.  cooputation  of  the  syeeotrical- 
vortes-sheddlng  flows  around  swaying  two-dloen- 
slonal  cylinders  are  aade  using  a  discrete 
vortex  rodol.  The  results  of  the  study  c^  be 
sunurized  as  the  following  itear. 

1)  Tho  calculated  flow  field  by  tho  present 
neth<^  is  in  fairly  good  qualitative  agree- 
nent  with  the  experiment. 

2)  The  calculated  forces  actlfig  on  a  circular 
cylinder  show  a  slnllar  tendency  to  the 
experiment  tftough  the  values  are  lower  than 
the  experiment.  Tfhen  taking  account  the  wake 
effect  on  the  determination  of  the  zero-shear 
point,  the  calculated  forces  are  improved  to 
show  fairly  good  agreement  with  tho  experl- 
Bcnt  in  tho  region  of  K-C  nunbor  between  S 
and  8. 

3)  It  is  necessary  to  treat  asymetrlc  flow  at 
K’C  nuobor  above  8. 

4)  Tho  ^‘ortices  created  during  the  previous 
»wing  significantly  affect  on  tho  generation, 
tho  strength  and  the  behavior  of  the  new 
vortices. 

5)  Tho  present  method  can  easily  bo  applicable 
to  tho  ship-liko  sections  using  Lewis  trans¬ 
form  method,  so  that  it  would  bo  useful  for 
t.he  prediction  of  tho  viscous  effect  on  the 
ship  motions  and  maneuvering. 
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HYDRODYNAMIC  FORCES  OF  THE  OSCILLATING  FLAT  PUTE 

KimUki  Kuifo 
Hirothims  Univertity 


Abstract 

In  order  to  fnvestfsate  the  nonlinear 
characteristics  of  the  hydrodynaaic  forces 
actins  on  a  flat  plate  normally  osci11atin9  to 
Its  plane,  the  behavior  of  the  vortex  sheet  is 
simulated  by  a  system  of  vortices.  Especially, 
the' part  of  the  vortex  sheet  which  would  be 
continuously  shed  into  the  fluid  is  modelled  as 
the  development  of  the  nascent  point  vortex. 
Since  the  fluid  cannot  support  any  forces 
physically,  the  model  is  assmed  that  both  the 
forces  and  the  moments  oust  be  totally  counter¬ 
balanced.  These  dynamic  conditions  provide  the 
equations  of  qrowth  and  motion  of  the  nascent 
vortices.  Supposing  all  the  other  vortices  with 
constant  circulations  move  along  the  flow,  the 
problem  is  numerically  solved  $tep*by-step, 
together  with  the  condition  of  the  finite 
velocity  at  the  separation  point.  As  the  time 
proceeds,  however,  the  number  of  discrete 
vortices  increases  and  the  flow  system  becomes 
unstable.  In  order  to  prevent  this  difficulty, 
the  vortices  far  off  the  flat  plate  is  removed 
out  of  the  system.  The  calculated  noival  force 
acting  on  the  plate  is  examined  in  detail. 
Comparing  the  analysed  hydrodynamic  coefficients 
with  those  of  experimental  results,  it  is  found 
that  the  present  analysis  is  able  to  represent 
these  nonlinear  phenomena  very  well. 


I.  Introduction 

Estimating  the  damping  effect  of  the  bilge 
keels  against  rolling,  it  is  fundamental  to 
investigate  the  hydrodynamic  force  on  the  flat 
plate  normally  oscillating  to  its  plane.  The 
force  is  caused  by  the  vortices  associated  with 
the  flow  separation.  This  phenomenon,  however, 
is  so  complicated  that  it  has  been  investigated 
winly  by  the  experimental  procedures  (1,2}. 

The  experimental  results  by  Kewlegan  and 
Carpenter  (1}  show  that  both  the  added  mass 
coefficient  and  the  drag  coefficient  deperx!  on 
the  amplitude  of  the  oscillation,  but  very 
little  on  the  frequency,  that  is,  on  the 
Reynolds  meber  in  its  higher  range  (2}.  The 
latter  fact  implies  that  the  fluid  flow  around 
the  flat  plate  may  be  tractable  with  the  poten¬ 
tial  flow  theory  because  of  the  minor  effect  of 
the  viscosity.  On  the  other  hand  the  former 
shows  the  nonlinear  effect  due  to  the  vortex 
sheet  shed  into  the  fluid  at  the  separation 


point. 

The  behavior  of  the  vortex ^heet  is  still 
so  hard  to  treat  directly  that  cany  theoretical 
approaches  which  approximate  the  vortex  sheet 
with  an  array  of  inviscid  discrete  vortices 
have  been  proposed  [3.4}.  Such  models  have 
originally  been  utilized  in  investigating  the- 
mechanism  of  the  Karear.-vortex-street  forma¬ 
tion  behind  the  circular  cylinder  in  a  uniform 
flow  [S,6].  However,  the  separation  points  are 
not  precedently  assigned,  and  moreover,  change 
with  time  as  well. 

In  contrast  with  a  circular  cylinder,  the 
body  with  the  salient  edges  has  the  fixed  sepa¬ 
ration  points  all  the  tine,  ard  it  is  unnece¬ 
ssary  to  make  an  assumption  about  these  points. 
But  even  in  this  case  it  is  still  necessary  to 
determine  both  the  circulation  and  the  position 
of  the  new  vortex.  This  new  vortex  is  called 
a  r^scent  vortex  and  should  be  introduced  near 
the  separation  point. 

The  cost  basic  condition  is  the  one  which 
keeps  the  velocity  finite  at  the  edges.  This 
will  be  referred  to  as  a  Kutta  condition.  In 
utilizing  this  Kutta  condition,  ther*  have  been 
various  approaches  which  can  be  classified  into 
two  categories.  In  the  first  procedure,  the 
position  of  the  nascent  vortex  is  for  conveni¬ 
ence  fixed  in  advance, and  the  circulation  is 
determined  so  as  to  meet  the  finite-velocity 
condition  [4. 7, 8,9}.  The  other  is  an  opposite 
procedure  in  which  the  circulation  of  the 
nascent  vortex  is  at  first  assumed  to  be 

4r  .  i  U*  4T  (1) 


and  then  the  position  has  to  be  found  so  as  to 
satisfy  the  Kutta  condition.  The  is  a  repre¬ 
sentative  velocity  which  would  correspond  to  the 
enc  at  the  outer  edge  of  the  boundary  layer  in 
the  real  fluid  [10,11]. 

In  either  procedure,  however,  there  is  one 
disposable  parameter  which  must  be  appropriate¬ 
ly  chosen  so  as  to  provide  the  satisfactory 
results  compared  with  the  experiments.  This 
indefiniteness  Is  due  to  the  shortage  of  the 
conditions  which  could  fix  both  the  position 
and  the  circulation  of  the  nascent  vortex. 

In  this  paper  the  inviscid  discrete  vortex 
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uodcl  Is  applied  to  the  harnonicalty  oscillating 
' separation  flow,  and  the  nonlinear  characterise 
tics  of  the  hydrodynaaic  forces  acting  on  the 
flat  plate  is  investigated,  that  is,  the  beha¬ 
vior  of  the  vortex  sheet  is  sinilated  by  a 
systen  of  discrete  vortices.  As  for  the  nascent 
vortex,  the  process  in  which  the  vortex  sheet 
is  continuously  shed  into  the  fluid  at  the  edge, 
is  aodelled  as. both  shedding  and  growino  of  the 
point  vortex. -This  nodel  can  eliafnale  the 
indefinite  parameter. 

As  the  time'  proceeds,  the  nuaber  of  the 
discrete  vortices  is  increasing  and  the  old 
vertices  stay  around  the  flat  plate.  They  are 
likely  to  aake  the  system  unstable.  In  order  to 
prevent  this  difficulty  from  occurring,  the^ 
vortex  which  is  far  away  from  the  flat  plate  is 
reaoved  from  the  system.  This  scheme  seems  to  be 
reasonable  in  view  of  the  eliminating  process  of 
the  vorticity  in  the  real  fluid. 


11.  Growing  Oiserete-Vortex  Model 

In  the  potential  flow  theory  the  free  shear 
layer  can  be  modelled  by  a  line  of  discontinuity 
of  tte  velocities.  The  pressure,  however,  still 
remains  to  be  continuous  across  the  line  since 
the  fluid  cannot  support  any  internal  forces. 
Therefore  in  the  model  which  substitutes  a 
system  of  discrete  vortices  for  the  free  vortex 
sheet,  each  vortex  must  rcs^in  force-free.  As  a 
result  of  this  dynamic  condition,  each  vortex 
should  have  a  certain  circulation  and  they  move 
with  the  velocity  induced  by  the  attached  flow 
and  the  other  vortices. 

As  a  matter  of  course,  the  same  principle 
shwid  be  applied  to  the  nascent  vortex.  Sut 
this  vortex  is  introduced  to  represent  the 
Joaginary  piece  of  vortex  sheet  which  would  be 
continuously  shed  from  the  separation  point  into 
the  fluid.  In  the  growing  dlscretc-vortex  model, 
the  nascent  vortex  1$  allowed  to  grow  and  move, 
to  which  another  dynamic  condition  must  be 
imposed. 

Force-free  model 

When  the  vortex  with  a  constant  circulation 
is  travelling  along  the  flow,  it  does  not  feel 
any  forces,  but  In  the  case  of  growing  vortex  it 
is  not  necessarily  so.  The  flow  field  around  the 
point  vortex  is  represented  by  a  logarittoic 
velocity  potential, 

f  KXJ  .  (2) 


The  growing  vortex  with  circulation  r#  1$  at  the 
point  z»  •  x«  f  iy®.  Making  a  counterclockwise 
revolution  around  the  vortex,  the  value  of  the 
velocity  potential  Jumps  by  the  circulation  r#. 
Therefore,  the  Jirep  of  the  pressure  is, 

CpI  "pr*  .  (3) 


where  o  is  the  density  of  the  fluid  and  the  dot 
over  the  r»  means  the  tire  derivative.  This 
pressure  gap  arises  across  the  branch  line 
connecting  the  nascent  vortex  to  the  separation 


point.  This  line  is  introduced  to  make..the 
velocity  potential  single-valued  over  the  plane. 
It  is  also  referred  to  as  a  vortex-feeding  sheet 
because  the  increment  of  the  circulation  of  the 
growing  vortex  is  supposed  to  be  fed  through  it. 

The  free  shear  layer  with  some  discontinu¬ 
ous  velocities  and  a  continuous  pressure  in  a 
physical  plane  is  now  replaced  by  a  vortex¬ 
feeding  sheet  with  a  continuous  velocity  and  a 
discontinuous  pressure  in  a  mathematical  model. 
The  force  brought  about  in  the  fluid  must  be 
totally  counterbalanced  with  the  lifting  force 
exerted  on  the  nascent  vortex  due  to  the 
relative  motion  against  the  surrounding  fluid 
[12.13,14). 

The  force  acting  on  the  vortex-feeding 
sheet  is 

ior*(28-Zs)  (4) 


where  Zg  is  a  coordinate  of  the  separation 
point.  On  the  other  hand,  the  lifting  force  on 
the  nascent  vortex  is 

brsCzcC,)  (5) 


where  z»  is  the  complex  veKcity  of  the  nascent 
vortex  and  ft#  means  the  local  complex  velocity 
induced  at  the  point  z».  Then  the  totally  force- 
free  condition  gives  the  equations 

.  z*+(z.-2s)r*/r8  •  ft*  .  (6) 


These  equations  show  that  the  growth  and  the 
motion  of  the  nascent  vortex  interact  each 
other,  and  provide  two  relations  between  three 
derivatives  x«,  y»  and 

The  Kutta  condition  provides  one  twre 
relation  between  the  circulation  r#  and  the 
position  Zo.  Thus  the  problem  could  be  solved 
with  the  appropriate  Initial  conditions,  that 
Is,  the  nascent  vortex  leaves  the  separation 
point  at  every  beginning  of  shedding  periods. 

Improvement  of  the  model 

In  the  force-free  model  the  new  vortex  is 
allowed  to  grow  so  that  the  model  can  meet  in 
total  the  dynamic  condition  that  the  fluid  does 
not  support  any  forces.  Nevertheless,  there 
remain  some  ironents  in  the  fluid.  The  more 
elaborate  model  Is  now  proposed  by  making  allow¬ 
ance  for  the  interaction  between  some  of  the 
nascent  vortices  so  that  the  fluid  supports 
neither  forces  nor  moments.  Although  such  a 
model  would  not  be  unique,  it  seems  reasonable 
to  partially  improve  the  force-free  model.  The 
following  are  assumed, 

(a)  the  nascent  vortex  r«  grows  and  moves 
against  the  flow  as  before, 

(b)  the  preceding  nascent  vortex  at  point  Zx 
is  also  allowed  to  grow,  but  it  convects 
with  the  flow, 

(c)  the  force-free  and  moment-free  conditions 
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ire  satUfled  by  the  above  tn-o  nascent 
vortices, 


HI.  Oscillating  Flow  around  Flat'Plate 
formulation 


The  Inviscfd  discrete-vortex  model  and  the 
dynamic  conditions  for  the  development  of  the 
nascent  vortices  are  applied  to  the  harmonic 
flow  around  the  the  flat  plate.  It  Is  assumed 
that  the  flow  system  Is  sysmetrlcal  and  the 
separation  points  are  fixed  at  the  edges.  The 
formulation  of  the  flow  model  becomes  simple  In 
the  C-plane  which  Is  conformally  transformed 
from  the  physical  z-plane  as  shown  In  Figure  1, 
wnere  each  plane  neglects  the  lower  half .part, 
taking  advantage  of  the  s>mBetriclty.  The  trans¬ 
formation  between  both  planes  Is 

I  ■  (c'-l)"''*.  (II) 


Figure  1  also  depicts  2  pairs  of  the  nas¬ 
cent  and  preceding  nascent  growing  vortices,  and 
(n-1)  pa  rs  of  vortices  with  each  constant 
circulation. 

All  duantitles  are  nonoalized  as  follows: 
coordinates  by  the  semi-span  b  of  the  flat 
Plate,  velocities  by  the  maximum  otherwise  uni- 
fona  flow  velocity  and  the  circulation  r. 
by  defining 

»):  ■  ’  O-’ . h)-  O?) 


(d)  all  the  other  vortices  are  assumed  to  have 
constant  circulations  and  travel  along  the 


Suppose  that  the  amplitude  of  motion  Is  a  and 
the  frequency  o,  then. 


There  Is  no  force  acting  on  the  preceding 
nascent  vortex  r,.  but  the  lifting  force  on  the 
nascent  vortex  r«  Is  given  as  the  expression 
(5).  The  forces  exerted  on  the  vortex-feeding 
sheet  are  described  as  follows,  ^ 

io(r,*  fi)(Z(-Zs)  for  z,  ■  2,  (;) 

lpri(zi-2i)  for  z,  -  2i  (8) 


Then  the  totally  force-free  condition  beccnes 


Z(*(2«-z.)r(/r,*(2i-Zs)r,/r(  •  5,  (g) 


In  addition,  the  moments  about  the 
point  z,  are  counterbalanced  If 


separation 


2R«[r,(H,-2,)(r,-r,)) 

■r,|2,.z,|“fr,|z.-2.1*.  (10) 


Is  «re  comp- 

Heated  thar.  the  force-free  model  ,  the  former  i 
expected  to  reduce  the  fluctuations  caused  by 
lit  continuous  process,  li 

^e  following,  this  force-free  and  moment-free 
model  Is  applied  to  the  hansonfeany  osciliatim 
separation  flow  around  the  flat  plate.  ' 


(13) 


The  tiDje  t  is  nomalired  as  follows, 

T  .  tU^__/a  .  ct.  (14) 


Then  the  normalized  uniform  velocity  is  now 
described  by 


0  •  sin  T  (c  >  0)  .  (15) 


The  complex  potential  corresponding  to 
Figure  I  Is  written  as  raw 

f„  ■  OC  -  11  y  log  (C-C  )/{C-C )  .  (16) 

k*0  K  K. 


The  complex-conjugate  velocity  of  the  fluid  at 
the  k-th  vortex  is 


■  lla  {«f„/dz  ) 

■^tu  -  '  sv  (r^-rlr) 

’k  j*C  3  Cj  Cj. 


(17) 


The  Kutta  conditicii  at  the  edge  I, 
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uhlch  fn  C-pUne  is  clanged  into  the  condition 
that  the  origin  is  a  stagnation  point,  provides 

''o  ■  (18) 

where 

1o  ■  «  ■  (19) 

The  force-free  condition  (9)  and  the  B<»ent 

-free  condition  (10)  are  riomallzed  respectively 

''"'S’'  (80) 

SReeV^'S’-^oXV*))  •  VoiV'l'*»il^-'l' 

or  eahing  use  of  the  equation  (20).  this  can  be 
rewritten  as 

^i'''o  ■  -(vX’X''[(V)(2V^-'))-  (81) 

Here  the  paraeeter  h  is  the  aeplitode  ratio, 

h  "  a/b  (22) 


which  is  an  Icportant  parareter  in  this  probleo, 
and  is  usualiy  referied  to  as  a  K  ntnber, 
c 

•  nh  .  (23) 


Since  it  is  assured  that  al)  the  other 
vortices  except  the  nascent  vortex  eove  along 
the  flow,  the  equations  of  notion  are  given  by 

(h'1,2 . n)  (20) 


the  systea  of  equations  (18).  (20).  (21) 
and  (24)  is  complete,  governing  the  whole  deve- 
lopnent  of  the  flow.  Now,  these  equations  can  be 
rewritten  into  isore  convenient  fotiis,  by  ceans 
of  the  following  relations  derived  froq  the 
equations  (11).  (18)  and  (19). 


h  "  ^kV^k 

(25) 

f  '■A><CoI’|'»«:,)/ICiI'i»;£,)J(V»o) 

■  W  2RetVC,)-  lB(C„)/lo(C„) 

(26) 

where 

UJ  ■  U  t  2^s  YjIoICj/cjJ 

(27) 

Thus  finally 

<  '  3^0  ■  8 

(28) 

qr 

C(,  •  (CA-CB)/(|AP-|B|»)  (29) 


where 

A .  yt,  - 

®  ■  Vfo<^o-^o> 

C  «  hiflj’  -  oOj/t)^ 

V<fE(z.-l) 

"  ■  lf£iCol'In(Ci)/|CiPli»(Co) 

£ .  -iv'i'''8'r(^*i)(8v^-i))  •  (8°) 


and  also 

(k  •  1.2,.....n)  (31) 


Initial  conditions 

The  systea  of  equations  (18)»  (31),  (29) 
and  (31)  can  be  solved  with  the  proper  Initial 
conditions.  In  this  nodel  the  following  are 
assuaed  In  the  numerical  treataents* 

(a)  the  new  vortex  begins  to  grow  and  move  fr«a 
the  edge  Into  the  fluid  at  tltre  x  •  t  when 
there  are  already  shed  n-palr$  of  vortices, 

(b)  the  nasewt  vortex  ceases  developing  at 
tire  T  ■  after  the  prescribed  period 

(c)  and  thereafter  another  similar  system  with 
one  more  vortex  takes  the  place  of  it. 


It  can  be  readily  seen  that  the  equation  of 
wtlorr  (28)  becomes  singular  at  each  initial 
instant  X  •  Accordingly,  it  is  necessary  to 

make  clear  the  asymptotic  behavior  of  the  solu¬ 
tion.  At  the  Instant  t  *  there  are  n-pairs 

of  vortices  in  the  fluid,  and  the  Kutta  condl- 
vlon  1$  satisfied  by  them,  and  the  circulation 
or  the  new  vortex  is  zero.  Then, 

''„(^„>  •  0  ■  (32) 


Therefore  after  a  small  amount  of  time  it, 

"n*^) '  '’„(V8'")  ■  '';;(^)«  •  (33) 

A$  X  »  x_j,  the  equottcp  (21)  is  evoluoted  os 

V’o  -  IV'I’-  (3<) 


In  the  equation  (20),  the  third  term  Is  rcgllgl- 
ble  because  It  Is  higher  thah  the  order  of  the 
second  term.  If  we  put 

Cq  •  P„(At)“e‘8. 
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(35) 


then  the  equation  <20)  can  be  evaluated  asj«pto- 
tically 

•  £_Yj(i/q-i/q)  -  (36) 

>;(rJe»(AY)3-°„ - L-.Ji!!-) 

A  4  $in*6  4  sin  d 


In  ease  of  n  «  0 

In  this  case,  the  first  tern  of  the  right 
hand  side  of  the  equation  (36)  does  not  appear 
yet.  Since  the  uniforw  velocity  is  given  by  (15) 

U  -  at  .  (37) 


In  order  to  awke  the  equation  (36)  consistent, 
the  following  relations  are  necessary, 

n  -  2/3  . 

6  •  n/4  , 

oj*  h/3/2  .  (38) 


In  case  of  n  >  1 

In  this  case,  the  second  tera  of  the  right 
hand  side  of  the  equation  (36)  becomes  higher 
order  titan  the  first  tern.  Neglecting  that  tern, 
the  following  are  obtained  as  before, 

n  ■  1/2  , 

6  ■  n/2  , 

oJ-lh^S^YjIotl/Cp  .  (39) 

This  result  leplies  very  important  facts. 

(a)  the  nascent  vortex  Is  shed  into  the  fluid 
in  the  plane  of  the  flat  plate. 

(b)  and  further  the  distance  by  which  the 
nascent  vortex  appears  after  a  short  time, 
varies  under  the  Influence  of  the  wake. 

These  facts  have  usually  been  assused  by 
the  conventional  discrete-vortex  model ,  However, 
in  the  present  work,  these  arc  the  naturally 
derived  results  fron  the  dynamic  condition  of 
the  growing  discrete-vortex  model , 


IV.  Coaputational  procedure 

The  equations  of  the  growth  and  motion  of 
the  vortices  has  been  consistently  fonaulated  In 
the  preceding  section  as  the  simultaneous  first 
order  dlfferentlfil  equations.  These  can  succe- 
sively  be  integrated  by  the  numerical  procedure. 
It  has  been  assumed  that  the  new  vortex  is 
introduced  one  after  another  at  every  tine- 
interval  AT.  Here,  two  paraseters,  N  and  N  . 
are  defined  as  follows,  ^  ^ 


(a)  in  every  half-period,  discrcte-vortices 
are  shed  into  the  fluid,  therefore. 

at  ■  .x/ti  ,  (40) 

q 

(b)  the  systoB  is  integrated  tines  before 
another  vortex  begins  to  grow,  so  t^t  the 
niniouo  tine-interval  for  the  nuaerical 
integration  is  given  by 

AT  ■  AT/N  .  (41) 

P 

Thus,  it  can  be  expected  that  the  greater 
the  number  N  ,  the  closer  the  discrete-vortex 
model  .and  also,  the  larger  would  (sake  the 

numerical  integration  more  precise.  But,  these 
will  need  more  calculation  tine.  In  this  paper. 
N  •  5  and  N  "20  are  used  as  a  standard. 

P 

In  solving  the  simultaneous  differential  ' 
equations  for  the  growing  nascent  vortices, 
the  Sinple  Runge  Kutta  method  is  applied. 
Suppose  that  the  differential  equation  is  given 
by 


y  ■  f{t,y) 

(42) 

and  -the  value  at  t  ■  t^ 

(43) 

the.  the  value  at  t  •  t  .  ■  t/  at  ts  cstfeated 
by 

k,  -  f(t„.y„)  . 

4.1  ■  . 

(44) 

On  the  other  hand,  a  slrple  trapezoidal  rule  is 
used  for  the  other  vortices. 

As  the  time  proceeds,  the  number  of  the 
discrete  vo'rtices  increases,  and  it  requires 
gradually  rore  cenputation  time  to  advance  each 
step.  In  aiJdition,  the  old  vortices  occasionally 
approaching  near  the  flat  plate  are  likely  to 
make  the  system  unstable.  In  order  to  prevent 
this  undesirable  situation  from  occurring,  the 
vottex  which  is  far  away  from  the  flat  plate 
should  be  rotoved  out  of  the  flow  system.  This 
assumption  seems  to  be  reasonable  in  view  of  the 
eliminating  process  of  the  vortices  in  the  real 
fluid. 

In  this  paper,  very  primitive  model  is 
proposed,  since  there  is  no  rational  model  for 
eliminating  the  vorticity.  The  idea  of  the 
elimination  model  is  as  follows, 

(a)  find  the  maximum  distance  over  which  the 
vortices  sweep  for  the  first  half-period 
after  the  flow  starts  from  rest, 
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Ffgure  4.  Variations  of  added  ffass  and  dra^ 
coefficients  with  every  half-period  In  case 
of  h»l,0i  (V5i  Nq«20),  for  various 
delete-lengths. 


Both  the  added  eass  coefficient  Ca  and  the 
drag  coefficient  Cd  arc  evaluated  at  every  half- 
period,  as  follows, 

•  ("/''■I  ^ 

Cj  ■  (3/8)  Sin  T  dt  (52) 


VI.  Results  and  Discussions 
Effect  of  delete-length 

There  is  no  rational  rule  deteralning  the 
delete-length  within  the  Unit  of  the  potential 
flow  theory.  It  oust  be  artificially  introduced 
so  as  to  nake  the  flow  systen  stable  and  also 
compare  the  calculated  results  well  with  the 
experiments,  if  possible. 

This  delete-length  is  introduced  in  the  C- 
plane  rather  than  in  the  z-plane,  only  for  the 
sake  of  the  convenience.  Figure  2  shows  the 
Baxinun  g-coordinate,  in  the  first  half¬ 
period  against  the  amplitude  ratio  h.  In  these 
calculations,  IMS,  N^»40,  that  is,  40  vortices 
are  shed  in  every  half-period  of  motion.  It  can 


Figure  5.  Variations  of  added  sass  and  drag 
coefficients  with  every  half-period  in  case 
of  h»l,5,  {Np»5,  Nq»20),  for  various 
delete-lengths. 


readily  be  seen  that  £  is  in  proportion  to 

IjJ/J  T84X 


6^^-  1.585/h.  (53) 


The  flows,  when  the  takes  place  for  each 
amplitude  ratio  h  ■  1.0  and  1.5,  are  depicted 
in  Figure  3.  As  the  amplitude  ratio  becomes 
large,  the  instant  at  which  the  wxicvB  occurs 
seems  to  advance. 

The  delete-length  in  C-plane  should 

be  taken  a  little  larger  than  the  In  order 
to  fix  »ost  reasonably,  the  hydrodynamic 
force  coefficients  obtained  for  the  various 
delete-lengths  are  compared  each  other. 

In  Figure  4,  the  variations  of  the  added 
mass  coefficient  Ca  and  the  drag  coefficient  Cd 
with  every  half-period  are  shown  in  case  of  the 
amplitude  ratio  h  ■  1.0.  When  Isl^j^j/h  ■  1.9, 
the  calculated  results  show  a  little  severe 
fluctuations.  As  it  becomes  less  than  1.9,  the 
calculations  show  the  stable  convergences.  The 
same  thing  can  be  said  for  h  ■  1.5  as  shown  in 
Figure  5. 


Figure  6.  Drag  coefficient  versus  delete-length 
ratio,  for  aeplitude  ratios  h«1.0  and  1.5, 
(V5.  Nq-20). 


The  variations  of  the  coefficients  seem  to 
be  in  transient  for  the  first  three  half-periods 
after  vthich  it  cay  be  said  almost  steady  and  the 
averages  are  made  over  six  half-periods.  The 
drag  coefficients,  obtained  through  the  above- 
eentloned  procedure,  are  plotted  against  the 
delete-length  ratio  in  figure  6.  As  the 

ratio  increases,  the  drag  coefficients  become 
larger  and  after  they  reach  the  maximum,  they 
finally  decrease.  Figure  6  also  includes  the 
experimental  values  which  have  been  read  in  the 
diagrams  of  Ke'jlegan  and  Carpenter's  [1].  The 
ratio  which  the  calculated  results 


almost  agree  with  the  experimental  value,  varies 
together  with  the  amplitude  ratio.  On  the  other 
hand,  the  inner  scales 

delete-length  should  be  taken  about  10  ^  15  t 
larger  than  Thus,  the  delete-length  ratio 

sould  be  chosen  as  follows, 

«  1,74/vhn,  1.83/,^  ..  (54) 


Hydrodynamic  force  coefficients 

The  variations  of  the  nomal  force  coeffi¬ 
cient  Cn  are  drawn  in  Figure  7  for  h  ■  1.0, 
where  the  ratio  has  been  chosen  as  1.8. 

The  similar  calculations  have  been  made  for 
other  amplitude  ratios.  The  combinations  of  the 
parweters  are  shown  together  in  Table  1.  The 
delete-length  ratios  are  settled  within  the 
range  of  the  condition  (54).  The  number  Kp  and 
Nq  are  fixed  to  5  and  20,  respectively,  in  all 
these  calculations.  The  calculated  hydr^ynaaic 
coefficients  are  taken  from  the  average  over 
the  se/eral  stable  periods.  These  results  are 
charted  in  figures  8  and  9. 

The  dependence  of  the  added  mass  coeffici¬ 
ent  upon  the  amplitude  ratio  is  shown  in  Figure 
8,  and  the  drag  coefficient  in  Figure  9.  In 
these  diagrams  the  experimental  results  CU  4re 
also  put  together.  Cenerally  speaking,  the 
present  analytical  results  agree  fairly  well 
with  the  experimental  ones.  Also  it  explains  the 
tendency  that  Ca  increases  but  Cd  decreases  as 
the  amplitude  of  oscillation  Increases. 

The  agreement  of  the  added  mass  coeffici¬ 
ents  is  rather  poor  except  the  range  of  the 
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Figure  7.  Variation  of  vortex  force  with  time,  (Ml.O,  Hp*5,  Nq'20,  lgldoi/h«l.8) 
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Figure  11.  Flow  eround  the  flat  plate  at  the 
Instant  when  the  nomal  force  has  its 
BtaxlM,  for  h«2.],  corresponding  to 
Figure  10. 


in  case  of  h  •  O.S  the  calculation  gives  soae- 
what  lower  values  than  the  experlaental.  This 
seens  to  be  caused  by  the  artificial  elimination 
of  the  vortices.  When  the  anplitude  ratio 
becones  ssall.  the  delete-region  approaches  the 
edge.  Thus,  the  sudden  disappearance  of  the 
vortex  near  the  edge  would  Infavorably  affect 
the  shedding  of  the  nascent  vortex.  For  the 
amplitude  ratio  h  •  0.5.  another  calculation 
(Np  •  5.  Nq  wlO)  without  the  elifiination  [133 
gives  Ci  ■  1.62,  and  Cd  •  12.2  which  is  rather 
closer  with  the  experiments.  But  this  seens  to 
need  further  investigations. 

Variation  of  nomal  force  with  time 

Both  the  added  mass  and  drag  coefficients 
are  only  the  integrated  characteristics  of  the 
normal  forces.  The  direct  conparison  of  the 
normal  forces  between  the  calculation  and  the 
experiment  is  depicted  in  Figure  10.  The  calcu¬ 
lation  is  made  for  h  ■  2.1  with  the  parameters 
Np  ■  5,  Nq  *30  and  |£(doS/h  •  1.2.  For  cc«pa- 
risen,  the  measured  force  which  is  taken  from 
the  graph  (Kc  ■  6.6)  of  Keulegan  and  Carpenter 
[1]  is  also  plotted. 

The  agreement  between  the  calculated  and 
experimental  results  is  good  except  at  the  time 
when  the  amplitude  attains  its  largest  value. 

The  calculation  gives  rather  narrower  peaks.  The 
reason  why  this  discrepancy  arises  may  be 
explained  as  follows.  Figure  11  shows  the  flow 
at  the  Instant  t  •  2.23n  when  the  nomal  force 
takes  its  maxinja.  After  the  direction  of  the 
unifom  flow  has  changed,  the  old  vortices  begin 
to  approach  the  edge  and  Induce  there  a  large 


velocity  by  which  the  new  vortices  are  forced  to 
leave  the  separation  point.  As  a  result  of.'this, 
.the  large  normal  forces  are  caused  in  the 
calojiation. 


VII.  Conclusions 

The  discrete  point  vortex  model  is  applied 
to  the  oscillating  separation  flow  around  the 
flat  plate,  and  the  characteristics  of  the 
normal  forces  acting  upon  it  is  investigated. 

In  this  respect  two  schemes  have  been  developed, 
one  of  which  is  to  fix  the  generation  of  the 
nascent  point  vortex,  and  the  other  is  to  delete 
the  vortices  travelling  far  off  the  flat  plate. 

The  conditions  that  both  the  forces  and  the 
moments  shwld  be  totally  free  in  the  fluid 
provide  the  characteristics  of  the  growth  and 
motion  of  the  nascent  vortices.  The  uncertain 
parameter  of  the  conventional  discrete-point- 
vortex  model  can  be  deleted  In  this  mathematical 
model.  Further,  the  nascent  vortex  is  shed  into 
the  fluid  along  the  flat  plate,  which  is  usually 
assumed,  but  is  a  natural  result  of  the  dynamic 
conditions  in  this  model. 

The  proposed  scheme  for  removing  the 
vortices  out  of  the  fluid  is  very  simple,  never¬ 
theless  it  is  SO  useful  in  this  oscillating  flow 
problem  that  the  stable  calculation  is  made 
possible  over  a  wide  range  of  periods.  By  com¬ 
paring  the  analysis  of  the  hydrodynamic  force 
with  the  experiment,  it  is  found  that  the  elimi¬ 
nating  region  should  be  a  little  larger  than  the 
wake  made  in  the  first  half  period  of  oscilla¬ 
tion. 

The  nomal  force  thus  obtained  is  analysed 
into  the  added  mass  coefficient  and  the  drag 
coefficient.  The  agreement  of  the  hydrodynamic 
force  coefficients  between  the  analysis  and  the 
experiment  is  generally  good.  In  case  of  the 
drag  coefficient  the  agreement  is  excellent,  but 
on  the  other  hand  the  added  mass  coefficients 
agree  only  moderately.  In  either  case,  however, 
the  nonlinear  characteristics  of  the  normal 
forces  are  explained  very  well  in  the  range  of 
the  potential  flow  theory. 

The  cenparison  between  the  calculated  and 
the  experimental  normal-forces  has  been  made 
in  the  tire  history  diagrams.  The  agreement  Is 
also  good  except  the  instant  when  the  nascent 
vortices  are  forced  to  develop  excessively.  This 
seens  to  be  caused  by  the  remaining  vortices 
with  opposite  circulations  near  the  edge.  The 
Biodel  withmiore  elaborate  scheme  of  the  elimina¬ 
tion  of  the  vorticity  may  be  expected  to  produce 
the  closer  result. 

The  author  also  expects  developing  this 
model  to  the  problem  of  the  asyimetric  separa¬ 
tion  flows. 
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DISCUSSION 
of  the  p«p«f 
by  1C  Kudo 

HYDRODYNAMIC  FORCES  OF  THE  OSCILLATING  FLAT  PLATE 


Oiscussiy 
by  Shee'llang  Yen 

I  wish  to  (Mke  sooe  cements  on  the  ev^lua* 
tion  of  random  error  of  the  discrete  vortex 
method. 

(1)  The  vortex  flow  is  statistical  in  nature, 
therefore,  there  are  statistical  features 
in  the  discrete  vortex  method. 

(2)  The  statistical  features  lead  to  random 
errors  which  should  be  evaluated 

(3)  The  random  error  depends  on  saopHng.  (The 
systematic  error  depends  on  modeling), 

(4)  I  Suggest  that  the  saepling  parameters  (such 
as  Np  and  IL  used  by  Kudo  In  his  paper)  be 
varied  to  conduct  numerical  experiments  and 
to  control  the  random  error  so  that  it  ts 
less  than  the  smallest  *slgnar  to  be 
detected, 

(5)  The  random  error  (such  as  confidence  limit) 
may  be  evaluated  by  obtaining  solution  for 
several  samples  (In  flow  representation,  one 
jaay  use  color  dots  to  represent  the  position 
of  vortices.  Uith  one  color  for  each  sample, 
we  can  observe  the  statistical  scatter). 

(6)  Samples  referred  to  above  are  the  sets  of 
random  numbers  generated  to  obtain  corres¬ 
ponding  solutions  (one  for  each  sample). 

Author’s  reply 

The  author  is  grateful  to  Prof.  Shee*Mang 
Yen  for  his  connents  and  the  answers  are  as 
follows  : 

The  discrete  vortex  model  has  necessarily 
the  statistical  features  and  includes  the  random 
errors  due  to  both  the  discrete  modeling  of  the 
vortex  sheet  and  the  step'by-step  numerical  inte¬ 
gration.  !n  a  view-point  of  estimating  the  force 
on  the  body,  however,  the  most  significant  factor 
is  the  rate  of  shedding  of  the  vorticity  near  the 
body,  which  is  caused  by  the  Integrated  effects 
of  the  other  vortices.  The  author  expects  that 
the  random  error  included  in  each  vortex  say  thus 
cancel  each  other  out.  He  also  believes  that  the 
parameters  of  the  model  should  be  chosen  so  as 
to  reduce  the  numerical  instability.  The  vortex 
flow  In  nature  is  clearly  governed  by  the  visco¬ 
sity  not  only  at  the  generation  but  also  in  the 


dissipation  of  the  vorticity.  The  latter  effect 
results  in  the  flow  stabiliration.  In  suppressing 
the  numerical  randem  error,  this  effect  should 
be  taken  into  account,  though  this  is  not  included 
in  the  potential  flow  regime. 


MULTIGRIO  METHODS  APPLIED  TO  A  WATER-WAVE  PROBLEM 

Sl*v«  McCormtck  end  J.W.  Thomti 
OtpArtrTMAl  of  Mothomotico 
Colortdo  Stoto  Univoraity 
Foil  CoKint,  C<rfofOdo  ao$23  U  SX 


Abstract 

The  feaslbilfty  of  applying  Rultigrid 
aethods  to  solve  free  boundary  prableas  Is 
Investigated.  The  test  problea  considered  Is 
the  two-dloen$1onal,  steady,  Irrotatlonal  flow 
of  an  Inviscid  liquid  over  a  subreerged  vortex. 
Tests  on  this  problos  consist  of  first  solving 
the  probleo  using  the  trial  free  boundary 
aethod  In  conjunction  with  Gauss-Seldel  relaxa* 
tlon,applylng  unIgrId  •  a  aultlgrld  sloulatlon 
scheae  -  to  the  Inner  loops,  and  applying  grid 
continuation  to  reduce  the  n^xeber  of  outer 
loops  necessary  for  a  solution. 

1.  Introduction 

The  ntAerleal  solution  of  free«surface  or 
free  boundary  problens  Is  generally  very  diffi¬ 
cult.  although  there  are  aany  oethods  that  have 
been  applied  to  such  problens.  One  aethod  that 
has  been  used  seoewhat  successfully  on  free- 
surface  problens  1$  the  trial  free  boundary 
aethod  In  conjunction  with  relaxation  (7).  The 
aethod  seeas  to  work  but  1$  very  slow,  which 
all  but  ellalnates  Itsuscforthree^laenstcnal 
problens. 

In  recent  years  cuUlgrId  cethods  have 
attracted  auch  attention  for  solving  elliptic 
boundary  value  problens,  KuUlgrId  oethods 
Involve  reduction  of  high  frequency  discrete 
Fourier  conponents  of  the  error  on  a  given  ^d 
by  relaxation  and  of  the  lower  frequencies  by 
relaxation  sweeps  perfomed  on  the  residual 
error  equation  defined  on  coarser  grids.  When 
iaplenented  to  exploit  full  efnciency,  this 
approach  has  the  effect  of  reducing  what 
otherwise  would  be  oany  relaxation  sweeps  on 
the  finest  grid  to  an  equivalent  of  six  or 
seven. 

The  objective  of  this  work  Is  to  Investi¬ 
gate  the  feasibility  of  applying  nuUlgrld 
oethods  to  solve  free  boundary  problens.  To 
accoopllsh  this  we  have  chosen  as  our  eodel 
problcn  the  equations  of  two-dlaenslonal, 
steady.  Irrotatlonal  flow  of  an  Inviscid  liquid 
over  a  subtaerged  vertex.  This  probloa  was 
chosen  because  It  Is  sufficiently  cooplex  to 
provide  a  suitable  test  and  It  Is  sufficiently 
easy  to  be  able  to  securely  evaluate  our 
results.  It  Is  also  helpful  that  the  above 
described  problem  was  previously  solved  by 
von  Kerctek  and  Salvesen  using  a  aethod  based 
on  relaxation  (3], 


The  approach  we  shall  use  Is  to  first  solve 
the  problen  with  a  relaxation  aethod.  We  shall 
then  extend  this  approach  to  Upleaent  UNIGfllO, 
which  is  a  technique  developed  by  KcComick  and 
Ruge  [5)  that  can  be  used  as  a  quick  and  easy 
way  to  test  the  feasibility  of  suUlgrld  appli¬ 
cation  to  a  given  problcn.  In  a  parallel  effort, 
we  shall  laplenent  a  *cesh  continuation' process 
which  Is  sloply  a  aethod  for  providing  good 
initial  guesses  for  the  solution  process  on  the 
finest  grid.  This  process  has  the  effect  of 
reducing  to  one  the  nuaber  of  'outer  ioop“ 
Iterations  (i.e,,  the  Interplay  between  the 
strcaa  function  and  height  function  describing 
the  free  surface).  UNIGRID,  which  sleulates 
»jUfgrld,  has  the  effect  of  reducing  to  a 
Mndful  the  nuaber  of  'inner  loop  Iterations* 
(I.er,  the  relaxations  perforaed  on  the  stream 
function).  Together,  they  reduce  the  r.^piexlty 
of  the  overall  solution  process  to  a  saall 
aaownt  of  coBputatlonal  work  which  Is  directly 
proportional  to  the  nuaber  of  grid  points, 

2.  Mathetaatlca)  Formulation 

Consider  a  vortex  coving  at  constant 
vclocityU  from  left  to  rloht  at  a  fixed  distance 
below  the  undisturbed  free  surface.  The  probl&s 
then  Is  to  detemlne  the  surface  waves  as  well 
as  the  total  flow  field. 

We  use  a  coordinate  systw  that  coves  along 
with  the  vortex.  The  origin  of  a  two-coordlnaie 
system  1$  placed  In  the  undisturbed  surface  a 
fixed  distance  ahead  of  the  vortex,  (for  numer¬ 
ical  convenience  we  shall  prescribe  this 
distance  at  a  later  tlue.)  The  x-axIs  lies  aloro 
the  surface'and  the  y-axis  points  upward.  See 
Figure  1. 


j-y  h(x) 

y 

l-y-.O 

figure  1 

The  flow  Is  steady  with  respect  to  the 
coving  coordinate  systoa.  Ke  assume  tMt  the 
fluid  is  incompressible  and  Inviscid  and  that 
the  flow  Is  irroutlonal.  Formulating  this 
problem  In  terms  of  the  stream  function  we 
obtain  the  following  problem  which  is  the  same 
as  that  con*.idered  In  [3): 


(2.1)  .0 

(2.2)  y*h(x),  .•  <  x  <  • 


-•  <  X  <  • 

-D  <  y  <  h(x) 


(2.2)  2l'?fr'r*9y,*»J^  y*h(x),  -•  <  x  <  • 

(2.3)  ^*•0  y*h(x).  -•  <  X  <  • 

(2.4)  »’«U0  y«-D,_-«  <  X  <  • 

(2.5)  ••  -U  iS  X  •*  - 

(2.6)  ^  0  *S  X  ■*  • 

(2.7)  *'(x.y)*#'(x*X,y)  as  x  *•  — . 

The  above  probleo  can  be  sicptiffed  by 
expressing  o'  as  «  ♦  t  where  T  Is  the  streaa 
function  due  to  the  vortlcUy.  which  we  assuoe 
to  be  at  point  (a,  b)  and  have  strength  t. 
(Hence  t  .  ^  logt(x-a)^(y.b)23.)  Problea  (2.0 
•(2.7)  then  becoaes 

(2.9)  ^|V(,*f)|^9y4j*  . 

(2.10)  *(x,y)>-T(x,y)  y"h(x).  -•  <  x  <  - 

(2.(1)  «(x,y)’UI).((x,y)  y.-D,  -•  <  x  <  • 

(2.12)  9y(x.y)*-U-ty(x,y)  »$  x  • 

(2.13)  f,(x,y)-.T,(x,y)  ,5  x  ♦  » 

(2.14)  ,(x.X.y) 

•*(x.y)*j7{l09t(x-4)**(y.b)*) 
-lo9[(x»».j)**{)(.b)*]l  »$  X  » 

3,  Vuaerlcal  ronaulatlon 
To  forauUte  the  probleo  nuaerlcaUy,  we 
first  construct  a  unifora  grid  over  the  region 
of  flow.  We  shall  only  consider  the  finite 
portion  of  this  region  as  shown  In  figure  2, 


Xj- 

-irl- 

^b 

- 

■\ft 

-p 

_ 

Figure  2 

The  grid  points,  denoted  by  (xpyj)  are 

nuMbered  froo  the  lower  right-hand  corner  of 
the  grid.  He  replace  h(X|).  ^(xj.Xj)  and 

<(Xj|*h(x|))  by  the  notation  h|i  and  . 
respectively.  * 

Probleo  (2.8)-(2.14)  oust  first  be 
approxloated  on  the  finite  region  described  In 
figure  2.  Ke  use  the  sane  approxlsatlons  as  do 
von  Kerczek  and  Salvesen  In  (3],  Hence,  we 


apply  boundary  conditions  (2.12)'and  (2.13)  at 
X  •  0  (!  •  1)  which  take  to  be  approximately 
2*»livo  upstrcao  froa  the  vortex,  (Note  that 
this  detemlnes  the  location  of  the  origin.)  We 
also  substitute  boundary  condition  (2.14)  by 
an  extrapolated  value  using  the  Lagrange  three- 
point  Interpolation  foreula.  This  yields  the 
•nunerlcal  probleo  given  below  by  equations 

(3.1)-(3.7).  equation  (2.8)  becoces 


afiyg  ,^l|.r^»ll»| 

U6*«6)^  (y*4>yV 

.♦apj  .  . 

'O'-  '«x-' 


where  o.  6.  y  and  &  are  as  shown  In  figure  3. 

J.M 


Note  that  when  (IJ)  has  a  regular  star  then 
a*s»y«4BHandwe  obtain  the  usual 
Gauss-Seldel  relaxation  formula. 

Boundary  conditions  (2,9)-(2.14)  then 
become  the  following; 

(3.2)  ^|9(,  ♦  »)|*  *  9h,  . 

angle  between  the  vertical  and  the  nomal  to 
the  free  surface,  *  (g)*)’/^, 

<^>1  ■  3*'’l.l  -  N.|l  •  T^'’|.2  ■  f’l.?). 

^0  *  ^1  *  -1'  P  ■  t/H  (t  as  In 

•^xsax  -^wx  ' 

figure  3). 

(3.3)  ^f$,  "  ^1^ 

(3.4)  •  UO  -  y(X|,  -D) 

(3.5)  .jj  .  Uyj  -  y(0.  yj) 

(3.6)  hj  •  h^  ■  0 

0|hSX,j'9iiiax.3,J-2»i,.hx.2,J*2»ihj)(.i  , j- 


4,  riuUlqrld  (via  Unlgrld  Slaulatlon) 

The  so-called  unlgrld  method  Is  developed 
In  C  5}  as  a  software  stnulatlon  tool  for 


deciding  on  the  feasibility  of  sultlgrld  for  a 
9fven  application.  Under  9eRera1  assuaptlons 
uniQrfd  Is  theoretically  equivalent  to  sultlgrld 
and  therefore  produces  the  the  saae  results. 
KoMever»  althouqh  It  Is  significantly  ttore 
expensive  In  teras  of  nuBerIcareoaplexity, 
unlgrid  Is  vastly  easier  to  lepleaent  than 
tauUlgrfd  for  a  given  application. 

To  describe  unigrid  for.a  specific  case, 
suppose  Me  write  the  streas  function  discreti¬ 
zation  (3.1)  and  (3.3}-(3.7)  aore  generally  as 
the  probicn 

(4.1)  M  •  f,  'ten". 


(These  directions  are  actually  Intended  for  use 
with  two-d1aens1onal  problees  for  which  (4,1) 

Is  a  discretization.  Higher  diaenslonal  ver¬ 
sions  can  be  defined'by  cooblnations  analogous 
to  (4.3).)  These  directions  are  progressively 
Sttoother  with  decreasing  k.  Note  that  d{i  Is  the 
tent  function  centered  at  or  near  the  oidpolnt 
of  fi. 

Ulthrthese  directions,  one  cycle  of 
unIgrid  on  "le/el*  o  Is  now  defined  recursively 
In  terns  of  paraneters  v,  u  by 

Level  1  cycle:  Perfora  one  iteration  via 


where  A  is  an  n  x  n  real  aiatrlx  and  f  €  He 
assuoe  as  in  (3.1)  and  (3.3)-(3.7)  that  the 
problea  steas  fron  a  two-dlaensional  discreti¬ 
zation  of  a  boundary  value  problen  on  region  (t 
with  boundary  39  and  for  convenience  represent 
the  conponents  of  7  by  the  double  subscripted 
y  J  4re 

subscripts  specifying  an  interior  grid  point  In 

n. 

Hany  iterative  oethods  for  solving  (3.1), 

(3.3)-(3.7)  can  be  described  as  directional 
Iterations  In  the  following  sense.  With  an 
approxiaatfon.  C,  in  to  7  (such  approxiea* 
tions  will  be  represented  by  lower  case),  then 
a  direction  d  in  1$  coaputed  (the  choice  of 
direction  d  defines  theoethod)  and  used  to 
update  t  (n  such  a  way  that  the  new  residual 
error  is  orthogonal  to  d.  Jlore  precisely,  let 
r  ■  AT  -  f.  Then  an  Iteration  with  direction  d 
is  given  by 

(4.2)  7  •"  7  -  sd 


(Here  we  use  the  arrow  to  denote  replacenent  in 
order  to  avoid  the  use  of  subscripts  for  itera¬ 
tion  indices.)  Ve  write  (4,2)  in  the  coepact 
fora 

7  -0^(7). 

One  sweep  of  Gauss-Seidel  applied  to  (4.1) 
can  be  written  as  several  iterations  of  (4.2) 
covering  all  of  the  directions  d  •  €|j  In  scwe 
sequence.  Here,  e^j  Is  the  vector  function  of 
the  interior  grid  points  that  Is  zero  every¬ 
where  except  at  the  l.d-th  grid  point.  It  Is  not 
difficult  to  see  that  these  epiked  directions 
do  not  reduce  the  error 

E  ■  7  -  7 

very  well.  More  precisely,  the  ■oscillatory* 
error  co«ponents  are  quickly  reduced,  but  the 
■sooother*  ones  are  not.  The  natural  suggestion 
then  Is  to  also  use  snoother  directions.  To 
this  end.  suppose  for  slopllclty  that  n*2"’-l 
and  define  djj  recursively  by 


(4.3) 


'U' 


I.J  Inn 


'-■Is.t-.l  “21*4, 

l<l,Ji2'‘-l,  2”'H2"'''jln  n, 


level  k  cycle:  Perform  v  sweeps  on  direc¬ 
tions  d^j  where  one  sweep 

!s  to  do  7  **  G^j(7).for 

all  1,j  In  9  Ina specified 
order.  Now  perform  p 
cycles  on  level  k  -  1. 
Conventional  multlgrld  Is  a  process  of 
updating  the  fine  grid  approximation  after 
many  computations  are  performed  on  coarser 
levels  fi>l,  B-2,....l.  It  is  easy  to  see  [5] 
that  multlgrld  is  fully  equivalent  to  unigrid 
if  we  define  the  fine-to-coarse  grid  transfer 
operator  in  teras  of  the  coarse-to-flne 
operator  l|  as 

(4.4) 

and  if  the  coarse  grid  operator.  A^,  isdefined 
In  teras  of  the  fine  grid  operator  A^  as 

(4.5)  A,  .  I'^flJ. 


(for  the  finest  level  ».  A*  ■  A.)  for  the  way 
’  f 

in  which  we  have  defined  unIgrid,  I^  is  linear 


interpolation  although  any  reasonable  Interpola¬ 
tion  process  can  be  used  with  an  analogous 
chance  In  the  definitions  In  (4,3).  lie  call 
(4.4)  and  (4,5)  the  vaHaticnal  conditions 
because  they  are  naturally  satisfied  by  finite 
element-type  discretizations  and  are  advanta¬ 
geous  designs  for  finite  difference  discretiza¬ 
tions. 


Unigrid  Is  very  easy  to  program.  In  fact, 
to  modify  an  existing,  possibly  very  complex 
software  package  (say  one  that  solves  a  complex 
system  of  tine  dependent  equations)  that  pre¬ 
sently  (nplenents  Gauss-Seidel  (or  SOR  or  some 
other  relaxation  scheme),  one  only  has  to 
modify  the  relaxation  routine.  Thus,  design 
Involves  only  computing  the  direction  (which  is 
equivalent  but  somewhat  simpler  than  defining 
ij);  that  is,  the  only  real  question  Is  the 
choice  of  fine  grid  relaxation  because  inter¬ 
polation  is  usually  dictated  by  the  discretiza¬ 
tion  process  that  produced  (3.1),  (3.2)-(3.7). 
Inplementing  unIgrid  does  not  require  defining 
any  other  grid  transfer  operators,  scale  factors, 
or  coarse  grid  equations,  and  the  design  prin¬ 
ciples  (4,4)  and  (4.5)  are  automatic.  Moreover, 
unIgrid  does  not  impact  the  software  data 
structure.  If  the  directions  are  generated  each 
time  the/  are  used,  then  no  coarse  grid  infor¬ 
mation  is  stored,  finally,  many  algorithm 


3G1 


Ydrfatfons  can  be  (spleoented  and  tested  Duch 
core  qukUy  and  safely  than  with  conventional 
ojltl^rfd.  Once  the  design  Is  conpleted.  this 
Gultlgrld  "slBulator”  say  be  replaced  by  a 
careful  lopleaentatlon  of  conventional  oultlsrld 
vtith  the  confidence  that  a  good  design  was 
achieved  and  with  the  ability  to  use  unIgrId  as 
a  benchmark  to  ensure  the  correctness  of  the 
final  product.  (UnIgrId  Is  usually  not  suitable 
for  production  code  because  ft  Is  typically  an 
order  of  nagnitude  sore  expensive  than  nultl* 
grid.  Our  intention  here  Is  to  use  it  only  in 
prograa  developraent  as  a  eultigrid  software 
sfsulator.) 

So  far  In  this  section  we  .have  discussed 
the  application  of  unfgrid  to  the-linear 
problem  depicted  In  (4.1).  In  fact.  unigrId 
(and,  hence,  nultigrld)  Is  well  suited  to  the 
treataent  of  nonlinear  problems  of  which  the 
present  application  is-an  example.  Specifically, 
the  presence  of  the  free  boundary  results  in 
nonlinearity  of  (3.1)-(3.7)  when  the  overall 
problem  is  considered.  One  obvious  way  to  deal 
with  this  Is  In  the  nsthod  of  eoluticrt,  that  Is. 
by  an  Iterative  process  that  alternately 
laproves  the  boundary  and  the  stream  function 
separately. 

This  Is  what  Is  usually  done  In  the  solu* 
tion  of  problens  of  this  type.  Note  that  the 
boundary  adjusuent  phase  of  the  algorithm  has 
the  potential  of  being  euch  less  expensive  than 
the  stream  adjustaent  phase  since  It  is  essen* 
tially  one-diaenslonal.  The  stream  function 
adjustaents  are  cade  by  solving  (3.1).  (3.3)- 
(3.7)  which  we  do  by  the  linear  version  of 
unigrId  described  above. 

A  better  approach  to  the  free  boundary 
problem  Is  to  apply  a  nonlinear  version  of 
euUlgrId  directly  to  the  complete  problem. 

This  would  involve  an  FAS-type  CO  version 
that  would  Mke  most  of  the  boundary  adiustnent 
on  coarser  grids,  a  further  laproveaent  In  both 
c^putational  complexity  and  robustness.  Thus, 
the  algorithm  would  be  very  Inexpensive.  One 
cycle  would  cost  about  the  sane  as  one  cycle  of 
cuUlgrld  applied  to  laplaces  equation  In  a 
fixed  rectangle,  and  a  full  multigrid  version 
(see  the  next  section)  of  this  approach  would 
require  only  one  cycle  to  produce  an  approxl- 
satlon  below  truncation  error.  Moreover,  the 
algorithm  would  be  more  robust  In  the  sense 
that  convergence  to  the  proper  solution  would 
be  core  assured  and  Improper  data  and  discreti¬ 
zations  of  (3.1)-(3.7)  would  be  quickly  dis¬ 
covered,  Development  of  this  approach  Is  the 
next  step  In  our  research  effort. 

S,  llesh  Continuation 

The  process  of  neoh  oentinuatien  Is 
similar  to  the  full  nultigr^id  concept  described 
in  Cl}  and  1$  essentially  the  saee  as  thence^ 
refinenent  nethod  treated  In  [4].  To  describe 
It  briefly,  consider  for  the  eoment  a  sequence 
of  nonlinear  algebraic  problems 

(5.1)  F,^(U,^)  •  0, 

k  ■  I,  2,  ....  0.  that  are  derived  freo  the 
discretization  of  a  two-dlaenslonal  dlfferen- 
tial  operator  problem  on  a  (freely  bounded) 
region  (i.  Each  F|^  Is  defined  In  sooe  (freely 


bounded)  region  of  the  Euclidean  space  and 
the  number  of  unknowns,  that  Is,  elements  of  U, 
Is  (free  but)  roughly  proportional  to  hj^2, 
where  h,j  Is  the  oesh  spacing  that  Is  used  to 

discretize  ft.  We  assume  for  slopllcUy  and 
cottputatlonal  efficiency  that  and  that 

the  solution  of  (5.1)  Is  desired  for  kn#,  the 
finest  resolution. 

(5.1)  corresponds  to  our  overall  problem 

(3.1) -(3.7).  Thus,  we  are  solving  (5.1)  for  k*a 
by  an  Iterative  eetlod  that  alternately  adjusts 
the  surface  and  the  stream  function.  As  with 
nost  nonlinear  probitns,  It  Is  critical  to 
start  with  a  good  initial  guess  for  11^^,  not 
only  for  efficiency  but  to  ensure  that  the 
Iteration  will  even  work.'  Because  Fj,  (with 
fixed  boundary)  is  used  In  the  oultlgrld  solu¬ 
tion  of  the  stream  function  phase  of  the  algo- 
rlthi,  then  U.D  it  available  to  us  for  use  In 
a  mesh  continuation  process  for  obtaining  such 
a  good  guess  for  U^. 

loosely  speaking  (see  [4]  for  core  detail),, 
to  start  the  Iteration  process  on  grid  n,  first 
solve  the  grid  a-1  problem.  The  solution, 
to  (5,1)  with  k*n-l  can  then  be  interpolated 
via  to  grid  m  to  start  the  Iteration  there. 
Recursively,  then,  one  first  begins  by  solving 

(5.1)  with  k»l,  using  to  interpolate  the 
result  uj  to  start  the  iteration  on  (5,1)  with 
k*2,  and  so  on  until  grid  m  is  reached  ano  the 
Iteration  there  has  produced  an  acceptable 
approximation  to  U^,  the  final  desired  result. 

This  is  the  essence  of  mesh  continuation,  a 
simple  but  very  effective  process  of  using 
coarser  problems  (k<m)  to  provide  good  Initial 
guesses  for  finer  ones  (k+l). 

Note  that  grid  1  Is  probably  so  coarse 
that  a  very  thorough  but  very  Inexpensive 
numerical  Investigation  of  this  problem  can  be 
done  to  ensure  that  the  proper  solution  is 
achieved.  Since  the  solution  Ul  does  not 
usually  differ  drastically  from  then  this 
process  represents  a  careful  means  for  tKioking 
the  selected  solution  until  the  obtainable 
accuracy  1$  met  on  grid  n. 

6.  Results 

The  usual  approach  (3)  for  solving  the 
free  boundary  value  problem  discretization 

(3.1) -(3.7>  Is  to  determine  a  grid  on  which  the 
solution  Is  desired  and  Iterate  alternately  on 
the  surface  and  the  stream  function,  Because 
the  problem  Is  Increasingly  Ill-conditioned 
with  Increasing  numbers  of  grid  points,  this 
approach  typically  Involves  many  Inner  loop 
Iterations  (e.g.»  relaxations  on  the  stream 
function).  Because  this  problem  Is  often  very 
nonlinear,  this  approach  also  typically 
Involves  many  outer  loop  Iterations  (I.e.. 
alternations  between  free  surface  and  stream 
function  adjustments). 

Mesh  continuation  can  be  used  to  almost 
eliminate  the  effect  of  the  nonlinearity  so 
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that  only  one  outer  loop  Is  usually  needed  to 
solve  the  fine  grid  prohlen.  {The  expense  In 
solving  the  coarse  grid  problews  does  not  total 
the  work  required  on  the  finest  grid.)  HuUigrid 
can  be  used  to  reduce  the  cany  inner  loop  ltera« 
tions  (the  number  increases  dramatically  with 
the  niflPber  of  fine  grid  points)  down  to  an 
equivalent  of  less  than  ten.  The  combined 
process,  which  Is  called  [1]  full  aultigrld  FAS. 
then  has  the  effect  of  producing  an  approximate 
solution  to  (3.1)-(3.7)  at  a  cost  of  less  than 
ten  relaxations  on  the  finest  grid!  The  accuracy 
in  the  result  is  to  the^leve)  of  accuracy 
obtainable  on  the  finest  grid. 

Implementation  of  full  aultigrld  FAS  to 
our  problem  would  be  a  serious  undertaking. 

The  main  difficulties  are  in  Implementing  the 
basic  aultigrld  scheme  that  impacts  the  software 
structure  of  the  application  program  and  the 
FAS  version  that  would  apply  to  the  free  surface 
iterations  as  well  as  thf'-stream  function. 
However,  testing  the  feasibility  of  multlgrld 
can  be  done  by  using  unigrId  (to  simulate  the 
basic  sultigrid  scheme)  and  mesh  continuation 
(to  simulate  full  aultigrld).  FAS  can  also  be 
simulated  by  this  approach,  but  the  tests  were 
not  completed  in  time  for  publication,  Hever- 
theless,  the  feasibility  results  described 
below  demonstrate  the  dramatic  leproveoent  that 
fiultlgrld  can  cake  In  application  to  free 
surface  (cwre  generally,  free  boundary  value) 
problems. 

As  a  comparison  problem  (3.l}-{3.7)  was 
solved  using  the  trial  free  bouMary  method  in 
conjunction  with  a  Gauss-Seidel  relaxation 
scheae.  To  cake  convergence  both  easier  and 
cheaper  we  used  a  rough  approxiesation  of  the 
linear  wave  solution  as  our  initial  guess.  We 
used  the  solution  found  by  von  Kerezek  and 
Salvesen  [3j  as  our  convergence  criterion.  In 
all  test  runs  we  used  a  stream  velocity  of 
10  ft/$cc,  a  depth  of  10  ft,  and  a  vortex 
strength  of  t/2«  ■  1.15. 

The  tests  conducted  using  unigrid  were 
aimed  at  showing  that  it  Is  possible  to 
drastically  reduce  the  number  of  inner  itera¬ 
tions  that  are  necessary.  The  scheme  used  was 
to  proceed  exactly  as  we  did  In  our  straight 
Causs-Scidel  code.  8ut  after  perforalng  only  a 
few  relaxations  on  the  fine  grid  we  Implement 
onigrid  and  then  return  to  do  a  few  final 
relaxations  on  the  fine  grid.  The  object  of  the 
initial  fine  grid  relaxations  Is  to  take  ad¬ 
vantage  of  Gauss-Scldel  when  it  works  well. 
Returning  to  the  fine  grid  after  unIgrid 
allowed  us  to  compare  the  benefits  of  unigrld. 

When  we  used  H»l  and  •  65,  21 
Interior  iterations  of  Gauss-Seldel  were 
necessary  to  reduce  the  residual  of  o  from 
7.08136  to  0.00531,  Using  unlgrid  with  three 
preliminary  Gauss-Seidel  Iterations,  unigrid 
(which  when  iopleaented  as  aultigrld  will  be 
less  work  than  one  iteration  on  the  fine  mesh), 
and  then  three  oore  Gauss-Seidel  iterations 
reduced  the  L*  residual  of  p  from  7.08136  to 
0.00281,  That  is.  In  less  work  than  seven 
iterations  unigrld  was  able  to  perfom  better 
than  21  Gauss-Seidel  iterations. 


With  H».5  and  results  were 

similar.  For  example,  unigrid  plus  six  fine 
grid  iterations  reduced  the  residual  free 
1.03857  to  0.00340,  The  Straight  Gauss-Seidel 
Iteration  used  18  iterations  to  reduce  the 
residual  from  1.03857  to  0:00330.  It  should  be 
noted-that  in  the  range  of  the  fifteenth  to  the 
twentieth  iteration  Gauss-Seidel  is  slowing 
doHT-rapIdly.  Unigrld,  and  hence  sultigrid, 
will  continue  at  the  same  rate  of  convergence. 

To  test. the  benefits. of  grid  continuation 
it  is  necessary  to  consider  the  complete  solu¬ 
tion  of  problem  (3.1)-(3.7).  Using  the  trial 
free  boundary  Gauss-Seidel  method  with 
*oax**^^  and  H»;5  six  outer  loop  iterations 
were  necessary  to  reduce  the  residuals  of  h 
and  p  to  O.Ort)79  and  O.OCM2.  respectively.  This 
involved  293  Inner  iterations  on  and  51  inner 
iterations  on  h.  Using  grid  continuation  with 
only  two  levels  of  grids  (H»l  and  Ijjax*®^ 

H«,5  and  after  one  outer  loop  on  the 

fine  grid  and  only  44  inner  Iterations  of  p  on 
the  fine  grid  we  have  residuals  of  h  and 
0.00022  and  0.00066,  respectively.  CPU  time  on 
Colorado  State  University’s  CYBER  172  was  142. 
seconds  for  the  straight  relaxation  solution  to 
43,  /cconds  for  the  grid  continuation  solution, 

lie  then  attempted  to  use  three  levels  of 
grids:  H*2.  fi*l,  l^^x'^^;  and  H«.5, 

«‘€sults  are  again  cuch  better 

than  straight  Gauss-Seidel  relaxation  but  not 
nearly  as  nice  as  we  had  hoped.  After  one  outer 
loop  on  the  fine  grid  which  took  37  Inner  loop 
iterations  the  L*  residuals  of  h  and  p  were 
0.0034  and  0.0032.  Though  acre  work  Dust  be 
done  to  explain  this  result  we  feel  that  the 
coarsest  grid  was  too  coarse  for  this  problcn. 

7.  f\>Uiqrld  Potential  and  Future  Work 

Unigrid  1$  significantly  oore  expensive 
per  operation  than  oultigrld,  but  It  has 
Identical  numerical  properties.  It  Is  simply  an 
easier  but  oore  expensive  way  to  iopleteent 
cultigrid.  The  results  of  Section  6  clearly 
show  that  oesh-ccntinuatlon-unigrid  Is  very 
effective  In  solving  our  oodel  problem.  Full 
oultigrld  FAS  would  then  be  even  more  effectiva 

Ihltigrld  has  demonstrated  (cf.  (0})  Its 
potential  recently  In  a  very  large  number  of 
applications.  For  elliptic  boundary  value 
problems  with  irregular  regions,  toultigrld  has 
been  shown  to  work  with  the  efficiency  that  It 
exhibits  In  the  model  Poisson  problems  cn  rec¬ 
tangular  domains.  So  at  the  veryleast,  multi- 
grid  will  no  doubt  be  effective  in  solving  the 
inner  loop  stream  function  problems  that 
generallta  our  model.  Moreover,  mesh  continua¬ 
tion  will  clearly  be  as  effective  In  solving 
very  general  free  surface  problems  unless  the 
surface  Is  so  badly  behaved  that  any  coarser 
mesh  cannot  begin  to  resolve  It.  Even  for 
time-dependent  free  surface  problems  where  good 
initial  guesses  are  provided  froa  the  previous 
time  step,  mesh  continuation  is  advantageous 
If  It  is  applied  to  the  residual  equations 
computed  on  the  finest  grid.  In  fact,  aultigrld 
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can  usually  be  used  to  even  greater  \,oesputatlon- 
ai  savings  for  tioe  dependent  as  opposed  to 
static  problens  (cf.  [4]). 

The  only  open  question  of  potential  thc,i 
relates  to  the  fAS  ekiltigrid  sche«e  of  treaving 
the  entire  problem.  Thus»  the  nonlinearity  is 
reflected  and  tjoatod  on  all  grids  in  the  coarse 
grid  correction  phase  of  eultigrid.  Hence,  eany 
of  the  changes  now  being  done  to  the  boundary 
would  be  relegated  to  chariges  in  the  coarse 
grid  iBage  of  the  fine  grid  boundary.  There  1$ 
no  apparent  reason  why  this  wIM  not  lead  to 
even  greater  efficiency  In  the  solution  process. 
Perhaps  core  ioportantly,  it  will  open  op  the 
application  to  the  full  power  o»*  FAS  (cf.  (4}) 
for  use  of  features  such  as  trurioation  error 
estiaation  (to  deteroine  how  accura.*#  the 
approxiBatlon  is  to  the  aatuil  of 

(2.8}>(2.14)},  adaptive  grid  refincnent  (to 
increase  accuracy  in  parts  of  n  where  it  is 
necessary),  soall  storage  schemes  (a  soph'stf- 
cated  approach  for  solving  a  probloa  on  a  very 
fine  grid  without  using  internal  or  external 
storage),  and  tlae«dependent  schenes  (where 
great  advantage  Is  taken  of  the  use  of  the 
previous  tiee  step  toaputations  in  order  to 
avoid  find  grid  coaputations  over  oany  sub- 
seqjent  tise  steps).  A  fully  ieplcaented  ouUi- 
grid  scheae  applied  to  (2.8)-(2.14)  and  note 
general  free  surface  probicns  will  offer  eany 
features  in  addition  to  efficiency  froo  wnich 
the  numerical  solution  of  these  problcas  will 
benefit. 

Sooe  of  the  specific  work  to  be  pursued 
by  the  authors  Include:  (i)  studying  the  effrn 
of  a  bad  initial  guess  on  the  grid  continuation 
schwe;  (II)  studying  alternative  oethods  for 
wving  the  trial  boundary,  (111)  develop  an  FAS 
Mticrid  schene  for  the  entire  problco  (2.8). 
(2.14);  (iv)  develop  an  adaptive  grid  refine* 
sent  that  is  particularly  sensitive  to  the 
boundary  calculations;  and  (v)  test  tnultigrid 
techniques  on  a  tiae  dependent  p-'Men. 
(Specifically,  we  shall  develop  a  JuUlgrid 
scheae  to  solve  the  problea  of  potential  flow 
|Mut)an  accelerated  circular  cylinder  (see 
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ADVANCED  NUMERICAL  METHODS  HYDROFOIL  SYSTEM  DESIGN 
AND  EXPERIMENTAL  VERIFICATION 

W.  M.  Faifel 
Boting  Syttemt 
Se«ttl«<  WMhif^ton 


Abstract 


‘The  forward  foil  system  for  the  Boeing  3etfoil  929- 
J 15  hydrofoil  ship  has  been  desigr>^  ^fVlymg  advanced 
numerical  methods.  Compared  to  conventional  designs 
the  structurally  and  hydrodynamically  optimized  con- 
figjration  achieved  improved  hydrodynamic  perform- 
ance  combined  with  a  significant  increase  in  structural 
*atigi>*  life  and  a  l,50O-lb  weight  reduction.  The 
h></odynamir  design  utilized  two-  and  ihrec- 
dimcnsioaal  potentkxl-fiow  panel  methods  and  an 
induced-drag  optimization  scfy'mc.  G-nerally.  good 
agreement  has  been  found  between  theoretical  predic¬ 
tion  and  full-  and  friodeNsc.Mo  observations  in  the  fully 
wetted  flow  regit  e. 

In  sea  state  all  foil  systems  at  times  encounter 
partially  caviiated  or  ventilated  flow  conditions  which 
eventually  limit  ship  operation.  The  aft  foil  operating 
environment  is  severely  affected  by  the  wake  shed  from 
the  canard  foil.  Present  theory  cannot  address  these 
phenomena  and  development  of  new'  methods  :$  ureentlv 
needed.  ’ 


Background 


1 

I 


figun  i.  Mode!  92$  tJS  Jetfoil  Showing  Principal  Hydro- 
dynann-.  Qhangat  From  Modal 929-1 00 


Boeing  Jetfod  hydrofoil  ships  feature  lutly  sub¬ 
merged  foils  with  flaps  actuated  by  an  automatic 
stability  and  conttol  system  to  provide  a  smooth  ride  at 
speeds  up  to  05  knots  in  sea  state  0.  dctfoil  mo<Jel  929- 
100 has  N?en  ir.  <»mmcfcial  service  since  1975.  Opera- 
tional  experience  indicated  the  desire  for  a  craft  with 
higher  payload  capacity  and  a  foil  system  structure 
designed  lor  increased  fatigue  life.  Advanced  numeri¬ 
cal  methods  were  used  to  design  this  improved  craft, 
which  IS  designated  Oetfoil  model  929-115. 

The  significant  hydrodynamic  configuration 
changes  between  models  929-100 and  929-115  arc  shown 
m  Figures  I  and  2,  The  model  929-100  forward  foil  has 
a  rectangular  planform  and  a  conventional  7.5‘V  thick 
foil  sccticn.  A  slab-sided  pod  forms  the  intcrsecti'/n 
between  the  foil  and  the  strut.  The  model  929-115 
forward  fc.l  uses  a  tapered  planform  with  unique  foil 
^tion  shapes  varying  m  thickness  from  S.75  to 
These  foil  section  shapes  are  optimized  for  best 
structural  and  hydrodynamic  characteristics.  The 
forw.  .'d  strut  chord  was  lengthened  from  05  to  50  in. 
The  strut  section  thickness  was  increased  from  12  to 
iy.y\,  and  the  spanwise  thickness  distribution  was 
changed  for  structural  reasons.  The  section  ^lape  was 
especially  designed  for  improved  cavitation 
ctcaractcristics  to  delay  the  «iset  of  ventilation  under 
yawed  conditions. 


F/gora2.  Forward  Foii Syttam 


■Hie  model  929-115  dumobell-shaped  pod  was  con- 
toured  using  three-dimensional  methods  to  minimize 
^rtu'oati^  of  chofdwise  pressure  distribution  caused 
by  '.lutual  interference  between  foil  system  compo- 
^.ts.  This  a'kiwed  increased  strut  and  foil  thickness. 
The  pod  was  placed  so  that  ’he  lower  surface  of  the 
foil,  which  carries  the  highest  tension  loads,  was  left 
exposed  for  easy  m^section. 
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-TfiAIUNG 
VORTEXES 

*  I  I 

Figure  A  DMfhn  of  Sur/ece  into  Peneft  and 
LMtkfn  of  Vortexes  and  Control 
Points  In  the  A372  Computer  Program 

images.  The  peogram  can  be  used  in  iwo  modes.  The 
anal)Sis  mode  deletmmes  she  (low  peoperlies  lor  a  fully 
*(TOd  coiiligutalion  wish  o.Hy  boundary  condiiions  to 
o?  or  design  mode  portions 

of  the  configuration  are  not  rigidly  prcscribcdi  instead, 
tM  program  dcteimines  the  orientation  required  (or 
some  of  the  panels  to  satisfy  a  set  of  force  and/or 
moment  constraint  conditions  while,  at  the  same  tirne 
miniiniamg  the  induced  drag.  The  induced  drag  is 
imputed  either  by  a  near-lield  algorithm  or  by  the 

Satir'  P-P"'* 

re,  0"  '“‘'iolT  applied 

conl.guratioft  ihcir  uwfulnc$$  for  confUr- 

and  inducedKJrag  mmirriizafion  t$  not 

A372  J^“*  “  *  feature  of  the 

^72  code.  The  problem  can  be  stated  as  follows: 

configuration  which  yields  m.mirum 
induced  dra^  while  meeting  certain  design  require. 


sMinlmal  structural  changes  were  mad"  to  th^  oft 
foil  system.  Foil  planform,  strut  sha^^^w 

InSftk The  basic  ;=il3ape 
subtly  modified  from  that  of  Jetfail  929.J00  bv 

KSls'^^bu“r' 

Numerical  Methods  ik/vt 

Numerical  procedures  were  applied  throughout  the 

KiSs'®"  ^  *“'■  ^hulacturing 

.  7^  hydrodynamic  shapes  were  developed 

using  two,dimcnsional  and  throcwlimensional  porcnlial- 
PatcntiaMlow  pro- 
iS  V*  P''hminary  design  studies  and 

l^t  '“"hguration.  .Most  of  ihc 

“«°'"Phshed  by  iwowiimensional 
mi^cling.  tlK  pod  was  designed  using  a  combination  of 
In  I  a  a  fhtccwlimcnsioejl  poteniial.flow  methods. 
All  hydrodynamic  computations  were  based  on  panel- 
type  influence  coefficient  methods.  ^ 

01  the  three-dimensional  methods  only  the  one 
uSfihTd  preliminary  design  sludies 

sha  I  be  deswibed  in  more  detail  because  of  its  unique 

MyT^ogrom.'* 


The  A372  compute.-  program  <ref,  i.  2)  utilizes 
vortex  (attWs  frig,  3)  and  source  panels  of  constant 
strength  to  model  three^i'mensiooal  configurations  of 
arbitrary  sMpe  m  potential  flow.  Crowd  effect  or 
free-surfacc  effect  is  simulated  by  the  method  of 

VORTEX  M10?OINT*J 
UfTiNG  VORTEX  (AT  1/4  CHORD)  - 


fi^ts,  as  prescribed  lift,  pitching  moment,  or 
rigidly  defined  geometry,  in  mathematics  this  amounts 
to  finding  the  extremum  of  a  function  (the  induced 
draj^  subject  to  a  set  of  constraints.  Such  a  problem 
can  be  solved  by  the  method  of  Lagrangian  multipliers, 

ih*^**^‘Drag  Function.  By  applying  Diot-Savari’s 
law  the  forces  rj  acting  on  each  of  the  configuration 
determined  using  either  a  near-field 
Of  far-field  (Trefftz  plane)  formuiation. 


TTie  focce  vector  Ft  comprises  the  panel  drag 
components  Dj  and  the  liA  vector  CJ,  which  by  defin». 
tioo  IS  oriented  normal  to  the  frcc*$ircam  vector 

Jhc  induced  drag  of  a  whole  configuration  with  n 
f^nels  can  be  expressed  as  a  quadratic  function  of  all 
the  panel  vortex  strengths  Y  m  the  form  of  the  double 
sum: 


D<Y,...Y„)«  Z  Y,  I  d.  Y 


i>i 


‘I 


The  induc^-drqg  iniluehce  coefficients  d,i  conlain 
only  geomelncal  terms  describing  ihe  drag  force 
P^P=I  *  flwit 
“hi'  strength.  Tor  a  non¬ 
trivial  minimurn  induced-drag  solution,  at  least  one 
constraint  must  be  introduced, 

C^iraint  Condiiicns.  There  are  a  large  number 
Of  different  constraint  conditions,  C,  that  can  be 
imposed  on  a  minimum  induced*drag  problem,  In  the 
prese.n  method,  any  meaningful  combination  of  the 
following  constraints  may  bo  specified: 

forthi- boundary  condition 
for  the  panel  j  can  be  written  in  the  generalized  form 


C(Y,,V,...Y„,4d>s  S  Y.f, 


1  II 


wtere  fj,  IS  ttie  boundary.point  inllucnce  cocllicicnt 
indicating  the  velocity  induced  by  a  unit  strmgih 
singularity  Y I  paralKI  to  the  surlace  normal  vector  Ni 
on  panel  );4^j  is  the  lailinown  rolaiim  angle  that  may 

in^il  V  ^  in  'he  design 

hwc,  a,  is  the  pancl-reorienlation  inllueifcc 
coelficient  rbar  indicates  the  change  in  iJi.u., when  the 

The  S  7’  Ircc-siteam  selocity  sector. 

'h<'““"«i  coelficicnts  ate  lii- 
MtiKd  with  tespeci  to  the  initial  panel  location.  II  ihc 
^undaty  cojWition  has  to  be  satislicd  at  the  original 
.oosilion  ol  the  panel  (analysis  mode),  tleni^  ^  is  tiro. 

R'lq'ttnships  between  unknov'n  singularities: 
The  stiength  ol  certain  vortexes  oc  a  tclationshjp 
between  groups  ol  vortexes  can  be  specified.  ^ 

i’"'*'""  'ho  panel-tcorieniation 
p^ame.ets:  The  movements  ol  panels  or  ol  groups  ol 
CMitroUed  by  Itie  censtrainl  cquat.,ns  that 
establish  relationships  between  the  unknownsAs/. 

nf  ^  thOfnent  relaticnstups  between  groups 

01  panels,  forces  and  moments  due  to  individual  panels 
Lr.'^’.ype^"''*  hy  '<!“=»«»  ol  the 
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C(Y,....Y„)  .  shY;  .  g„.,  .0 

where  the  influence  coefficient  hj  Indicates  the  force 
Of  moment  of  panel  i  for  Yjif.  The  weights  g,  can  be 
assigned  to  describe  the  particular  constraint  relation* 
ship. 


Figun 4.  Pant! Racnanutlon  Inftutnct  Cceffh'tntaj 
Obtained  by  Tilting  f/w  Surf  act  Normal  Nj 
About  the  Axh  ^ 

Minimum  Drag  Uixlef  Constraint  Co^itlor^  the 
(nduced*drag  function  D  and  the  constraints  C  may  be 
combined  into  a  new  quadratic  function: 


m 


where  Xi  are  the  Lagrangian  multipliers  for  m  con¬ 
straints  Imposed.  A  necessary  requirement  for  the 
induced  drag  to  be  a  minimum  is  that  all  the  partial 
derivatives  of  G  be  zero.  Differentiating  the  function 
G  with  respect  to  ail  Us  varirblcs  Yf  through  Xm  yields 
a  system  of  simultaneous  linear  equations  for  unknowns 
Y»  and  X  .  Solution  of  this  system  of  equations 
essentially  completes  the  configuration  analysis- 
optimization-design  process,  unless  an  iteration  is 
required  to  update  !>omo  of  the  slightly  ronlinear 
influence  rocfficierts  of  constraint  equations  or  if  the 
redesigred  geometry  deviates  too  much  from  the  start¬ 
ing  configuration. 

Tor  prudently  selected  boundary  point  locations  the 
A372  code  has  been  found  to  give  reliable  answers. 
Tigure  5  shows  the  optimum  circulation  distribution  on 
a  wing  w  ith  a  20^  end  plate  as  obtained  by  A)72  with  a 
single  lifting  line  but  using  a  different  number  of 
spanwisc  panels.  Tlie  agreement  with  the  exact  solu¬ 
tion  of  ref,  y  IS  excellent,  except  in  the  corner  formed 
between  the  wing  and  the  ti^  lin.  There  the  vortex 
lattice  solution  Stained  with  23  panels  per  half-wing 
deviates  slightly  from  the  exact  solution.  As  sliown  m 
figure  6,  the  induced.drag  efficiency  factors  indicated 
by  the  vortex  lattice  me»hod  and  by  the  exact  solution 
are  practically  identical  for  this  particular  configura¬ 
tion,  which  IS  similar  to  tho  Jetloil  ait  foil  system. 


Figure  S.  Optimum  Load  Distribution  About  a  Wing 
Wuhan  End  Piatt 


Figure  $.  induced  Drag  EfFicieney  Factor  of  End-P/attd 
Wings  With  Optimum  Load  Distribution 


Booing  A230  Computer  Program 

The  Boeing  A230  computer  program  is  a  general 
boufKfary-value  problem  solver  that  uses  constant- 
strength  doublet  and  source  panels  distributed  on  the 
configuratirm  boundary  surfaces  and  interiors.  The 
panel  singularity  strengths  arc  determined  by  solving  of 
.a  set  of  linear  equations  satisfying  boundary  conditions 
that  generally  ore  specified  at  the  panel  centroids. 
Images  ace  used  for  problems  involving  symmetry, 
ground  effect,  or  frec-surfacc  effect.  The  A230  pro¬ 
gram  IS  basically  the  outgrowth  of  the  work  reported  in 
ref.  (land  includes  a  full  complement  of  utility  routines 
for  geometry  processing  as  well  as  computer  graphics 
for  display  of  input  data  and  computational  results. 
The  output  dato  available  arc: 

1.  Pressures  and  velocities  at  all  boundary  points. 

2.  Three-compone.n  forces  and  moments  on  each 
vOTCc-panclcd  surface,  obtained  from  integrated 
suriacc  pressures. 

3.  Velocities  and  pressures  at  any  point  in  tho  flow 
field. 

(i.  Sueamlmes.  both  on  surfaces  and  in  the  field, 
traced  cither  upstream  or  downstream. 

5.  Isobars  on  the  surfaces. 

Figure  7  shows  the  Jetfoil  929-100  foil  system, 
including  the  water  inlet  paneled  for  A230  analysis  (ref. 
3).  The  paneling  layout  is  a  compromise  between 
details  that  can  be  modeled  and  computing  costs. 
About  2000  panels  were  used  for  this  analysis. 

ISocmR  A<i36  Computer  ITogram 

The  A*i36  two-dimensional  mixed-boundary -condi- 
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Fonnnl  Confifjrtoon 

f/purt  7.  Powitiil'Plow  Modtling  of  the  JetMl  Forward 
and  Aft  Configundons  in  the  A230  Panel  Method 
tion  airfoil  design  program  Is  a  subset  of  the  three- 
dimensional  PANAIR  advaiKcd  panel  method  that  is 
under  development  by  The  Docing  Company  under 
NASA  contract  (ref.  6).  PANAIR  uses  doublet  and 
source  panels  with  quadratically  varying  singularity 
Strengths.  Both  analysis  (Neumann)  and  design 
(Oirtchlet)  bour^dary  conditions  or  combinations  of  the 
above  (Poincare)  can  be  treated  by  the  program. 

The  design  boundary  conditions  usually  consist  of 
tangential  velocity  components  prescribed  at  a  first 
guess  for  the  configuration  geometry.  In  addition, 
geometry  closure  condit.ons  are  imposed.  The  resultant 
potential-flow  solutiMt  produces  velocities  normal  to 
some  of  the  panel  surfaces.  These  normal  velocities 
are  used  to  update  the  panel  locations.  Tliis  process 
usually  converges  after  a  few  cycles.  A  typical  result 
obtained  with  A456  is  shown  In  Tigure  S.  where  part  of 
the  foil  section  upper  surface  was  redesigned  to  yield  a 
modified  pressure  distribution  at  the  aft  end,  while 
retaining  most  of  the  original  section  shape. 

QwnMtry 

GEOMETRY  tS  |  DESIGN  TO  NEW Cp'l 
FRESCRIBEO  ^  *  (UPPER  SURFACE  ONIY) 


Computer  program  A30ti  (ref.  7)  calculates  solu¬ 
tions  for  the  potential  flow  .ibout  multiple  two- 
dimensional  bocics  of  arbitrary  ^pe.  It  uses  an 
influence-coefficient  method,  where  the  bodies  arc 
approximated  by  a  polygon  of  straight  panels  carrying  a 
linearly  varying  vortex  and/c<  source  distribution.  Ve- 
iocttics,  pressures,  and  forces  acting  on  the  configura¬ 
tion  surfaces  arc  calculated.  Part  of  the  program  is  a 
comprehensive  geometry-manipulation  sut^ouilne.  It 
can  translate,  rotate,  scale,  adjust  camber  and  thick¬ 
ness,  rcpanci,  and  smooth  the  surface  of  each  configu¬ 
ration  element,  and  generate  tlw  geometry  for  foils 
with  a  plane  trailing  edge  flap  of  prescribed  fiap 
deflection  angle.  A  structures  program  module 
computes  the  location  of  the  principal  axis,  moments  of 
inertia,  and  section  modulus  for  a  prescribed  portion  of 
a  solid  or  a  thm-wall  foil  section. 

Toil  System  Analysis  and  PcslRn 

Extensive  operational  experience  with  Tctfoil  929- 
100  and  the  resulting  calibration  and  validation  of 
analytical  methods  guided  the  redesign  of  the  foil 
system  for  Tetfoil  929-115.  Tetfoils  arc  designed  to 
operate  m  sea  state  at  approximately  43  knots.  The 
objective  of  the  new  design  was  to  accommo^te  the 
increase  in  ship  weight  and  improve  the  structural 
characteristics  of  the  foil  system  without  degrading 
hydrodynamic  performance.  Emphasis  in  the 
hydrodynamic  design  of  tne  new  front  foil  was  placed 
therefore  on  miniminng  the  induced  drag  and  maxi- 
mizing  the  cavitation-frec  angle  of  attack  range  at 
design  speed  and  hit. 

Induced-Drag  Analysis 

During  cruise  conditions  approximately  30%  of  the 
Tctfoil  drag  is  foil-system  induced  drag.  Exact  assess¬ 
ment  of  the  induced  drag  is  a  difficult  task  due  to  the 
strong  interference  of  the  canard  wake  with  the  aft  foil 
system.  Especially  critical  is  tlic  location  of  the  canard 
trailing  vortexes  relative  to  the  aft  foil  system,  which 
depends  greatly  on  the  amount  of  vortex  rollup  that 
takes  place  between  the  forward  and  aft  foil  system. 
Reliable  prediction  of  vortex  rollup  is  beyond  present 
capabilities.  Therefore,  a  poicntlal-fiow  analysis  was 
conducted  with  the  canard  wake  located  0.3  ft  and  4  ft, 
respectively,  below  the  aft  fail.  The  constraint  condi¬ 
tions  common  to  all  cases  analyzed  arc  tliat  the  config¬ 
uration  lift  coefficient  Cl  0.3  and  that  one-third  of 
the  ship's  weight  1$  carried  by  the  canard. 


b.  frmurt  Dittribwdon 


Figure  &  Modification  of  a  Foil  Section  Uilng  the  A456 
Poincare  Boundary  Qyidition  Program 


The  confjgoratioi  panwise  lead  distributions  yield¬ 
ing  minimum  induced  drag  were  determined  with  the 
A372  computer  program  by  Trefftz  piano  analysis.  Two 
additional  independent  constraints  were  imposed:  (I) 
The  canard,  aft  foil,  and  struts  arc  free  to  be  warped 
for  minimum  induced  drag,  (2)  The  complete  foil 
system  Is  rigid  and  has  no  twist. 

The  nearer  the  canard  wake  is  iucated  to  the  aft 
foil  tlic  irKxc  the  aft  foil  spanwise  load  distribution 
deviates  from  the  load  distribution  of  the  isolated  aft 
foil  load.  The  outboard  portions  of  the  aft  foil  are 
highly  loaded  for  the  minimum  induced-drag  condition, 
as  seen  m  I'lgurc  9.  In  the  case  of  a  close-coupled 
forward  foil  wake,  the  trough  m  tlie  aft  foil  load 
distribution  is  shaped  such  that  if  the  canard  load 
distribution  is  added,  the  combined  load  distribution 
approaches  the  mmimum-induccd-drag  condition  for  the 
foil  system,  as  it  would  be  predicted  by  MunK's  stagger 


Figun  9.  Spanwise  Loa<l  Distributions  lor  Jotfoil  929- 100 
Computed  by  A372 

theorem  (ref.  8).  For  minimum  induced  drag,  the 
forward  foil  load  duiribution  1$  more  triangular  shaped 
than  the  one  for  a  rigid  untwisted  canard  of  rectangular 
planform,  an  indication  that  a  tapered  canard  planform 
would  be  more  advantageous4  In  Figure  10,  configura- 
tlort  minimum  induced  drag  is  seen  to  Inlttally  Increase 
when  the  canard  waVe  is  moved  below  the  aft  foil.  This 


PUCCMENTOF  CANARD  WAKE  BELOW  AFT  FOIL.  0  (ft) 

Figure  10  A372’ Computed  Deperdertce  of  Jetfoil 
929-100  induced  Dreg  on  Locetion  of 
Canerd  Treiling-Vortex  System  ReUtive 
to  Aft  Foil 

is  due  to  the  loss  of  the  "flow*straightcnmg  effect"  of 
the  aft  foil  that  recoups  some  of  the  kinetic  energy 
contained  m  the  vortex  waVc  shed  from  the  highly 
loaded  canard  wmg.  fthen  the  canard  wake  is  even 
further  lowered  tlic  induced  drag  decreases  as  both  foils 
approach  their  individual  optimum  load  conditions.  This 
is  also  predicted  by  conventional  biplane  theory.  The 
initial  increase  in  induced  drag  Is  an  indication  that  the 
canard  span  loading  is  too  high  and  that  the  cnd.plated 
aft  foil  IS  a  much  more  efficient  lift  producer. 

This  analyst*  led  to  i.se  conclusion  that  the  model 
929-115  forward  foil  should  be  tapered  and  have 
increased  span.  Foil  tapering  is  advantageous  from 
structural  considerations  while  a  larger  ^in  tends  to 
increase  foil  weight.  Lengthy  studies  wcie  performed 
to  arrive  at  the  3elfoil  929-1 15  canard  planform. 


The  proposed  model  929-115  configuration  was 
analyzed  m  the  AVI  program  to  determine  its  induced 
drag  and  to  assess  the  aft  foil  diaracteristks.  Figure 
11  shows  that  a  significant  reduction'in  induced  drag 
was  predicted.  Comparing  the  aft  foil  load  distribution 
of  the  rigid  foil  system  (Fig.  9)  with  that  of  model  929- 
115  (Fig.  12)  indicated  that  only  minor  changes  to  the 
aft  foil  hydrodynamic  characteristics  should  be 
expected  and  that  aft  foil  performance  would  be  satis- 
facti^y. 


PLACEMENT  OF  CANARD  WA<E  BELOW  AFT  FOIL.  D  (ft) 
Figure  1 1.  A372  Computed  Dependence  ofJetfoUs  929- 100 
end  929- 1 1S  Induced  Dreg  on  Cenerd  Weke 
Locetion 


CANARD  WAKE  LOCATION 
BELOWAFT  FOIL 


Figure  12.  Spenwi'se  Loed  Distribution  for  Jetfoil  929- 
11$  Computed  by  A372  for  Rigid  Foil 
System  et  6-ft  Depth  end  1:2  Lift  Division 
Between  Cenerd  end  AU  Foil 

Delay  of  Cavitation  Onset 

Avoidance  of  cavitation  was  a  prime  concern  m  the 
shaping  of  hydrodynamic  contours.  At  a  speed  of  <i5  kn 
and  a  foil  depth  of  B  ft  in  59^F  seawater,  the  calculated 
pressure  coefficient  for  the  onset  of  vaporous  cavita¬ 
tion  was  -0.4).  This  value  was  used  as  the  minimum 
allowable  pressure  coefficient  for  the  foil  design. 

Canard  Design.  Structural  analysis  revealed  the 
possibility  of  a  l500-ib  weight  reduction  by  using  a 
thicker,  built-up  forward  foil  rather  than  the  thm  solid 
foil  required  by  cwivcntional  hydrodynamic  technology. 
For  a  built-up  foil,  a  minimum  section  thickness  ratio 
of  S.5%  IS  necessary  at  the  structurally  critical 
spanwise  station.  Y  »  <il  indies.  Detailed  analysis  had 
indicated  that  for  this  particular  foil  configuration  the 
stress  level  is  highest  at  station  <»1. 

The  canard  sp^mwise  variation  of  the  section  hit 
coefficient  was  <rt>iamed  from  three-dimensional  poten- 
tial-flow  analysts.  At  spanwise  station  Y  -  til,  the 
section  lift  coefficient  and  tlic  canard  coelficient  hap¬ 
pen  to  be  practically  identical  (Fig.  1 3).  For  this  reason 


FigunIX  VsrfitionofJet/oil929-1tSFofMfd 

FoitSection  UftWi'th  Angte  of  Attack  tnd 
F/*p  Dt/kctfon 

the  section  at  station  ftl  was  used  to  mittaily  charac> 
tetize  the  behavior  of  the  foil. 

Parametric  charts  based  on  NACA  16-serlcs  (ref. 
9)  data  and  linearized  airfoil  theory  guided  the 
preliminary  design  of  the  new  foil  sections.  Tor  a  speed 
of  45  kn  and  a  section  thickness  of  8.5%,  a  lift 
coefficient  of  up  to  0.35  was  predicted  before  the  onset 
of  cavitation.  This  was  judged  sufficient  for  the  ship's 
lift/spced  operating  envelope. 

Using  the  A456  mixcd.boundary-condition  com¬ 
puter  program,  an  $.5%  thick  section  was  designed  to 
provide  a  low-pressure  level,  limited  by  cavitation 
considerations,  over  a  large  portion  of  the  foil  upper 
surface,  as  indicated  in  figure  14.  The  first  40%  of  the 
lower  surface  was  shaped  mainly  for  ^timum  struc¬ 
tural  cliaracteristics.  For  additional  lift,  a  region  of 
high  pressure  was  provided  on  the  aft  lower  surface  of 
the  section,  The  resulting  section  shapes  Had  the 
additional  advantage  of  bringing  the  fatiguc-crttical 
lower  surface  in  the  flap  hinge  region  (75%  chord) 
closer  to  the  structural  neutral  axis,  thereby  lowering 
the  local  stress  level. 

For  an  upper -surface  minimum  pressu  c  coefficient 
of  -0.43,  a  maximum  cavitatioo-free  lift  coefficient  of 
0.37  was  achieved.  Under  normal  ship  operation  the  lift 


Figuft  14  Forword  Foil  Section  Sfiepes  »nd  Charectttntic 
Chordwise  Pressure  Distribution 


coefficient  is  well  below  tliat  maximum.  The  secti^ 
was  designed  for  a  hit  coefficient  higher  than  normally 
expMienced  in  cruise  to  provide  a  cavitation-frce  mar¬ 
gin  for  increased  ship  weight  or  for  accelerated  flight 
conditions  such  as  climbing  waves  or  tight  turns. 

The  next  task  was  to  adapt  this  new  two-dimen¬ 
sional  section  to  the  requirements  of  a  thrce-dimcn- 
stcnal  foil.  Outboard  of  station  41,  the  section  local 
lift  coefficients  are  as  much  as  14%  higher  than  the 
overall  foil  lift  coefficient,  while  inboard  section  lift 
coefficients  are  lower,  as  ^wn  in  Figure  13.  Section 
thickivess  can  be  increased  as  the  lift  coefficient  is 
lowered.  Fortunately,  this  trend  coincides  with  struc¬ 
tural  requirements.  Near  the  foil  root,  where  the  wmg 
bending  moment  ts  the  highest,  the  thickest  section  is 
rcquiri^.  Conversely,  thinner  sections  may  be  used 
farther  outboard,  where  local  lift  coefficients  arc 
higher  and  bending  moments  are  lower.  Figure  14 
shows  the  thickness  ratios  and  the  design  lift  coeffi¬ 
cients  selected  for  the  sections  defining  the  canard. 
The  camber  of  these  sections  varies  with  design  lift 
coefficient.  The  three-dimensional  A372  potential-flow 
program  was  employed  for  the  initial  camber-ltnc 
design  process.  For  this  purpose,  the  canard  was 
represented  by  a  network  of  panels.  A  canard  Tift 
coefficient  was  prescribed  and  for  each  c.hordwise  col¬ 
umn  of  panels,  a  weighting  function  describing  the 
chordwisc  load  distribution  was  defined.  The  program 
calculated  the  panel  orientation  (slope)  required  to 
achieve  this  load  distribution.  Chordwise  integration  of 
the  panel  slopes  yielded  section  cambcriine  shape  and 
angle  of  attack.  An  appropriate  thickness  distribution 
was  allied  to  each  of  the  section  camberlincs  accord¬ 
ing  to  linearized  airfoil  theory.  The  resulting  section 
shapes  were  then  analyzed  in  two-dimensional  poten¬ 
tial-flow  program  A3D4.  VHcre  necessary,  portions  of 
the  chordwise  velocity  distribution  were  changed  and  a 
modified  section  shape  was  determined  using  the 
mixed-^undary-condition  program  A456.  Figure  14 
shows  the  final  foil-defining  sections  in  their  installed 
attitude,  which  includes  the  geometric  twist  necessary 
to  obtain  a  hydrcdyriamically  untwisted  foil. 

l*od  OcsiRn.  The  canard  and  a  nev/ly  developed 
13.5%  thick  strut  with  the  intersection  formed  by  a 
slab-sided  pod  were  analyzed  with  the  A230  panel 
method,  as  reported  in  ref.  5.  The  results  revealed 
unacceptably  high  velocities  in  the  strut-pod-foll  junc¬ 
tion  rcgirm.  Using  strip  theory  in  conjunction  with  the 
two-dimcnsional  A454  design  program  and  A230  anal¬ 
ysis  the  pod  was  recontoured  to  obtain  a  three-dimen¬ 
sional,  dumbbell  shape.  Figure  15  shows  the  pressure 
distributions  about  critical  regions  of  strut,  foil,  and 
pod  before  and  after  the  redesign.  The  rccontouring 


—  Contoi/td  pod 
Sibitdtd  pod 


Figure  IS.  A730  Computed  Pressure  Increese  in  Strut  Foil 
Junction  Due  to  Three-Dimenslonel  Pod 
Contouring 


liKreas^  the  CAvitdiion«frce  operating  speed  range  by 
about  2  kn,  or  conversely  allowed  a  strut  and  foil  root 
chord  thidiness  Increase  of  t  t/c  «  1%. 

Sea  State  Analysis 

The  JetfoH  hydrofoil  ship  is  designed  to  operate  ut 
sea  state.  Traversing  a  wave,  the  foil  system  expert* 
cnees  large  angle*of«attack  excurions  due  to  the  wave 
orbital  motion.  The  automatic  control  system  com¬ 
mands  flap  deflections  to  maintain  constant  dynamic 
lift.  Neglecting  the  wave-indmed  horizontal  velocity 
components  the  foil  <^ates  afa  constant  lift  coeffi¬ 
cient.  Because  of  the  hi^  cost  of  three-dimensional 
computer  analysis  the  two-dimensional  potential-flow 
anal)  SIS  program  A304  was  employed  to  explore  foil 
off^slgn  characteristics  (at  station  spanwise  41)  for 
various  angles  of  attack  and  flap  deflection  angles.  At 
constant  lift,  downward  flap  deflections  cause  a  pres- 
wre  peak  at  the  u{^r-surface  hinge  line,  white  upward 
flap  deflections  cause  a  foil  leading-edge  pressure  peak, 
as  s.Sown  in  Figure  l£.  Incipient  cavitation  is  predicted 
to  occur  when  the  critical  cavitation  pressure  level  is 
leached  anywhere  on  the  section. 


figun  PottntW'FhwPmturt  Ohtfibution  About 
SKtion  Sttoon4i  Oun'/tggWtvo  Travtnett 
Constant  Lift 


Ffgura  IS.  Forwvd  Foil  Cavitation  Pattam  for  JatfoU 


929-1  IS,  ObtaJnad  In  Sea  Trials  at  043 
Cavitation  Number 


Experimental  Verification 

Jctfoil  929-115  ships  have  undergone  extensive 
sea-trial  evaluation  since  their  introduction  In  197S.  in 
addition  a  model  scale  test  lias  been  conduced  in  1979 
in  the  Berlin  Model  Basin  to  assess  the  capability  of 
laboratory  experiments  to  simulate  sea-triai  experi¬ 
ence.  Comparisons  between  theoretical  predictions  and 
experimental  data  have  been  performed  to  establish  the 
validity  of  current  design  techniques. 

Sea-Trial  Flow  Observations 

Engineering  sea  trials  have  been  conducted  with 
Jctfoil  929-115  in  1978.  A  summary  of  the  results  has 
been  published  In  ref.  10. 

Canard  I’oil.  The  forward  foil  was  observed  during 
steady-statc  operation  over  an  angle  of  attack  range  of 
5  deg.  Except  for  a  very  smal'  amount  of  cavitation 
due  to  the  gap  at  the  flap  hinge  .igion  and  the  pod-foil 
intersection,  the  forward  foil  system  was  cavitation 
free  in  calm  water  up  to  speeds  of  48  kn,  as  predicted 
by  theory.  Cavitation  was  reserved  in  sea  stau  ss 
expected.  The  observed  progression  of  cavitation  v/cr 
the  foil  surface  is  in  fair  agreement  with  the  Isobar 
pattern  generated  by  the  A230  potential  flow  program, 
os  can  be  seen  by  comparing  figures  17  and  18. 


Cavitation  pattern,  ship  pitch  angle,  flap-deflection 
angle,  and  ship  speed  are  related  as  shown  m  Figure  19. 
The  theoretically  predicted  incipient  cavitation  limit 
line  df^roximatcly  encloses  the  cavitaticn-frce  regime 
and  was  derived  from  two-dimensional  potential-flow 
analysis  of  the  section  at  canard  spanwise  station 
Y  »  41.  flap  deflections  observed  during  operations  of 
Tctfoil  929-115  in  upper  sea  state  4  are  also  shown  in 
Figure  19,  These  flap  excursions,  representing  two 
standard  deviations  of  the  ^served  flap  travel,  are 
greater  than  the  calculated  cavitation-frce  flap-dcflec- 
tion  limits  of  the  sections.  This  results  In  leading-cdge 
and  hingc-lmc  cavitation  on  the  forward  foil  in  sea 
state  4  for  about  20%  of  the  time. 

Leading-edge  cavitaticn  extending  over  more  than 
409$  foil  chord  was  observed  and  caused  no  ship  vibra¬ 
tions  or  measurable  effects  on  performance.  Leading- 
edge  cavitation  extending  aft  to  the  hinge  line  became 
unstable.  This  flow  instability  caused  high-  amplitude 
ship  Vibrations.  At  lower  angles  of  attack,  associated 
with  positive  flap  dellecticns,  cavitation  appeared  on 
the  flaps,  beginning  near  the  flap  bange  line.  This 
cavitation  was  rot  accompanied  by  vibration  but  con¬ 
tributed  to  reduced  flap  effectiveness.  These  phe¬ 
nomena  limit  the  operation  of  the  ship  in  high  sea  state 
and  cannot  be  treated  with  the  analytical  methods 
available. 
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Figun  t$.  Pofmrd  Foil  Ctvitithn  Oit*  for  Jttf oil  $29-115, 
Obtii'ntd  During  Sm  Tritlt 


Ait  Foil.  Foilborne  obscfsailwt  of  the  aft  foil 
system  are  more  difficult  because  of  the  spray  shed  by 
the  canard  strut.  The  wake  of  the  carwrd  creates  a 
highly  ftonvinifcrrrt  Inflow  field  to  .the  aft  foil  which 
causes  the  outboard  third  of  the  aft  foil  to  be  highly 
loaded  and  therefore  cavi.ation  prone.  As  predicted  by 
theory,  there  was  little  difference  between  the  cavita* 
tion  characteristics  of  model  100  and  model  115  aft  foil 
systems. 

Comparisons  between  sea«trlal  and  theoretical 
results  Indicate  the  need  (or  more  advanced  analysis 
techniques.  'Hie  aft  foil  system  of  92^«100  was 
analyz^  in  the  A230  program  with  the  canard  wake 
assumed  to  be  '  :atcd  I  ft  below  the  aft  foil.  The 
predicted  isoba  ontours  indicate  that  cavitation  is 
expected  near  *  j  outboard  pod  root  'chord  at  cruise 
(Pig.  20).  Actual  observation  of  the  aft  foil  at  cruise 
shows  tlxr  expected  root  chord  cavitation  (Fig.  21). 
But,  cavitation  is  also  experienced  midspan  due  to  the 
forward  foil  tip  vortex  upwash.  This  cavitation  was  not 
predicted.  In  Figure  21  the  canard  tip  vortex  core  is 
seen  passing  over  the  top  of  the  foil  adjacent  to  the 
rc^on  of  mtdspan  cavitation, 


Figun  20.  Jttfal  92$  100  All  Foil  Itob^rs  for  Cp"-043 
Prtdkted  by  A230  Pottntkf  Flow  Antlyth 


Figurt  21.  Jttfoil  929- 100  Oulboord  A  ft  Foil  $t  043' 

CtnWhnlNunib^,  Ctvitation  Pittorn  Obtained 
During  Sei'TrUlt 


Figure  22.  Rolled  Up  Canerd  Yfake  m  the  Vicinity 
of  the  A  ft  Foil  (Reference  1 1} 

A  moc'*  detailed  investigation  of  the  front  wake 
has  be«t  earned  out  on  the  computer  algorithm  of  ref. 
II.  Free  surface  effects  arc  not  accounted  for.  In  this 
program,  the  spanwisc  load  distribution  obtained  from 
A230  was  represcnicd  by  40  discrete  vortexes  dis¬ 
tributed  along  the  semispan  according  to  a  cosine 
spacing  with  maximum  density  at  thic  tip.  Calculated 
canard  wake  cross-sectlonal  profiles  in  the  vicinity  of 
the  aft  foil  arc  shown  in  Figure  22.  The  figure 
describes  closely  the  observed  wake  rollup.  This  com- 
plex  flow  field.  With  tte  front  wake  providing  a  very 
close  "coupling"  between  the  front  and  aft  configura¬ 
tions,  cannot  be  properly  simulated  with  the  modeling 
techniques  of  the  A230  computer  system. 

The  interaction  of  the  forward  foil  tip  vortex  and 
wake  with  the  alt  foil  system  poses  a  critical  problem 
in  the  design  and  prediction  of  performance  of  the  aft 
foil  system.  For  this  purpose,  effects  of  canard.wake 
vortex  rollup,  vortex  dissipation,  and  wake  location, 
tncludirg  the  rroude-dependent  depression  of  the  free 
surface,  need  *o  be  known.  A  detailed  an  .lyvls  of  the 
aft  foil  pressure  distribution  in  the  vicinity  of  the 
forward  foil  wake  must  include  a  simulation  of  the 
Rankine-type  movement  of  the  fluid  m  the  center  of 
the  t*p  vortex  core  shed  by  the  canard. 
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DEPTH  ectow  FBEC  SURFACE  Un) 


Mode}  Test 

A  onc*«ikth«scdle  model  ot  the  fcfward  foil 
tested  h  iho  Derlin  Model  Dssin  (VVl'S)  depressurized 
ffcc*surfacc  circuldting*wAter  t&nk  at  full-scale  froude 
and  cavitation  numbers  with  Reynolds  ><umbcr  greater 
than  1  million.  The  foil  w'as  evaluated  from  a  fully 
wetted  to  fully  cavitated  flow  cc>r>dition.  the  experi¬ 
ment  was  e^ccially  formulated  to  obtain  the  nonlinear 
hydrodynamic  characteristics  induced  by  cavitatkm  and 
ventilation  that  cannot  be  treated  adequately  by  the 
analytical  methods  available.  Six*compor>ent  forces 
and  moments  and  model  surface  pressures  were  meas¬ 
ured  over  a  range  of  simulated  ship  foilborrte  flow 
conditions  from  takeoff  to  cruise.  Model  pitch,  yaw, 
flap  deflection,  and  heave  were  systematically  varied 
to  define  the  foil  system  hydrodynamic  characteristics. 
Details  on  the  test  procedures  and  typical  test  results 
have  been  publi^Kd  in  re!.  12. 

Agreement  between  predictions  based  on  potential- 
flow  theory  and  the  test  results  is  good  in  norveavitating 
flow,  as  IS  demonstrated  in  the  following  examples. 
Ti^tc  23  shows  the  measured  lift  curse  for  the  forward 
foil  at  3.7  froude  number,  0.7  cavitation  number,  and  a 
foil  submergence  of  2  chord  (simulated  vhip  speed  of  33 
kn).  Tlie  lift  curve  slope  is  sli^tly  overprcdtctcd  by 
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the  A2)0  program,  which  accounts  for  foil  thickness. 
Analysis  of  the  foil  camber  line  only  using  the  A372 
vortex  lattice  method  yields  a  lower  hit-curve  slope, 
which  is  m  better  agreement  with  tlie  experiment,  it  rs 
a  forluitus  coincidence  that  the  reduction  in  the  sl^ 
ol  titc  foil  lift  curve  due  to  the  development  of  the 
boundary  layer  is  of  the  same  magnituoe  as  the  reduc¬ 
tion  m  lift  m  potential-flow  tlieory  when  thickness 
effects  are  neglected.  Potential-flow  theory  expect¬ 
edly  ovcrprcdicts  the  change  tn  lift  doe  lu  flap  deflec¬ 
tion.  discreparvey  is  larger  at  the  positive  flap 
setting  and  has  been  identified  to  be  doc  to  cavitation 


at  the  flap  upper-surface  hinge  line-  TtiC  onset  of 
leading-edge  cavitation  is  marked  by  a  rapid  change  in 
lift,  which  IS  a  result  of  the  change  in  effective  foil 
camber  due  to  the  cavity.  Present  analytical  methods 
do  not  model  these  cavitation  f^ienomcna. 

A  comparison  between  measured  and  predicted 
forward  foil  side-force  characteristics  at  a  simulated 
ship  speed  ol  42  kn  is  shown  in  Figure  24,  The 


Figure  24.  Predicted  and  Meaturtd  Sidafotce  for  Jet  foil  929>11S 
l/SScaft  Canard  FoU  System  at  Two-Chord  Sdb- 
mergence  and  1.5-deg  An^e  of  Attack 

agreement  is  very  good  up  to  the  point  where  force 
characteristics  are  abruptly  changed  by  cavitation- 
induced  strut  ventilation.  This  unprcdicted  abrupt  drop 
in  side  force  can  be  critical  to  boat  operation  in  sea 
state. 

In  sea-state  operation,  foil  submergence  varies  as 
the  foil  traverses  through  waves.  This  wa>  simulated  m 
the  model  test  by  slowly  lowering  the  model  into  the 
water.  Figure  23  shows  the  resulting  vartation  of  lift  at 
constant  angle  of  attack.  As  the  foil  lower  surface 
touches  the  water  a  small  download  is  generated. 
Positive  lift  is  generated  as  soon  as  the  flow  is  fully 
wetted.  Using  the  method  of  images,  the  foil  camber 
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Figure  25  Predicted  and  Measured  Free-Surface  Effects 
forJetfoil929  115  l/B-Scafe  Canard  S^wm 


line  was  ojulyzcci  in  the  Ai72  voctc\  lattice  prugidiu. 
Up  to  a  dcpth-tu-chord  ratio  of  0.4,  the  experimental 
vharactcristics  arc  in  agreement  wtth  predictions. 
Close  to  the  free  surface  the  negative  cartiber  induced 
by  the  foil  thickness  becomes  significant.  The  good 
agreement  between  theory  and  experiment  r>  an  mdica- 
tion  that  at  Jhe  Froodc  number  of  iniei  >t,  a  m  iiple 
singularity  u-age  svsiem  is  adcqu.ite  for  most  theoret¬ 
ical  investig^liora  of  an  isolated  *oil  in  the  presence  of 
a  free  surface. 
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Ft^ti i$,  Fr^ictid tnd MmundFrttsun Dhthbutlon cn  Jttfoil 929’ IIS  USSctlt  Ctntrd Foil SytUm 
*t  Two-Chofd  Foil  Oop^ 


Ti^urc  2S  »how$  o.  comp.iri$oo  between  mc^Mred 
prc$$ur«$  4t  d  lift  coofficicnt  of  0.3  ond  A230  predic* 
tioos.  The  foil  1$  ffcc  of  covitotion  ond  tho  agrcomcflt 
U  very  good. 

Concisions 

The  forword  foil  system  of  o  hydrofoil  ship  hos 
been  designed  using  mainly  analytical  methods.  Good 
agreement  between  theoretical  predictions,  model 
experimerital  results,  and  sea  trials  indicates  that 
advanced  potential<fIow  methods  provide  an  excellent 
tool  for  hydrofoil  design.  Cavitation  inception  is  accu« 
raicly  predicted.  Tor  a  fully  submerged  hydrofoil,  frcc- 
surfacc  effects  seem  to  be  m  most  cases  adequately 
modeled  in  potential  flow  by  a  mirror  •image  system. 

Development  of  methods  to  analyze  partially  cavi. 
tated  foil  systems  is  necessary  for  the  prediction  of  the 
full  operating  envelope  of  hydrofoils  in  sea  state. 

The  treatment  of  wings  submerged  m  the  wake  of 
amother  wing  located  i^siream  is  inadequate.  Strut  and 
KN)  ventilation  eventually  limit  the  sea.stato  capability 
v.q  4  foil  system  and  at  present  cannot  be  ircaied 
rcwablyby  theoretical  methods. 
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DISCUSSIONS 
of  tlM  piper 
tyWM.  Feifel 


ADVANCED  NUMERICAL  METHODS  HYDROFOIL  SYSTEM  DESIGN 
AND  EXPERIMENTAL  VERIFICATION 


Discussion 
By" Chourg  H.  lee 

!  understand  tlut  the  Fan  Air  Hethod  you 
have  used  In  your  work  Is  a  quite  a  versatile 
cosputer  program  for  potential-flow  problems. 

I  would  like  to  know  if  you  have  ever  cooputed 
appendage  drag  of  a  saall-aspect  ratio  control 
surface  attached  to  a  large  body  by  using  the 
Pan  Air  cocputer  program. 

Author's  reply 

I  myself  have  not  used  Pan  Air  in  this 
fashion  ;  but  there  is  quite  a  large  group  of 
users  and  there  is  still  considerable  work  being 
invested  to  complete  the  Pan  ‘ir  System.  Pan  Air 
is  a  very  complex  program  and  i»  designed  to 
handle  both  subsonic  and  supersonic  cases.  It 
was  conceived  to  become  a  unified  potential  flow 
analysis  and  design  method. 

!  aa  not  sure  if  Pan  Air  would  adequately 
treat  the  problem  of  a  large  body  with  small 
wings,  I  think  even  in  Pan  Air  the  amount  of 
hft  earned  by  the  body  is  not  clearly  defined. 
The  conventional  Kutta  condition  cannot  be 
applied  at  the  aft  end  of  a  3-dimensional  body 
because  of  the  predominance  of  viscous  effects 
in  this  region.  The  viscous  "liquid  body"  exten¬ 
ding  downstream  of  the  physical  body  imposes  a 
sort  of  Kutta  condition,  but  for  a  potential  flow 
analysis  the  exact  location  of  the  aft  stagnation 
point  must  be  prescribed,  which  is  hard  to  do  in 
such  a  case. 

There  are  efforts  underway  to  combine  three 
dimensional  boundary  layer  methods  with  Pan  Air. 
but  boundary  layer  approximations  do  not  hold 
either  in  the  vicinity  of  the  rear  stagnation 
point  and  one  had  to  resort  locally  to  a  triple 
deck  approxication  or  try  to  solve  the  Navier 
Stokes  equations.  <  addition,  if  a  body  is  at 
a  higher  angle  of  attack  it  sheds  vortices  frcoi 
its  upper  surface.  personal  opinion  is  that 
it  will  be  quite  a  while  before  a  solution  csethod 
will  be  developed  which  is  suited  for  engineering 
applications.  We,  by  playing  for  three  months 
on  the  computer  a  potential  flow  modeling  scheme 
can  be  devtced  to  analyze  a  given  case.  But  I 
find  that  it  is  always  easier  to  find  a  numerical 
solution  once  experimental  data  have  become  avai¬ 
lable.  It  is  much  harder  to  produce  a  numerical 
solution,  lock  it  away  in  a  safe  and  then  run  the 
experiment  just  to  find  that  the  predictions  were 
way  off.  But  imediately  once  we  have  seen  the 


real  life  flow  pattern  we  know  what  we  have  done 
wrong  and  how  we  really  should  have  m^eled  the 
problem.  I  don't  want  to  put  down  the  numerical 
approach.  It  is  Just  that  we  are  not  quite  smart 
enough  to  think  of  everything  and  nature  is  I 

Discussion 

ByTTUTTJoclors 

In  the  presentation  of  the  work,  the 
speaker  mentioned  that  the  free-surface  was  model¬ 
led  as  a  rigid  flat  surface,  this  statement  is 
verified  in  the  first  paragraph  of  the  Conclusions 
in  the  preprint,  in  which  a  •airror-ipage"  system 
is  referred  to. 

This  procedure  represents  the  zere-Froude- 
number  approximation  given  by  &o/3z  •  0  on  z  •  0. 
Kould  it  not  be  better  to  use  the  infinite-Froude- 
nueber  approximation  given  by  3*o/3x*  •  0  on  z  «  0, 
since  the  Froude  nursber  based  on  the  foil  chord  is 
indeed  very  large  ? 

It  also  seems  to  the  discusser,  that  in 
either  of  the  above  two  cases,  the  free-surface 
is  not  perfectly  modelled.  To  what  extent  would 
this  affect  the  comparisons  between  theory  and 
experiment  -particularly  in  regard  to  the  observed 
cavitation  patterns  ? 

Author's  reply 

I  might  have  not  clearly  expressed  myself 
when  describing  the  free  surface  boundary  condi¬ 
tion  used  for  the  computations.  When  I  referred 
to  a  "negative  mirror  image  system"  I  meant  a 
system  whe’*€  the  iflsages  of  sinks  are  sources. 

I  referred  to  the  image  as  "rigid"  in  the  sense 
that  tne  location  of  the  image  singularity  is 
found  as  the  mirror  Itnaae  with  respect  to  an  undls- 
torted  free  surface.  This  indeed  is  the  infinite 
Froude  number  approximation.  In  our  experiments 
where  we  flew  the  foil  system  at  a  constant  cavi¬ 
tation  number  and  varied  the  chord  Froude  number 
between  4.5  and  6.5  we  found  very  little  change 
in  the  cavitation  pattern.  This  Indicates  that 
the  infinite  Froude  number  approximation  in  this 
particular  application  probably  is  adequate. 
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Th*  path  of  V«*^«lon  h  u^rfan*  PittH  artwr^  •WY  «♦  «*• 
thTM  poto*  Vi  (j  ••4,  0, 1).  tithar  irt  th*  upp*r  «r  in  tfi*  lowtt  pUfl*, 
v^^ng  ^th*  v*lM  of  9,  wh«n  It*  iffix  i<  r«*l,  f^  th*  t*fc*  of  th* 
Sonw^fU  contM^^ 
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but  f**i  and  Imaginary  part*  may  b*  •avty  laparawd.  Th*  jaro*  of 
•ach  fart  hav*  two  origini.  on**  from  th*  factor  at  powar  m,  th* 
laro*  of  wNch  bting  boundad.  th*  othar  on**  from^(^)  which 
•r*  cmbound«d.  A  partition  into  aub-intacral*  b  mad*  in  th*  ragion  of 
bevndad  laro*  ind  an  *«*i*r*t*d  con»*rganc*  algorithm  b  wad  b*. 
yonivwith  payfrg  attamion  to  th*  fact  that  mwt  b*  yaatar 
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ThM  twp  iorfM  of  Jm  (m{*)  eerr«pond  to  tfw  fim  of  tta 
two  Otbyo  Mpgniioftt  of  Jm  (m  |*f. '  K  rMuHs  M  Fmik<  for  l^vo 
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of  II  may  ba  takan  anywhara  at  a  finha  tfiitanea  from  tha  wtgln 
and  out  of  D  (Fi^  21. 
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TNi  on^^t  not  pan  to  a  taddlopoint.  It  raaulti  that  thli  fntagrallt 
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\*  •  1.  tha  tramltlon  point  of  Jm  (m  |*)/  fct  tha  vWnfty  of  whW». 
m  hava : 

Tha  approximation  of  Fmik.  In  thil  c**a,  turn*  to  be  arympto* 
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which  h  thartfora  propar  In  all  tha  cant. 

Tha  major  contrfcution  along  th*  naw  path  of  intigration  whkh 
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Thb  aquotkm  h  raducMa  to  a  «*lc  aquation  If  J  •  0. 

•  For  I  -  i  I,  the  lolutton  of  (13Ht  r«I  for  «  -  0  and  ent  ba , 
obtatnad  rtthir  by  an  haratlon  piocan  or  by  weoanlv*  Narpolatlona 
for  nty  vahn  of  T^>1/4,  than  It  can  ba  axtandad  for  4  >0  by  ttn 
Nawtoh'l  method. 

In  th*  vUnlty  o(K*"4»Q,th*tl»toi*y  whan  ttw  two  point* 
hr  and  M.  raipactivaly  Intagratlm  and  collocation  p^nt,  »*  naor  th* 
fraa  wrfaoa.  tha  iokrtien  tf  of  (13).  whkfi  i*  nearly  equal  to  1,  can  be 
rtat^ofiarf  In  a*rlH  of  Intagar  pwwri  of  K*  and  of  (tp  4).  «4>*n^  w* 
f*t^^  axpanilon  of  tha  rlgh|4iond  lid*  of  (12).  Thu*.  It  follow  that 
tha  Fotdlar  tarb*  : 

Z  c.  !»l 


b  axpamible  In  tha  form  : 


I 

*n*a 


.*tr,  ax’iitV 

F'  / 

tm  ^ 


vrhara  th*  naglactad  tarm*  ar*  homeganaout  In  (K  ,  tg  4)  Of  order 
graatar  than  2. 

For  I  ■  t  1.  ^  nrb*  (15)  are  eonvtrgant  according  to  th*  Abrt 
All*  bacaut*  th*  partial  lumt 

htaM 

ar*  bounded  for  any  poHtha  value*  of  M  and  p. 

Th*  tarb* )  •  0,  only,  bacomat  t'mgiHar  ai  4  and  X  art  vanbhfng. 
Whan  expanding  every  term  of  th*  larb^J* 

ordy  with  rwpact  to  (tg  4)  but  for  any  vaKr*  of 

K:tK'*= 

tnV 

on*  fr>dt  that  llnguUrity  b  tha  ttma  at  In  th*  ilmplir  tarb*  t 
,  c»  »Ie  . 

Sr**  ; p*.  whan  4  and  X  art  vanltfiing  tojathar.  S  ha*  htalf 
th*  uma  tlngubrhy  at  tha  Intagrtl 

'■  '  (•»  F» 
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On*  finiti  tint  thb  intigr*l  1  b  ttymptotieilV  *9Mi  hr  tiiy 
nhM  of  f,  and  k  (Ic  ■  - 1.  o.  1|.  to  : 


Thrt  «xpr«ak>n  9fv*t  th*  tu^arlty  of  tht  k*rn«l  N  n«tf  th*  fr«*  mr. 

fio*,  A  •*  0. 

Ift  ftct.  to  oomput*  th*  «ri*i  (14).  th*  foBowing  (MrtitlOA  h 
nkit  : 


W*  hiv*  alr**Oy  Indicatad  that  f mxk.  b  compyttd  Otf*«ly  U  m  <  Mj. 
•no  thit  tn  *  ring*  whv*  Mj  Oipindt  on  th*  tmittnvsi  of 

.  Fmlk  >1  appfOKimitfd  try  th*  «xprtn«>tt  (121. 

)A*  for  th*  rimaWng  tgm  of  (t».  Is  riptacad  by  *n 
•tymptotlc  •xprialpn  with  gavig*  funrtioni  of  yfm,  whkh  firfi  to 
on*  of  th*  two  foHowng  form*  for  thir  contribution!  to  N  h  {». 

<«» 

H  J  >  0  and] 

^  OvC  '■  (2© 


wh*r* !  ^  K 

Th*  wri*i  (18)  b  w*l|-knovM).  and  th*  Moond  on*  ft  approKlm*. 
t*d  with  a  good  pricWon  by  maani «( th*  Eui«r  MKlaurbi  tomma* 
tioi>  formula. 

For  a  conv*nl*nt  computatlort  of  th*  aioond  partbl  p^m  of  (IS). 
•  pofynombl  lnt*rpolatlon  with  rMpict  to  th*  two  v*rUbl<t  tg  4  and 
K.  b  carrbd  out  with  a  tpacbl  prodilon  for  imal  v*Iuh  of  K  (or 
grait  v»lu*i  of  m).  to  approxtmat*  th*  loMion  |j*  of  th*  aff.xoqut* 
tiort  (13). 


Finady/afw  a  factorltatlon  taking  Into  aooount  th*  tlngultfity 
rol  N  !au*d  fr«n  (17).  and  th*  qu*i(.pirIodi^  in  r,  axpranad  abo 
by  thb  tait  •quairi^  tta  fcam^  H  h  int*rpoIat«d  by  man*  of  a  poi 
iytwmtal  of  th*  thm  varbbl*!  (*'„  r,.  »  h  ord«r  to  mv*  tim*  in 
th*  roiofiitlon  ct  th*  inl^ai  aquation  (9. 

A  ddfaront  to  eakutat*  N.  which  hat  ate  b**n  contid*r*d. 
eonilm  In  carrying  out  arwtytieaily  on*  of  th*  two'  Inta^tion*  In  th* 
*xpr*Mlom  of  th*  Hivalock  aourc*  potantial.  Thw,  w*  haw  M  int*- 
grat*  function*  containbig  thtfni*lv*i  th*  axponan^l  Int^al  E].  ’ 

An  advamag*  of  th*  pr«ttr4  mthod  St  to  avoid  all  th*  difflcul- 
ti*t  Inharant  to  th*  norHNuformity  of  E|,  wh*n  Its  argumant  H  com- 
plax.  Th*  tvm  nwthodt  th*  prawnt  on*  nunwricalfy,  and  thauthtr 
analytleaBy,  Indleat*  this  *xin*nc*  of  a  wok*  roarwvdt  hT,  at  thafra* 
Mdae*.  out  of  which  N  b  fadkig. 


Th*  largir  bt.  th*  narrownr  it  th*  w*k**p*rtur*.  which  axpbtnt 
why  th*  fi**  iurfac*  atfictt  diuppaart  for  a  gWn  Froud*  temtw  F. 
whan  tf  b*conm  farg*.  Moraowr,  th*  axponantial  d*cay  of  N  with 
r*ip*ct  to  ft  aiwH  ate  a  dacraating  affaet «!  th*  fia*  surfae*  with 
th*  dapth  of  tubmatganc*. 

Finally,  to  gat  th*  eontpbt*  kamal  W*.  w«  hav*,  according  to 
(9.  to  add  to  th*  •xpraatfen  of  N.  Wa  do  not  Intitt  on  tha  nu- 
marka)  t*chn)qu*  to  computto^  which  b  canly  daducad  from  th* 

■  k*rfi*l  of  th*  untt*^  atrodynamict  In  lneoiter*ubta  rnadium,  tti$ 
lattar  baing  availabi*  In  *  brg*  littaratur*.  ag.  ||J.  Although  thit  *x< 
pwiiien  oft4C  b  far  from  bamg  timpla.  h  ramaint  vary  much  strr^ar 
and,  for  Innanc*,  n**dt  not  any  intlrpo(at»^ 


LV— Solution  of  tha  intaoral  ar^uatlon 
Th*  Intagral  aquation  (9  it  of  tha  first  kind  and  has  infbity  of 
solutions.  For  tho  ctoMxa,  w*  hava  to  imposa  th*  tru*  alptbrtlc  smgu. 
laritbs  of  th*  solution  cp  at  tha  two  fdgat.  that  b  to  say,  tha  laading 
and  th*  triDIng  which  raiult  from  th*  Kutt*  condition.  This  it 
Impfrcitly  yi*td*d  by  a  proper  math  on  E  of  Intimation  polMs  end  of 
so  many  corratponding  colloeiilon  pokns. 


Th*  kernaluV' hat  th*  tarn*  polir  tingularhlat  at  which  b 
not  btagrabla  In  th*  Rwmann't  wnt*  sine*,  In  th*  twpl*  c*a*  of  an 
hofitental  wing,  H  It  of  th*  form  1 


—  h*  \ 


(21) 


Th*  Itft  hand  iida  of  (9  Is  tharafora  an  Hidamanfs  distribution. 

If  can  0*  shown  that  tha  result  of  tha  iniagratlon  with  raspact  to  n 
brings  a  rww  ungubrlty  el  Cauchy  typa  In  X|, 


According  to  th#  ramarkt  don*  by  Multhopp  (1)  about  th*  %W 
gularlty  In  y,.  and  to  iimOar  eorcldiratlons  ^ut  tha  Csochy  lingu* 
farfty  fn  x«,  th*  Integration  of  th*  G*u»ian  type  uktng  Into  account 
th*  •lg*briie  slngubritbi  o(  Cp  Ir:  th*  t*ft<hand  tide  of  (9  c*n  b*  ax- 
tended  In.ipita  of  the  non  Intagrabta  poUr  tWigularltltt  In  y*  and  In 
xa-  H  ts  tuffWant  for  this,  that  tha  eotlocitlon  points  balongt  to  a  sat 
of  propar  points  corratpondlng  to  an  aqual  ngmbar  of  intogritlon 
points. 


V  Soma  numtfical  rasuht 

lat  Sk  (k  "  •  1.  1)  b*  th*  thrw  Fourier  iwias  appearing  In 

th*  axprttslon  (8)  of  N.  It  can  b*  n*n  that  S-i  or<y  occurs  in  N 
whan  both  Integration  and  collocation  points  oonewn  th*  sam*  hori- 
rofttal  pianform :  Sionly  occuri  vdian  both  Irtagratlon  and  cotloca 
tion  points  concern  th*  sam*  vertical  pianform  .  Sa  concarna  th*  in- 
taractlon  between  *  herlaont*!  and  a  v*iilc*)  pianform ,  fer  mor*  ga* 
n*ril  configuration*,  th*  thr**  Fourier  aarl**  occur  simultantously  bt  N, 
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FiguTM  14,  IS.  16  iUuitrMt  tht  rMl  and  IfhtgiAwy  part  of  Cp 
coniparad  tha  C9  obtalnad  wtwn'  tha  pravAy  affaett  aia  nagtactad. 
that  b  to  t*y  whan  tha  boundary  condiMn  on  tha  haa  «vfaea  0 
tha  nuUity  of  tha  pWturtation  potantUI. 


Ft^gra  KtSaetion  1 


Fiyura  ISSSactlon? 


_ with  grivity  effect 

...  without  gravity  effect 


Figura  16 


Tha  dap4h  of  tubmarganea  ti  aqual  to  tha  tip  half  choral ; 
figura  14  aKittrttat  tha  varbtlot)  of  Cp  along  tha  chordvma  aaction  1, 
tituaud  at  3  8  %  of  tha  apan  ;  tha  affact  of  gravity  b  graatar  on  tha 
Imaginary  part  ;  thit  affact  dacraatat  whan  tha  dapth  of  tha  uetlon 
Incraatat.  at  it  laan  in  figura  IS^  whara  tha  taction  2  It  at  22.2  % 
of  tha  tpai^ 

Tha  variation  of  tha  prattura  coafficlant  C»  along  a  typical 
ipanwita  obiiqua  taction  it  thown  In  figura  16,  amphatUmg  how 
much  tha  gravity  affact  dacraaiat  with  tha  dapth. 

Tha  lack  of  tima  hat  pravanttd  ut  to  carry  out  analogovt  com* 
putatlont  for  other  valuat  of  r  t  thata  computatlont  ara  now  In  pro* 
grett,  and  tha  gravity  affaett  ort  Cp  will  likafy  turn  out  to  ba  graatar 
for  valuat  of  Vlatt  than  1$. 

Ccndution 

It  wOl  now  ba  pottibla  to  computa  tha  hydrodynamic  prauurat 
and  forcat  on  mora  ganaraf  twbmargtd  tuucturai  taking  account  of 
cavity  affaett.  It  It  ptannad  to  ttudy  3  D  fluttir  of  lu^  itructurat. 
and  control  dynarmet  In  flight  naar  tha  turfaca  wavt. 

Raftrancat 

|l)  WILLIAMS^  D  E.  •  Thraodimantional  lubtonic  theory.  Manual 
of  airoalanicity  >  NATO-AGARD  •  Vol.  2.  eh  3  •  Edit,  by 
Vtf.  Jonat. 
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DISCUSSION 
ofth*  p«p*r 

by  J.  Udtrc  and  P.  SalaOn 

UNSTEADY  3-D  LIFTING  SURFACE  THEORY  WITH  THE  FREE-SURFACE  EFFECT 


Ojscjmlon 
by  0.  Euvrard 

1  was  dG«p1y  Inpressed  by  the  fullness  of 
the  oatheoatlcal  and  nuoerfcal  work  described 
in  the  present'coonunlcation,  aM  so  ay  question 
Is  only  related  to  a  natter  of  physical  parMe> 
ters  range  :  don't  you  believe  that  the  first 
natural  frequency  of  the  foil-system  (in  the 
case  of  incoapressible  flow). is  of  such  high  node 
that  the  free-surface  effet  has  no  significant, 
inportance  ? 

Authors*  reply 

According  to  our  numerical  experience* 
there  is  little  doubt  that  the  free  surface- 
effect  can  be  dropped  in  the  prediction  of  foil- 
system  flutters  whose  the  range  of  reduced  fre¬ 
quencies  correspond  to  values  of  t  next*  say* 
to  20.  Only  for  very  low  mode-frequencies*  the 
free  surface-effect  may  come  into  play.  For 
control  dynamics  in  flight,  much  lower  frequen¬ 
cies  are  encountered  and  the  present  theory  is  of 
interest*. 


386 


BASE-VENTILATED  FOILS 


R.  BtubMU 

B*Min  (fEMAlt  d«»  CariRM 
Rartt,  Franca 


Abstract 

Iho  author  usa$  a  pradiction-correctlon 
Mthod  to  daurnlrva  tho  snapa  of  a  basa-ventiJa* 
too  foil.  As  far  as  th«  oaval  aroMtact  is  con- 
cernad  for  tha  prallmlnary  design,  the  planfom 
of  the  foil  Is  given,  as  well  as  Its  maxlmus 
thickness  and  the  repartition!  of  the  lift  along 
the  span.  Also,  the  flight  conditions  of  the 
hydrofoil  being  known,  tha  depth  of  3i*faergonce, 
the  Froode  ntrder  (very  large)  and  the  venti¬ 
lation  rnroer  are  thus  Inposed.  In  this  res¬ 
trictive  context,  the  extthod  is  altnod  at  defl- 
irg  sectlcns  at  angle  of  shock-free  entry, 
the  repartition  of  the  lift  coefficient  along 
tha  Chord  being  as  sreoth  as  possible  in  order 
to  ffiniaize  the  cavitation  risks.  The  predic¬ 
tion  eethod  (inverse  problem)  is  based  on  the 
asytrototlc  Mtching  of  the  two  ditrensional 
laroek  and  Street  theory  (inner  problenl  ana 
the  tridimensional  lifting  line  theory  (outer 
problem) ,  The  correction  rrathod  (direct  pro¬ 
blem)  is  based  on  the  linear  lifting  surface 
theory.  This  problco  is  solved  by  the  collo¬ 
cation  theory.  The  Integration  of  tha  velocity 
field  is  perfonvKJ  by  use  o*  the  cuasl-contl- 
nudus  Gauss  method.  A  two  dimensional  regula¬ 
rization  method  developed  by  lightlll  .  enables 
us  to  define  the  velocity  at  the  leading  edge. 
The  resolution  of  these  inverse  and  direct 
methods,  using  successive  linear  iterations, 
makes  It  possible  to  satisfy  the  predefined 
specifications. 


I.  Inverse  Problem 

A  -  Two-Otfionslcnal  Problem  (1).  (13) 

I.A.1  ■  tarock  and  Street  mode),  and 
recepllulatlcn  of  the  tneory. 

tarock  and  Street  consider  a  ventilated 
foil  in  a  two-dimensional  flow  only  bounded 
by  the  free  surface.  Gravity  is  not  taken  into 
account. 

The  streamlines  on  the  upper  and  lower 
surfaces  extend  downstream  from  the  profile, 
and  form  a  cavity  along  which  the  speed  modulus 
(K  being  the  ventilation  nurper)  is  constant. 

At  closing  points  C  and  0  of  the  cavity,  the 
streamlines  roll  around  themselves. 

Doth  streamlines  then  extend  to  infinity. 


forming  a  wake  along  which  the  velocity  is  cons¬ 
tant  and  ecual  to  b^. 

On  the  free  surface,  the  velocity  modulus 
is  constant  and  ecual  to  (which  corresponds 
to  the  Infinite  Froude  numoer  condition). 

The  diagram  in  the  physical  plane  Z  (see 
figure  la)  can  be  represented  in  the  potential 
plane  F  (see  figure  1b),  the  transformation  bet¬ 
ween  F  and  2  being  implicit. 

Figure  1c  shows  this  diagram  in  plane  T,  as 
defined  by  the  following  transformation  s 

f(  2  )  •  t  •  TE  log  (TE  Is  a  constant) 

The  velocity  distribution  0(t)  is  Known  all 
along  the  z-axis  of  plane  T  i  if  we  consider  it 
to  be  known  along  the  segment  AB  representing  the 
profile,  this  corresponds  to  a  Olrichlct  problm 
with  homogeneous  boundary  conditions. 

In  the  general  case  6f  the  inverse  problem, 
only  the  distribution  0(y)  along  the  profile  Is 
known,  and  0(t)  must  be  obtained  by  iteration, 
the  Iterative  process  being  used  until  the  solu¬ 
tion  on  the  physical  plane  corresponds  to  Q(x). 

In  our  case,  a  profile  is  sought  for  which 
the  load  distribution  (i.e.  the  speed  modulus, 
gravity  being  neglected)  is  constant,  respecti¬ 
vely  on  the  major  part  of  the  upper  and  lower 
foil  surfaces,  which  enables  us  to  impose  the 
velocity  distribution  alorg  the  segment  AO  of  the 
piano  T  directly. 

I.A.2  ■  Speed  distribution  0(t)  along  the 
T-axis  (see  Figuro  2^. 

0(t)  Is  equal  to  on  segments  (-«•,  TO 
and  (TO,  ♦»)  and  to  on  segments  (TC,  TA) 
and  (TO,  TO). 

Three  elementary  velocity  distributions 
are  defined  such  that  0(t)  ■  qj(t)*Q2(T)*q3(T) 


Q,(t)  •  U„ 

if  ■  «*  <  T  <•  «• 

u«. 

if  Tg  <  T  <  Tp 

If  T  <  Tq  or  T  >  Tjj 
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T4  <  T  <  18 


t 

i 

s' 

1 

J 

AC  € 

u ! 

5 - - 

1 

B  O'  F' 

i 

fig.  lo  Flons  Z 

E_ 

_ 1 

l.nTE  e 

JK _ 0 _ A  C 

a  0 

Ib  F  ftHt 


QjCt)  •  <J(t)  If  TA  <  t  <  IB 

•  1  If  T  <  lA  or  t  >  18 

q^it)  pr«vloij$ly  oofined  is  such  ths( 
q2(A)  •  q3(8)  •  t  sod  OgtO)  •  0  Istognstloo  point)* 
In  order  to  msKo  things  esslor  vo  shoU  study 
q(t)  •  sign  (Tl'Qjit).  which  Is  o  continuous 
function  hotwcon  -  •  ot  •  •  . 


Study  of  git)  botwgen  7A  and  16  iflg.  2C) 
-  Ostwesn  12  ond  Tl  ^  ^  ' 

If  "  Cp^  Is  ths  local  upper  surface  load 
corresponding  to  a  depression 


Similarly,  wo  have  q. 


.•Vv# 


-  between  (7A,  72)  and  (14,  TO)  the  notching  Is 
perfomed  by  using  sino  laws  which  allow  a 
zero  slope  matching 


lA  <  T  <  12 


2t-T7-TA\ 

"T2-IA'A 


Q(T) 


*  /  »  .  2t-T4-T&i 


-  between  (11,  13)  matching  Is  performed  by 
using  sine  lew  s 


Q(T)' 
where 

Y  11*  ♦  SI1  ‘Y  •  -1 

Y  13*  ♦  813  *Y  •  1 


q'(0) 


>  cos 


,2-., 


2-  "  “l  Oo 
q-(0)  •  |lQj„-q„>  (0M»  ^ 


Those  S  equations  doternine  11,  13.  a.  8,  Y 
and  provide  a  zero  slope  matching  (see  figure  2)i 
all  these  properties  are  of  coursa  conserved  in 
the  physical  plane.  Wo  can  thus  isoose  directly 
the  distribution  q(t)  on  the  i-axls  of  the  plane 
T  which  leaves  us  with  a  simple  OlrichlOs  oro* 
blea  to  solve  with  homogeneous  boundary  condi¬ 
tions. 


1.A.3  ■  Solution  of  the  probl^ 


In  the  half-plane  n  >  which  Is  analytical¬ 
ly  cosipleted.  solving  the  problem  consists  In 
<}«flnlng  the  corplcx  function  c>(tJ  •  logjoCtll 
"  l$(tl*  the  real  part  of  which  Is  Known  along 
the  real  axis. 

The  solution  Is  given  by 


Infinity)  and  11a  Ig  -g^  )*T  If  T  • 
I. A. 4  -  Study  of  the  different  iterations 
Initialization 

TA  and  10.  which  are  used  to  adjust  the 
length  of  the  upper  and  lower  foil  sur¬ 
faces  are  defined  as  follows  : 


o(t)*log  -iy 


TA 

TO 


XagM^I 

r^T  * 


along  the  profile,  TA  <  t  <  TO.  ^  •  0  thus  we 
have 


eit)  -fi 


■i/; 


TA 


The  profile  will  then  be  constructed  by 
ff<eans  of  tf>e  following  equations  : 


dx 

dy 


21 

df  ot 

2y  2l 

df  dt 


dt  • 
dt  • 


cos(A(t)} 

“q(t) 

sin(A(T)) 

“Wxy  ' 


21 

dt 

21 

dt 


dt 

dt 


If  It  Is  considered  that  q  <  0  If  t  <  0. 
It  Is  then  necessary  to  define  g  •  g  •« 
(ffcdolo  2i)  for  t  <  0. 


Hareovcr,  on  x  •  0*  It  Is  necessary  to 
consider  : 


n  ■  0  t  -« 0.  6  »  6^ 

A  •  0  T  -  0.  6  -  6„  •  « 

n  •  0.  1*0  j  ,  .  I 

Evaluation  of  ft  on  the  profile 


f(IA)  .  -  L  .  TA  .  IE  log| 

f(IB)  .  t  -  IB  .  IE  log] 

This  Is  equivalent  to  writing  th^t  the  cur¬ 
vilinear  abscissa  is  equal  to  x.  and  that  velo¬ 
city  distribution  is  constant  over  the  segments 
(0  -  TA)  and  (0  •  TO). 

’3  and  T4  are  arbitrarily  adjusted,  so  that 
fa4)  •  T4)  .fdo)  and  f(I2)  •  T2i  .f(IA). 

TE  Is  used  to  adjust  the  depth  of  sutxrer- 
gonce  of  the  profile  i  as  the  flow-rate  at  up¬ 
stream  infinity  between  the  free  surface  and  the 
streamline  arriving  at  the  stagnation  point,  or 
between  the  free  surface  and  the  wake  upper  sur¬ 
face  is  •  -s  T£. 


Therefore,  -  corresponds  to  the  section 
through  which  this  flow  takes  place,  l.e. 

IE  .  . 

The  initial  value  of  the  ratio  C6I  •  iw  • 
{1‘K)  q|^.1  CPT 

■  i[’V")"qi  *1  arbitrarily  clwsen  (generally 


0.5  <  C€Z  <  0.9)  and  CPI  •  • 


2P 


T*VM.CEI(1*T2Tr  • 

The  value  of  d^q^  •  is  related  to  the 
radius  of  curvature. 


The  Integral  deterolnlng  g(t)  presents  a 
logarithmic  singularity  for  x  •  0,  and  a  singu¬ 
larity  for  X  •  4.  This  Is  regularized  by  writing 
It  In  the  following  fom 


In  fact,  we  know  that  for  the  osculatory 
parabola  of  the  profile, 

1  ^  dq 

RC  *  OS 

with  this  approximation,  wo  get  : 

TE(1.K) 


i. .  2a  21  21 .  : 

RC  dt  df  ds 


'  Vrra 


1 

■MRc  le 


Calculation  of  TC  ar>d  TO 


The  first  Integral  will  bo  evaluated  ntrerl- 
cally  in  the  throe  matching  regions  i  In  the 
regions  where  q(x)  Is  constant  (and  also  for  the 
second  Integral  of  g(t)  ),  w©  shall  evaluate  it 
analytically  by  means  of  the  dllogartttxn  func¬ 
tion. 

The  evaluation  of  g'lo)  and  g*(o)  will  bo 
made  by  differentiating  the  expression  of  git) 

We  also  need  to  evaluate  g  at  TE  (downstream 


TC  and  TO  ore  determined  so  that  glTC)  •  g 
and  so  that  g^  •  Um(g  -  gjt  •  0  if  t  -  ^ 

6(TE)  Is  therefore  written  in  the  form  s 


6(Te)«B^»De  •  ^ 
ftorcovor.  If  t 


g^ 


Bl 


log  "^^log 
■*  -  »,g  ^  g 


|T£  -  TO 


Tfw  strcftallne  wtll  therefore  diverse  If 

e,  ^  0. 

tote 


At  this  stoge  of  the  colculotlon.  If  the 
profile  hos  no  physlcel  meaning,  i.e.  if  TC  is 
external  to  (IE,  7A)  or  If  TD  <  TO,  It  Is  nocos- 
sary  to  decrease  the  value  of  K  and  to  resurae 
the  cocaplete  calculation. 


Determination  of  djO^  *  Uq  '  Shock-free 
entry  condition. 

.  Qs  ■■  da  df  dt  .  f 
dfi  df  dt  dS  q  e  ‘ 
and 


dRC  ^  f* 
“os  "  CS* 


f  0“  fi*  ^ 


■  function  (q*>. 


Vo  shall  calculate  the  defomatlon  y^  of  the 
streamline  running  from  upstream  infinity  to  the 
stagnation  point,  by  taking  into  account  series 
expansions  of  y(t)  and  xlt)  Vfhen  r  -*  •«. 

Since  y  *  is  the  distance  between  this 
streamllfw  and  the  opstrcam  infinity  free  sur¬ 
face.  wo  iMy  write  M  •  -y  •  y^. 


Since  y,  Is  small  and  almost  independent  of 
H«  we  get 

u 


rc 


T-f-  Vi 


6  ■  three-Dliscnslonal  Study  «(2),  (3J,  {4J ,  (5),  (6). 

The  present  study  deals  with  the  flow  past 
a  base  ventilated  wing  of  high  aspect  ratio 
roving  under  the  free  surface  (the  froude  norcer 
being  infinitol. 

1.8.1  -  Constructlofr  of  the  solution 


This  iteration  is  perfectly  linear,  its 
slope  being  proportional  to  o*  and  to  IE. 

Daterginatlan  of  the  profile  and  the  lift 
force 

At  this  stage  of  the  calculation  we  have 
all  the  required  elements  to  define  a  profile, 
i.e.  first  to  determine  the  distribution  S(t). 
and  secondly  to  determine  coordinates  x(t), 
y(t}  and  total  lift  force. 

hevertheless.  we  obtain  a  profile  which 
car.not  be  considered  as  satisfactory  since 
there  is  no  reason  far  it  to  have  the  chosen 
length  (upper  and  lower  foil  surfaces),  thick¬ 
ness  and  lift  force. 

If  16  and  LI  are  the  effective  upper  and 
lower  surface  lengths  obtained  (in  fact,  very 
close  to  LI,  It'S  values  of  TA  and  TO  are  nodi- 
fiod  as  follows  : 

f(M)  •  ■ 

flTB)  .  /TTT 

The  thickness  is  adjusted  llnearily  with 
respect  to  CEI,  while  modifying  the  lift  force 
as  little  as  possible. 

The  slope  for  this  iteration  is  preset  to 
-  1/lift,  since  bTo  validltyof  this  approximation 
has  been  established  through  practice. 


Oeflnltlon  of  the  Par-Field 

The  aspect  ratio  l/c  is  high,  and  the  span 
Is  fixed.  The  flowIPrandtl  lifting-lire  theory) 
tends  to  be  that  created  by  two  vortex  lines  syn- 
metrically  located  regarding  the  free  surface. 


A  •  V  .  -1  V  Yfs*)  dr*  ..  X _ 

*  y‘  •(*  •  r')**-  /x'i-yi-Tr'rpjr 


Oeflnltlon  of  the  Near-Plold 


Considering  this  same  wing,  the  chord  length 
being  fixed,  the  span  tends  to  Infinity  os  1/c. 

In  the  "toar  Field’,  the  flow  created  will 
be  calculated  using  inner  x,  Y  and  Z  coordinates 
Obtained  from  the  previous  ones  by  the  relations 


V  -  ^ 
€ 


Z  •  z 

In  this  zone,  X.  Y  a^  Z  are  of  order  1  or 
less.  The  potential  ♦  ■  ^  ❖(x.  y.  z)  must  satisfy 
t«c  laploco  equation 


For  a  lift  force  close  enough  to  the  sought 
line  .  we  perform  a  linear  iteration  with 
respect  to  CPI  (wlttvoot  alterlnj  Ctl). 


Definition  of  depth  of  submergeneo 

At  this  stage,  we  have  detomined  a  profile 
which  meets  our  conditions,  but  for  which  the 
depth  of  submergence  (distance  between  the  sta¬ 
gnation  point  and  tto  free  surface  at  rest)  Is 
not  necessarily  correct. 


53^  ^  ^ 


j  3*0 


0 


At  the  first  order,  0  is  thus  the  solution 
to  the  two  dimensional  Laplace  equation  as  stu¬ 
died  In  i  I. A. 
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Asyffctotlc  gQtching 


U  cos  S  ■  t 


solution  of  the  outer  proble^a  reprasents 
the  flow  In  the  i^streon  Infinity  region*  while 
that  of  the  Inner  problcn  represents  the  flow 
near  the  wing.  In  each  of  these  regions,  one 
solution  will  be  valid,  while  the  other  will 
fall.  Expressed  In  outer  x,  y,  2  coordinates, 
the  outer  solution  will  not  be  valid  If  x  or  y 
are  of  order  c.  while  In  inner  X,  Y.  Z  coordi- 
hate,  tbo  Inner  solution  will  fall  If  X  and  Y 
ore  of  order  1/©  lor  If  x  and  y  are  of  the 
order  of  1,  X  and  Y  being  referenced  to  the 
outer  coordinates). 


tg6» 


c_/ 3TU‘l  dZ» 
52'  Z-Z* 


.r^  3r(Z’) 


12‘Z'1  dZ'  \ 
Tz-Z'l‘*  4  H*  ' 


-  0(2) 


Therefore,  the  problca  win  be  to  find  a 
unlforoly  valid  potential  for  which  the  Units 
within  the  outer  and  Inner  coordinates  (and 
In  the  outer  and  Inner  domains)  will  be  the 
samo  as  these  given  by  the  solutions  to  the 
OKtcrnol  and  Internal  prosleas. 


Those  throe  corditlons  must  be  applied  to 
the  calculation  described  In  i  A. 

The  cormon  limit  of  and  «.  will  be  called 


There  exists  a  frontier  domain  In  which  *4  “  ^  *  Y  tg  B  •  tg  ^  - 

the  solutions  should  match,  and  be  both  valid 
according  to  their  order  of  approximation.  Giving  : 


Ih  this  region,  both  solutions  must  bo 
equivalent,  l.o.  the  Unit  of  if  x  ■*  0  rust 
be  equal  to  the  Holt  of  if  x  •*  •«. 

ti»U  of  If  X  -  0 


I.B.2  »  Evaluation  of  the  depth  of  subrrgr* 
genee 

The  depth  of  submergence  M  will  be  given  by  ; 


With  the  Inner  coordinates  (viz)  •  c  r(2)). 
we  Obtain  : 


X  V 


rm  ,, 

ii  ^  "IT 

.  -i  /•’  aj:_ 

Ti’'  i-2' 


■  4;/ rw-l^V4ii; 


Note  j 

In  the  subsequent  calculations,  we  shall 
consider  the  depth  o*  siArergenco  h  as  snail 
(of  order  c  1  .  but  since  the  final  expres¬ 

sions  are  coherent  with  the  results  obtained 
for  infinite  depth  of  submergence,  those  shall 
be  used,  whatever  the  value  of  h  •  01. 

Limit  of  Oj  if  X  -  •«. 


The  series  expansion  of  Oj  if  X  •*  •«  is 
Sj-vo^cose^ex.Y  tjB-e,  ts’’ •  0(1) 
where 


It"  <6-6^  t) 


The  equality  of  these  two  ll«Us.  which 
entails  the  existence  of  a  domain  in  which 
both  solutions  are  equally  valid  therefore 
Imposes  : 


.Tc 

A  very  low  value  XNF  is  used,  such  that  • 
rXhF  3y,  -xrjp  9Y. 

J  ?r  “x  •/  ox 

*'0  -'0  5X 

jy, 

Using  series  expansion  of  ^  when  -eo 
we  evaluate  * 


/-‘S  W,  SY 
Wo  get  J 

Ir  X-  -8(It-t8BJ  (e^ 

e 

8,  •  Urn  (0-BJt 
6,  •  lln  (e-6„-  ^)t’ 


'  Urn  ( 
X-w-oo 


7  •  ■r^"''E-te 


Therefore,  we  obtain  : 

”  ■  XllXsl-^-X£(XH0)-«88(XS-XNF).6,l06|j^| 


al 

.  ^ 
u 


3$1 


KorierlCdUy,  X.(t)  o  )  Y.(t)  will  bo  calcu¬ 
lated  for  values  of  t  tcfxJlng  towards  -•*  until 
convergence  is  obtained. 

In  this  e-anner,  a  new  valuo  of  T£  Is  obtai¬ 
ned,  which  we  will  use  to  solve  again  tho  inner 
problee. 


or 


3E, 

(1) 

32 

*  2‘  dx 

dx 

3*, 

(2) 

dz 

. 

'  2‘  dx 

dx  ’ 

Now  • 

For  paragraph  A,  we  indicated  that  should 
be  equal  to  zero,  so  as  to  be  hor^geneous  with 
the  three’dirsensional  study.  In  fact,  this  solu¬ 
tion  is  not  used  in  practice  when  solvir^  the 
two-dirensional  problem  only,  since  it  entails 
excessively  high  dissytnetry  for  bacK  and  face 
cavity  lengths.  In  general,  authors 
inpostf  which  is  very  close  to  the 

three-dleensional  result  entails 


11.  The  Oiract  Problem 

The  wing  planform  and  the  flight  conditions 
being  Known,  an  atterpt  is  nado  to  dotemlne  the 
local  and  global  characteristics  of  the  ventila¬ 
ted  wing. 

A  -  Hypothesis 

In  a  perfect  fluid,  the  velocity  potential 
of  tho  three  dinonsicnal  flow  satisfies  the 
Laplace  equation  ard  is  detemined  by  a  surface 
integral  (on  the  surface  of  the  wing  and  its 
cavity)  of  Green  functions  representing  the 
potential  of  elenentary  singularities. 


2. -  On  the  cavity. 

Us  assuae  that  tho  pressure  is  constant 
within  the  cavity.  In  linear  theory,  and  on  the 
plane  surface  representing  the  cavity.  $  satis¬ 
fies  : 

II  («.  y.  0)  .  -  I  (3) 

(K  ventilation  nurcer). 

3. -  Trailing  edge. 

ihe  thickness  of  the  wing-cavity  asserbly 
tnust  not  be  discontinuous  (at  the  first  order) 
at  the  trailing  edge  of  tho  wing.  Ihe  derivative 
with  respect  to  k  of  the  thickness  will  be  evs^e 
continuous  at  the  trailing  edge. 

C.-  Cavity  closing. 

The  cavity  will  be  extended  to  down-stream 
infinity  by  a  wake  of  constant  thickness.  The 
cavity  closing  lino  will  be  defined  as  the  line 
on  which  the  derivative  with  respect  to  x  of  th© 
thickness  cancels  out.  This  rcdellzation  is  the 
consequence  of  the  singularities  used  in  the 
sch&Ttatlzation. 

S.-  Free  surface. 


Since,  by  hypothesis,  the  wing  and  its 
cavity  are  thin,  linearized  boundary  conditions 
will  be  imposed  on  a  portion  of  the  horizontal 
plane.  The  singularities  which  we  uee  to  repre¬ 
sent  the  flow  will  be  distributed  over  this 
surface. 

The  cruising  speed  of  a  ship  with  lifting 
surfaces  of  this  type  being  very  high,  the 
Froudo  nurbor  shall  be  considered  as  infinite. 


Gravity  and  viscosity  shall  bo  neglected. 

B  -  Boundary  conditions 
t.-  On  the  wing 

The  velocity  field  oust  satisfy  the  wing 
slippage  condition  on  the  wing  (n  being  outward¬ 
ly  noroal  to  the  wing).  In  linear  theory  this 
condition  will  be  written  respectively  for 
the  back  and  face  of  the  wing  (•) 

li(«.y.0.).||a(x.y,tl).2|llx.y.0)^« 
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(x.y.o.l-  %Ix.y.<!)--||*Ix.y.<»*^ 


Where  y^^^^  (respect,  yj^^)  is  the  y 
coordinate  for  tho  back  (rosp.  face)  of  tho  wing. 


Since  the  Freude  number  is  infinite,  the 
freo-surface  Poisson  condition  then  degenerates 
to 

II  (X.  y,  H!  .  0. 

S.»  Syretry  of  the  flow. 

The  wing  end  its  cavity  have  a  vortical 
piano  of  sywotry  (parallel  to  tho  dirsciion 
of  the  undisturbed  flow).  Only  one  half  of  the 
flow  is  rrodelllzed. 

Note- 


Tho  condition  n*  6  will  bo  obtoined  outona- 
tically  by  associating  to  each  singularity  a 
singularity  of  the  same  strength,  located  sym- 
eevrlcally  with  respect  to  tho  piano  of  sywetry 
of  tho  flow.  For  condition  n*  5,  tho  (low  ootal- 
ned  with  the  above  two  singularities  will  be 
completed  by  two  singularities  located  syrrmetri- 
cally  with  respect  to  the  free  surface  and  of 
equal  strength  (vortices)  or  opposite  strength 
(sources). 

C  -  Diserotization  of  integrals  representing 
the  veloViVy  'fiVl'd™(^T.‘‘()0)' 

1.-  On  the  wing  (see  figure  4) 

Tho  wing  is  divided  into  elereentary  strips 
parallel  to  the  direction  of  the  undisturbed 
flow.  Tho  Jth  strip  is  bounded  by  two  straight 
lines,  Hj  dnd  such  that  : 
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nj,,«onv*5ln 

(where  anv  -  ^2|2  ,  •  nurcer  of  strips). 

Ssch  of  these  strips  Is  trsnsfortned  into  a 
rectangular  strip  of  the  sane  width  and  unit 
length  by  a  linear  change  of  abscissa  t  •  f(x). 

Ue  assure  thu  strer^th  of  the  different 
singularities  used. to  be  a  function  of  t  only 
for  each  of  these  strips.  Thus,  for  each  strip, 
the  different  Green  functions  will  be  first 
analytically  integrated  with  respect  to  r). 
t  being  held  constant.  We  then  perform  an  inte* 
gration  with  respect  to  t.  using  a  Quasi* 
continuous  Gauss  method  i  results  obtained  for 
each  strip  will  then  be  sunned  up. 


The  potential  corresponds  to  a  velocity 
field  such  that  the  surface  of  Integration  Is 
a  discontinuity  surface  for  the  w  velocity,  i.e. 

3»g  iK 

<x,  y.  0,)-  “5|(x.  y.  0^)  •  s(x,  y) 

The  boundary  condition  defined  by  ect^atlon 
2  will  be  automatically  satisfied  by  taking  : 

,  1  Ax  'S-"*  “''IN  «•">  X 

s<e.n)  5  - j 


2.  Vortices 


^.(x.y.z) 


■-hr 


2.  On  the  cavity  (see  figure  4) 

The  cavity  Is  divided  Into  strips  which 
are  extensions  of  those  defined  on  the  wlf^.  On 
these  strips,  trapezoidal  boxes  are  defined, 
on  which  the  strength  of  the  singularities  will 
be  constant. 


The  potential  is  created  by  a  distribution 
of  bound  horse  shoe  vortices  on  the  horizontal 
surface  S.  This  distribution  It  extended  down- 
stieam  from  the  trailing  edge  by  free  vortices 
parallel  to  the  direction  of  the  undisturbed 
flow. 


Since  tho  shape  of  the  cavity  Is  one  of 
the  unknowns  of  the  prt»>lem«  the  distribution 
of  these  boxes  must  extend  down«stream  from 
the  previously  oetemlned  closing  line. 


The  surface  of  Integration  Is  a  discontinuity 
surface  for  the  velocity 

“t  'JT 


Integration  on  the  cavity  will  be  perfor* 
mod  by  double  suemation  of  tho  elecantary  Into* 
grals  calculated  analytically  for  each  box.  and 
for  which  the  singularity  strength  Is  conside* 
red  as  constant. 


57"  (x.y.OJ  •  (x.y.O,)  •  t(x,y) 

3.  Pressure  sources 


3.  Location  of  the  test  points  (see 
figure  ej. 

The  test  points  are  points  at  which  the 
boundary  conditions  defining  the  velocity  poten* 
tiol  must  be  satisfied. 

On  the  wing,  the  x*  and  y«  coordinates  of 
the  1'^  test  point  located  on  tho  strip, 
are  given  by  s 

x(i.  (.-^)).x^(j, 

c(J)  chord  at  y(J)*coordlnato 

y(J)  :  onv  •  sin 

x»(j)  •  X  -  coordinate  of  the  l«udlr«  edge 
at  y(J) 

fxrtier  of  test  points  in  each 
°  strip. 


Using  the  Gauss  method,  this  discretization 
will  enable  us  to  integrate  the  local  forces 
calculated  at  the  tost  points. 


On  the  cavity,  the  test  points  will  be 
located  in  the  center  of  each  box. 


0  »  Singularities  usod  (?’.  (8) 
1."  Sources 


❖c(x.  y,z)« 


.  '  ff 


The  surface  of  Intcgratioj^is  a  discontinuity 
surface  for  the  velocity  w  •  (x,  y.  0).  If 

we  consider  a  box  on  which  the  distribution 
Is  constant  and  epual  to  unity 

-^U.  y.O.)-  -5--  (x.y.O.l-O  X  <  x^ 

•  ’'■’'a'''*  ’’a  ^  "  *0 

•  'olyl-Aftiy)  X  >  xg 
with  y,  <  y  <  yj 


y  <  y, 
y  >  V; 


The  feet  that  the  dlscontlriulty  of  the 
velocity  w  is  zero  ot  the  leodlr^  edge  of  the 
elementcry  box,  end  therefore  on  the  trailing 
edge  of  the  wing,  would  entail  a  discontinuity 
in  the  derivative  of  the  wing-cavity  thicKneas 
at  the  trailing  edge.  To  solve  this,  we  extend 
continuously  to  downstream  Infinity  the  source 
distribution  on  the  wing  by  a  distribution  of 
sources,  the  strength  of  which  does  not  vary 
with  X. 

Oistribution  of  such  pressure  sources  also 
it^ses  the  cavity  closing  diagram  i  the  cavity 
will  bo  extended  to  down-streaa  infinity  by  a 
waKe  of  the  same  width  and  of  constant  thickness. 
The  closing  line  Is  defined  as  the  line  on  which 
the  derivative  of  the  thickness  cancels  out. 
Downstream  from  this  frontier,  the  pressure 
source  boxes  and  the  corresponding  test  points 
are  elininated. 

The  interest  of  such  pressure  source  boxes 
is  that  they  induce  on  themselves  a  evsxirua 
velocity  u  •  1“  ,  which  entails  that  the  asso¬ 
ciated  Influence  coefficient  eiatrlx  will  have  a 
predominant  coin  diagonal. 


£  -  Pesolutlen  ffethod 


The  Mthcd  is  well  converging  and  the  shape 
of  the  cavity  stabilizes  a'ter  a  very  small  nir>- 
ber  of  iterations. 

As  we  know,  at  this  step  of  the  process, 
the  strof^th  of  all  singularities,  we  can  then 
easily  determine  the  velocity  ard  therefore  tho 
pressure  on  the  back  and  face  of  the  wing. 

Perfonaing  a  double  integration  by  Gauss's 
eethod.  we  detemlne  the  lift,  non-vlscoos  drag 
and  global  Bcsent. 

The  velocity  at  the  leading  edge  is  not 
defined,  as  In  any  linearized  problem  i  but 
calculation  of  ||  oslrg  the  Gd^iss  tsethod  enables 
us  to  evaluate  the  limit  of  ^  tx.y.O)  /x-x^ly) 
If  X  •*  being  the  abscissa  of  the 

leading  edge  at  y-coordlnato. 

A  two-dlNcnsional  velocity  regularization 
method  iRiegels  or  tlghtlil  methodl  will  then 
be  used  to  approximate  the  velocity  at  the  lead¬ 
ing  edge.  It  can  bo  expected  that,  as  well  as 
in  tho  two'dlh'cnslc'nal  case,  this  method  will 
be  all  the  more  valid  as  we  approach  the  shock 
free  angle  of  attack  (11),  (12). 


The  problem  thus  •discretized’,  using  a 
corventlonal  collocation  eethod.  leads  to  resol¬ 
ving  the  following  linear  ccuations  : 


'  Oh  the  wlrg  at  test  points  Cj.  i  varying  from 
1  to  n^  •  n^  ♦ 


"t  "SP 

7.  t,  01,  •  7.  50,0 

j.,  s  ‘J  j.t 


i 


a.  is  the  angle  of  attack  of  the  wlrg  at  r 

X  •  Xj. 

It  is  possible  to  associate  a  different 
angle  of  attack  to  each  elementary  strip,  and 
to  roach  by  iteration  the  sfxjck-froo  angle  of 
attack  for  this  strip. 


•  On  tho  cavity,  at  test  points  C^,  1  varying 
from  1  to  n-p 

hg  n,  nqp 

'  ‘  jT,  h ■  A 

The  Causs-Seidol  iterative  nothod  will  bo 
used  to  solve  this  systvs. 

At  each  step  of  the  iteration,  the  thick¬ 
ness  of  the  cavity  shall  bo  calculated  at  each 
test  point  located  on  the  cavity.  On  each  of 
the  elementary  strips  of  the  cavity,  the  deri¬ 
vative  with  respect  to  x  of  tho  thickness  first 
increases  and  then  decreases.  The  cavity  being 
defined  as  the  region  where  the  derivative  of 
the  tnlcKness  is  positive  or  equale  zero,  tho 
boxes  located  downstream  from  this  Unit  will 
be  suppressed,  together  with  the  equations 
concerning  the  associated  tost  points. 


Ill,  ^lg*c^lcal  Invest l,-.ation  ard 
Cor>clu«tcnf 

The  figure  defines  tno  planfom  of  a  half- 
wing.  Tre  relative  thickness  of  each  section  is 
10  t. 


the  wing.  Submerged  at  a  depth  of  0.38  n, 
has  a  loading  of  12  metric  tons  per  sq.m)  it  is 
part  of  the  lifting  system  of  a  hydrofoil  craft 
moving  at  72  knots.  The  spanwUe  distribution 
of  the  lift  coefficient  is  given  by  s 


Cp^(v) 


o.os»? 

0.60  •  0,4^.  y 


The  ventilation  coefficient  is  k  •  0.03$. 


Resolution  of  the  inverse  problem  leads  us 
to  define  8  sections  for  which  the  y-coordlnates 
are  defined  by  i 

Vj  -  0.80441  sin  . 


The  wlrg  so  defined  is  discretized  as 
shown  in  f’gure  4.  $4  tost  points  are  defined 
over  the  wtng  <?  along  the  span  x  12  along  the 
chord),  and  140  are  positioned  in  order  to 
define  tho  cavity  (only  the  two  first  rows  of 
boxes  have  been  shown). 

Wo  then  use  the  direct  program  to  find  the 
spanwise  distribution  of  the  lift  coefficient 
Cp.  (y)  and  the  value  of  tho  velocity  at  the 
loading  edge. 

A  first  set  of  linear  Iterations  perfomed 
on  the  angle  of  attack  of  each  of  the  7  basic 
strips  enables  us  to  dofino  a  law  a^ly).  The 
wing  for  which  each  strip  iS  positioned  at  tho 
shock  free  angle  of  attack  by  rotation  a^lyl 
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^.3»  a  »5>aftwl3e  distribution  of  the  lift  coeffl* 
dent  Cp2(y)> 


By  using  the  prograa  resolvlr^  tr>e  inverse 
problea,  we  define  a  new  wing  havlrg  a  distribu¬ 
tion  of  the  lift  coefficient  s 
Cp5y) 

CPjty)  •  -  • 

^  Co,(y) 


As  before,  by  deter«lnlng  a  law  a^ly)  by 
Iteration,  each  eleteentary  strip  will  be  posi¬ 
tioned  at  the  shocK-free  angle  of  attach- 

Figure  8  shows  tho  spanwlse  distribution 
a,(y)  and  ajty)  of  the  shoch-froe  angle  of 
aftach. 

Distribution  Cn,(y)  of  the  lift  coefficient 
will  then  bo  very  slallar  to  distribution  Cp^Cy). 

Figure  6  shows  the  evolution  of  the  span- 
wise  distribution  of  the  lift  coefficient  duxlng 
the  Iterative  process. 

Figure  3  represents  the  wing  with  its  $  side 
view  sections,  while  figure  5  represents  section 
n*  3,  y  •  0.3272  In  rare  details. 


FI6  3  PLWFORtl  with  SIDE  VIEW 
or  8  SECTIONS 


Figure  7  shews  the  chordwlse  distribution 
of  the  lift  coefficient  on  the  bach  and  face  of 
section  y  •  0.421188  of  the  wing. 

Figure  3  shows  the  spanwlse  distribution 
V,(y)  Of  the  leading  edge  velocity  cbtalned  when 
v<e  first  use  the  direct  program  (before  the  Ite¬ 
rative  process).  Ve  can  corpare  V,(y)  with  Vjjy) 
obtained  when  the  wing  is  defined  by  the  purely 
bldimenslonal  Inverse  method  (without  the  three- 
dleerslonal  correction).  Ve  can  see  the  best 
adaptation  of  the  wirg.  This  also  lepllos  that 
thjs  Iterative  process  shall  always  converge  and 
shall  do  so  core  rapidly. 

To  conclude,  a  convenient  fitting  between 
the  direct  and  Inverse  theories  can  be  observed. 
!n  particular,  the  Inverse  problem  generates 
sections  which  aro  at  an  angle,  close  to  the 
shoc>i-froe  angle  of  attack,  enabling  rapid 
correction  by  Iterations  porforred  from  the 
direct  problea,  and  which  do  not  coll  for  recal¬ 
culation  of  the  Influence  coefficients. 

Unfortunately,  we  t>ave  no  nxoerlaental 
results  to  check  out  tho  aaec-acy  of  this  nethod. 

While  reoalnlng  optlnlstlc,  we  ore  fully 
conscious  of  the  Irprover'cnt  which  would  be 
ichleved  by  1-  our  taking  Into  account  t,ho  Froudo 
nvrter,  2-  a  three-dlncnslonal  regularliatlon 
method  for  the  velocity  at  the  leading  edge  and 
3-  a  bettor  sch<»ratlr8tlon  of  the  cavity. 
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SUPERCAViTATiNG  HYDROFOILS  IN  NONLINEAR  THEORY^ 


C.  Pttion*  and  A.  Row* 

Inttrtut  de  MAc*nique  d*  Grenoble 
B  P,  S3  X  38041  Grenoble  Cedex  (Frence) 


Abstract 

A  non-linear  calculation  method,  based  on  a 
Surface  singularity  distribution  is  used  to  de- 
tereine  the  tvo-  and  three-dioenstonal  flow  of 
a  perfect  incoepressiblc  fluid  around  a  super- 
cavitating  hydrofoil.  The  exact  boundary  condi¬ 
tions  are  satisfied  on  the  foil  and  the  cavity. 
The  velocity  potential  is  generated  by  a  distri¬ 
bution  of  sources  over  the  foil,  tangential  dou¬ 
blets  over  the  cavity,  normal  doublets  over  tho 
foil,  the  cavity  and  the  val:e  and  a  distribu¬ 
tion  of  linear  sinks  placed  at  the  rear  of  the 
cavity.  The  nutMsrical  solution  of  the  problem 
allows  the  non-linear  calculation  of  the  cavity 
geotBctry  using  an  iterative  procedure. 

In  two-dimensional  flow,  after  calculation  of 
a  supercavitating  hydrofoil  with  wetted  upper 
side,  the  method  is  used  to  calculate  the  posi¬ 
tion  of  the  point  of  cavity  separation  and  to 
extend  tho  calculation  to  the  case  of  a  foil 
geometry  with  unvetted  upper  side.  The  proce¬ 
dure  also  proved  effective  in  treating  the  case 
of  a  hydrofoil  followed  by  very  short  cavities. 
In  three-dimensional  flow,  the  case  of  a  swept- 
back  hydrofoil  of  non-zero  thickness  is 
presented. 

1.  Introduction 

Two  difficulties  are  encountered  in  calculat¬ 
ing  the  hydrodynamic  characteristics  of  a 
Supercavitating  structure  : 

a)  the  presence  of  a  cavity  followed  by  i  two- 
phase  and  turbulent  wake  requires  a  certain 
degree  of  swdelling  in  order  to  bo  able  to  deal 
with  the  problem  within  the  framework  of  poten¬ 
tial  flow, 

b)  since  it  is  a  free  boundary  problem,  it  is 
particularly  difficult  to  solve  the  non-linear 
direct  problem. 


X  This  study  was  sponsored  by  the  French 
"Direction  dcs  Recherches,  Etudes  et  Techni¬ 
ques''  under  contract  No  78'4$0. 


Many  linear  theory  studies  have  been  carried 
out  using  analytical  eicthods  in  the  case  of  tvo 
dimensional  flow,  the  aim  of  these  studies 
being  to  validate  the  calculate  schemes  chosen 
to  model  the  cavity,  and  to  estimate  the  error 
due  to  linearisation  [i]  to  (6]  .  The  error  due 
Co  linearisation  is  all  the  greater  as  the 
upper  side  of  the  hydrofoil  becomes  unwetted  ; 
in  such  a  case,  there  is  considerable  flow  de¬ 
viation.  When  the  foil  has  a  rounded  leading 
edge  and  the  upper  surface  is  vetted,  flow  de¬ 
viation  is  levs  significant  and  the  overall 
coefficients  calculated  are  closer  to  reality, 
but  the  pressure  distribution  at  the  leading 
edge  IS  singular.  For  these  reasons,  it  seems 
necessary  to  develop  a  non-linear  theory.  Howe¬ 
ver.  the  difficulties  arc  such  Chat,  to  date 
and  to  the  author's  knowledge,  only  the  follow¬ 
ing  tvo-dieensional  flow  problems  have  been 
resolved  : 

-  the  flat  plate  problem  with  or  without  consi¬ 
deration  of  gravity  effect  [7]  and  [8]  . 

-  the  indeteminate  problem  related  to  a  hydro¬ 
foil  of  undefined  shape  (9}  . 

-  the  inverse  problem  related  to  a  particular 
load  law  [lO]  . 

-  the  direct  problem  related  to  a  hydrofoil 
with  unvetted  upper  side  and  with  lover  side 
of  arbitrary  shape  [li]  . 

It  was  therefore  apparent  that  the  resolution 
of  the  direct  problem  in  non-linear  theory  con¬ 
cerning  a  supercavitating  foil  with  vetted 
upper  side  and  truncated  rear  had  not  been 
dealt  with  up  till  now. 

In  the  framework  of  analytical  methods,  reso¬ 
lution  of  the  three-dimensional  problem  can  be 
considered  by  a  pcrturbaticn  method  matching 
the  lifting  line  solution  according  to 
FRANDlT's  theory.  If  the  solution  is  limited 
to  the  first  order,  the  method  is  very  simple 
to  implement  but.  In  this  case,  the  three- 
dimensional  character  of  the  flow  is  extremely 
schematised.  Such  is  the  work  carried  out  by 
R.  BAU8EAU  [10]  and  0.  rURUKA  [iZ]  using 
a  non-linear  solution  of  the  two-dimensional 
problem.  Mention  should  also  be  made  of  the 
work  of  P.  LEEHEY  [l3]  who  extended  matching 
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to  the  second  order,  but  on  the  basis  of  the 
linear  tvo^diiMnsional  solution. 

In  the  frasevork  of  nuserical  nethods.  the 
problca  of  cavitating  flov  has  already  been 
dealt  with  in  a  nuaber  of  studies.  To  the 
author's  knowledge,  all  these  studies  were  car* 
ried  out  on  the  basis  of  a  linear  theory  : 
before  the  developaent  of  coaputers*  T.S.  IDV 
hod  already  defined  a  rheo*etectric  siamlation 
aethod  [l4]  and  [iS]  .  The  case  ot  a  hydro* 
foil  with  unvetted  upper  side  followed  by  a 
cavity  of  finite  length  was  dealt  with  by 
L.F.  TSEK  and  M.  CUlLftAUD  in  1970  D«1  • 

VERRON  [i7]  studied  the  case  of  a  foil  with 
wetted  upper  side,  the  cross*section  of  which 
was  a  sysoetrical  wedge.  The  stethod  used  by 
VERRON  could  be  extended  to  the  case  of  a  foil 
with  an  arbitrary  cross*sectiori  by  suking  the 
solution  regular  at  the  leading  edge  by  natch* 
ing  the  solution  obtained  to  a  local  regular 
threc*dir9ensional  solution,  according  to  the 
technique  proposed  by  J.P.  DARROZES  [id]  .  This 
solution  would  have  the  disadvantage  of  tntro* 
ducing  errors  at  high  angles  of  attack  and,  as 
a  result,  extension  to  the  case  of  supercavita* 
ting  hydrofoils  with  urivettod  upper  side  could 
not  be  rude  without  certain  restrictions. 
Another  possible  approach  to  the  non*linear 
problea  would  be  to  adapt  the  vortex  lattice 
aethod  used  at  the  O.N.E.R.A.  by  C.  REH8ACH 
0^3  •  This  approach  creates  difficulties  since, 
when  dealing  with  closed  bodies  of  a  certain 
thickness,  the  systea  matrix  is  singular.  The 
Deans  by  ^ich  these  difficulties  may  be  over* 
coec  are  not  easy  to  justify. 

The  integral  aethod  presented  in  this  study 
enables  treataent  of  both  tvo*diaensional  and 
three-diaensional  flow  of  a  perfect  incoapres- 
sible  fluid  around  a  hydrofoil.  In  the  case  of 
potential  flow  around  a  supcrcavitating  foil 
with  wetted  upper  side,  without  lift  effect, 
the  potential  is  generated  by  a  surface  source 
distribution  (^O]  ,  QQ  ,  QiZj  •  To  introduce 
the  lift  effect,  surface  doublicity  distribu* 
tion  is  required  [23]  ;  in  this  context,  the 
non*l inear  problea  of  the  thick  foil  can  be 
treated  by  a  surface  source  and  doublicity  dis* 
tribution  over  the  foil  and  a  surface  doubli* 
city  distribution  over  the  wake  [24]  . 

Treatment  of  t’.e  supcrcavitating  foil  is 
Bade  possible  by  matheaatical  modelling  of  the 
cavity  ;  the  main  difficulties  encountered  are 
related,  on  the  one  hand,  to  the  difference  in 
nature  of  the  boundary  conditions  which  aujst  be 
satisfied  over  the  foil  and  the  cavity,  and  on 
the  other  hand,  to  the  unknown  shape  of  the 
cavity.  Since  the  gecaetric  boundary  of  the 
cavity  must  consist  of  constant*pr<ssure 
stresalines,  the  condition  on  this  boundary  is 
expressed  by  a  tangential  velocity  condition. 
Assuming  the  cavity  gcoactry  to  be  known  •  as 
a  first  step  *  the  solution  to  the  problea  is 
obtained  by  using  a  surface  source  distribution 
on  the  foil,  a  surface  doublicity  distribution 
(tangential  doublets)  over  the  cavity,  and  a 
surface  doublicity  distribution  over  the  foil, 
the  cavity  and  the  wake  (normal  doublets),  plus 
a  linear  sink  distribution  at  the  rear  of  the 
cavity,  the  total  intensity  of  which  Is  equal 
to  the  sum  of  the  sources  on  the  foil.  Despite 


the  fact  that  the  solution  to  the  boundary  pro* 
blea  expressed  is  unique,  there  is  not  unicity 
in  the  distribution  of  singularities  creating 
the  same  potential  [24]  ;  consequently,  tne 
density  of  normal  doublets  over  the  wake, 
assumed  to  be  non-deforaable,  and  the  cavity  is 
characterised  by  a  relation  which  is  a  function 
of  the  foil  span  ;  this  relation,  combined  with 
a  linear  relation  as  a  function  of  the  chord, 
allows  the  normal  doublet  densiev  over  the  en¬ 
tire  area  of  the  foil  to  be  defined.  Calcula¬ 
tion  of  the  exact  shape  of  the  cavity  requires 
an  iterative  procedure.  As  a  result  of  the  pre¬ 
sence  of  sinks  at  the  rear  of  the  cavity,  the 
cavity  does  not  close  completely  ;  consequently, 
the  model  chosen  is  a  quasi-closed  cavity  model. 

II.  Two-dimensional  study 

The  Study  presented  considers  the  cavity  pres¬ 
sure  to  be  unknown  ;  as  a  result,  the  cavity 
length  is  imposed. 

(k>nsideration  is  given  to  the  two-dimensional 
flov  around  the  supercavitating  foil (AS)(figu-. 
re  1).  The  foil  is  placed  below  a  free  surface 
at  a  depth  h. 


The  hypotheses  used  arc  those  of  a  perfect, 
tncoepressible,  irrotational  fluid  in  a  semi- 
infinite  field  of  flov.  Since  free  surface  de¬ 
formations  are  small,  the  iaage  method  is  used 
to  consider  the  equivalent  infinite  field  of 
flow.  At  any  point  M  :  z  •  x  *  iy,  the  po¬ 
tential  and  the  velocity  7!^  are  written 
as  follows”:  ” 

Voo  is  the  flow  velocity  at  upsircaa 
infinity. 

Cn  the  foil  the  NLVHANN  condition  gives  : 

for  M<{AB)  (I) 

The  constant  pressure  and  NEUMANN  conditions 
on  the  cavity  (DAUBC)  give  : 
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!For  .>I«{DA  U  BC){ 

tr.ry 

Kith  Sian  (TitJ) 


(2) 
(3) 


cay 

•2 


i«  the  ventila* 
tior.  nu:d>er. 


P(&  being  the  fluid  pressure  at  upstreaa 
infinity  at  »  submrsion  depth  h. 


being  the  pressure  in  the  cavity. 

For  a  given  position  of  the  foil,  K  is  a 
function  of  cavity  length  ;  since  this  length 
is  iaposed,  R  becomes  an  unknown  parameter  in 
the  problem.  In  addition,  in  equations  (2)  and 
(3),  the  direction  of  the  tangent  vector 
over  the  cavity  is  unknown.  This  leads  to  a” 
choice  of  initial  shape  of  the  cavity  (DAUBC) 
schematised  in  a  sisple  manner. 


Taking  into  consideration  the  discontinuities 
introduced  by  the  singularities  used,  and  using 
HADAMARD's  notation  [23]  ,  the  conditions  (1) 
and  <2)  lead  to  the  two  following  equations  : 


*T'  'Vfm  foi-  (4) 


.Ltf /i  *  1  e-— 

•'(OA.BC) 

”  ForMr{OAU8C> 


In  these  expressions  : 

.  is  the  tangential  doublets  distribution 
'M  over  the  cavity, 

OTj^,  is  the  source  distribution  over  the  foil, 

is  the  vortex  distribution  over  the  foil, 

.  is  the  strength  of  the  sink  placed  at 
^F  the  rear  of  the  cavity. 


O  is  the  oriented  angle  of  the  tangent  unit 
"  vector  with  the  unit  vector  i  of  the 
axis  ox  ; 

designates  the  curvilinear  abscissa  of 
"  the  point  M  on  the  oriented  contour-line 
(DA3C) . 

In  addition,  w  <*)  represents  the  effect_of 
syaoecrical  singularities  with  respect  to  ox 
at  the  point  M  (z). 

Since  fluid  flow  rate  within  the  contour-line 
tKisc  be  zero,  ve  have  : 

‘>F--f‘5c  “V 

•Jab) 

The  continuity  conditions  at  points  A  and  B 
at  the  boundary  between  foil  and  cavity  are 
expressed  by  : 

-  the  non  lifting  condition  on  the  cavity 

jwhen  M-A 
/and 

-  the  zero  normal  velocity  condition  at  these 
points 


1  (7) 

(  ('•“)b  ■  -^"6  (5> 

the  fi.4t  caleulrtion  step  consists  in  satis¬ 
fying  the  equations  (4),  <5),  (6),  (7)  and  (8) 
by  acins  of  the  initial  shape  of  the  cavity. 
From  the  solution  to  this  problem,  the  shape  of 
the  cavity  can  be  constructed  so  as  to  satisfy 
equation  (3)  and  in  the  same  manner,  the  proce¬ 
dure  is  continued  until  this  condition  (3)  is 
satisfied  exactly  at  all  points  over  the  cavity. 
The  numerical  convergence  of  this  iterative 
procedure  is  guaranteed- 

According  to  the  classical  method,  the  equa¬ 
tions  of  the  problem  are  discretised.  The  Y 
distributions  arc  considered  proportional  to” 
the  size  of  the  panels  C^n  *  ^*^'**8 

care  to  make  the  last  two  panels  of^the  upper 
and  lover  sides  of  the  trailing  edge  small,  in 
order  that  the  conditions  <6)  are  automatically 
satisfied.  The  discretised  equations  (A),  (S>, 
(7}  and  (8)  give  a  system  of  linear  equations 
<N.  N)  ; 


H 

^  <’> 

n*l 

X  represents  the  singularities  ,  ^fn  , 

^  or  the  singularity  T  ,  or  the  unknown 
parameter  *  K.  The  numbering  of  the 
equations  and  the^unknovn  parameters  correspond¬ 
ing  to  the  best  layout  of  the  matrix  [c]  leads 
to  the  appearance  ut  a  zero  on  the  main  diagonal. 
For  this  reason,  a  CAUSS-SE1D£L  type  algorithm 
cannot  be  applied  and  a  direct  resolution  method 
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of  Se  HOUSEHOLDER  type  is  Adopted  to  cslcuUte 
the  solutions  to  the  systta  (9).  This  neth^ 
has  the  advantage  of  being  stable  and  precise. 

Thus,  given  the  fact  that  the  discrete  values 
of  the  unknovn  paraaeters  are  knovn,  the  velo« 
city  at  all  the  control  points  can  be  calcula* 
ted.  On  this  subject,  it  should  be  noted  that 
the  tangential  doublets  distribution  introduces 
s^oreal  velocity  discontinuity  pro^rtional  to 
.  At  the  a'”  control  point,  is  cal¬ 

culated  by  a  finite  difference  schrae  giving 
the  result  as  a  linear  function  of  the  values 
of  .  BERNOUILLl's  equation  gives  the  pres¬ 
sure  cSefficient  as  a  function  of  the  velocity, 
and  the  lift  and  drag  coefficients  are  calcula¬ 
ted  by  integrating  this  pressure  coefficient  on 
the  foil. 

Resolution  of  the  problea  by  ccans  of  the  ini¬ 
tial  shape  of  the  cavity  is  step  (o)  of  the  i.c- 
rative  procedure.  At  step  <l),  the  position  of 
the  panels  foraing  the  initial  cavity  is  oodl- 
fled  so  that  they  arc  tangential  to  the  veloci¬ 
ty  vector  calculated  at  their  control  point, 
creating  a  new  cavity  geooetry.  Froo  this  new 
position  of  the  cavity,  the  entire  problea  is 
recalculated.  Further  steps  follow  until  con¬ 
vergence  of  the  procedure.  The  calculation 
shows  that  when  this  procedure  has  converged, 
the  cavity  is  not  coepletely  closed,  and  that 
the  distance  CD  is  about  half  the  thickness  of 
the  foil  AB  :  this  result  is  due  to  the  presen¬ 
ce  of  the  sink  placed  in  F.  If  the  streaolincs 
around  point  F  are  drawn,  it  is  found  that 
there  is  a  point  downstreaa  of  F  where  the  velo¬ 
city  is  zero.  The  shape  of  the  cavity  could 
therefore  have  been  extended  as  far  as  this 
point  by  continuity,  but  it  seeaed  preferable 
to  keep  the  half-thickness  scheee  which  proves 
to  be  ©ore  practicable  froa  the  nvaerlcal  stand¬ 
point.  This  reaark  justifies  calling  the  eodel 
"quasi-closed".  Indeed,  such  a  oodel  corres¬ 
ponds  fairly  well  to  the  case  of  ventilated 
cavities. 

After  coaplete  resolution  of  the  problea,  it 
is  considered  that  the  free  surface  Bust  be  a 
streaoline  ;  to  sect  this  condition,  the  free 
surface  is  deforaed  so  that  each  constituent 
panel  is  parallel  to  the  velocity  vector  cal¬ 
culated  at  its  centre. 

The  above-oentioned  theoretical  study  was  iw 
pleoented  by  a  coaputcr  prograsew  which  coa- 
prised  about  one  thousand  Fortran  Instructions. 
The  programc  was  run  cn  a  C.D.C.  6600  which 
is  sufficiently  powerful  to  process  the  overall 
oatrix  in  the  central  aeaoty,  thereby  saving 
tiae  with  respect  to  a  procedure  based  on  the 
use  of  data  files.  The  arrangeaent  of  the  panels 
on  the  foil  Is  given  by  a  cosine  relation  which 
ensures  good  gcoaetrlcal  representation  of  the 
leading  edge  and  good  nuaerical  representation 
of  the  trailing  edge.  The  gcoaetry  of  the  ini¬ 
tial  cavity  is  discrctised  according  to  a  co¬ 
sine  relation  which  gives  a  fairly  fine  aesh  of 
the  geoaetry  in  the  itasediate  vicinity  of  the 
foil  and  in  the  area  around  its  closure  point. 

After  step  zero,  for  the  following  steps,  the 
total  calculation  is  not  necessary  i  this  is 
because,  aaong  the  aesh  coaputatSon  points  of 


step  (n),  the  only  ones  to  have  changed  posi¬ 
tion  arc  those  belonging  to  the  cavity  ;  conse¬ 
quently,  at  step  <n*l),  the  velocity  influences 
of  the  panels  belonging  to  the  foil  at  its  con¬ 
trol  points  do  not  have  to  be  recalculated. 

This  reaark  is  valid  for  the  aatrlx  coefficients 
as  well. 

In  all  the  cases  dealt  with,  it  was  found  that 
S  steps  were  sufficient  to  obtain  convergence  of 
the  eethod  :  the  eethod  convergence  criterion  is 
such  that,  for  all  the  cavity  control  points, 
the  hEi:MAN*N  condition  is  respected  over  the  en¬ 
tire  cavity  with  a  relative  precision  of  iO"^. 

The  cases  with  the  longest  cavities  require  a 
total  of  220  panels  spread  over  both  the  foil 
and  the  cavity  :  the  calculation  tiae  per  step 
(resolution  of  the  problea  for  a  given  cavity 
geoaetry)  is  about  40  seconds  C.P.U.  Resolution 
of  the  entire  problea  takes  200  seconds  C.P.U. 

HI.  Thrcc-diacnsional  study 

Ihis  problea  is  treated  in  an  infinite  field 
of  flow  in  order  to  siaplify  the  analysis.  Coa- 
pared  to  the  two-diecnsional  problea.  the  thtec- 
diaensional  problea  has  the  following  additional 
difficulties  : 

a)  the  length  of  the  cavity  is  an  a  prion 
unknown  function  of  foil  span  ; 

b)  the  direction  of  the  tangential  velocity 
vector  on  the  cavity  surface  is  unknown. 

The  hypotheses  concerning  the  fluid  and  the 
flow  are  the  saee  as  those  oadc  in  Part  H.  The 
foil  is  placed  in  the  reference  systca  (oxy)  so 
that  the  velocity  at  upstreas  infinity  is 

parallel  to  the  axis  oy  (see  figure  2). 


The  foil,  the  cavity  and  the  wake  are  synac- 
trical  surfaces  with  respect  to  the  plane  <oyz>. 
Since  the  flow  has  the  sane  syaoetry,  only  that 
part  of  the  domain  located  on  the  positive  side 
of  the  x-axi$  is  considered.  The  various  nota¬ 
tions  used  are  indicated  on  figure  2.  An  ortho- 
noroal  refcronco  systca  on  the  surface  ( 
r^)  is  defined  so  thi^the  vector 
orthogonal  to  the  vector  T  ot  the  axis’  oX 
and  to  thtvoutward  noraal 
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The  boundary  conditions  arc  expressed  by  the 
following  equations  : 


"■■Vi*  ■ 

rot- 

With 


‘Voo.tij^  For 

(Jt^) 


(10) 

(11) 
(12) 


Ihe  singularities  are  of  the  saoc  nature  as 
in  the  two  ditsensional  problep.  Equations  (10) 
and  (li)  load  to  the  following  integral 
equations  : 


S^body  ‘^•^Scav 


^body.^cav,^' 


I, 

If,  _ 

s  q  T 

^eody’^Cdv’^ 

■‘'p  •I'SK'hxP’  -  T.t,) 


>-pX<,.?5|  dSp  for 

(13) 

*^'“tP^fV*p  *  Id  Am 


><iy 
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Given  the  non-unicity  of  singularity  distribu¬ 
tion,  it  is  pcraissible  to  taaVe  a  choice  of  the 
ROrtsal  doublets  distribution  f^n  while  at  the 
saoc  ciae  respecting  the  distribution  contin>iity 
at  the  trailing  edge  of  the  foil  (curvei-fu,  ). 
Moreover,  the  distribution  over  the  wake  and  the 
cavity  is  a  function  of  the  span  only.  For  a 
section  of  the  foil  placed  at  a  constant  abscis¬ 
sa  X  ,  we  can  write  : 

/"rf.  ■  f(7)  Rx)  (16) 

y  .  Y  , 

In  this  expression,  y  ,  P  .  0  ; 

C(Xp) 

y  is  the  ordinate  of  point  P,  Y  .  the  ordi- 
nai8  of  the  local  leading  edge,  and  C  the  local 
chord  of  the  foil  in  the  section  considered. 

F  (V)  is  an  increasing  (unction  on  the  upper 
side  and  decreasing  on  the  _^cwer  side.^and  is 
expressed  as  follows  '  F  (7)  ■  ±  ^  7 

In  a  sitsilar  eanner  to  the  tvo-dinensional 
study,  the  zero  noreal  velocity  condition  at  the 
trailing  edge  of  the  foil  nust  be  guaranteed. 

For  all  the  points  of  this  curve,  the  following 
relation  oust  hold  true  : 

(“•n>H  •  "Pl-fui  ('^> 

For  the  points  of  the  curve  ^Fui  belonging 
to  the  foil  tip,  no  conditions  are  ieposed  since 
the  velocity  obtained  at  these  points  is  the 
result  of  the  probles.  Moreover,  considering  the 
relation  (I6>  in  each  strip  lialtcd  by  two  sec¬ 
tions  of  the  foil  parallel  to  the  plane  (oyz) 
and  having  abscissa  x'  and  x"  •  unknowns  of 
the  saae  nature  as  in  the  two-disensional 
problea  are  found.  It  can  >6  seen  that  the  pro¬ 
blem  raised  In  this  manner  leads  to  varying  va¬ 
lues  of  ventilation  nusber  K  along  the  foil 
span.  By  aiking  these  values  unifora,  the  length 
of  the  cavity  as  a  function  of  foil  span  will  be 
obtained. 


where  is  a  distribution  of  linear  sinks 
placed  on  the  curve  •  In  the  expressions 

(13)  and  (14),  the  vectors  X  correspond  to 
the  velocity  influence  of  the  correspon^ng 
singularities  ;  the  sectioned  integral  is 

valid  over  the  entire  dooain  $  cxcept'aor  an 
area  So  considered  to  be  flat  and  snail,  the 
contour  line  of  which  encircles  the  influenced 
point  M.  the  parameters  or 

represent  the  noreal  velocity  contribution  due 
to  the  surface  So  supporting  a  source  or  a 
noreal  doublet  distribution.  Similarly,  the 
parameters  Hqi  or  H’on  represent  tho  con¬ 
tribution  of  the  tangential  velocity  due  to  the 
surface  So  supporting  a  tangential  doublet  or 
a  noRbil  doublet  distribution  respectively. 

the  condition  of  zero  internal  flow  rate  is 
expressed  by  the  following  relation  : 

[^pOSp-ffcpas,  (15) 


The  problem  is  dlscrctised  by  dividing  the 
foil,  tho  cavity  and  tho  wake  into  strips  k 
parallc'  to  the  plane  (yoz)  (figure  3). 

The  foil  lip  area  is  formed  by  curves  passing 
throu^  the  end  point  A  and  spaced  at  equal 
intervals  along  the  scai-circlcs  defining  the 
tip.  From  these  curves,  it  is  possible  to  define 
two  strips  as  described  above  on  which  the  nor¬ 
mal  doublets  law  is  assumed  to  be  linear  with 
respect  to  the  (oil  span.  Discretisation  of  equa¬ 
tion  (16)  leads  to  the  choice  of  a  constant  value 
for  each  strip  k  not  belonging  to  the  tip, 
the  function  F  then  being  replaced  by  a  casca¬ 
de  (unction.  Assuming  the  ventilation  number  K 
to  be  constant  in  each  strip  k  and  equal  to  a 
value  K(k)»  tho  discretised  equations  (13). 

(14),  (15),  (16)  and  (17)  give  a  linear  system 
of  equations  (!7,H)  : 


<‘8) 
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Fig.  3 


represents  the  singuUritie*  of 

the  fk  values,  or  the  unknowns  Xk  s 
The  unknown  parstaetcrs  and  the  «<)uations  are 
ruabered  in  such  a  aanner  as  to  obtain  a  line 
arrangcoent  sioilar  to  that  obtained  in  the  two* 
dloensional  study.  By  the  manner  In  which  the  ^ 
linear  system  (IB)  is  established,  the  matrix  0 
can  be  divided  into  sub«natricea  Cj^i  ;  the 
Sub-mtrix  Ggj  represents  the  inducnce  oi  the 
unknowns  concerning  the  strip  •  at  the  con¬ 
trol  points  of  the  strip  k  .  Consequently,  the 
matrices  have  an  identical  structure  to  the 
matrix  G  of  the  system  (9)  ln__the  two- 
dimensional  study.  The  SkStrix  ?  thus  has  zeros 
on  its  sain  diagonal,  impossible  to  resolve  by 
a  CAUSS-SBIDEL  type  algorithm.  Owing  to  the  lar¬ 
ge  size  of  the  matrix  c"  ,  use  of  a  direct 
method  is  also  ruled  out.  Consequently,  solu¬ 
tions  to  the  system  (id)  are  obtained  using  a 
block  resolution  method.  The  iterative  algorithm 
used  on  the  blocks  is  of  the  GAUSS-SblDEL  type, 
each  block  being  treated  by  the  HOUSEHOLDER  me¬ 
thod.  In  the  case  of  the  cavities  studied,  the 
teatrix  size  may  be  as  high  as  1300.  In  these 
cases,  convergence  is  obtained  by  a  tsaximva  of 
ten  iterations  and  all  the  more  rapidly  as  the 
cavity  shape  is  realistic.  In  addition,  this 
resolution  method  is  very  stable,  since  the 
block  structure  formed  corresponds  with  the 
physical  aspect  of  the  problem. 

The  tangential  doublets  introduce  a  rormal 
velocity  discontinuity  proportional  to 
(graOjJ^  The**  tvo  discontinuities 


are  calculated  using  a  three-dimensional  finite 
difference  scheme. 

In  formulating  the  problem,  it  is  assumed  that 
the  geometrical  shape  of  the  cavity  and  the  tan¬ 
gential  direction  of  the  velocity  vector  on  the 
cavity  are  known.  The  cavity  and  the  wake  are 
initialised  by  a  cylindrical  surface,  the  gene¬ 
rating  lines  of  which  arc  parallel  to  the  velo¬ 
city  at  infinity  and  rest  on  the  trailing  edge 
of  the  foil.  The  portion  of  this  cylindrical 
surface  bounded  by  the  trailing  edge  of  the 
foil  and  by  an  arbitrarily  selected  plane  from 
the  equation’  y  y*.  ,  forms  the  initial  shape 
of  the  cavity.  The  initial  direction  of  the 
tangential  velocity  on  this  shape  of  cavity  is 
taken  to  be  parallel  to  tho  velocity  ^  . 


Knowing  the  geometrical  and  vectorial  charac¬ 
teristics  of  the  cavity,  it  Is  possible  to  solve 
the  problem.  The  first  iterations  enable  the 
values  of  the  ventilation  numbers  K  (k)  to  be 
made  uniform  by  adjusting  the  length  of  the 
cavity  1  according  to  the  span  of  the  foil 
through  a'^'^logarithmlc  rotation  :  given  tne 
results  of  iteration  (n),  iteration  (n*l)  gives 
the  following  for  all  the  strips  k  : 


CdV  k^l 


k(") 

<{") 


(19) 
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Bychoosine  a  relaxation  factorW-2,  it  wa*  gene¬ 
rally  found  that  three  iteratims  sufficed  to 
obtain  convergence,  this  gives  the  shape  of  the 
cavity  in  plan.  The  velocity  field  over  the  ca¬ 
vity  shape  obtained  allows  a  preliainary  value 
of  the  tangential  velocity  direction  to  be 
deterained  ;  recotanencing  with  this  configura¬ 
tion,  iterations  are  continued  in  order  to 
obtain  a  more  accurate  shape  of  the  cavity  so 
that  the  equation  (12)  is  satisfied  over  the 
entire  cavity.  Xn  general,  only  one  additional 
iteration  was  sufficient  to  aaVe  this  adjustaeot 
with  good  accuracy.  In  certain  calculation  cases, 
it  was  found  that,  during  the  above-Dcntioned 
iterative  procedure,  the  upper  and  lower  sides 
of  a  given  strip  k  could  cut  one  another*  In 
such  cases,  in  the  following  iteration  ,  care 
was  taken  to  eliainate  the  portion  of  cavity 
downstreaa  of  the  intersection. 


The  set  of  prograaoes  required  to  solve  the 
coaplete^problca  cccpriscs  about  2500  Fortran 
instructions.  These  prograraaes  v*cre  run  on  a 
C.D.C.  6600  cosputer.  Ihe  siatrix  of  the  linear 
systen  is  large  (about  1200).  Deteraination  of 
solutions  by  the  CAUSS-SIEOEL  iterative  aethod 
in  blocks  allots  a  file  recording  of  this 
aatrix  to  be  obtained  line  by  line. 

The  calculation  tine  for  one  iteration  (reso¬ 
lution  of  the  problea  for  a  given  cavity  geo- 
actry)  is  about  6000  seconds  C.P.U,  (C.D.C. 
6600). 


XV,  Results 

IV. 1.  TVo-diocnsional  applications 

The  two  hydrofoils  studied,  de‘  gnated  ’foil 
I*  and  'foil  2',  are  shown  on  figure  4. 

Foil  I  is  a  foil  with  truncated  rear,  the 
.upper  chord  of  which  is  equal  to  three-quarters 
of  the  lower  chord  j  foil  2  is  a  foil  with  upper 
and  lower  chords  equal.  Foil  1  was  discrctiscd 
into  46  panels  and  foil  2  into  48  panels.  These 
two  foils  have  already  been  the  subject  of  nume¬ 
rous  studies  [5]  ,  [25]  .  [26]  ,  thereby 

enabling  the  validity  of  this  calculation  to  be 
tested  by  cosparison. 


iV.I.I.  Supercayitating  foil  with  wetted 
upper  side 

The  results  presented  in  this  section  and  in 
section  IV, 1.2.  concern  foil  i.  This  foil  is 


used  for  the  successive  study  of  the  influence 
of  cavity  length,  of  ventilation  nuober  and  of 
angle  of  attack  on  the  various  gcccaetrical  and 
hydrodynaaic  flow  characteristics,  and  the  pro¬ 
blea  of  flov  separation.  The  extension  of  the 
calcutation-io  a  sup«rcavitacing  foil  with  un- 
vetted  upper  side  (problea  of  separation)  i 
presented  in  section  IV. i. 2. 

The  foil  is  placed  at  a  depth  of  h  *  I 
below  a  free  surface  with  its  angle  of  attack 
d  equal  to  0*.  For  a  cavity  length  of 
•  pressure  coefficient  distri¬ 

bution  over  the  foil  is  represented  (sec  fi¬ 
gures  S  and  6) . 


»how  a  conparison  with  the  stu- 
•  Ihe  latter  study  was  carried  out 
using  a  linear  theory.  Coaparison  with  the  pre¬ 
sent  results  is  possible  because  the  ventilation 
nuaber  K  remains  small,  the  foil  is  thin  and 
placed  at  a  soall  angle  of  attack  (  ®  •  O'). 
Figure  6  shows  in  particular  the  distribution 
of  the  pressure  coefficient  in  the  region  of 
the  leading  edge  and  can  bo  used  as  a  basis  for 
precise  comparison  between  the  two  methods. 
Figure  S  shows  that  the  deviation  in  the  results 
obtained  by  the  present  method  coopared  with 
those  of  [26]  is  fairly  smalt  ;  for  a  given 
cavity  length,  the  two  methods  give  slightly 
different  ventilation  nuabers  :  this  differ¬ 
ence  it  due  mainly  to  the  cavity  closure 
models  which  are  not  equivalent.  Figure  6  shows 
that  at  the  leading  edge  of  the  foil,  there  is 
very  good  agreement  between  Wj  two  distribu¬ 
tions.  Jhe  distribution  of  (26]  was  obtained 
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frets  an  asyapcocic  expansion  natched  with  an 
«xacc  local  situation. 

two  returks  can  be  aide  : 

a)  the  aethod  used  in  the  present  study  gives 
a  fairly  precise  description  of  tho  pressure 
coefficient  at  the  leading  edge  of  the  foil,  in 
spite  of  the  discretisation  effect  ;  this  advan> 
tage  is  due  to  the  fact  that  the  integral  calcu* 
lation  of  the  influence  of  a  panel  at  a  control 
point  is  analytical  ; 

b)  these  results  enhance  the  valw  of  the  two 
aethods,  notably  for  the  study  [26]  . 

However,  the  eethod  described  here  is  sure 
general  since,  aa  it  enables  the  exact  pressure 
coefficient  to  be  obtained  o/er  tho  entire  foil, 
it  can  be  applied  without  difficulty  to  the  case 
of  a  thick  foil  with  angle  of  attack  as  welt  as 
the  case  of  a  foil  followed  by  very  short  cavi¬ 
ties.  By  cosparison,  the  study  [26J  cannot  deal 
with  such  cases.  Vith  th^  angle  of  attack  of 
the  foil  always  equal  to  0*,  the  foil  is  placed 
at  two  iosersion  depths  h  *  I  and  h  •  2. 

Figure  7  represents  the  change  in  lift  coeffi¬ 
cient  versus  ventilation  nusber  K  (C-  <K>  rela¬ 
tion) 


For  tho  two  icEiersion  depths  studied,  the 
results  are  cospared  vith  the  studies  and 
fS].  Cosparison  of  the  curves  with  the  study 
C$3  shows  that  the  deviation  in  results  obtai¬ 
ned  increases  with  increase  in  the  ventilation 
nusber.  On  the  other  hand,  cosparison  of  tho 
curves  vith  the  study  ^6}  shows  that  this  de¬ 
viation  reaches  a  saxinus  for  a  finite  venti¬ 
lation  nusber  value  ;  in  the  extrcoo  parts  of 
these  curves  (where  K  tends  towards  zero  or 
bccoses  very  large),  thU  deviation  becoscs 
ssaller.  It  has  been  established  that  when  K 
tends  towards  zero  (infinite  cavity  length). 


all  study  aethods  possible  «ust  converge  towards 
the  sase  asysptotic  value  of  the  lift  coeffi¬ 
cient*  this  is  explained  by  the  fact  that  for 
long  cavities,  the  influence  of  the  cavity  clo¬ 
sure  aodel  on  the  foil  becoses  negligible  and 
that,  above  the  foil,  the  free  surface  slope 
becoaes  insensitive  to  changes  in  the  oodel  (to 
a  ventilation  nuaber  zero). 

It  is  worth  noting  that  the  lift  coefficients 
calculated  £n  this  study  arc  less  than  the  coef¬ 
ficients  calculated  using  the  aethods  [S]  and 

[26]. Here  again,  this  result  is  in  agreeaent 
with  studies  carried  out  previously,  since  the 
expcrinental  results  obtained  up  till  now  have 
shown  that  the  oodcU  [$]  and  126]  gave  over- 
estieated  theoretical  results  [27]  .  It  is 
probable  that  the  iaproveaent  inherent  in  the 
present  aodel  is  due  to  the  fact  that,  for  a 
given  cavity  length,  the  calculated  cavity  pres- 
aure  is  closer  to  reality  since  theactual  shape 
of  this  cavity  is  also  sore  realistic. 

The  foil  is  placed  at  depth  h  -  I  5  with  the 
ventilation  ninber  K  fixed  at  a  value  of  0.0157, 
the  effect  of  increasing  incidence  on  the  gco- 
ttctry  of  the  free  lines  is  represented  on  figure 
8.  U  can  be  seen  that  the  effect  of  «ingle  of 
attack  is  to  shorten  the  cavity  and  to  swell  the 
free  surface  above  the  foil  ;  this  agrees  with 
the  results  of  previous  known  results. 


Foil  I  is  placed  at  depth  h  •  I  with  an 
angle  ot  attack  of  4*.  The  cavity  length  is  at 
2  (i.o.,  y-  •  3).  In  the  study  of  the  super- 
cavi tat ing^ foil  with  wetted  upper  side,  the  cavi¬ 
ty  fores  at  the  upper  side  of  the  foil  at  point 
A  with  abscissa  value  X.  •  0.7$.  Thanks  to  the 
stability  of  tho  ocihod,''it  is  possible  to  ex¬ 
tend  this  calculation  to  the  case  of  a  super- 
cavitating  foil  with  unvetted  upper  side  to  have 
a  atcans  of  deteroining  the  position  of  the  flow 
Separation  point  at  the  leading  edge  of  the  foils 
for  this  purpose,  the  position  of  point  A  is 
considered  to  bo  variable,  ooving  over  the  foil 
towards  the  point  of  the  leading  edge  ;  for 
each  of  the  points,  the  aero  normal  velocity 
condition  is  satisfied.  The  geotactry  is  calcu¬ 
lated  for  the  following  X.  values  :  0.75, 

0.5,  0.25,  4  X  lO’S  5  x  andi  3  x  10"*. 


Supcrcavxtating  foil  with  unwetted 
upper  sVdo  ;  flow  separation  at  the 
leading  edge 
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Fig.8-«aUEMI  Cf  WCtBC£  ON  THE  FREE  LINE  GEOMETf?/ 
CONSTANT  VENTIATON  NUMBER  K=Oj015? 


Figure  9  shows  tho  shape  of  the  free*Hnes 
for  four  positions  of  the  flow  separation  point. 
In  the  figures  for  the  three  eases  eorrcspon<]ing 
to  X.  values  of  0.75t  O.S  and  0.2S.  the  geosetry 
of  tnc  upper  side  of  the  cavity  hi$  a  point  of 
inflexion  in  the  vicinity  of  the  separation 
point.  Ihis  inflexion  point  results  froa  the 
fact  that  in  these  cases,  the  siniaua  pressure 
is  not  the  pressure  prevailing  in  the  cavity. 

On  the  other  hand,  for  the  position  of  point  A 
corresponding  to  the  X.  value  of  3  x  1C*'*,  the 
geoeetry  does  not  include  any  point  of  inflc'* 
xion  :  in  this  case,  the  pressure  prevailing  in 
the  cavity  is  the  ainiaua  pressure.  It  should 
be  noted  that  tho  shape  of  the  lover  part  of 
the  cavity  is  not  very  sensitive  to  the  varia« 
tion  in  position  of  the  point  of  separation.  In 
addition,  the  cavity  becoaes  increasingly  less 
veil  closed  as  the  separation  point  approaches 
the  leading  edge  of  the  foil  :  this  is  due  to 
the  quasi*clotcd  cavity  c»del. 

Froa  the  different  cases  treated,  it  is  possi¬ 
ble  to  plot  tho  variations  in  pressure  coeffi¬ 
cient  as  a  function  of  X  at  the  point  of  the 
foil  placed  isnediately  upstreaa  of  the  separa¬ 
tion  point  (control  point  of  the  panel  AA^),  as 
veil  as  the  variation  in  ventilation  rius2>cr  K. 
Figure  10  represents  these  curves  with  enlarge- 
i9cnts  in  tho  vicinity  of  the  leading  edge.  Ihe 
intersection  of  these  tvo  curves  gives  tho  se¬ 
paration  points  for  vhich  pressure  coefficient 
Continuity  is  respected.  In  the  case  in  Ques¬ 
tion,  figure  10  shows  that  there  are  three 
possible  positions  of  the  separation  point, 
only  tvo  of  vhich  correspond  to  stable  eQuili- 
briua  positiors.  Take,  for  cxaeptc,  the  posi- 
tioir'of  point  A,  corresponding  to 
X.  •  1.9  X  I0"3  •  consider  a  slight  perturbation 
vhich  shifts  the  point  A  to  point  A*  if 
is  positive,  or  to  point  A'  if^X^  is  nega¬ 
tive.  The  curves  in  figure  10  show  that  when 
is  positive,  there  is  a  reduction  in 
pressure  coefficient  on  the  panel  AAj  and  an 
increase  in  relative  pressure  (-K)  within  the 
cavity.  Consequently,  at  point  A*  :  (-K)>Cp. 
Point  A*  is  thus  pushed  back  towards  point  A. 
Sinilar  reasoning  leads  to  tho  saee  result  when 


fQ.O.C€I£PKmT«N  OF  K  POSITW  OF  H  OeiACW^NT 
PONKfOtN.!) 


is  negative.  This  reasoning  shows  that  the 
two  separation  points  corresponding  to 
*A  ■  l»9  X  lO’i  and  X^  •  0,6  are  the  stable 
equilibrium  positions.  On  the  other  hand,  the 
separation  point  corresponding  to  •  0.02  is 
an  unstable  equilibrium  position. 

Figure  11  sbe/s  the  geometry  of  the  free-Unes 
at  tho  stable  separation  point  at  the  leading 
edgo.  The  pressure  coefficient  distribution  for 
this  case  is  represented  in  figure  12.  It  is  to 
be  noted  that  despite  the  proxioity  of  the  sepa¬ 
ration  point  and  tho  zero  velocity  point,  an 
accurate  description  of  the  pressure  coefficient 
can  be  obtained. 
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lV.I.3i  Sut>ercaviuting  foil  with  vctt»«i  wpf>«r 
«Ue  !  <ai€  of  >hWc  c'avicT** 

The  Bcthod  can  be  used  co  extend  the  calcula^ 
tSon  to  the  caee  o(  a  foil  follovcd  by  a  very 
short  cavit/i  The  results  obtained  in  this  res¬ 
pect  relate  to  the  foil  2i  Vith  the  an^le  of 
attack  nalntained  at  zero,  the  foil  is  studied 
for  the  case  of  an  infinite  field  of  flou  and 
with  a  subsersion  depth  of  h  •  I,  In  the  first 
case,  three  cavity  lengths  are  dealt  with 
(I  •  0.1.  I  and  3).  For  these  three  cases. 
thS*pressure  coefficient  distribution  is  repre¬ 
sented  by  figure  13, 

At  the  point  on  the  upper  side  of  the  trai¬ 
ling  edge,  it  is  found  that  the  pressure  gra¬ 
dient  changes  sign  when  the  cavity  length 
changes  fro«  0.1  to  i.  It  can  therefore  be 
assvBMd  that  there  is  a  cavity  length  between 
0.1  and  I  for  which,  at  this  point,  the  pres¬ 
sure  gradUnt  is  xero. 

For  both  cases,  the  variation  in  lift  coef¬ 
ficient  is  plotted  as  a  function  of  ventila¬ 
tion  nuaber  (figure  14).  It  is  found  that  for 
high  values  of  K  (K  ^>0.3),  a  reduction  in 
ventilation  nuaber  leads  to  a  reduction  in 


lift  coefficient  for  both  cases  considered.  This 
shows  that,  in  this  zone,  the  behaviour  of  Cj 
is  not  related  to  the  free  surface.  For  ventila- 
ti(Mi  nutters  less  than  0.3,  the  variations  of 
these  two  curves  are  in  opposite  directions.  In 
the  case  with  free  surface,  when  K  tends  towards 
zero  (long  cavities),  the  lift  coefficient 
increases.  As  deoonstrated  in  (5]  »  this  beha¬ 
viour  can  be  explained  by  an  induced  incidence 
effect  resulting  froA  the  deforeation  of  the 
cavity  and  the  free  surface.  In  the  case  of  an 
infinite  field  of  flow,  when  K  tends  towards 
xero,  the  lift  coefficient  decreases. 
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Figure  IS  shows  the  geoactry  of  the  (rce- 
linea  in  three  caset  of  a  very  short  cavity 
(1  •  0.1,  0.2  and  0.4),  with  the  foil  placed 

at’^l^depth  h  •  I.  In  this  case,  it  is  seen  that 
free  surface  defortutlon  ia  only  very  alightly 
affected  by  a  variation  in  cavity  length.  Cavity 
CIOS *re  ia  not  found  to  be  perfect.  This  does  not 
raise  any  contradiction  with  experioentation 
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This  table  shws  that  after  three  iteraticos, 
the  values  of  Ki^^are  practically  identical  in 
all  the  strips.  For-the  first  eight  strips,  the 
deviation  does  nof  exceed  one  point  on  the 
last  digit.  For  the  last  tvo  strips,  the  devia- 
tion  is  sli^tly  greater  :  this  is  due  to  the 
fact  that,  since  these  two  strips  arc  close  to 
the  tip,- the  flow  coapenent  in  the  vector  tj 
direction  is  no  longer  negligible. 

Froe  the  third  plan  shape  obtained,  the  geo- 
sctric  shape  of  the  cavity  is  obtained  with 
greater  precision  (figure  i9). 


It  should  be  noted  that  in  the  cavity  closure 
zone  near  the  eedian  plane,  the  cavity  turns 
inwards.  This  result  is  in  agieeoent  with  both 
experlacntal  and  theoretical  results  previously 
established  with  a  linear  theory  pJ]  .  {{ore- 
over,  the  portion  of  the  cavity  corresponding 
to  the  tip  of  the  foil  tends  to  swell  to  fora 
what  is  generally  called  a  "tip  cavity”.  The 
formtion  of  this  tip  cavity  is  due  to  the 
dcvelopsent  of  free  tip  vortices  and  to  the 
fact  that,  at  the  rear  of  the  tip,  the  zero 
normal  velocity  condition  is  not  respected. 

Flow  observation  in  a  hydrodynavics  tunnel 
shows  that  this  condition  it  not  always  respect¬ 
ed.  These  results,  in  agreceent  with  the  study 
pe]  are  also  in  agreetwnt  with  the  description 
of  the  behaviour  of  vortex  lattices  related  to 
subcavitating  foils  [l^. 

The  pressure  coefficient  distributions  obtained 
are  represented  rn  figures  [20]  and  [2|J, 

Each  of  these  figures  shows  the  distribution 
over  two  strips,  chosen  close  to  the  oedian 
section  (strips  k«l  and  V,"A)  or  near  the  tip 
(strips  W  and  k«l0).  In  each  strip,  the 
shape  of  the  pressure  coefficient  is  siatlar 
to  that  obtained  in  two-diaensional  flow  con¬ 
ditions.  The  Cp  distribution  variations  froe 
ona  section  to'^another  show  the  thiee- 
dimensional  effect  of  the  aspect  ratio. 


Figures  20  and  21  show  that  the  overspeed  zone 
is  on  the  lover  side  and  that  cavitation  on  this 
side  near  the  leading  edge  is  possible.  This 
pressure  coefficient  distribution  shows  that 
there  is  no  zero  velocity  point  ;  this  classical 
result  is  explained  by  the  fact  that  transverse 
flow  is  predooinant  along  the  leading  edge  of  the 
foil  and  this  is  accentuated  by  the  sweep-back 
effect  s  the  fluid  flows  along  the  leading  edge 
towards  the  tip  of  the  foil.  The  detailed  analy¬ 
sis  of  the  results  obtained  (see  tabic  belov> 
shows  that  this  effect  is  nevertheless  very  loca¬ 
lised  around  the  leading  edge. 
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7.r,  r.q  rx,  v.r^ 

•0.60  0.3J 

•0.26  0.5C  upper 
0,21  0.6J 

0.58  0.62 

•— (leading 

lower  0.74  0.56 

0.9»  0.39 

1.20  0.08,*maxl»uB 
edge)  overspec< 

point  1 

leaediately  after  the  leading  edge,  the  velo¬ 
city  straightens  out  on  the  upper  and  lover  sides. 
For  these  reasons,  compared  to  a  classical  pseudo 
two-dimensional  method,  the  proposed  taethod  would 
seem  to  be  more  efficient  for  forecasting  the  non- 
cavitation  domain  of  a  supercavitating  hydrofoil 
with  vetted  upper  side. 
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V.  Conclusions 

By  cho  study  dctcribcdi  s  non^linesr  stethodl 
of  cslcuUting  supercsvitating  structures  has 
been  developed.  Owing  tc  the  non-linearity  con- 
ditionSi  an  iterative  procedure  has  to  be  used. 
Ihe  criteria  used. to  guarantee  convergence  of 
the  procedure  pro^  to  be  effective.  Fron  this 
Bsthud.  the  true  pressure  coefficient  at  the 
leading  edge  can  be  obtained  and  this  is  essen¬ 
tial  for  defining  the  non-cavitation  douain. 

Ihe  non-linear  calculation  of  the  geosetrical 
shape  of  the  cavity  is  also  possible  :  the 
quasi-closed  aodcl  used  is  in  agreestent  with' 
flow  physics  in  the  cavity  closure  area. 

In  tvo-distensional  flow,  the  case  of  the 
superc’avitating  foil  with  vetted  upper  side  was 
treated  ;  with  this  tsethod,  the  position  of  the 
point  of  formation  of  the  cavity  on  the  upper 
side  can  be  determined  and  it  is  then  possible 
to  treat  the  case  of  a  supercavitating  foil 
with  unwetted  upper  side.  Ihe  numerical  stabi¬ 
lity  of  the  method  enabled  the  calculation  to 
be  extended  to  the  case  of  a  foil  followed  by 
very  short  cavities.  In  the  latter  case,  and 
assuming  an  Infinite  field  of  flow,  the  decrea¬ 
se  in  lift  coefficient  has  been  detunstrated, 
thereby  validating  the  hypotheses  put  forward 
by  A.  ROVE  in  pJ]  •  ***<  author's  knowledge, 

these  three  probleea  have  not  previously  been 
studied  within  the  framework  of  a  non-linear 
theory. 

In  three-dimensional  flow,  the  convergence 
procedure  proved  to  be  effective.  The  flow^ 
configuration  around  the  foil,  especially  in 
the  vicinity  of  the  leading  edge  is  in  good 
^reetoent  with  known  studies  on  subeavitating 
foils.  From  the  numerical  standpoint,  the 
mtrix  resolution  difficulty  was  ovcrcotae  by 
an  iterative  procedure  using  sub-matrices, 
uhich  converges  all  the  better  as  the  geome¬ 
trical  shape  of  the  cavity  becoKS  realistic. 
The  method  involves  fairly  long  computer  cal¬ 
culation  tines  but  the  wealth  of  information 
that  it  supplies  concerning  the  hydrodynamic 
and  geometrical  flow  characteristics  may  make 
it  preferable  to  other  methods  requiring  less 
computer  time,  out  which  do  not  give  such  a 
precise  descripcicn. 

A  psiticularly  interesting  field  of  appli¬ 
cation  is  that  of  subeavitating  structures 
tperating  with  a  partially  extended  cavity 
from  the  leading  edge  ;  the  sire  of  the 
linear  system  decreases  considerably  and. 
as  a  result,  numerical  resolution  is  possible 
in  very  reasonable  computation  times. 
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DISCUSSIONS 
Of  th*  p«p«r 

by  C.  Poiloo*  «rtd  A.  Rows 

SUPERCAVtTATlNG  HYDROFOILS  IN  NONLINEAR  THEORY 


Discussion 
byXTJ.  Doctors 

Tne  paper  irsilcates  that  the  ‘{sage*  oethed 
is  used  to  represent  the  influence  of  the  free 
surface  of  the  water.  Could  the  authors  please 
clarify  the  precise  type  of  isuges  and  the  corres¬ 
ponding  physical  situation  being  nodelled  ? 

Authors*  reply 

The  inage  aethod  is  used  to  treat  the 
linearised  free  surface.  The  velocity  perturbation 
introduced  by  the  singularity  distribution  is 
orthogonal  to  the  average  plane  of  the  free 
surface.  It  is  considered  that  the  free  surface 
is  deforaed  so  that  each  constituent  panel  is 
parallel  to  the  velocity  vector  calculated  at 
its  center. 


Oiscussion 

HyX^VarTanov 

Firt  of  all,  let  oe  thank  you  for  your  very 
Intel esting  work.  Ky  question  is  concerning  the 
two-dloensional  flow  aspect.  Did  you  verify  if 
the  tangential  derivative  of  the  dipoles  located 
on  the  free  surface  is  equal  to  the  velocity  on 
that  surface  ? 

Authors*  reply 

The  tangential  velocity  is  constant  all  over 
the  cavity.  At  each  step  of  the  iterative  proce¬ 
dure  it  is  assumed  constant  on  the  shape  of  tlie 
cavity.  At  the  first  step,  the  Neumann  condition 
is  not  satisfied  on  the  cavity.  The  iterative 
procedure  allows  to  construct  the  shape  of  the 
cavity  so  as  to  satisfy  Neumann  condition.  In  all 
the  cases  dealt  with,  it  was  found  that  S  steps 
were  sufficient  to  obtain  convergence  of  the 
method. 
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FORCES  ON  RUDDERS  BEHIND  A  MANEUVERING  SHIP 


Htinrich  Sddino 

Intbtut  SchifftMu.  Univ«r$itit  Hamburg 


Abatract 


with  reapaet  to 


To  datarulna  tuJd«r  for<«a  in  th*  preamco 
of  tha  ah!p*a  hull  aad  tha  propallar  alipatraa«» 
four  highly  alnplifiad  potantial  ftou  problana 
ara  invaatigatad  by  naan*  of  intagral  aquation 
•athodc: 

1.  Tvo'diMoalonal  flow  arouod  a  ruddar  with 
anall  angla  of  attack  In  a  latarally  dlacM* 
tiououa  velocity  diatrlbution 

2.  Lifting  lina  theory  of  the  rudder  near  a 
rigid  horleontal  plana  in  a  vertically  inho* 
aMganaoua  flow  field 

Thraa*diiMnalonal  flow  around  two  plane  pli' 
tea  (hull*  rudder)  in  tande*  arrangao>ent 
$llpatraaa  contraction  behind  an  actuator 
dlac 

The  reiulta  of  thaae  inveatlgationa  nay  be 
eosbinad  to  dataraina  tranavarae  foreea  and 
ataarlng  aosanta  of  wanauverlng  ahipa.  Covpari- 
aon  of  thoaa  valuea  with  exparUental  data  for 
two  nodala  ahova  that  the  ruddar  affactlvanaaa 
la  ovarpradicted  by  about  10  **  25  Z. 

Introduction 


The  purpcaa  of  thia  paper  ta  the  theoretical 
dataraination  of  the  tranavarae  forcca  and  bo- 
■enta  due  to  the  ahip'a  ruddar  during  lunauvat' 
ing  Botiona.  In  this  paper  it  la  not  yet  triad 
to  coapute  directly  the  coopHcatad  flow  around 
the  ruddar  in  the  hull'a  wake  and  the  propeller 
alipatraaa.  Ina^aad*  ruddar  forcca  are  deter* 
■ined  in  aavaral  ainplifiad  conditions.  Raaulta 
found  are  conbinad  in  an  intuitive  Banner  and 
coBpared  with  nodal  axperlnanta.  The  fluid  is 
aaawcd  to  be  Inviacid,  incoopreasible  and*  if 
not  aantionad  otharvise*  to  extend  without 
bounds  in  all  directions.  The  flow  is  aaswad 
to  be  stationary. 


Lift  of  a  foil  in  apanvise  varying  flow  velocity 

Fig. I  ahova  the  problea  and  the  coordinate 
aytten.  A  foil  of  given  cord  length  eft)  is 
posed  in  a  nonmnifora  flow  velocity  u^fr)  ^ich 
ia*  far  off  froa  the  foil*  an.iparaUel  to  the 
X  axis.  The  points  one  quarter  of  the  cord 
length  e  behind  the  profile  note  are  presuppos¬ 
ed  to  lie  in  a  straight  line  coinciding  with 
the  z  axis*  The  foil  has  a  aaall  angle  of 
attack  et  so  that  the  problea  can  be  linearized 


(aynbol  definition) 


According  to  the  lifting  line  aethod*  the 
flov  is  nodelled  by  neana  of  a  bound  vortex  of 
circulation  r^(z)  in  the  z  axis  and  by  trailing 
vortices  parallel  to  the  x  axis  of  circulation 
r ((z)  per  unit  x  length.  The  body  boundary 
condition  neglecting  profile  thickneia  is  satis¬ 
fied  in  the  points  3fA  c  behind  the  profile 
nose  at  y  *  0. 

The  velocity  v  in  y  direction  induced  by  the 
trailing  vortices  and  by  the  bound  vortex  la 


(I) 

The  body  boundary  condition  to  be  satisfied 
at  X  «  -c/2  is 

v(-S-,z)z-(XUjZ),  (2) 

The  continuity  of  vortex  lines  iapliea 
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'  di 

The  integrel  over  |  In  (l>  cen  be  solved 
«nalycie«lly: 

f ,  - 
.iW-WnTTFi^ 

»  —! _ / 1 - £ - ) 


«) 

Intertifig  (I),  (3)  end  (4)  into  the  boundery 
condition  (2)  yields  the  following  xntegro* 
differencial  equation  for 


•*'” ■  “»<*.>•  -  Tj.i  ’  0/ 

‘j  ■  J  ‘'j  *  <«> 

The  number  J  of  partitions  necessary  to  ob* 
tain  a  certain  accuracy  can  be  diminuished  by 
assuming  a  parabolic  distribution  of  bound  cir> 
cutation  in  the  first  and  last  parcitio,n  instead 
of  a  linear  one  and  oodifying  Che  systen  accord' 
ingly. 

The  linear  system  of  equations  (7)  is  solved 
forPji  The  lift  L  of  the  foil  isi  then,  deter- 
nined  as 

J 

L«yAiZu.;/J.  (9) 

For  rectangular  foil  shape  and  constant  flow 
velocity  the  known  results  are  reproduced  (fig. 
2).  In  this  case,  the  lift  coefficient  ct  eay 
be  apprixinated  for  arbitrary  aspect  ratio  by 


c(z)/2 


- ‘trr(tu,(z)  , 


(5) 

To  solve  Chat  equation,  the  interval  [z|, 
is  subdivided  into  J  partitions  of  equal  length 


Az  =  (r,-z,>/3  . 


<6) 


If  fj  is  Che  bound  circulation  at  the  eedim 
point  ti  of  partition  j,  equation  (5)  may  be 
discrcrlted  to 


»l  It 


Hi- 


77.) 


J 


O) 


for  a 


2frot  A(  At"  I) 

(A.2)- 


(10) 


Trapetoidal  foils  with  a  ratio  of  cord 
lengths  of  2  :  I  yield  essentially  the  ssm 
values  if  aspect  ratio  is  defined,  as  usual,  to 
be  (span  length)*  over  foil  area. 


> 

_ x/ 

; 

2jr/l(/l.  I) 

\  IA.2)^ 

- - - 

/ 

X 

OK - 1 - 1 - 1 

0  12  3 

ASPECT  RATIO  A 


Fig. 2  Lift  coefficients  per  angle  of  attack  of 
rectangular  (x)  and  trapezoidal  (o;  cord 
ratio  1:2)  foils  in  uniform  flow  velocity 


For  nun-uniform  flow  velocity,  no  simple 
approxinatlon  formula  of  the  lift  was  found. 
Fig. 3  shows  tone  examples  of  c,/ot  .  Here.ct  was 
defined  as  l  »  l 


Tl 


J  ifuicMdi 


(11) 


The  ship's  hull  and  the  water  surface  above 
the  rudder  impede  the  pressure  drop  st  the 
upper  edge  of  the  rudder.  In  Che  flow  siodcl, 
Chit  is  approximated  by  assuming,  addicionslly, 
a  rigid  plane  wall  at  z  -  0  of  infinite  extend. 
Correspondingly,  the  flow  is  now  modeled  by 
pairs  of  vortices  symmetrical  to  this  plsns. 


<16 


Instead  of  (5),  we  obtain  the  followlt*  Integro- 
dlfferentlal  equation: 


yii\(Wd£ 

I  z-r 


0^ 


Lift  of  a  foil  in  a  flow  v«vin«  perpen- 

diculariy  to  the  aoan  direction 


The  finite  lateral  extend  of  the  propeller 
flipstrean  Influencesthe  rudder  lift.  There¬ 
fore.  the  two-dioenaional  flow  around  a  plane 
plate  with  eoall  angle  of  attack  «  (llnearita- 

distribution  is  investigated 
extends  fro«  x  -  -1/2  to  x  -  1/2.  The  flow  is  a 
potential  flow  with  the  exception  of  the  on- 
et#adiness  (jet  boufdaries)  near  x  -  ♦  d.  Values 
lu-.de  or  outside  f>e  jet  are  oarked  by  index  i 


(12) 


Fig, 3  Lift  coefficients  per  angle  of  attack 
cl/o<  for  five  different  distributions 
of  flow  velocity  «<>(»)  over  span  length 
for  a  rectangular  foil  of  aspect  ratio  2 


The  solution  is  obtained  in  the  sane  way  as 
that  of  equation  (5).  Flg.«  shows  «*«!«»  a 
rectangular  foil  in  unlfora  flow,  A.ff  is  the 
aspect  ratio  of  a  foil  in  unbounded  fluid  pro¬ 
ducing  the  SJBoe  lift  as  that  of  a  foil  with 
aspect  ratio  Ag,o«  ''***  at  x  •  0, 


Fig. 4  Increase  of  effective  aspect  ratio  Aeff 
due  to  a  rigid  plane  above  the  rodder 


Fig. 5  Plane  plate  in  discontinuous  velocity 
distribution  (synbol  definition) 


The  flew  is  described  by  two  different  poten¬ 
tial  functions  and  both  satisfying  the 
Laplace  equation.  Boundary  conditions  are: 
Condition  at  the  plate: 

=  h'  i('0,  ‘  T  ■ 

(Indices  x  and  y  Indicate  partial 
derivatives.) 


Steady  pressure  at  jet  boundaries; 

Unique  flow  direction  at  jet  boundaries: 

Kutta  condition: 

Um 


(14) 

(15) 

(16) 


and  4e  laodelled  by  neans  of  vortex 
distributions  Ts  and  T.,  resp..  on  the  x  axis 
between  x  -  -1/2  and  x  •  1/2,  and  by  sourcs 
distributions  Qj  and  Q^,  resp.,  on  both  jet 
boundaries.  Because  of  tyroetry  the  source 
distributions  on  the  two  jet  boundaries  are  of 
equal  jaagnitude  and  opposite  sign.  The  poten¬ 
tials  are,  therefore, 
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-i  Vir 


4'!M 

-n 


(17) 

correspondingly  vith  index  e  instead  of  i. 


results.  One  obtsins  the  following  lii.esr 
systea  of  equstions: 


T  r  Axk 

■iJ  ^  O  ~ 

'n-'l 

n-I...K;  (22) 

X  1  r  K 

i.  /T 

r  ()r»-x»M<i 

-zdo,-. 

At,  J 

♦  •  0,  n  -  1...L,  (25) 


Inserting  these  expressions  into  the  bound¬ 
ary  conditions  (13)  until  (15)  yields  three 
integral  equations  for  the  four  unknown  func¬ 
tions  Tri  r^,  Q{  and  0«.  Thus,  once  can  specify 
one  additional  condition  like.  e.g..r^  •  0. 
However,  the  systen  of  equations  becoaes  siop- 
ler  by  postulating 

W,r,<<)  =  Ix/Sj.  <'®) 

because  the  steady  pressure  boundary  condition 
is  then  satisfied  by  the  sicple  relation 

v,0,(x)  =  u.Q;(<),  -vitiK.  ('« 

(18)  and  (19)  are  used  to  elieinate  and  Q^. 
Then  one  obtains  the  following  two  coupled 
Fredhole  integral  equations  of  first  and  second 


kind: 

'fn(t) 

J,  2"- 

di  fOi  ‘td  Ji 

X-I  (r-//Vc(‘  ^ 

-  &«,. 

^  *1  $  X  ^  2  / 

(u‘r»\) 

r'fnm  t-f  .f 

Lii  zr  ^ 

-Id  ,c] 

2rr 

(20) 


+  (u^ul)  =  -oo«:x^c-. 


(21) 


(  ^indicate.'  the  Cauchy  principal  value.) 


with  Axy.  •  1/K,  4x,  •  (Integration  range  sub¬ 
stituted  (or  C*®*.  )/!<» 

\ 

The  unknowns  P |(  deterained  from  these  equations 
define  the  lift: 

K 

L=JAx^UJZ/jJ  (24) 

Pig.6  shows  the  lift  coefficient  over  angle 
of  attack  depending  on  the  parameters  of  the 
flow  velocity  distribution.  For  ■  u^.  the 
uell-known  result  €],/«<  •  2ff  is  obtained. 

Ratios  of  u*/oi  greater  than  I  correspond  to 
conditions  in  twin-screw  ships  with  a  central 
rudder. 


To  solve  (20;  and  (21),  the  integration 
ranges  (the  intinitc  range  is  truncated  appro¬ 
priately)  are  subdivided  into  K  and  L,  resp., 
partitions  of  equal  length.  Integrals  are  ex¬ 
pressed  by  sums  according  to  the  rectangle  rule. 
On  the  jet  boundary,  kernels  are  determined  at 
the  medium  points  X|  in  each  partition,  and 
equation  (21)  is  satisfied  at  the  same  nedivn 
points  now  termed  On  the  plane  plate,  how¬ 
ever,  integration  kernels  are  deteniincd  at  tl>e 
points  xy.  1/4  of  the  partition  length  behind  its 
front  end,  and  equation  (20)  is  satisfied  in  the 
3/4-points  XJ^  of  each  partition.  This  arrange-^ 
sent  proved  to  satisfy  the  Kutta  condition  as  in 
the  lifting  line  method  and  yielded  consistent 


rig.$  Lift  coefficient  over  angle  of  attack 

of  a  foil  with  A  «  00  in  a  flow  velocity 
distribution  according  to  Fig. 3 


The  retulta  are  approximated  for  0  «d/c  $  1 
and  0.25  ^  u^/uj  i.5  with  errors  -^0.2  by  the 
formula 
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Propeller  tlipttreaa  contraction 


The  eUpstreaa  velocity  and  the  elipetreaa 
radlua  far  behind  the  propeller  follow  from 
siaple  tBoaentua  theory: 


(30) 


where  u.  •  flow  velocity  well  ahead  of  the  pro* 
^  peller, 

r^  ■■  blade  tip  radiuti 
Cf  •  thrust  loadin({  coefficient. 

Frequently*  however*  the  rudder  is  not  far 
enough  b>ihind  the  propeller -to  apply  these 
asymptotic  values.  Therefore*  the  slipscreaa 
radius  r(x)  depending  on  the  axial  distance  x 
froa  the  front  end  of  the  propeller  will  be  de¬ 
termined  (fig. 7).  To  avoid  singularities  not 
present  in  reality*  the  energy  due  to  the  pro¬ 
peller  action  is  supplied  steadily  within  a  fi¬ 
nite  axial  interval  C0»  *»!•  The  propeller  load 
is  assumed  to  be  constant  over  the  disc  area; 
there  is  no  account  of  the  finite  mnber  of 
propeller  blades. 


rig. 7  Propeller  sllpstreaa  contraction 
(symbol  definition) 


The  flow  is  modelled  by  means  of  a  vortex  tube 
of  circumferential  vortex  lines  of  circulation 
y(x)  per  unit  x  length.  The  tube  passes  through 
tU  propeller  blade  tips.  r(x)  and  y(x)  have  to 
satisfy  the  following  two  conditions: 


Oi) 


1)  The  vortex  tube  extends  In  streamline  direc¬ 
tion: 

V(t,r.0}  dr 
u(i,^,  01  Ut 
The  flow  velocities  u  and  v  in  x  and  y  directi¬ 
on,  resp.,  are  unsteady  at  the  vortex  tube.  Con¬ 
dition  (32)  holds  for  the  values  as  well  on  the 
interior  as  on  the  exterior  of  the  tube.  In  the 
following,  the  arithmetic  means  between  both 
values  ate  understood.  They  follow  froa  the 
equations 


(f) 

0 


(33) 


and 

o 


(34) 

ii)  The  circulation  satisfies  the  equation 

(Creenberg  1972) 

,  ,  _! _ -ill— ) 

(35) 

for  X  >Xpt  where  JI  is  the  propeller  rotstlonal 
velocity  in  radians  per  unit  tine,  T  is  the  hub 
vortex  circulation.  The  derivation  of  the  above 
equation  requires  to  take  account  also  of  the 
hub  vortex,  the  blade  vertices  and  of  the  aeri- 
dional  vortices  on  the  sllpstreaa  boundary. 
Because  these  vortices  induce  only  ciremferen- 
tial  velocities,  they  need  not  be  regarde  in 
(33)  and  (34).  For  0  $x  (Xp  the  values  of 
f  (x)  according  to  (35)  are  nuUiplied  by 
lsin(frx/2xp)]  ‘  to  account  for  the  gradual 
change  of  energy  within  the  axial  extent  of  the 
propeller. 

t(x>  and  yfx)  are  determined  for  given 
values  of  T  and  A  by  means  of  an  iteration  sche¬ 
me:  Starting  from  r(x)  •  and  u  •  ux»  fM  !• 
determined  from  (35),  and  irproved  values  of  u, 

V  and  dr/dx  frem  (33).  (34)  and  (32).  r(x)  is 
found  from  dr/dx  by  a  nuserical  integration 
(predictor  corrector  method),  with  these  func¬ 
tions  the  next  iteration  cycle  could  start. 
However,  the  iteration  converges  faster  if*  when 
determining  y*  u,  v  and  dr/dx  for  «  certain  x* 
the  improved  values  obtained  already  for  smaller 
X  values  aro  used  together  with  extrapolations 
to  greater  x  values  of  the  changes  in  r  and  u 
during  the  current  iteration  loop. 

Fig. 8  shows  slip  stream  boundaries  for  diffe¬ 
rent  thrust  loading  coefficients  which  may  be 
determined  after  completion  of  the  Iteration  by 
inversion  of  formulae  (30)  attd  (31).  It  was 
found  that  for  realistic  A  values  the  results 
do  not  depend  noticeably  on  A. 

Results  may  be  approximated  with  errors  less 
than  0.8  Z.  indeed  much  less  for  x/tq  >  0.25, 
by  the  forrula 


r(«« 


O.I‘{'iA<.)*t  j'*  * 


(J6) 


x-x>  is  the  distance  measured  froi  the  mean  x 
coordinate  Xp/2  of  the  propeller.  The  moan 
axial  alipsirean  velocity  u  follows  from  the 
continuity  equation: 
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(38) 


Lift  tvo  arrinfiewgnt 

The  problem  i«  inveitlRatei  in  v{««  o(  two 
4pplic4t{on$:  ru<14er$  with  «  fixed  front  pm 
4nd  4  toil  fUp,  and  the  influence  of  the  ahip  • 
hull  on  treniverae  foroea  produced  by  the  rudd«. 
for  4i«plifi€4tlon.  both  foils  are  assumed  to  be 
rectangular  plane  plates  of  e<iual  span  lemh^ZT 
with  or  without  a  gap  between  them  (fi*.3).  The 
forward  and  aft  plates  have  different  angles  of 
attack  Oki  or  «r.  resp..  and  are  posed  In  a  uni¬ 
form  flow  velocity  u^.  Especially  for  the  last 
application,  ooitting  the  propeller  and  substl- 
tutins  the  hull  by  a  plane  plate  oay  be  an 
oversiepUflcation.  Therefore,  this  nodel  should 
be  regard  d  as  a  first  step  only  for  detensinint 
the  hull  rudder  interaction. 


ch  I 


V’‘rf’‘ha  >‘hf 

rig. 9  Two  foils  in  tande*  arrangement 
(symbol  definition) 


Because  of  the  small  aspect  ratio  of  th« 
ship*!  hull  with  its  Blrror  i»age  aboy  the  wa¬ 
ter  surface.  the  lifting  line  method  is  inappro¬ 
priate  here.  To  iii»pllfy  the  lifting  »«face 
nethod.  the  spanwlse  distribution  of  Wd  cir¬ 
culation  per  unit  x  length  of  vortex  lines  pa¬ 
rallel  to  the  X  axle  is  aeswed  to  be  elliptic 
ally: 


r^(x,z)  =  rM-ii-tz/Tt‘ 


(39) 


*  i.  correct  for  very  rwll  crpect  ratio 
folia.  The  rroble.  ia  linearized  vlth  "'P''* 
the  anjlea  of  attack.  Tot  very  lov  aapect  ratio 
folia,  hovever.  llnearliatlon  la 
Tharefora.  In  the  application  to  the-wddar  hull 
interaction  ptohlet..  the  angle  of  “H 

the  hull  has  to  be  xero  to  obtain  reasonable 
reaulta. 

If  r  if  the  circulation  of  the  trailing 
vortleeJ  parallel  to  the  «  axle  P''  “"‘t  ' 
leogth.  theta  tollowa  frees  vortex  line  continui 
tyi 

»IT(r.t)  (40) 

-t; - 

rron  (19)  end  (40)  follovs! 

llli  «r. 

dx 

r*  is  xero  at  the  front  end  of  the  forward  foil. 
Therefore,  (43)  results  in 

i;,u> « -  fn^Mt 

with  r(x)  ■  0  in  the  gep  between  the  two  foils 
X  ^  and  in  the  wake  x  <  Xf,^, 

The  boundary  conditions  on  the  plates  ere 
satisfied  on  the  x  axis  only: 

v(x»0,0)  •  u^*  for  x^  4  * 

v(x,0,0)  •  Up*  for  ^ha  ^  ^  ’Hir  * 

Using  (39)  and  (41),  the  transverse  velocity 
v(x,0,0)  induced  by  the  vertex  dietributlon  is 


(41) 


(42) 


v(x,0,0)* 


4TrT  )  iV(T‘- 


(46) 


Integrals  over  the  vertical  coordinate  I  wy 
e  expressed  by  generalised  elliptic  integrals 
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TV  — .it 

•  yi-Ck-jinlJ* 

Dii<)«7^7=^“"/’^.  ■  it 


and 


at  the  3/4  point*  of  each  interval  to  aatitf; 
the  Xutta  conditions. 

Frctt  the  linear  systeia  of  equations  obtained, 
the  circulation  f  is  detemined  and  used  to  co«* 
pute  the  life  force  L  and  its  voaent  K: 


/t#^: . ,(«> 


f___rVr _ 


vhere 

k 


=  j—j" 


(49) 


Thus,  froa  (43)  until  (48)  ve  obtain  the  fol¬ 
lowing  integral  equation  for  f  : 


-i  jk>i)(k)(r(x)cix<if 


-  2ttu, 


f 

c(  ^  /of'  ^  X  ^  *tf  * 
««  *HA  «  *  «  'f'Mf  , 


(SO) 


with  further  condition* 

r(x)  •  0  for  4  X  4  Xha» 

linTix)  ■  lia  r  <»)  •■  0  (Kutta  conditions) 


The  first  integral  in  ($0)  constitutes  the 
influence  of  the  bound,  the  second  that  of  the 
trailing  vortices. 

Equation  (SO)  is  solved  by  using  equal  length 
partitions  within  the  properly  truncated  vaVe 
(x  4x1^),  the  aft  foil  (xp^  4x4  Xjigj.)  and  the 
gap  between  the  two  foils  (xpf  4  x  «  x^.).  Tor 
applications  with  very  snail  aspect  ratio  of 
the  forward  foil  (ship's  hull),  unequal  parti¬ 
tioning  of  the  interval  X}{^  4x4  x^p  (forward 
foil)  with  nuch  sniller  partition  lengths  at 
both  ends  proved  to  be  superior  to  equal  length 
partitioning. 

Integral*  are  transforned  to  sunt  according 
to  the  rectangle  rule  using  berncls  at  the 
points  1/4  of  the  partition  length  behind  the 
forward  end  of  each  partition.  Equation  (SO)  is 
catisfied  in  all  partitions  within  the  two 
foil  intervals  xp^  4x  <  Xpp  and  $  x  < 


Jhc 

j  r(x;cLx  ,  (51) 

*aA 

p  ^ 

M  i  U/etx  .  (5J) 

’'gA 

Kesulta  obtained  witho<^  -  0  both  with  nerval 
and  extrcnely  large  gap  lengths  -  xp.  show 
that  lift  forces  acting  on  the  second  f^l  6rud- 
der)  are  decreased  by  the  presence  of  the  front 
foil  (hull).  However,  additional  lift  force# 
are  induced  on  the  first  foil.  Taken  together, 
the  total  lift  is  greater  chan  witliout  the 
front  foil  by  a  factor  I  ♦  a^  (fig. 10).  and  the 
center  of  pressure  shifts  forward  by  AX|^  (fig/ 
II).  Both  figures  refer  to  large  cord  length  of 
the  front  foil.  i.e.  to  the  rudder  ship  inter¬ 
action  problea.  The  results  of  figures  10  and 
II  can  be  approximated  by  the  fonulae 


W(^5  b/T-i-Sc/T)* 


t/T  ,  6  m 

vUh  c  -  b  •  •  «5f 


(54) 


Fig. 10  Relative  increase  a^  of  total  lift 

due  to  a  long  rectangular  plane  plate 
in  free  streaa  direction  in  front  of  a 
foil 

Fig. 12  shows  results  for  the  cate  without 
MF  (xpf  *  x^f^)  applicable  to  a  rudder  with  a 
fixed  portion  and  a  Movable  flap.  R  is  the 
ratio  between  the  total  lift  for  *  0  to 
that  forttp  •  t.c.  Che  lift  of  a  flapped 
rudder  with  a  front  part  in  the  flow  direction 
to  that  of  a  rudder  with  equal  total  area  con¬ 
sisting  of  one  part  only. 
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Application 
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Fit.il  Forwini  shift  Ax.  of  center  of 
total  lift  force  oue  to  a  lonit 
rectanfular  plane  plate  in  front 
of  a  foil 
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10 

Fix<i2  Kitio  R  between  the  lift  of  a 
flapped  rudder  with  frxtt  part 
In  flow  direction  to  the  lift 
of  an  all*9evabl*  rudder 


The  results  can  be  approxisated  by 


R- 


<l-r  ^ 
le  ( 


with 

/.  o.jy  \J 
a-Z.33(l»  — ) 


M) 


<56) 


A  aspect  ratio  ircludint  the  fixed  part* 
f  flap  area/tetal  area* 

Cxperinents  have  shown  that  K  decreases  with  in^ 
creasing  angle  of  attack  of  the  flap. 


To  estinate  the  forces  and  nooents  due  to  a 
rudder  behind  a  ship,  the  following  procedure 
is  proposed  tentatively:  Dcteniinc 

effective  propeller  advance  velocity  u^^  as  usual 
for  propeller  design 

Atjmptotie  values  r.  sod  Ug  of  the  slipstrcaa 
by  aeans  of  (30)  and  (31) 

Slipstrean  radius  r  and  velocity  U{  at  the  aean 
cord  length  of  the  rudder  frm  (3A}*  (37)  and 
(38) 

Edge  length  a  •  rV7  of  equivalent  quadratic 
slipetrcaa  cross  section 

Lift  reduction  factor  X  •  with  f 

according  to  (26).  using  d  •  a/2 


L|/cx  ,  where  L|  is  the  share  of  rudder  lift 
depending  linearly  on  angle  of  attack  «.  Use 
the  eetbi^  of  chapter  I  of  this  paper,  taking 
into  account  the  hull  atwi  the  water  surface 
above  the  rudder.  Use  ui^/lT  within  the  slip* 
streaa  end  u.  outside  the  sHpstrea*  as  flow 
speeds  well  ^ead  of  the  rudder. 

Kean  rudder  advance  velocity 


>*»•■/ 1'***^'''  *  3  /A.  (s?) 

where  A,*  ie  the  rudder  area  within  the  propel¬ 
ler  sUpstrean,  A.  total  rudder  area,  both  in¬ 
cluding  fixed  parts. 

Kean  flow  direction  (  relative  to  the  x 
axis  at  rudder  position: 


arc  tj  ' 


(38) 


Here,  u  and  v  are  longitudinal  and  transver¬ 
se,  retp.,  .speed  of  the  coordinate  origin  of 
the  ship;  -f  is  the  rate  of  rotation  of  the 
ship  in  radians  per  unit  tine.  The  foreula  dis¬ 
regards  any  Influence  of  the  hull  upon  the  flow 
direction;  however,  no  better  information  ia 
available  to  the  author. 


Effective  angle  of  attack  tn  of  the  rudder: 


R<(-  t  .  (59) 

where  R  •  I  for  all-movable  rudders;  for  flspp- 
ed  rudders  determine  R  from  (35)  and  (56). 

Rudder  lift  including  nonlinear  effects: 


(60) 

where  Cq  is  a  coefficient  of  which  values  be¬ 
tween  aSout  0.7  and  2  are  given  in  various 


-zjf  -I0»  0  I0»  5  JO'  -20'  -10'  0  10'  5  20» 

FigiU  Kon^disuentionAl  tr«niv«r9c  force  Y*  tnd  noecnt  N*  of  a  Seriet  60  Model  (cg  ■  0.60)  versus 
rudder  angle  ^  for  two  different  drift  angles  P  and  two  Froude  numbers  F^. 

Broken  lines:  coipputed  as  described;  continuous  lines:  measured  by  Oltttsnn  (1974) 
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derived  in  this  psper.  Therefore*  the  procedure 
described  sbove  vss  applied  to  a  Series  dO  Model 
(c*  ■•'0.60:  rudder  arranx'eaent  aecordins  to  fiit. 
13)  for  which  towing  tests  with  vorkinfc  propel** 
ler*  using  different  drift  and  rudder  angles* 
were  perforaed  by  Oluann  (1974).  Experisental 
values  of  diaentionlcss  transverse  force  Y*  and 
Boaent  around  the  vertical  axis  M*  (f{g.l4)  in* 
elude  also  forces  and  noaents  due  to  the  hull 
and  the  propeller.  For  coaparison  purposes*  to 
the  cottputed  values  Yk  and  additional 
terns  were  added  giving  the  hull  forces  and 
Bonents  due  to  slender  body  theory  and  sone  ad* 
ditional  second'order  terns  siailar  to  Ogawa  and 
Kasai  1979.  To  cospsre  the  coaputed  and  Masured 
rudder  effectiveness  only*  the  slopes  of  aeasut* 
ed  and  coaputed  curves  over  rudder  angle  should 
be  considered. 

For  Froude  nunber  F.  ■  0.2,  these  slopes  are 
much  greater  Jhan  for  ff,  •  0.3,  because  for  both 
Froude  ninbers  the  propeller  revolutions  were 
those  corresponding  to  the  self-propulsion  point 
of  the  Bodel  with  F„  -  0.30.  The  propeller  load¬ 
ing  was,  therefore,  nuch  greater  for  •  0.20. 
Results  show  that  rudder  effectiveness  is  over- 
cstinated  by  the  calculation  procedure  by  about 
10  -  25  2. 

In  these  experiaents,  the  rudder  was  an  all* 
movable  fin  fully  iaoersed  and  with  a  relative* 
ly  vide  gap  between  its  upper  edge  and  the  hull 
(fig. 13).  To  test  the  procedure  in  another  case* 
the  nariner  ship  in  the  lTTC*recoosendcd  test 
condition,  thst  is  with  a  surfece'piercing  nid* 
der  (fig. 15),  was  investigated  also  and  conpar* 
ed  with  resulta  published  by  Oltaann  (1979),  in 
this  esse  without  drift  sngle.  The  results  (fig. 
16)  show  the  ssse  overestinarion  of  rudder  ef* 
feceiveneas  by  about  15  2,  For  rudder  angles 
exceeding  20^,  greater  deviations  were  found* 
presumably  because  of  exceeding  the  stall  angle 
of  the  rudder.  This  can  be  accounted  for  only 
by  ettpirical  corrections  of  the  calculation 
procedure. 


Pig. 15  Rudder  arrsngenent  of  the  Mariner  Model 
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Fig. 16  Non-dinensional  transverse  force  Y*  and 
Boient  N*  of  a  Mariner  Model  versus 
rudder  angle  i  .  Broken  lines:  coaputed 
as  described;  continuous  lines:  acasured 
by  Oltaann  (1979) 
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DISCUSSION 
of  th«  ptper 
byH.  S&ding 

FORCES  ON  RUDDERS  BEHIND  A  MANEUVERING  SHIP 


Discussion 
t>y  F.  ThOQsen 


After  the  coopHoenting  vvords  of  Prof.  J 
♦C!*  ^  to  state  honestly  ‘ 

birthday  today.  A  schaae  was 
just  published  on  the  Interaction  of  hull,  oro- 
peller  and  ruddor  that  well  exceeds  the  so  far 

It  is  ay  opinion  that  the  formulae  and  schcae 
are  especially  apt  to  be  used  in  design  on 
practical  Ships  and  practical  reguireaents 
So  far  experiaental  results  had  to  be  taken 
and  the  c^racteristics  in  ©anoeuvring  ability 
cou  d  be  Interpreted  thereafter  only.  kqw.  by 
swing  s  achievetoents  an  active  way  in  open  to 
first  optiwize  those  characteristics  by  coopu- 
tati^  and  then  to  build  the  arrangenent  at  pre¬ 
dicted  properties, 

Vou  spread  the  enerjy  of  propeller  over 

F'ms*  fell  oe 

the  effects  thereof'^upen  the  shape  of  the  slip 
streaa  boundary  shape  or  relevant  consequences  ? 

Author's  reply 

Ny  work  Is  not  as  unique  as  It  could  seen 
froa  the  friendly  remarks  of  Prof.  Thomsen  :  many 
others  have  published  methods  of  predlctlnq  the 
maneuvering  characteristics  of  a  ship  without 
perforaing  experiments  with  a  model  the  ship  In 
question.  These  methods  relied,  however,  to  a 

'b"-s«le  experiments 
with  Other  ships.  My  intention  is  to  better  under¬ 
stand  the  outcecs  of  such  experioents  by  n^serical 
calculations  and  thereby  to  loprove  the  applica¬ 
tion  of  existing  experiaental  results  to  new  shio 
projects. 

ScNaidt  and  Sparenberg  {On  the  edge  singula¬ 
rity  of  an  actuator  disc  with  large  constant 

of  Ship  Research,  21  (19771 
p.  125)  have  shown  that,  instead  of  the  swoth 
snpstreaa  boundary  on  fig.  0,  there  occurs  a 

''‘Sb  of  ‘be  actua¬ 
tor  disc  with  vanishing  axial  length  Xp. 
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PROPELLER-INDUCED  HULL  PRESSURES  AND  FORCES 

J  P.  BrMiin 
0*vMl»on  UborMory 
institut*  of  Tochnoloflv 
Kobokon,  N«w  JorMy 


latroduetloo 

A  new  proc«durt  Is  described  for  estlestiog 
the  vlbretory  pressures,  sectlcosl  force  densi¬ 
ties  and  total  forces  and  oosents  generated  by 
a  specified  propeller  on  the  hull.  Thisdevel- 
opoent  has  been  sotivated  by  the  need  for  <2t 
ieoat  0  corparctiv*  evaluation  of  candidate 
propeller-stem  configurations  to  persit  a  ra¬ 
tional  selection  of  that  arrangeoent  vhichvould 
yield  aioisua  excitation.  Our  ainlvja  goal  is 
set  at  achieving  a  coeparative  technique  because 
the  excitations  arising  frea  the  various  Made 
loadings  attending  each  significant  spatial 
hareonie  of  the  waVe)  are  directly  dependent  on 
these  waVe  haraonlcs  which  are  only  approxt- 
cately  known  froa  eodel  aeasuresents  of  the  to¬ 
tal  noalnal  hull  wake.  In  addition,  large  ©od- 
ulatlofls  la  forces  and  pressures  have  been  ob¬ 
served  which  are  undoubtedly  due  to  large  scale 
tesporal  fluctuations  In  the  wake  for  which  nei¬ 
ther  current  theory  nor  wake  leeasureoents  ac¬ 
count. 

In  spits  of  the  acknowledged  deficlences,  it 
is  still  considered  Isportant  to  provide  a  oeans 
for  coaparative  evaluation  of  hull  vibratory 
forces  and  to  coopare  on  a  continuing  basis  the 
predictions  of  these  calculations  with  aeasure- 
eents  nade  under  controlled  conditions. 

The  creation  of  an  arbitrary  hull  in  the 
presence  of  a  specified  propeller  operating  in 
her  wake  is  effected  by  distributing  normal  di¬ 
poles  on  panels  ov«r  the  hull  surface  and  its 
reflected  istage.  It  is  deeonstrated  that  the 
exterior  Keusann  problem  can  be  converted  to  en 
interior  Dirlchlet  problea  in  which  the  dipole 
densities  are  determined  from  an  integral  equa¬ 
tion  for  which  a  nuserlcal  inversion  procedure 
exists. 

To  ascertain  a  measure  of  the  reflective  ef¬ 
fect  of  the  hull,  the  ratios  of  the  magnitudes 
of  the  pressures  on  the  hull  to  those  due  to  the 
propeller  alone  are  examined.  A  flat  surface 
above  the  propeller  would  yield  a  ratio  of  2.0. 

Correlations  made  with  pressure  measurements 
on  a  tanker  model  in  Horway  are  presented  here¬ 
in.  as  well  as  with  vertical  vibratory  "effec¬ 
tive*'  force  measurements  made  by  the  late  Pro¬ 
fessor  Emeritus  T.  K«  Lewis. 

The  paper  s  concluded  with  observations  per¬ 


taining  to  th<e  numerical  hydrodynamical  aspects 
of  the  procedure.  It  is  proposed  that  fairly 
extensive  exercises  be  carried  out  for  the  case 
of  a  spheroidal  ship  form  for  which  the  surface 
pressures  and  forces  generated  by  simple  rota¬ 
ting  and  pulsating  singularities  can  be  inde¬ 
pendently  calculated.  This  would  provide  a  con¬ 
trol  or  standard  to  ascertain  the  site  and  dis¬ 
tribution  of  aurfaco  panels  which  are  required 
to  achieve  a  specified  accuracy.  It  Is  also 
pointed  out  that  there  remains  a  need  for  addi¬ 
tional  experiments  In  which  the  wake  can  be  con¬ 
trolled  by  the  use  of  screens  and  pressures 
measured  en  a  spheroidal  afterbody,  thus  remov¬ 
ing  the  uncertainty  associated  with  the  deter- 
inatlon  of  effective  ship  model  wake  harmonics. 

Analytical  Representations 

1.  Velocity  Potential  of  a  Kon-Cavitatlng  Pro¬ 
peller  in  a  Hull  Wake 

The  form  adopted  at  Pavldson  Uboratory  for 
the  velocity  potential  of  a  propeller  in  a  spa¬ 
tially  non-uniform,  temporally  invariant  flow 
has  been  expounded  in  various  publications  and, 
hence,  will  be  dealt  with  here  only  in  broad 
outline  to  indicate  the  character  of  the  mathe¬ 
matical  representation  employed. 

The  potential  at  any  field  point  is  composed 
of  the  contributions  from  blade  thickness  and 
blade  loading,  i.e.,  for  a  single  blade  (at 
first): 

•  ■  ♦  t  «.  (l.l) 

T  I 


where 


(1.2) 


and,  froo  integration  of  the  linearised  Euler 
equations: 

t  «  .  X  /  p,(t,r,9,t  •^)dC  (1.5) 

‘  oO  -  ‘  y 


where  V  Is  the  resultant  relative  velocity  at 
r«s 

t'  the  gradient  of  the  local  blade  semi- 
thickness  (*  >T/)h) 
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R  th«  dlstanco  froo  *ny  duauy  point  «o  . 
the  blade  to  any  field  point 

h  helical  arc  length  along  tee  blade 
section  at  any  r  ■  a 

p,  the  pressure  change  at  any  fi^ld  point 
^  due  to  blade  pressure  loading 

x,r,#  are  cylindrical  coordinates,  x  pos¬ 
itive  downstreaa  of  the  origin  at 
the  center  of  the  propeller  on  the 
axis  of  rotation.  The  angular  co¬ 
ordinate  4  Is  positive  counterclock¬ 
wise  when  viewing  the  propeller  froa 
downstreaa  looking  forward 

Tor  brevity,  only  the  pccentlal  Induced  at 
field  points  due  to  pressure  loading  on  the 
blade  will  be  exhibited  because  It  is  indeed  a 
nany-faeeted  function,  giving  rise  to  aany  ewi- 
trlbutlons  via  the  node  of  representation  adop¬ 
ted. 

The  field  pressure  p,  generated  by  the  dis¬ 
tribution  pressure  Jutsps  Ap(s,h;6(t))  over  the 
blade  surface  S Is  given  by 

Pj(x,r,*i0(t))  /  dp  <!■**) 

where  n'  Is  the  normal  at  any  dunay  point  and 

R«((x-x')*  ♦r*  ts^  -2r3  cos<4-»-«'»^^^ 


I_  and  K  being  the  modified  Bessel  functions 
of  the  second  kind. 


As  the  pressure  Juops  on 
vary  cyclically  with  blade 
can  writs 


the  blades  also 
position  angle,  we 


Ap(h.s,S)"  I  dp;.(h,s)e 

\m.m 


(1.10) 


and  then  the  field  pressures  are  e>  ressed  by 


Pi"  uTT  I  I  /*Px  jn* 


(1.11) 


l(x(x-x')-ne')  i(x-n)e.>* 
Aiie  dk  dS  e  ® 


To  obtain  the  totality  of  the  contributions 
from  n-equally  spaced  blades,  sloply  replace 
6  by 


to  give  the  contribution  from  the  blade  and 
sun  over  y  from  0  to  n-1.  This  sun,  viz, 


yields  zero  for  X-a  qn  and 


(See  Figure  I  for  definition  of  geoaetrlcal 
quantities. ) 

Here.  In  principle,  the  singularities  should 
be  located  on  the  blade  helical  surface  which 
Inposej  the  relationship 


(The  blade  Is  taken  to  be  without  skew  which 
could  be  incorporated  by  replacing  0  by  0  t  o, 
0  being  the  skew  angle.) 


for  X-a  -  qn.  q-0,1,2,3 

■  n  for  X-n--qn  (1.13) 

where  all  the  possible  values  of  the  n-serles 
which  can  contribute  are  given  by  n-X-qn  and 
a-Xtqn  coupled  respectively  with 

ne^^i"®  and  ne’**!''® 

Then,  upon  tolding  the  X-series,  we  find  pairs 
of  suns  of  coffplex  conjugates,  yielding  for  the 
qn-th  haraonic  of  the  pressure  due  to  loading 


In  the  calculation  reported  herein,  the^sln- 
gularitles  are  located  on  the  "fluid  helix" 
adopted  by  Tsakonas  as  the  reference  surface, 
yielding  the  connection 


<pt>„ 


' 


I  /; 


where 


(l.li*) 


I  -  ®'  ■  d'/a 


(1.7) 


To  put  into  evidence  the  haraonic  dependence 
of  p,  on  blade  position  angle,  one  nay  resort 
to  ofte  of  several  Identities  or  Fourier  series 
representations  of  l/R»  The  one  adopted  by 
Tsakonas  Is  In  a  acre  accocnodatlng  foia. 


r  .  J-7  R(Fe^‘^''®>e^’'^^”'’^dk 
®X,n  5n'  e  X  (l.l<4a) 


r,  •  t.  ip  a(tis.  k  >  • 


-l(X-qn)(d'-d) 


ik(x-x*) 


I  I  At  i(r,s,k)e  dk 

R  *  .i  -i  1“1 


la(d-$-d*) 


(1.8) 


where 

A,-I|,|<|l<rl)  Ki,|<|k.|)  r<. 

■I|,l(|k>l)  k|,|<|kr|>  r>. 


.  t(Xeqn)(e'-d) 
^tqn® 


Vt  ass  that  tha  praaowra  at  any  point  in  the 
field  U  oonpoeed  of  oonfritMtfons  /Von  oil  tne 
btaie  loading  preesuree  (paired  yalwca  foreaon 
wolc#  kcarwnia  order  \)  Moh  are  propagated  by 
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funoticna 

^u.qn\ 

For  txat^s  KUtr  tht  propolUr,  thote  atso- 
oiatea  vith  the  mean  loading  cn  the  blade,  i,e., 
X  •  0,  dfffiinate,  but,  ae  they  are  propagated  by 

qtt  » 

they  rapidly  become  email  with  inoreaeing  die- 
tanoefrom  ^  propelUr.  Ae  tfiey  oeoUtate 
rapidly  mth  the  epatial  angle,  i.e.,  ae 

these  l^e  near-field  pressures  do  not  contri¬ 
bute  majonZy  to  the  •'Hgid-  body  force.  In  con- 
traet,  tne  contrihutlone  from  %  email  load¬ 
ings  at  blade  frequency,  i.e.,  tpix^an)  in¬ 
volve  ^ 


'  P. 


in  vHch  the  second  tern  becomes  r.egligible,  but 
the  first  tern,  vhile  small  everytdtere,  decays 
so  elajly  with  distance  (and  being  independent 
of  the  angular  coordinate  produces  t^ge  con¬ 
tributions  to  the  integrated  ''rigid"  b^y  force 
and  is  p^porticnal  to  the  fluctuatir^  thrust 
on  the  shaft.  In  a  similar  manner,  the  next 
neighboring  wake-associated  blade  loadings, 

X  m  gn-l  and  X  •  qntt,  produce  eignificantly 
large  contributions. 

R<sv«rtlng  to  (1.3),  th«  volosUy  poUntUX  Is 
s«cn  to  roqulro  the  {ntegrsl  of  <1.1“)  In  which 
X  Is  to  be  replaced  by  {  and  tlw  tby  t- (x-i)/0 
The  tiae  t  Is  contained  la  <1.1^*)  through 
e  ■  -gt.  The  C*lnt«grals  can  be  effected  to 
yield  the  following  expression  for  the  velocity 
potential  ' 

where 


;  Z  /  jjr  K^(>(,r.,:x:».9':<in9)dS 


(1.15) 


K,  •  IUM-a<ia)- 


I<k-a<in)x 


_ .)r  -lV.ax  Iqne 

aqn  "x*  * 


(1.1$) 


.  (9(^.9, „)  - 

X  t  aqn  ' 

.  vl,er« 

-Cj/p  A(r.s,|l(|)6-‘<>-'I“)(9'-*) 

tap, A, 

*^-X  Xfqn 

■  its  cotplex 

a(v)  Is  the  Dlrac-deltA  (unction,  n»»/u 


carried  out  by  nunerlcal  quadratures.  Za  ef> 
feeting  the  k-lntegrals  for  Increasing  x.  It  is 
necessary  to  decrease  the  sesh  size  to  retain 
accuracy.  This  aspect  of  the  use  of  the  Fourier 
transfora  representation  of  the  aaplltude  func* 
tlons  in  the  expansion  of  1/R  gives  rise  to  in¬ 
creased  coeputer  tine. 

Finally,  the  blade  frequency  part  of  the 
velocity  potential  arising  froei  loading  is  re¬ 
duced  to 

ntl 

♦,-<Xir,a)  ■  I  a.(x,p,*)cosn9  f  (1.17) 

*"  X«o  * 


*  b^(x,r,a)sind 

where  x.r,*  are  specified  by  points  on  the  hull 
and  the  sueosation  is  seen  to  be  Halted  to  those 
waVe  haraonic  orders  of  significance,  i.e.,  only 
up  to  one  plus  the  nuaber  of  blades.  A  sieilar 
but  aueh  siapler  process,  is  applied  to  the  po¬ 
tential  arising  froo  blade  thickness  which,  be¬ 
cause  the  thickness  distribution  is  independent 
of  blade  position  angle,  is  propagated  only 
with  aaplltude  functions 

A..®***"* 

qn 

and,  hence,  contributes  only  in  the  Innediate 
vicinity  of  the  propeller. 


Further  reduction  of  the  integrals  will  not  be 
exhibited  here.  Suffice  it  to  note  that  the 
chordHlse  Integral  over  the  blade  is  effected 
by  assutting  two-diaensicnal  node  shapes  and 
‘he  k-lntegrals  involving  the  Dirac -«  func¬ 
tions  are  readily  evaluated.  The  reialnlng 
k-  and  radial  integrals  over  the  blades  are 


This  eeans  that  the  variation  of  the  potential 
over  panels  extending  to  port  and  starboardi  of 
the  centerplane  can  be  rapid— dictating  that 
the  panel  site  oust  be  snail.  As  the  cos(Xtqn)* 
first  changes  sign  for  (X*qn>»  ■i/2  and  as 
♦  ■-tan*l  y/t,  we  see  that  the  value  of  y/t  at 
which  cos(Xtqn)*  first  vanishes  is 
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I^'ll  ,  . 

—  ■*“”<5?5T5ST 

and,  for  and  n***  in  this  C4»e,.|y,| 

•  0.20*  .  As  is  of  the  order  of  3/2r  (r  * 
the  propeller  radius),  then  the  buttock  tine^on 
the  hull  at  which  cos8|  changes  sign  is  jy.U 
0.30r  .  * 

o 

To  secure  an  accurate  variation  of  the  poten« 
tial,  the  panel  width  has  to  be  seall  with  re> 
spect  to  the  Interval  in  which  the  function 
changes  sign.  Providing  two  panels  In 
0  <  lyJsO.ar  requires  a  panel  width  of  O.lSr  . 
As  one  ooves^out  and  up,  the  frase  of  motion  ^ 
and  the  required  panel  width  can  be  increased. 

We  nay  note  that,  for  X*0,  qn«>t.  The  com¬ 
plete  cycle  of 

Is  achieved  only  when  y  ■  t  «*. 

Forward  of  the  propeller,  the  potential  falls 
or  decays  monotonically  with  x.  At  one  diameter 
and  beyond,  it  can  be  demonstrated  that 

/a  )  ^ 

'’iV  t2  * 

so  that  the  contribution  from  the  largest  blade 
loading  for  X«0)  decays  (at  blade  rate, 

q»l)  as  l/x^^,  whereas  the  contribution  froa 
the  very  soall  loading  at  blade  frequency  (l.e., 
X  wn,  q»l)  is  seen  to  decay  as  l/x‘.  Thus, 
forward  of  the  propeller, panel  lengths  of  the 
order  of  0.2Sr^  within  one  diameter  are  reason¬ 
able,  anj  then  ddn  be  lengthened  tor  x  beyond 
one  diameter. 

aft  of  the  prepetUf  the  potential 
may  be  seen  to  be  composed  of  similarly  monoton- 
ically  decaying  parts  plus  non-decaying,  har- 
aonlcaily-varying-with-x  parts  proportional  to 
^slqnax 

This  may  be  seen  by  taking  the  contribution  of 
the  k-intograls  In  the  equation  yielded  by  the  d- 
functions.  Limiting  our  attention  to  q«l, 
n"4,  we  see  that  the  x-lnterval  over  which 
sin  and  cosUax  pass  through  a  complete  cycle, 
is 

o  2ar^  2or  2 
o  0 

and,  as  ship-speed  J  (as  used  by  Tsakonas)  is 
0.60 

r 


To  have  at  least  4  panels  In  these  Intervals, 
the  panel  lengths  should  not  exceed  0.07$  r  . 

It  Is  clear  that  this  regular  undulation  of^tho 
potential  produces  a  largely  self-cancelling 
effect  on  the  hull  aft  of  the  propeller,  a  re¬ 
sidual  remaining  only  because  the  hull  changes 
sectionally  with  x.  As  in  all  finite  element 


methods,  a  ccoproolse  must  be  struck  between 
the  requirements  for  accuracy  and  the  computing 
capacity  and  expense. 

In  all  of  the  foregoing.  It  has  been  tacitly 
assumed  that  the  pressure  Jui^s  known. 

These  are  found  by  Inverting  an  integral  equa¬ 
tion  requiring  that  the  flows  normal  to  the 
blade  sections  from  each  axial  and  tangential 
wake  harmonic  at  order  X  are  annulled  by  the 
flow  generated  by  each  Ap^  distribution  on  each 
blade  in  the  presence  of  all  other  blades.  This 
procedure  has  been  discussed  elsewhereUnd,  to 
conform  to  space  limitations,  will  not  be  de¬ 
scribed  herein.  We  nay  now  turn  to  the  genera¬ 
tion  of  a  ship  hull  in  the  presence  of  her  pro¬ 
peller  and  the  water  surface. 

2.  Representation  of  the  Hull 

The  foregoing  development  has  indicated  that 
a  propeller  in  a  wake  generates  cyclic  distur¬ 
bances  at  frequencies  given  by  integer  multi¬ 
ples  of  the  number  of  blades  and  the  shaft 
revolutions  per  unit  time.  As  such  frequencies 
are  much  larger  than  those  which  can  give  rise 
to  surface  waves  on  a  flowing  stream,  the  ap¬ 
propriate  linearised  boundary  condition  im¬ 
posed  by  the  presence  of  the  water  surface  is 
that  the  total  velocity  potential  be  zero  on 
the  undisturbed  locus  of  that  surface.  The 
flow  about  the  hull  alone  (considered  fixed  in 
a  uniform  stream)  will,  indeed,  exhibit  surface 
distortions.  From  experience,  we  have  noted 
negligible  interaction  between  the  propeller 
and  ihe  perturbed  motion  about  the  hull.  The 
only  tnriueuvv  of  the  hull-induced  (Froude  num¬ 
ber  dependent)  flow  included  here  is  whatever 
influence  is  reflected  in  the  measured  hull 
wake,  a  necessary  input  to  the  propeller  blade 
loading  integral  equation  referred  to  above 
which  determines  the  Ap^. 

Teking  axes  fixed  in  the  free  surface  water- 
plane  above  the  propeller  with  positive  z  di¬ 
rected  downward,  positive  x  aft  and  positive  y 
to  port,  the  potential  of  the  propeller  in  a 
streaming  flow  may  be  expressed  in  the  form 

*p  ■  «p(x,y,h-t)  -  Ox  (2.1) 

where  h  ij  the  depth  of  submergence  of  the  pro¬ 
peller  axis. 

To  meet  the  zero  potential  (high  frequency) 
boundary  condition  on  the  plane  z  ■  0,  we  add  a 
"negative  image"  of  the  propeller  and  stream 
•0  to  achieve 

d  ■  ♦  (x-y,h-z)  -  d  (x,y,h*z)  -  sgn  Ox 

(a.2) 

defining  sgn  z  (■  signum  z)  to  be  zero  on  z  !0. 

To  insert  a  hull  into  the  field  of  the  pro¬ 
peller  and  Its  Image,  we  have  (at  Davidson  Lab¬ 
oratory)  first  employed  surface  distributions 
of  sources  plus  their  negative  images  over  the 
wetted  portion  of  the  hull.  The  source  Uink) 
densities  are  found  by  inverting  an  integral 
equation  generated  by  the  requirement  that  the 
normal  velocity  imposed  by  the  propeller  and 
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its  negative  Isage  oust  be  annulled  at  each 
hull  eletsent  by  the  nomal  velocity  induced  In 
concert  by  these  hull  sources  and  their  iaage 
sin*<s. 


This  procedure  was  found  to  require  exces¬ 
sive  conputer  effort  since  three  co^p^ents 
of  the  pr^eller-induced  velocity  Bust  be 
dotted  with  »thQ  hull  aoraal  vector.  Ve  now 
cnploy  the  solution  to  the  sase  exterior  Keu* 
aann  problem  which'  is  afforded  by  solving  an 
interior  Dirichlet  problem  which  requires  that 
the  concerted  potential  of  normal  dipoles  (eval¬ 
uated  on  the  interior  side  of  the  hull  surface) 
annul  the  propeller  potential  at  each  and  every 
hull  element.  Thus,  the  coeluting  effort  re¬ 
quired  to  produce  the  input  to  the  hull  is  re¬ 
duced  by  M~tkirde,  i.e.»  only  one  function 
rather  than  three  sust  be  evaluated.  A  proof 
of  this  equivalent  procedure  is  given  in  Appen¬ 
dix  A. 


The  potential  of  the  hull  4)^,  as  represented 
by  normal  dipoles  arkd  their  negative  counter¬ 
parts  to  secure  satisfaction  of  the  free  sur¬ 
face  condition,  may  be  expressed  by 


i- 

Hf 


f.  «(p 

/  /  u<«.c,t) 


n'5(^-~)W$'dcd( 


(2.3) 


where  a  is  the  aft  and  f  the  forward  extent  of 
the  vaterplane;  x(0  is  the  depth  of  the  hull 
or  heel  along  the  centerplane  and  through  the 
aperature:  v  the  unhnovn  dipole  density;  n  is 
the  normal  vector  to  the  hull; 


Ji. 

3n 


the  vector  differential  operator;  w,s,  are  arc 
lengths  along  any  waterplane  and  along  the  ship 
sections,  respectively,  and  w*  edw/dC,  s'^ds/dc; 


!(x-0*  ^y-n)^  ♦ 

(S.tt) 

1  ^  1 
'  Kn-U*  *  (y-n)»  ♦ 


Unfortunately,  this  integral  equation  is  not 
of  the  same  fora  for  which  an  available  inver¬ 
sion  procedure  has  been  developed  by  Hess  and 
Smith*.  Their  process  applies  to  the  Fredholm 
equation  with  a  kernel  K*v<R'i).  However,  it 
will  now  be  shown  that  the  problem  posed  by 
(2.S)  can  indeed  be  solved  by  exploiting  a  re¬ 
lated  problem  involving  the  Hess-Saith  kernel. 

Consider  the  problem  posed  by  generating  a 
double  hull  in  a  boundless  fluid  in  the  pres¬ 
ence  of  a  single  propeller  as  depicted  sche¬ 
matically  in  Sketch  1  below. 


Sketch  1.  Schematic  of  double  hull  showing  a 
dipole  panel  and  its  companion  in 
upper  reflection 


Ve  distribute  dipoles  nomal  to  the  hull 
surface  of  unknown  densities  vU»t).  The  in¬ 
tegral  equation  for  this  problem  is 


( _ h _ 


>  s’w'd;dC  (2.6) 


■-^p(x,y,h*t)  ;  y*lb(x,t>  ;  n  ■  t  b(CiC) 


To  secure  a  right-hand  side  which  is  identi¬ 
cal  to  that  in  (S.S),  replace  z  in  (2.6)  by  -z 
and  subtract  the  result  from  (2.6)  to  achieve 


v(x.t)  -  v(x,-z) 
2 


f  <(C>  ^  , 

/  /  v(C.C>  n-7(f 

a  -<(6>  ^ 


It  is  clear  from  the  structure  of  (2.3)  and 
(2.4)  that  «^(x,y,0,t>  i  0. 

On  the  wetted  hull,  satisfaction  of  the  con¬ 
dition  that  K  evaluated  on  the  Inner  side  of 
the  surface  (n  ■  0.)  yields  the  Fredholm  inte¬ 
gral  equation  of  the  second  )(ind: 


-a  0  i 

(2. 

■  •(♦p(x,h-z)  -  ♦p(x,htz» 

where  y  ■ib(x,z),  b  the  half-breadth  of  the 
hull  (positive  to  port)  and  0<z<<(x). 


s’w'dcdc  ■  •(♦p(x,h-z)  -  ♦p(x,h»z;l  (2.7) 

where  K  and  R.  are  defined  in  (2.4),  Ue  nay 
now  write  the^(-integral  as 

o  <(t) 

/  <  )d;  t  /  (  )dt 

•<(0  o 

and,  in  the  first,  replace  ;  by  •?  jnd  re;jerse 
the  limits.  As  the  c  components  of  n  and  7  are 
odd  functions  of  c>  their  scalar  product  is 
even  in  c  as  is  also  s'  •  ds/dc.  Then,  as 


43t 


E<j.  (2.7)  can,  by  this  tsanlpulation,  b«  recast 
to  rea<J: 


V(x.2)  -V(X.-Z)  I  /  . . 

- ’ — 2 - "v*/  /  (v(C.C)-v<C»*«))  n.V 


-a  o 

s’  'dcd£  ■-[♦p(x,h-z)  -  »p(x,htz))  (2.8) 
CosparSson  of  (c.d)and  <2.S}  shows  that 

ii(x,z)  ■  v(  x,s)  -  v(x,-*)  (2.9) 


ternatively,  the  can  be  inserted  to  the  in¬ 
tegral  representing  and  the  quadratures  pre¬ 
sented  by  99)^/8x  on  the  hull  evaluated  by  sun¬ 
ning.  . 

the  contribution  of  the  hull  to  the  total 
pressure  on  that  surface  can  be  seasured  by  the 
ratio  of  the  total  pressure  to  that  which  the 
propeller  in  the  presence  of  the  free  surface 
would  provide  at  the  sane  point  in  the  absence 
of  the  hull.  As  the  pressure  is  dosinated  by 
the  tlae  derivative  of  the  potential,  the  Sur¬ 
face  Reflection  Ratio  can  be  defined  by 


Thus,  the  dipole  strength  u  required  /or  the 
eolution  of  the  fUu  ppoblesi  poaai  hy  the  vet¬ 
ted  hull  in  the  pretence  of  the  propeller  and 
ite  high  frequency  inage  in  the  free  surface 
can  be  obtained  by  aoloing  the  problen  presen¬ 
ted  by  the  double  hull  in  a  boundless  fluid  in 
the  presence  of  only  the  propeller  by  coribining 
the  dipole  strengtha  u  in  the  manner  defined 
(2.9).  ^ 


If  a  rigid,  non-porous  surface  condition  is 
i&posed  on  the  locus  of  the  undisturbed  water 
surface  -l/Rj  Is  replaced  by  1/Rj  and  the  di¬ 
pole  strengths  for  this  boundary  condition  are 
analogously 

■  u(x,t)  ♦  u(x,-z)  (2.10) 

This  boundary  condition  nay  be  expected  to  ap¬ 
ply  to  water  tunrel  experinents  in  which  the 
water  surface  between  the  sodel  and  tunnel 
boundary  is  covered  by  a  wood  ’’plate",  provided 
that  such  a  barrier  is  rigid. 

Another  resarkable  aspect  of  the  dipole  pro¬ 
cedure  Is  that  the  dipole  density  is  equal  to 
the  sus  of  the  local  value  of  the  potential  of 
the  hull  plus  that  due  to  the  propeller  as  shown 
in  Appendix  A.  Thus,  for  the  double  hull  and 
single  propeller,  we  have  on  the  hull 

V  ■  *  «p(>!,h-2))  (2.11) 

The  superscript  ♦  indicates  the  value  on  the  ex¬ 
terior. 

Then,  as  the  pressure  change  Is  calculated 
iron 


’  *hfsl 

“  1V.T" 


(s.iu) 


where  ^  .  and  .  and  the  potentials  of  the 
propeller  and  the^null  in  the  presence  of  the 
free  surface. 


Correlation  of  Theoretical  and  Experiaental 
Hull  Pressures 

Dr.  £.  ttuse^  has  pros’ided  extensive  eeasur- 
nents  of  at^lltudes  and  phases  of  blade  fre¬ 
quency  pressures  at  3u  locations  on  a  6.23a 
(20.4  ft.)  sodel  of  a  250n  (820  ft.)  tanVer 
fitted  with  a  single  Vageningen  B-4  propeller 
operating  without  cavitation.  Principal  nodel, 
propeller  and  operating  conditions  are  provided 
in  Table  I. 


Table  1 

Particular  Dirensions  and  Operatin;:  Conditions 
of  Norwegian  Model >699 ‘and  Propeller 


Ungth  (LBP) 

6.23b 

Bean 

1.03a 

Draft 

0.36a 

Block  Coefficient 

O.SOn 

Speed,  U 

1.39a/s 

Blades 

b 

Blade  Area  Ratio 

0.55 

Diaseter 

20b. Sms 

Pltch/Dianeter 

0.56 

Revs/sec. 

11.33 

Advance  Ratio  J  ■  U/ND 

0.603 

The  noainal  wake  data  in  the  piano  of  the 
propeller  has  been  resolved  noraal  to  the  blade 
sections,  i.e.. 


Then,  the  pressure  at  frequency  order  qn  on 
the  wetted  hull  in  the  presence  of  the  water 
surface  is  the  real  part  of 

%n\H  •  l-l<i«»<v,„(».2)-v^„(x,-i) 


Uj(r)cosep(r)co3l0  -  Vj^(r)sin6p3ln3ie 
or  •aj^cosAO  •  bj^sinX9 
where 

0  is  the  local  pitch  angle  of  the  blade 


iqnd 


is  the  x-wise  direction  cosine,  w  the  water- 
line  variable.  The  corresponding  expression 
when  a  rigid  boundary  so  iBpj^sed  on  the  water 
surface  is  the  saoe  except  -v(x,-z)  is  replaced 
with  v(x,-z).  As  Vgjj  is  only  known  nuserically, 
the  second  tera  in  the  pressure  requires  nuoer- 
ical  differentiation  along  the  watorlir.es.  Al- 


X  is  the  order  of  shaft  frequency 
u,v  are  the  axial  and  tangential  conponents 
in  fraction  of  nodel  speed. 

The  hanaonlc  aeplltudos  u.  and  v.  are  cal- 
calculated  fron  the  gi/en  total  wake  flovj  coa- 
ponents  by 

4;^  *5^  /  u(r,9)cosXM6  ;  c  ■!,  X>o 


432 


1  ^ 

■  -  /  v<r,e)s5RX9d9 


Defining  ax'u^coedp  sinl.*  values 

of  these  coefficients  oeterslned  at  8  radial 
locations  (via  interpolation  of  data  at  8 
radii)  are  exhibited  in  Table  11. 


and  the  null  points  at  each  panel.  The  propel¬ 
ler  potential  sua  was  coecuted  at  288  points 
aM  taken  to  be  zero  at  th«re*aiaiss212‘distant 
panels.  The  H*S  procedure  tnen  is  tsploytd  to 
invert  the  surface  Integral  e^Mtion  defined  by 
(2.6)  for  the  dipole  density  v.  The  dipole 
density  v«  which  would  be  obtained  on  the  hull 
in  the  Joint  presence  of  the  free  surface  and 


Table  li,  Shaft-Order  Haraonie  Coefflelents  of  Moninal  Wake  Velocity  Koreal  to  Blade  Sectleos  in 
rraetien  of  Model  Sneed  (Positive  Flow  Ait.  yeeativeroTvar^) 


XeO  X«I  X«2 


r/r^ 

‘o 

“-C 

*>1 

.25 

.492 

0 

-.006 

-.209 

-.073 

♦  .067 

.35 

.423 

0 

t.012 

-.103 

-.058 

♦  .019 

.45 

.420 

0 

«.042 

-.043 

-.020 

-.006 

.55 

.408 

0 

t.057 

-.018 

-.001 

t.012 

.65 

.396 

0 

«.0S0 

-.002 

0 

♦  .014 

.75 

.426 

0 

t.036 

^.008 

-.055 

♦.005 

.85 

.<*91 

0 

t.020 

*.022 

-.116 

♦  .017 

.95 

.577 

0 

0 

♦  .033 

-.209 

♦  .032 

The  propeller  geosotry*  operating  conditions 
ar.d  wake  haraonics  are  e^loyed  as  input  to  the 
Davidson  Laboratory  unsteady  lifting  surface 
prograa  which  yields  the  eean  and  unsteady 
(blado-angular  dependent)  pressure  Jusp  dis- 
tributicRS  on  the  blades  at  aU  shaft  orders  X 
froa  0  to  one  above  the  nusber  of  blades,  i.e.. 
X  ■  S  in  this  case.  Appropriate  integrations 
arid  resolutions  of  these  loadings  yield  the 
forces  and  nosents  acting  on  the  shaft.  These 
are  displayed  in  Table  III. 


Xibl^i^j^^Ca^culate^yea^jnd^JAistea^ 
Coefficients  of  Prcoeller  force  and  Moaent 
Aeplitudes  in  waVe  of  Norwegian  **odei  699" 


Kean 

Unsteady 

Thrust 

0.228 

''r 

0.01$ 

Torque 

0.0244 

0.0014 

Transverse  force 

0.00145 

S' 

O.OOlO 

Kon.  Abt.  Trans.  Axis 

0,00140 

0.0013 

Vertical  force 

-0.00174 

O.OOlO 

Mas.  Abt.  Vert.  Axis 

-0.00048 

0,0016 

It  IS  noted  tMt  the  Vageningen  (Troost) 
chart  value  for  K_»  0.173  and  K.  •  0.0178. 

Thus,  the  calculated  eeans  are, disappointing¬ 
ly,  32  and  39  percent  higher  respectively  than 
the  chart  values.  This  will  be  alluded  to 
later. 

The  velcciv  ,>otential  associated  with 
each  wako  harex.’nlc  and  the  thickness  are  added 
and  applied  to  the  double  hull  which  was  divi¬ 
ded  into  U80  quadrilateral  patches  as  shown 
for  the  wetted  portion  in  its  entirety  in  fig¬ 
ure  2  and  In  detail  for  the  stern  region  in 
rigur**  3.  (See  following  page) 

The  coordinates  of  the  corners  of  these 
panelslthe  scaliest  of  which  are  sooewhat  lar¬ 
ger  than  the  criteria  involved  in  the  foregoing) 
are  lifted  off  the  drawing  of  the  "wetted"  por¬ 
tion.  These  coordinates,  together  with  their 
reflected  pairs  on  the  "upper"  portion  of  the 
double  hull,  are  a  basic  input  set  to  the  Hess- 
Sslth  (H-S)  prograa  which  coaputes  the  noraals 


X  • 

3 

X  - 

4 

X 

•  5 

's 

*>5 

0 

-.021 

-.011 

♦  .OIS 

0 

-.013 

t.012 

t.02S 

-.036 

♦  .021 

-.002 

-.018 

-.028 

-.032 

-.056 

♦  .023 

-.018 

-.004 

-.043 

-.005 

-.065 

♦  .022 

-.023 

♦  .010 

-.027 

♦.C02 

-.050 

♦  .017 

-.029 

♦  .013 

-.009 

♦  .007 

-.029 

♦  .016 

-.034 

♦  .009 

-.010 

♦.00? 

-.038 

♦.016 

-.024 

-.004 

♦.063 

-.008 

-.083 

♦  .016 

-.008 

♦  ,002 

the  free  surface  potential  ot  the  propeller 
as  specified  by  (2.9), is  then  calculated. 

The  pressure  at  each  panel  Is  calculated  freo 
(2.13).  Evaluation  stiowed  that  the  convective 
pressure  (I.e,,  that  contribution  proportional 
to  U  in  (2.13))is  negligible.  This  can  be 
seen  by  an  order  of  aagnltude  analysis  which 
shows  that  the  convective  pressure  is  of  the 
order  of  d/en  •  0.05.  Hence,  the  aodulus  of  the 
blade  frequency  pressure  at  any  panel  is 

Ip^l  *  pn«l\(>t,z)  -  v(x,-i)l 

The  locations  of  the  nuabered  pressure  gages 
on  Kuse's  oodel  are  shown  on  the  sealed  drawing 
in  plan  and  side  elevation  in  Pig.  $  ,  for 
each  gaga  on  the  starboard  side  of  the  hull  in 
the  region  of  the  skeg,  there  is  a  "cospanicn" 
gage  on  the  port  side.  Associated  with  each 
gage,  as  shown  in  Pig.  5,  the  ratio  of  the  aa- 
plitudes  of  the  calculated  to  the  eeasured  value 
is  given.  The  nuabers  In  parentheses  are  the 
reflection  ratios,  i.e.,  the  aodulus  of  the 
pressure  generated  by  the  propeller  in  the  ab¬ 
sence  of  ell  boundaries.  (This  denosinator 
should  be  the  aodulus  of  the  pressure  gener¬ 
ated  by  the  propeller  in  the  presence  of  the 
free  surface  (and  in  the  absence  of  the  hull). 
(However,  this  was  not  available  at  the  tine  of 
writing.) 

In  Pigs.  6  and  7,  we  provide  graphical 
representations  of  coeputed  and  eseasured  hull 
pressures  at  four  sections  through  the  hull. 

Calculated  and  experiaental  magnitudes  and 
phase  angles  are  provided  in  Table  IV.  The 
phase  angle  is  defined  (following  the  unusual 
definition  adopted  by  Kuse)  as  the  angle  of  the 
blade  relative  to  the  line  in  the  vertical 
plane  through  the  gage  connecting  the  gage  to 
the  axis  of  the  propeller,  at  which  the  pres¬ 
sure  on  the  gage  is  a  Baxieua  negative  or  suc¬ 
tion. 

Discussion  of  the  Correlation 

It  Is  clear  fr<»  Plgure  5  that  the  calcul- 
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2.  Seh«3utic  of  Dipolo  Ponel  Loyout  on  U«tted  Portion 
of  KorwogUn  Koiel  &99.  Reflected  Panels  on  Upper 
Portion  of  Double  Hull 


I 


I 


ated  pressures  are  senerally  In  excess  of  the 
eeasurvd  pressures  for  regions  forward  of  the 
propeller  and  are  less  than  *hose  eeasured  on 
the  transoo  aft  of  the  propeller. 

first  of  all,  wecannot  expectealeulatlon  of 
this  sort  to  yield  precise  agreecent  wl»K  sea- 
suresents  which  theaselves  are  fraught  with 
non-cyclic  tecporal  aaplltude  nodulatlon  and 
the  seallness  of  the  pressure  signatures. 

As  pointed  cut  earlier,  the  wake  haroonlcs 
deduced  free  the  noeinal  wake  are  not  what  Is 
sensed  by  the  prc^eller  which,  as  Is  known, 
produces  an  effective  wake.  This  uy  be  es¬ 
pecially  so  In  the  case  of  this  tanker  which 
has  a  vary  high  disc  loading  coefficient,  ■ 
k/i  ■‘♦.g.  As  noted  previously,  the  cal¬ 
culated  aean  thrust  is  lose  30  percent  higher 
than  the  value  given  by  the  open-water 
curve  when  interrogated  at  the  cean  advance  J. 
Presusably,  the  application  of  a  non-linear 
calculational  procedure  would  have  produced 
better  agreeoent. 

The  larger-than-ceasured  pressures  forward 
and  the  less-than-neasured  aft  of  the  propeller 
are  expected  to  be  due  to  constructive  cosblna- 
tion  of  blade  thickness  and  hull  potentials 
with  the  loating  generated  potentials  forward 
and  partially  destructive  (out-of-phase)  coa- 
binatlcn  of  these  aft.  This  has  been  seen  In 
the  frce-space  pressure  field  ,  yielding  euch 
larger  blade  frequency  pressures  forward  than 
aft  of  the  plane  of  the  propeller.  Thus,  if 
the  loading  were  decreased  (to  yield  the  cor¬ 
rect  thrust),  the  expectation  is  that  the  ra¬ 


tios  of  theoretical  to  eeasui'ed  pressure  anpli- 
tudes  would  tend  to  unity  both  forward  and  aft. 
Only  a  recalculation  can  confir-a  this  specula¬ 
tion. 

Cxaslnatlon  of  the  differences  In  phase 
angles  in  Table  IV  reveals  that  tho  theory  does 
quite  well  with  respect  to  phase.  The  average 
of  the  ratios 
C  . 

p  theo.  p  exp. 

is  l.S**  an.!.  If  results  for  gages  P0  and  P12 
are  excluded,  this  average  Is  1.1$.  Thus,  for 
Integrated  effects,  we  eay  expect  that  the 
theory  will  give  useful  results  well  within  the 
accuracy  which  should  be  expected  of  such  cal¬ 
culations.' 

Integration  of  vertical  force  contributions 
froa  the  panels  in  each  of  the  sub-regions  of 
the  hull  depicted  In  Tig.  <*  produced  the  In¬ 
dicated  percentages  of  the  aaplltude  of  the 
total  vertical  force.  The  regions  forward  of 
the  propeller  are  seen  to  be  eost  Inportant. 

The  solid  boundary  reflection  ratios  sist- 
lar  to  those  defined  by  Cq.  (2.1k)  are  dis¬ 
played  for  each  gage  location  on  Pig.  $  by 
the  nusbers  in  parentheses.  Unfortunately, 
only  the  field  pressures  for  the  propeller  in 
an  unbounded  fluid  were  available  to  use  as  a 
basis  rather  than  those  for  a  propeller  in  the 
presence  of  the  free  surface.  The  values  found 
the  transoe  forward  of  the  propeller  are 
unbelievably  Isrge.  Those  elsewhere  are  gen¬ 
erally  less  than  the  value  of  2.0  used  by  nany 
as  an  expedient. 
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r£g.  3,  Detail  of  Panel  layout  in  Stern  of 
Norveglan  Tanker  Model  69d.  Pe- 
fleeted  Arrangeoent  on  Upper 
Double  Hull 


CONTeilUllOMS  TO  TBf  VCRTIOM.  fOftCC 

teetH  eoet  a  smmmmo  $«0 


rig.  *4.  Percentage  Contributions  of  Indicated  Regions 
to  the  Blade^Prequcncy  Vertical  force 


Corr«l«tlonwIthMod»l  Hull  Tore*  Extxrlittnt 

Th«  l«t«  Professor  bnerltus  F.M. 
uoy  tests  to  <!«teralne  vhat  he  tereeJ  the  ef¬ 
fective  vertical  mi  trensverse  forces  due  to 
propeller-teaersted  hell  ead  heoriag  forces. 
Here  ve  give  results  for  coe  of  his  hulls»  « 
Series  60  (Cg**0.60)  V-fora  stem  fitted  with  e 
4-blsdo  propeller.  Her«tofore«  eelculstcd  re¬ 
sults  of  the  source-psael  technique  were  re¬ 
ported^  hut,  8uhs6<}ei\tly,  errors  were  found. 
Here  we  present  results  obteined  using  the  di¬ 
pole  procedure  discussed  in  the  foregoing.  The 
double  hull  wss  divided  into  276eod  the  resul¬ 
ting  dipole  densities,  when  sultiplied  by  the 
panel  areas  and  the  vertical  direction  cosines 
were  integrated  to  give  the  force  contrlbutloo 
generated  by  each  of  the  blade  loadings  arising 
froo  wake  hareonics  X  ■  C,1,2,0«’*|S  and  the 
blade  thickness.  Results  are  susoarized  in 
Table  V. 


Ut  Ihl.  t.llbr.tloo  dUtMC.  fr«i  th.  cUr  of 
COvUr  of  tb.  ball  U  *  .  H.  tb.  ro- 

>p0D»t  of  th«  ball  by  .  velocity  plek-up  ta«« 

M  X.  anlt.  *ft  of  lb.  coDWr  of  iravlty.  Ojloi 
th.  ‘‘.qaitScM  of  Mtloo  of  .  ball  by  . 

vertical  force 


at  X  ,  it  is  easy  to  show  (because  of  the  hl^ 
frequency  Isposed)  that  the  velocity  observed 
at  the  gage  should  be 

-W  1  Vi. 

'^g  u  l»xj 

where  H  is  the  oass  of  th*  hull;  the  added 
mass  at  essentially  infinite  frequency;  X  the 
mass  moment  of  inertia  and  I  the  added  mass 
moment  of  Inertia.  Thus,  the  aiwlytic  estimate 
of  tewis*  calibration  factor  is 


Table  V.  Contributlors  to  Blade  rreouency 


on  Series  60  <C 

.  •  0.60)  V-St«rn 

free  a 

rlve-Bladed  ProeelXer  <F  /cn‘d' )xl0'^ 

Wake  Order 

Hagnitckie  of 

Phase 

X 

Coefficient 

Angle 

0 

0.244 

23.3 

1 

0.076 

21.6 

2 

0. 14a 

29.1 

3 

0.047 

32.7 

4 

0.2S2 

46.8 

6 

0.013 

30.4 

61.  Thick. 

Tot. 

0.164 

32.4 

Surf.  Force 
Vert. 

o.;7i 

32.0 

Bearing  Force 
Net 

0.257 

65.3 

Vert.  Force 

0.624 

36.4 

The  phase  angle  Is  defined  as  the  angle  of 
the  blade  measured  counterclockwise  (locking 
forward)  when  the  force  component  is  a  posi¬ 
tive  (upward)  maxisua. 

Here  we  note  that  the  contributions  to  the 
hull  force  froa  the  mean  blade  loading  (zero 
wake  harmonic),  0.002uu,  is  tsore  than  matched 
by  that  froa  the  miniscule  <<th  order  blade 
loading,  0.002S2,  and  the  next  significant 
contributor  is  that  generated  by  blade  thlcx- 
ness,  0.0018U,  The  bearing  force  which  was 
calculated  froa  the  DL  Unsteady  Propeller  Force 
Program  is  partially  opposed  to  the  total  sur¬ 
face  force  and  the  vector  addition  yields  a 
force  coefficient  amplitude  of  0.624  xlO”*.  The 
determination  by  P.H.  Lewis  of  what  he  called 
an  effective  net  vertical  force  on  hla  propel¬ 
led  model  resulted  in  a  coefficient  amplitude 
of  0.45x10*2,  Unfortunately,  the  measurement 
of  Lewis  cannot  bfdlrectly  compared  to  the 
theoretical  value  as  will  now  be  discussed. 

Lewis  excited  a  10-foot  model  of  this  Scries 
60  variant  which  was  constructed  around  a  rigid 
truss  to  supposedly  ensure  that,  when  the  model 
was  excited  by  a  known  force,  It  would  move  as 
a  rigid  body.  The  known  excitation  was  applied 
directly  over  the  propeller  location  by  an 
electro  magnet  at  the  blade  rate  excitation. 


Then ‘the  "effective”  force  reported  by  Lewis 
when  the  propeller  produces  a  pressure  dis¬ 
tribution  on  the  hull,  and  an  attending  morent, 
of  course,  is 


1-5-.  ^1 


where  is  the  measured  velocity  output  of 
the  velocity  pick  up  when  the  propeller  is  op¬ 
erating.  Clearly,  Lewis'  effective  force  is 
parametrically  dependent  on  the  calibrating 
distance  x^.  Had  he  used  a  location  of  his 
excited  forward  of  the  propeller,  l.e.  closer 
to  the  center  of  applied  propeller  force,  the 
denominator  would  be  smaller  and  the  effective 
force  larger.  Thus,  it  would  appear  that  the 
theorttlcal  force  should  be  larger  than  Lewis' 
effective  force  and  nothing  more  can  be  deduced, 


Conclusions  and  Recogwendations 

It  would,  of  course,  be  rash  to  diMw  firm 
conclusions  on  the  basis  of  the  foregoing  ex¬ 
perimental  studies.  It  does  appear  that  this 
method  produces  answers  which  are  well  within 
the  order  of  magnitude  of  the  data,  warranting 
further  applic..tlons  to  data  secured  in  such  a 
way  as  to  insure  accurate  knowledge  of  all  sig¬ 
nificant  wake  harmonics. 

Prom  a  nua«rlcal  hydrodynamic  viewpoint,  it 
is  not  ceaningful  to  compare  calculations  with 
ship  model  data  at  the  outset.  Rather,  exer¬ 
cises  involving  mathematical  fores,  such  as 
slender  spheroids,  should  be  carried  out  with 
simple  rotating  and  pulsating  isolated  singu¬ 
larities  as  exciting  potentials.  Tor  such 
cases,  analytical  methods  can  be  used  to  de¬ 
duce  local  pressures  and  forces,  providing  a 
firm  basis  of  comparison.  In  this  way,  opti¬ 
mum  panel  dimensions  and  the  extent  of  panel 
coverage  can  be  determined  to  yield  specified 
accuracy  requirements.  It  is  hoped  that  an  en- 
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Table  IV.  Calculated  ana  Experimental  Hull  Pressure  Coefficients  aad  Phase  Anglts 


Gage 

Calc. 

Exp. 

Cdlc. 

% 

Phase 

Aflgle 

=1 

.00S$8 

.0049 

235“ 

.02229 

.0156 

261“ 

f. 

.00105 

.00076 

2..“ 

Si 

.00099 

.00009 

313“ 

.00032 

.00006 

237“ 

Sj 

.00074 

.0024 

139“ 

.00501 

.00420 

22.“ 

Sj 

.00458 

.0062 

237“ 

h 

.01453 

.0113 

2-io“ 

h 

.01186 

.0101 

256“ 

h 

.01752 
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lightened  contracts  edainistrator  can  be  found* 
who  perceives  the  necessity  of  this  basic  study* 
and  can  find  the  funds  for  its  execution.  Be> 
yond  that*  this  frontal  approach  requires  auto- 
nation  of  input*  and  then  the  entire  procedure 
will  be  attractive  for  routine  use. 
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Fig.  5 


Ratios  of  Theoretical  to 
Measured  Pressure  Amplitudes 
at  Indicated  Gage  Location 
and  Values  of  the  Reflection 
Ratio  (in  parentheses) 
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Appendix  A 

Repl^ecaent  cf  th«  Exterior  Weuainn  Problea 
byan  Interier  Slrlchlet  Problea 


The  problem  posed  by  the  gcneratloo  (or  cre¬ 
ation)  of  a  doijble  hull  in  the  presence  cf  a 
single  propeller  retiuircs  a  hull  potential 
which  Dcets  the  Seurov:  conditlm  " 


*'(P)  -  -2iv<P)  -  /  ^(Q)  n-P  (^jlS  (A-7a) 
♦‘(P)  •  23M(P)  -  /  v(Q)  n-P^(i)dS  (A-7l>) 


where  4  is  the  potential  of  the  propeller,  n  is 
the  outward  noraat  froa  S,  «nd  S.  is  the  Wll 
surface  and  S.  Is  the  ituge  or  reflected  hull; 
thus  S  is  the^double  hull.  The  difficulty  with 
solvir^  the  hi)ll  generation  problca  to  acet 
<A-1)  directly  is  that  the  right  side  of  (A-l) 
is  eot^osed  of  three  teras.  i.e. , 

)  )4  9*  U 

9n  ■  ”x  9x  *  "y  9y  ’  ”s  H 

ar.d  this  calculation  Is  highly  consuaptive  of 
cosputer  effort,  fortunately,  the  sane  Keuaanr. 
condition  can  be  act  by  solving  the  interior 
Dirichlet  problea  requiring  within  th.e  interior 
of  S  th.at  "  -4  <a  single  scalar  function). 

Let  S  denote  a  bounded,  aie^le,  saooth. 
closed  surface.  Let  D.  denote  the  bounded  in; 
tericr  dcoaln  of  S,  and  let  D  indicate  the  un¬ 
bounded  exterior  of  S.  Define  n  as  the  unit 
noraal  to  S  directed  frees  D^  Designate 

R,  •  «x-t)7  .  (y.n)®  • 

.1/5  <*-2> 

R  •  I(X-C)*  t  <Y.ti)7  .  (2-?)’)*'* 

whete  Q((,ntd)  and  F{x,y,z)  are  points  on  S  and 
T(X,Y,2)  is  a  point  in  either  Dj  or  D^.  Let 

-  3C  3n  3L 

(A-3) 

9X  9Y  32 

in  which  are  unit  vectors  defining  the 

orthogonaT  coordinate  systea. 

Consider  the  surface  Integral  of  nonsal  di¬ 
poles 

«^(T)  •  -  /v(Q)  n-7(i)dS  (A-») 

which  satisfies 


for  T  in  either  D.  or  D  .  The  potentlil  (A-*») 
is  discontinuous  it  $  (as  shown,  for  exaeple, 
in  Kellogg  'Toundations  of  Potential  Theory", 
Reference  20).  If 

«!(P)  •  llo).  (T)  7  In  P.  (A-S) 

I.p "  « 


On  the  other  hand,  it  is  shown  (Kellogg) 
that.  It  v(Q)  is  continuous  of  S  and  if  either 
of  tho  tinitf 


lift  n*74.  •  (-^y 
T-P  '*  • 


exiata,  thin  thi  othir  doia  end 

’V 

■  <7r>i  ■  <-r>p  <*-’> 

i.e.,  the  nomal  derivative  or  velocity  is  con¬ 
tinuous  through  the  dipoled  surface.  Sow  sup¬ 
pose  that 

*jj(T)  ■  -  /  v(0)n-7(|)dS  T  in  IA-10) 


is  to  be  such  that 

where,  in  our  case,  4  is  the  potential  of  t'lo 
propeller  which  is,  of  course,  a  regular  ha*'- 
sonic  function  in  the  dovin  containing  the 
double  hull  aurface  S  and  fta  interior. 

In  accordance  with  the  above-cited  proper¬ 
ties  of  surface  dipole  distributions,  this 
Keusann  condition  (A-11)  can  be  satisfied  if 
we  desand  that  the  dipole  density  v(Q)  be  suwh 
that 


».(T)  •  -4(T>  •  -/  v(Q)n-7(i)dS 


4.(P)  •  li»4.(T)  T  in  D, 


for  all  points  T  in  D.,  This  insures  the  sat 
isfaotion  of 

and  we  see  that  the  exterior  Kcucunn  problea  is 
thus  reduced  to  an  interior  Dirichlet  problea 
for,  as  T-P  (on  if.terior  (S),  we  see  froa 
(A-7b>  that  V  oust  satisfy 

.4(P)  ■  2sv(P)  -/  v(Q)n‘7<^)dS  (A-lJl 

S  ~~  ^8 

a  Predhola  integral  equation  of  the  second  kind 


t 


of  the  fora  identical  to  tbit  for  which  proce¬ 
dures  are  available  for  its  cuaerical  inver¬ 
sion. 

Since  K(P)  ■  -«(P)»  then,  froo  the  Juap 
relation  "(A-7c>,  we  obtain 


»(P)  ■  -  ^  (♦J<P>  *  «<P»  <*-!'•) 


Hence,  once  v  is  founi  on  the  hall,  the  total 
pressure  on  the  hull  can  be  calculated  froo 


E. 

0 


♦  s) 


where  w  is  arc  length  along  a  waterline  and  s 
is  arc  length  along  a  section  or  fraae  line. 

!f  the  half'breadths  of  the  ship  are  expressed 
as  b  •  b(x,s)«  then  the  pressure  at  fre<iuency 
qn  can  be  deduced  iron 


where  n  is  the  x-ocnponent  of  the  unit  &oi«al 
or  the  3irectloo  cosine  (n.v).  As  v^-,  the 
cot^lex  aepUtuie  is  only  known  nuseflcally, 
the  evaluation  of  the  seccnd  tern  re<iulres 
puaerlcal  differentiation.  Alternatively, 

VdQ  can  be  inserted  Into  <A«12)  and  the  quad¬ 
rature  presented  by  on  S  evaluated  by 

converting  the  integral  to  a  sus. 


I 

I 
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DISCUSSIONS 
of  the  p«per 
by  J  P,  Bre$tin 

PROPELLER-INDUCED  HULL  PRESSURES  AND  FORCES 


Oiscussfon 
6y  f^rtepeJx 

1  should  tike  to  put  throe  Questions  to 
Dr.  Sreslin  : 

1/-  As  shipbuilders  we  ver>  auch  appreciate 
the  efforts  Mde  to  opti&{2e  the  hull  *  propeller 
asseebly  froa  the  point  of  view  of  vibration. 

However,  for  the  eocent,  we  observe  that, 
when  estifsatir>9  the  pressures  on  the  hull,  the 
eethods  eoploylng  sieple  forrxilas  of  basically 
statistical  origin  (originating  froo  real  oeasu* 
rccents  at  sea)  are  quite  as  exact  as  the  present- 
day  nufseric  oelhods  of  theoretical  origin,  1  asade 
this  coeparison  a  few  aonths  ago  for  a  ship  built 
in  our  shipyards,  a  120  000  ton  aethane  tanker. 

Hy  first  question  is  therefore  :  Oo  you 
consider  that  in  the  future  the  coopoter  pro- 
gratwes  such  as  yours  will  provide  fwre  exact 
results  than  tre  seai-eopirical  fortaulas,  notably 
in  view  of  the  accuracy  of  the  wake  ceeasureoents  ? 

2/-  In  your  paper  you  only  dealt  with  non-cavl- 
tatlng  propellers.  Now  as  a  general  role,  at 
least  for  oerchant  ships,  it  is  only  the  cavita¬ 
tion  on  the  propeller  blades  that  can  generate 
pressures  really  dangerous  for  the  ship. 

It  would  not  appear,  a  priori,  nore  difficult 
to  take  the  cavitation  into  account  in  your  compu¬ 
tations.  Naturally  the  accuracy  night  be  lower. 

Is  it  for  this  reason  that  you  have  United  your 
paper  to  the  case  of  non-cavitating  propellers, 
and  do  you  intend  to  extend  it  to  the  cavitatlno 
case  ? 

3/-  1  have  always  been  extremely  sceptical  of  the 
value  2  of  the  "solid  boundary  factor",  which  is 
theoretically  false  in  the  case  of  a  ship.  More¬ 
over,  in  December  1974,  I  sutvattted  a  paper  in 
this  connection  which  y^u  were  good  enough  to 
conwent  on.  This  was  at  a  symposium  in  Holland. 

Hy  question  is  :  Do  you  consider  that  with 
the  aids  at  your  disposal  it  is  possible  to 
define  fwre  exact  values  of  this  reflection  fac¬ 
tor,  an  approach  corresponding  to  that  of  Husc  in 
his  experiments  on  nodels  at  Trondhein  ? 


M.  Lepeix  has  raised  three  good  prattle 
questions  to  which  I  offer  the  following  replies 


I/-  Surely  enpirical  data  are  very  useful  and 
should  be  employed  to  secure  guidance  if  they 
can  be  cast  in  forms  which  reflect  the  physics 
of  the  pherioaenon.  Indeed,  the  correlations  of 
pressure  levels  with  cracking  of  plates  and  ob¬ 
jectionable  levels  of  vibration  as  have  been  made 
by  Holden  et  al  (SNAHE  Annual  Meeting,  Itovet^er 
1980)  are  highly  useful.  However,  I  become  skep¬ 
tical  of  formulas  elicited  through  regression 
analyses  which  do  not  evolve  out  of  a  rational 
theory.  I  believe  that  programs  such  as  this, 
which  include  propeller  and  hull  geometry  and 
the  functions  which  propagate  each  loading  and 
thickness  harsonic  as  dictated  by  the  theory, 
can  be  used  to  secure  (at  a  atniBucj'  sound  cen- 
ptiaUvi  vofues  of  excitation,  lnd^  J,  there  is 
uncertainty  in  he  wake  hanoonics  which  will 
remain  with  us  until  hull  boundary  layers  and 
wakes  can  be  computed  at  ship  scale  to  a  fine 
state.  Near  field  pressures  are  dominated  by 
the  mean  loading  and  blade  thickness  (for  non- 
cavltat>ng  propellers).  The  mean  loading  is  well 
predicted  (since  thrust  u  well  estimated)  and 
the  blade  thickness  contribution  is  independent 
of  the  wake.  However,  the  vibratory  joicea  on  the 
NjII  are  dcwinantly  dependent  on  the  blade  load¬ 
ings  arising  from  the  (n-l) ,  n  and  (nfl)th  wake 
harmonics  which  are  admittedly  small  and  subject 
to  variations  with  scale  and  vary  with  time.  The 
best  way  to  qualify  computer-based  procedures 
would  be  to  apply  then  to  full-scale  cases  where 
confidence  in  the  measurements  is  high.  Devia¬ 
tions  could  then  be  ascribed  to  a  lack  of  precise 
knowledge  of  the  wake.  If  such  an  effort  were 
supported,  we  could  have  a  far  better  basis  for 
securing  pragmatic  results  than  from  enpirical 
fortaulae  which  do  not  reflect  the  functional  foras 
provided  by  the  matheiaatics  employed  in  these 
rationally  founded  programs. 

2/-  M.  Lepeix  is  surely  correct  In  pointing  out 
that  pressures  and  forces  generated  by  intermit¬ 
tently  cavitating  blades  are  much  larger  than 
those  enanatinn  fren  non-cavitating  propellers. 

Ue  did  not  Include  transient  cavitation  because 
we  do  not  have  a  procedure  for  it,  nor  was  it 
needed  for  the  present  correlation.  The  simulta¬ 
neous  presence  of  cavitation,  loading  and  thick¬ 
ness  requires  solution  of  the  nixed  boundary- 
value  problem  via  simultaneous  integral  equations. 
A  program  for  transient  cavitation  on  the  blades 
has  been  recently  evolved  at  HIT  by  Professor 
Kerwin.  He  have  used  the  output  of  this  program 
as  input  to  our  propeller-hull  program  and  have 
secured  good  aoreement  with  pressure  measurements 
made  on  the  hull  of  a  Ro-Ro  ship  model  in  the 


$SPA  cavitation  tunn«1  (when  invoking  the  boun> 
dary  condition  appropriate  to  that  isposed  in 
the  test  facility  on  the  locus  of  the  water 
surface). 

3/-  I  Join  H.  Lepeix  in  his  skepticisa  in  regard 
to  the  utility  of  the  reflection  factor  of  2 
where  the  ship  surface  is  highly  curved  or  on 
skeg  or  fins  across  which  pressure  puaps  are 
expected.  It  is  a  useful  expendient  in  regard 
to  esticating  aaplitude  when  the  local  surface 
above  the  propeller  is  relatively  flat.  1  believe 
that  the  hull  reaction  pressures  should  be  gene* 
rally  less  than  those  applied  by  the  propeller 
on  curved  counters  (hence  factors  of  less  than 
2)  and  say  be  greater  on  the  skeg  near  the  trai¬ 
ling  edge.  For  curved  surfaces  there  is  no 
rational  way  of  estisating  the  reflection  fac¬ 
tors.  lauch  less  the  phase  of  the  net  pressure* 
so  I  see  no  use  of  the  concept  for  such  geoce- 
tries. 

Discussion 
by  G.E.'  Hearn 

The  inclusion  of  the  single  propeller  effect 
in  generating  the  double  hull  eodel  is  a  very 
nice  peice  of  eanipulation.  However,  the  solution 
of  the  resulting  integral  equation  nust  have 
adversely  effected  the  calculations  perforced 
utilising  the  discretisations  presented  in  Fi¬ 
gures  2  and  3.  7he  detailing  around  the  aft  end 
is  to  be  coorended  in  teras  of  geooetrJc  repre¬ 
sentation  but  it  is  rather  inconsistent  with  the 
representation  of  the  rest  of  the  hull.  Also  the 
large  aspect  ratios  of  area  near  the  free-surface 
in  the  stern  section  will  I  suspect,  result  in 
furter  breakdown  of  the  associated  algebraic 
systeia  with  the  aain  hull  aft  end  interaction 
incorrectly  oodelled.  The  solid  boundary  reflec¬ 
tion  ratios  are  also  likely  to  be  adversely 
affected.  However,  in  Or,  Brcsl in's  own  words 
•it  would  be  rash  to  draw  firo  conclusions* 
without  further  calculation  but  30  calculations 
ce-forsed  at  Newcastle  suggest  that  the  interplay 
of  the  Dodelling  of  the  different  parts  of  the 
hull  significantly  affect  the  detailed  pressure 
distribution  and  associated  dependent  quantities. 


Or.  Hearn  coanends  the  representation  of  the 
hull  aft  of  the  propeller  but  asserts  that  it 
is  rather  inconsistent  with  the  discretisations 
elsewhere  on  the  hull.  It  is  pointed  out  on 
page  ^30  that,  downstream  of  the  propeller, 
the  potential  oscillates  rapidly  with  longitudi¬ 
nal  distance  x  requiring  very  fine  subdivision, 
whereas  forward  of  the  propeller,  the  potential 
generated  by  eean  loading  drops  off  rapidly  and 
ojonotonicaily  with  x.  Transversely,  there  are 
oscillations  which  require  fine  nesh  to  each  side 
of  the  center  plane  but,  beyond  about  0.3r  ,  the 
panel  size  can  be  Increased.  It  1$  interesYing 
to  learn  of  the  experience  being  gained  at 
Newcastle.  He  have  not  been  able  to  ascertain 
the  optioua  panel  sizes  and  number,  and  to  that 
end  I  call  attenticn  to  the  final  remarks  concern¬ 
ing  the  use  of  a  spheroidal  surface  for  which 
results  can  be  independently  secured  and  used  as 
a  solid  basis  for  detcraining  panel  size  and 
listribution.  Surely  Or.  Hearn's  observations 
are  most  pertinent  and  are  appreciated. 
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A  LOCALIZED  FINITE‘EL£MENT  METHOD 
FOR  THREE-DIMENSIONAL  SHIP  MOTION  PROBLEMS* 
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0«vid  W.  Taylof  Ntvii  Ship  and  Daveiopment  Center 
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Abstract 

An  application  of  the  localized  finite-element  method 
to  a  Ihree-dimensional  lime-harmonic  free  surface  flow  in  a 
canal  is  presented.  Boundary  conditions  on  both  the  free 
surface  and  the  body  are  linearized  and  imposed  on  their 
equilibiium  positions.  By  utilizing  known  set  of  eigenfunc¬ 
tions,  the  computation  domain  is  reduced  to  a  very  smalt 
local  domain  where  an  eight-node  linear  ihree-dimeiistona) 
element  is  used.  Proper  matching  is  also  imposed  between 
two  sets  of  trial  functions  on  the  truncated  boundary.  To 
be  sohed  are  the  problems  concerning:  (1)  six  degree-of> 
freedom  radiation  and  diffraction  in  three  dimensions.  (2) 
two  dimensional  motion  corresponding  to  the  lo^  flow  at 
the  midship  cross-sectional  plane,  and  (3)  related  eigen¬ 
values.  Spccincalty.  two  sets  of  results  for  two  ship  loca¬ 
tions  in  a  canal  are  presented.  In  both  cases,  the  eigen¬ 
values  of  the  local  cross-sectional  plane  are  shown  to  play  a 
signifleant  role  in  the  three-dimensional  results.  A 
remarkable  similarity  between  exciting  forces  and  moment 
and  (he  damping  coefficients  corresponding  fo  (he  modes 
of  their  motions  are  also  observed  in  the  results.  The  ac¬ 
curacy  of  the  three-dimensional  results  presented  here  is 
also  discussed  by  comparing  two  sets  of  eigenvalues  com¬ 
puted  by  using  two  different  sizes  of  finite  elements. 

I.  Introduction 


Steady-state  timc-harmomc  rrioiions  of  an  inviscid,  in¬ 
compressible  fluid  with  free  sutface  in  the  presence  of  a 
body  or  bodies  in  it  are  described  by  a  boundary-value  pro¬ 
blem  governed  by  the  Laplace  equation  with  appropriate 
boundary  conditions.  In  (he  past,  problems  of  this  type 
were  generally  solved  by  distributing  sources  (and/or 
dipoles)  on  (he  body  boundary  and  using  Green's  theorem 
to  obtain  an  integral  equation  for  the  strength  of  these 
boundary  singularities:  or.  alternatively,  by  using  sources 
and  higher -order  multipole  expansions  at  an  interior  ptnnt 
within  the  body,  the  strengths  of  these  singularities  being 
determined  so  as  to  satisfy  the  body  boundaty  condition. 

In  all  cases  it  is  conventional  to  utilize  the  singula<ittes 
which  are  solutions  of  (he  boundary-value  problem  stated 
above,  except  for  the  body  boundary  condition  which  is  in¬ 
voked  separaiely  to  determine  the  singularity  distribution. 


*7bis  work  was  supported  by  the  Numerical  Navzd  Hydro¬ 
dynamics  Program  at  the  David  W.  Taylor  Nava!  Ship 
R&D  Center.  This  Program  is  jointly  supported  by 
NSRDC  and  the  Office  of  Naval  Research.  Part  of  the 
present  work  was  done  while  (he  author  was  a  vuitmg 
professor  at  the  Ecole  Nationalc  Superieure  de  Techniques 
Avancees  (ENSTA)  in  1980,  and  partially  suppoited  by 
the  Ministry  of  Defense,  Ftancc. 


For  two-  and  three-dimensional  motions  in  a  fluid  of  in- 
finite  depth,  or  of  finite  but  constant  depth,  the  required 
riogularities  are  well  known,  although  of  rather  com¬ 
plicated  analytical  form,  so  that  the  approach  described  in 
(he  foregoing  corresponds  to  solving  a  Fredholm  integral 
equation  over  the  b^y  surface,  with  a  rather  complicated 
kernel  function.  An  extensive  list  of  literature  on  this  sub¬ 
ject  can  be  found  in  WehausenL 

In  this  paper  a  numetically  oriented  as  well  as  more 
versatile  method  is  introduced  as  an  alternative  approach  to 
the  solution  of  the  problem.  This  alternative  approach  is 
based  on  a  variational  principle  which  is  utilized  to  deter¬ 
mine  the  velocity  potential  throughout  the  fluid  domain. 
The  present  work  is  a  direct  extension  of  the  earlier  work 
by  Bai  and  Yeung^  for  a  general  three-dimensional  body 
geometry  in  a  canal.  In  this  procedure,  the  known  solution 
space  in  certain  subdomains  is  made  use  of  in  order  to 
reduce  the  'computation  box'  to  a  size  as  small  as  possible. 
We  cal!  this  drastically-reduced  computation  box  the 
localized  finiie<lcment  domain.  The  phrase  "localized 
finite-element  method"  is  used  to  denote  the  finite  element 
method  applied  only  in  this  localized  subdomam.  In  this 
particular  problem,  i  e.,  in  a  free  surface  flow  In  a  canal, 
the  solution  spac.  is  represented  by  the  complete  set  of 
eigenfunctions  m  the  subdomain.  It  is  essential  to  make  the 
domain  of  computation  as  smalt  as  possible  because  the 
practical  success  or  failure  of  a  numerical  method,  in 
general,  mainly  depends  upon  the  size  of  (he  computation 
box  In  (he  present  procedure,  the  reduction  of  the  original 
infinite  fluid  domain  to  a  small  localized  subdomam  is 
achieved  by  replacing  ihe  conventional  radiation  condition 
by  the  matching  condition.  This  requires  that  the  velocity 
potential  and  its  normal  derivative  (i.e  ,  normal  velocity) 
represented  by  two  sets  of  different  trial  functions,  defined 
m  (he  adjacent  subdomains,  be  continuous  along  the  fic¬ 
titious  interface  juncture  boundary  surface  Then  we  ap¬ 
proximate  the  potential  m  the  localized  rinite<Iement  do 
mam  by  piecewise  polynomial  trial  functions  defined  in 
each  finite  element.  Thus,  m  effect,  an  integral  equation 
over  a  body  surface  with  a  complicated  kernel  is  replaced 
by  a  system  of  equations  over  a  much  larger  fluid  domain, 
but  with  a  much  simpler  kernel. 

Previous  studies  of  the  finite  element  method  applied 
to  lime-harmonic  ship  motion  problems  have  been  made  by 
Bai*-*,  Berkhofr,  Smith*.  Chen  and  Mei^,  Seto  and 
Yamamoto*®.  Yuee*  al**,  Luvrard  cl  al*^,  and 
Ctiowdbuiy*'. 

Additional  numerical  results  of  the  related  iwo- 
dimensional  boundary -value  and  e*genvalue  problems  at  the 
midship  cross-sectional  plane  ate  also  presented.  Two  dif- 
fermt  sizes  of  the  finite  elements  in  the  midship  cross- 
sectional  plane  are  used  in  these  additional  computations. 
These  results  are  used  as  refereivce  in  discussing  the  ac¬ 
curacy  of  Ihe  present  three-dimensional  results. 
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1[  Nfathcruatical  Formulation 


COn^dcrcd  here  » $ready>$tate  i!iiie4tarnonic  fret- 
surface  no#  In  the  presence  of  a  body  floating  or  submerge 
ed  In  a  canal  with  a  rectangular  uniform  crosS'Sectlon. 
Howoer.  a  local  varuiion  of  the  bottom  and  Jde*-Aa!l 
geometry  is  present  and  a  uniform  rectangular  cross-seettoti 
of  each  side  (not  necessarily  the  same  on  both  sides),  can 
be  similarly  treated  by  the  present  method.  The  coordinate 
system  is  right*handed  and  rectangular.  The  y-axis  Is 
directed  opposite  to  the  force  of  gravity,  and  the  xz-plane 
coincides  N^ith  the  undisturbed  free  surface.  The  bottom  of 
the  canal  Is  In  the  y  «  plane  and  the  side  walls  ate  la 
the  z  ■  t.  W/2  planes.  We  neglect  surface  tenston,  and 
assume  that  the  fluid  Is  Invlscld  and  incompressible  and 
that  the  motion  is  irroiational.  Furthermore,  vie  assure  Chat 
the  motion  of  the  body  and,  consequently,  the  generated 
wave,  to  be  small  in  some  sense,  so  that  the  boundary  con< 
diiion  on  the  body  and  on  the  free  surface  can  be  hneartz* 
ed  and  satisfied  at  the  mean  equilibrium  positions  instead 
of  at  their  Inuantaneous  positions. 

Let  ^  (x,  y,  z.  t)  be  the  velocity  potential  describing 
the  flow  field.  *nie  continuity  equation  requires  « to  satisfy 
Laplace’s  equation.  Let  o  be  the  angular  frequency  of  the 
time-harmonic  solution.  Then,  imri^ucing  the  usual  time 
and  spatial  decomr<osiiion  we  have 

♦(x.y.i.O  •  f?eC4^'"^<x,y.z)a<^Kt)]  (I) 

m  -  I.  .  .  ,  ? 

where  4(«) -*<'«)  + (2) 

IS  the  complev'valued  spatial  poteniul,  and  4('’’Ht)  is  the 
complex  timc*harnonic  motion  amplitude  of  the  body  <ot» 
responding  to  the  mqh  mod*.  i  e., 

*„(t)  - 

»  fte  [(><,"•  + 

where  «»)(()  is  the  body  motion  amplitude.  For  m  •  7,  the 
diffraction  problem  corresponding  to  an  incoming  wave 
$)sieffl  of  unit  amplitude,  one  simply  sets  •  0  and  of* 
a  l/o  m  equation  (3).  The  poKniii]  function  |  (x,  y,  z) 


must  satisfy 

iJi 

*  1?  * 

(^) 

in  the  fluid. 

■n 

■ 

0 

<5a) 

♦n|s<,-V„-fW 

(3b) 

♦-Isb-" 

<5c) 

♦"k’O 

(5d) 

where  v  ••  oVg 

g  —  acceleration  due  to  gravity 

Sp  —  undisturbed  free  surface,  y  ■  0.  outside  of  the  body 

Sg  — bottom  sutface 

S,^  —  sidewalls 

So  —  body  sutface  below  the  mean  free  surface. 

The  normal  velocity  f(s)  depends  upon  the  mode  tndex  m 

For  m  •  I.  2 . 6,  corresponding  to  the  sway,  heave. 

surge,  roll,  pitch,  and  yaw  modes  of  morion,  respectively. 
f(s)  IS  given  by 


fCO(s) .  n, 


(6) 


with 


(01,02.03)  •  (Ox.Hy.nj) 

("..ns.",)  ■ 

where "n  is  the  unit  normal  vector  into  the  body  with  com¬ 
ponents  (n^,  tiy  n^).  is  the  vector  from  the  origin  10  the 
center  of  rotation,  and 


For  m  ■  7, 


f(*) 


(X.  y.  2). 

dn 


(7) 


where  4 )  ts  the  spatial  potential  associated  with  the  incident 
wave  $)stem.  The  incident  wave  potential  of  unit  amplitude 
incoming  from  X  »  «»i$^‘vcnby 


4|  (X.  y.  2)  • 


g  cosh  nip  (y  +  H) 
^  cosh  m^  H 


(8) 


where  m^  !s  wave  number.  Finally,  to  maVe  the  solution  of 
this  problem  unique,  we  impose  the  radiation  condition  re¬ 
quiring  that  the  generated  waves  must  be  outgoing. 


III.  Localized  Finite  Element  .Method 

The  fluid  domain  defined  in  the  foregoing  formulation 
IS  unbounded  along  the  x-axis.  For  numerical  computa¬ 
tions.  it  is  highly  desirable  that  the  computation  box  be 
made  as  sma'l  as  possible.  The  goal  of  reducing  the 
original  icFinite  fluid  domain  to  a  manageable  finite  do¬ 
main  IS  achieved  by  maVing  use  of  the  Vnown  solution 
space  in  the  truncated  infimte  subdomains  which  will  be 
defined  later.  As  a  result,  the  computation  domain  is 
reduced  to  a  very  local  subdomain,  called  a  localized  finite 
element  domain,  which  may  barely  include  any  source  of 
disturbance  in  the  fluid.  The  present  numerical  method  is 
called  a  localized  finite  element  method  because  the  finite 
element  numerical  computations  are  made  only  for  a  local 
domain.  Throughout  this  section,  the  subscript  m  in  the 
potential,  defined  in  the  Mathematical  Formulation  section 
IS  omitted  with  the  understarrdmg  that  4  will  always  depend 
upon  m. 


Let  us  draw  two  imaginary  vertical  planes  J]  and  J2 
which  separate  the  original  fluid  domain  D  into  the  three 
subdomains:  D^.  D|.  Dg  ns  shown  m  Figure  I.  We  assure 
that  Do  includes  the  ship  (and/or  any  other  sources  of 
disturbance).  The  boundary  surfaces  9Do,  dDj.and  dD2 
are  denoted,  respectively,  as 


dDf,  •  Spo  +  Swo  *■  Sbo  ^  +  Jg  +  So 

(S 

dD,  »  Sf3  +  Svv\  Sg,  +  J,  +  Sr,  I  ■  1.2 

where  Sp,,  Sg,,  and  Swi.  denote,  respectively,  the  free  sur¬ 
face.  the  bottom,  and  the  canal  side  waits,  in  the  subdo¬ 
mains  D,  (for  i  •  0, 1.  2)  and  where  (for  i  •  I,  2)  are 
the  boundaries  at  mfiruty.  The  ship  hull  sutface  is  denoted 
by  So- 


Let  4o>  4i>  nnd  42  denote  the  velocity  potentials  defined 
in  the  subdomains  Do.  Di,  and  D2.  respectively.  Then  we 
have,  from  Equations  (4)  and  ($), 


w  0  m  Do 

401  -  *^0  “  0  on  Spo 

4on  •  f(s)  on  So 

4on  ■  0  onSgouSwo 


(10) 


4S0 
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ind.fOf  |,J  •  1.2, 

♦(  .  0  m  D, 

♦bi  •  •  0  on  Sfi 

♦in  “  0  on  SftU  Sw 
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It »  ur>d<fstood  in  Caution  (I  I)  thtkt  a  radufion 
condition  ii  impovcd  at  inruuiict  for  f  |  and  In  addnioo. 
«c  require 


}  on  J..  i  •  1. 2  (12) 

♦on  ♦  lin  ‘  C) 

\»hcTC  the  norma]  sector  » taken  outwards  from  the  fluid 
Mbdomain  defiord  for  each  potential,  e  f  , 


♦  iB  *  ♦iV  ♦oo  “  -♦ot  ^ 
♦2a  •  '♦lx-  ♦oo  •  ♦<!«  ^  h 


W) 


By  the  jun^ure  conditiont  in  Equations  (12).  the  solutions 
of  Equations  (10)  ihrou«h  (12)  are  unique  and  identical  to 
the  si^ulion  of  the  ortiina)  formulation  in  the  Mathematical 
formulation  section.  (This  can  be  shown  by  appl)in|: 
Green's  theorem  to  the  difference  of  the  solution  of  the 
ontinat  equation,  defined  in  the  ptesious  section,  and  the 
solutions  4o«  U’  ♦2*  (htee  subdomains) 

Ui  us  assume  that  the  lenera)  solutions  of  Equation 
(i  I)  with  appropriate  radiation  conditions,  are  known,  1  e  . 
the  complete  set  of  eifenfuoctions  or  Green's  furKtions  of 
the  problems  Then  the  first  step  toward  the  construction 
of  the  appropiuie  functional  for  our  vanaiional  equation 
equisalent  to  the  coupled  partial  differential  equations 
defined  in  (10)  ihiounh  (1^  is  the  choice  of  trial  functioQ 
space  for  each  function  4|.  and  |2-  If  of 

trial  functiont  for  f  |  and  ^2  chosen  from  the  solution 
space  (ihe  known  general  sMuttons),  then  we  can  obtain 
the  following  two  functionals 


Mrl.Do«  ♦  ililmU' 

•jjfj  (ID 


Setting  the  fust  sanation  of  eitha  functional  to  be  rero,  1  e  . 

^  Ki  (fo.  ♦!■  ^21  •  0 

or  dK2{lo'^l>^2*  -C 


IS  the  same  as  solving  Equations  (10)  through  (12).  It  is 
easy  to  show  this  by  taking  the  first  varution  and  by  using 
Green's  theorem^  The  Integral  expressions  of  the  func¬ 
tionals  insolve  only  the  subdomain  Do  which  we  call  the 
"localired  rmiie<lement  domain."  If  one  takes  (he  localit 
ed  nnlie-ekmcni  domain  to  be  small,  then  (he  domain  oser 
whKh  the  integrals  base  to  be  computed  will  also  be  small 
On  the  other  hand,  one  has  to  take  many  terms  (eigenfunc- 


4$1 


I 


tions)  10  represent  the  trul  solutions  fi  and  42  com*  reduces  lo  a  set  of  lirwar  algebraic  ^uations.  (In  this  pro- 

puut»on  of  the  approximate  solutions,  and  vice  versa.  cedure,  only  the  coefficients  arc  subject  to  varution.) 


It  IS  interesting  that  the  stationary  value  of  bxKh  func- 
•ions  are 

Kl(lo.ll.W  --jJ 

(17a) 

K2»o.Ii.W  --ji 

7  f(s)l»<ls 

(176) 

>f  4o>  ^2  solutions.  This  stationary 

value  is  simply  (-l/2o)  limes  the  added  mass  and  (^t/Zco) 
limes  the  damping  coefficients. 

Either  functional,  defined  in  (14)  or  (i5>.  will  give  a 
variational  equation  mathematically  equivalent  to  the 
original  boundary -value  problem  at  hand.  The  use  of  the 
functional  given  in  (14)  is  sightly  advantageous  because  the 
normal  denvative  of  4o  involved  in  the  coupling  In¬ 
tegral  terms.  In  the  present  co-mputation,  the  functional 
given  in  Equation  (14)  is  used.  The  equivalent  of  the  dif* 
fercntlal  equation  to  the  vanaticnal  problem  H  ba^  to  the 
choice  of  the  computational  scheme.  One  Mgnificant  dif* 
ference  between  the  functional  method  and  the  differentia] 
equation  is  the  fact  that  the  expressions  for  the  associated 
functionals  in  (14)  and  (15)  involve  no  second  derivatives, 
owing  to  the  integration  by  parts  used  to  construct  these 
functionals,  i.e  .  Green’s  theorem  is  used  here,  it  follows 
that  the  functionals  will  be  well  defined  If  only  the  first 
derivative  of  the  function,  rather  than  the  second,  is  re¬ 
quired  to  be  bounded.  Therefore,  the  class  of  admissible 
functions,  in  the  problem  to  find  the  stationary  point,  is 
enlarged  to  a  space  bigger  than  that  for  the  original  dif¬ 
ferential  equation.  We  now  lave  the  advantage,  while  sear¬ 
ching  for  the  stationary  point  of  the  functional,  of  bemg 
permitted  to  try  functions  outside  the  class  of  those 
ongjnally  admusible.  In  practice,  this  means  that  we  can 
now  try  continuous  functions  whose  first  denvaitves  are 
only  piecewise  continuous.  In  other  words,  the  first 
derivative  can  have  finite  discontinuities  at  the  juncture 
boundary  between  adjacent  elements  It  is  very  easy  to  con¬ 
struct  basis  functions  that  satisfy  the  previous  re¬ 
quirements. 

In  the  localired  finite  element  domain  the  basis  for 
the  trial  function  Is  chosen  from  a  poiynomiid  basis. 
Specifically,  eight-node  isoparametric,  linear  three- 
dimensional  elements  were  used  in  the  present  numercal 
calculations.  As  mentioned  earlier,  the  trial  functions  in  D| 
and  D2  will  be  chosen  from  a  subspace  of  (he  solution 
space  which  satisfies  the  Laplace  equation  with  the  free- 
surface  condition,  the  side-wall  condition,  the  bottom  con¬ 
dition,  and  the  radiation  condition  at  infinity.  The  eigen¬ 
functions  or  the  Green  functions  of  the  above  problem  can 
represent  the  solution  space.  However,  we  will  dioose  the 
eigen-function  space  in  this  paper  for  its  simplicity. 

The  variational  equation  (163)  goes  into  operational 
form  in  the  following  way.  Let  q,^  (i  ■  0. 1.  2,  and  j 
1,2,...  M,)  be  the  basis  for  the  trial  functions  in  each 
subdomain  D,  (i  »  0, 1,  2)  Then  the  solution  is  assumed 
to  be 

Mi 

I.  -  ^  V„<1.J  <■«) 

J  - 1 

in  D,  (i  •  0, 1.  2),  where  9,.  are  coefficients  to  be  deter¬ 
mined.  By  substituting  Equation  (1$)  in  the  functional 
defined  in  Equation  (14),  the  variational  equation  (16a) 


A  complete  set  of  eigenfunctions  (the  resonance  fre¬ 
quencies  are  excluded)  are  given  in  W'ehauvcn*^  as 


(19) 


where  W  is  the  width  of  the  tank  and  the  upper  and  lower 
signs  are  to  be  taken  in  the  subdomains  D|  and  D2.  respec¬ 
tively,  and  where 


and  and  mp,  (p  ■  1,2,.. .)  are  the  real  toots  of 
m<>ianhmoH»v 
mp  tan  mpH  "  -v 

The  exponent  of  the  first  term  in  Etjuaiion  (19)  becomes 
teal  when  n«/\V  >mt,,  re^ulllng  in  a  local  disturbance,  and 
if  n  ■  0,  It  becomes  purely  a  two-dimensional  case  The 
case  when  m^,  »  nn/W  (n  “  1,2... .),  i  e.,  the  case  of 
resonance,  1$  left  out  in  the  present  study.  Here  we  con¬ 
sidered  only  the  case  of  m^  *  n«/W. 


IV.  Results  and  Discussions 

After  the  potential  4^1,  defined  in  the  Mathematical 
Formulation  section,  has  b»n  computed,  the 
hydrodynamic  coefficients  can  be  computed  by 


where  JT,.  arc  the  added  masses  for  1,  j  ■  I,  2,  3,  moments 
of  added  mass  for  1  (or  j)  ■  I,  2.  3  and  j  (or  1)  «>  4,  5,  6, 
and  momenjs  of  inertia  of  added  mass  for  1,  j  ■  4,  5. 6, 
and  where  (1.  j  1. .  - .  6)  are  the  damping  coeffi¬ 
cients.  In  prnenting  our  results,  the  nondimensional 
hydrodynamic  coefficients,  |i,.  and  Ay  are  defined  by  using 
the  ship  displacement  V  and  tne  ship  length  L  as  follows* 


lij'COV 

J  -  1.  2.  3 

i3,,/cVL. 

or 

I  -  1.2.  3.  J 

I,/((oVL 

1  =  4,5.6.  J 

P„'(!VL2, 

>.)  -  4.  5.8 

Ii/WVL2 

(23) 


where  V  -  L  B  T  1$  the  ship  displacement  volume.  The 
results  of  wave  exatation  forces  and  moments  are  also 
similarly  nonjimensionalired  by  using  the  unit  amp’itudc 


4$2 


of  Ihe  incomhj  »a\e,  Y  »  I.  and  Ibe  jtiip  Icnjlh  L  aj 
Fi«F,/MYL2  ) 

»hae  rtPI  +  filnid. 

(25) 

H  ■  -  <♦*’’  +  ♦)>  "i.  J* 

In  the  present  computations,  a  rectangular  barge  vkhich 
floats  parallel  to  the  tank  walls,  i  e.,  the  angle  betwem  the 
center  plane  of  the  barge  and  the  xy ■plane  is  rcro,  is 
treated  for  its  simplicity  in  data  preparation.  Howoer,  any 
arbitrary  angle  and  ship  geometry  can  be  handled  by  the 
present  computer  program.  The  midship  section  pl>  e  is 
assumed  to  coincide  with  the  yz -plane  for  the  present  test 
model.  The  cross-section  of  the  canal  at  the  origin,  t  e,,  the 
yz-I^ne  is  given  in  Figure  2.  We  denote  the  distance  bet¬ 
ween  the  ship  center -plane  and  the  xy-plane  by  s,  as 
in  Figure  2.  The  moment  is  computed  with  respect  to  the 
^ntroid  of  the  ship’s  waicr-plane  area,  i  e.,7^  •  (0, 0,  s) 
in  Equation  ($).  in  presenting  our  numericid  results,  the 
nondimensional  wave  number,  vB  ■  <>23/^  jj  plotted  along 
the  abscissa. 


Figure  2  '  Cross-Section  at  \«0 


In  the  present  computations,  two  locations  of  the  body 
in  a  canal  are  computed;  Hrsi,  (he  ship  is  located  at  the 
Center  of  the  canal,  i.c.,  s/B  ■  0,  and  second,  the  ship  is 
at  an  off-center  location  in  3  canal.  In  both  cases,  the  ship 
is  parallel  to  the  canal  walls,  as  mentioned  earlier. 
Specifically,  the  compiitaiions  are  made  for  W/B  ••  U/T 
•  W/H  ■  B/T  ■  2  and  L/T  •  10  for  both  values  of 
$/B  •  0  and  0  125.  Bcfoie  we  compute  these  two  cases,  we 
have  done  compulations  for  a  (wo-dimensional  rectangular 
C)linder  which  is  uniform  between  two  walls,  1  e..  the 
cylinder  ties  normal  to  the  \y  plane.  These  test  results  were 
compared  with  those  computed  by  the  results  of  our 
previous  work  in  two-dimensional  problems.  Tlie  com¬ 
parison  was  good. 

Several  sets  of  finite  clement  subdivisions  were  initially 
tested  in  the  present  study.  Ihe  total  number  of  nodes 
tested  are  180.  350.  507,  1404.  and  1782  (the  corresponding 
numbers  of  nodes  on  the  ship  boundary  are,  44.  $1.  g|. 

249,  and  249,  respectively).  The  indices  n  in  the  eigenfunc¬ 
tion  (Equation  (19))  were  taken  between  6  and  10,  and 
while  the  indices  p  were  taken  between  6  and  10  for  n  ■  0, 
the  values  of  p  were  reduced  as  n  increased.  The  present 
comput«"ons  were  made  for  the  range  of  non-dimensicnal 
wave  nu  xrs,  2«/moL  -  0  52  through  2.72.  This  range 


was  selected  partly  due  10  (he  limitation  of  numerical  ac¬ 
curacy  without  taking  very  small  finite  elements,  while  the 
first  mode  of  canal  resonance,  ix..  when  W/a  ■  I  (see 
the  text  following  Equation  (21)).  is  induded.  This  first 
mode  of  (he  canal  resonance,  W/a  ■  I,  corresponds  (0 
vB  ■>  1.44066  in  the  present  ship-canal  geometry. 

Considering  (he  wave  number  range  to  be  tested  and 
the  compulation  time,  we  decided  to  use  the  507-node 
model  throughout  tne  present  compulations.  In  subdividing 
the  localized  nnite<(emeni  domain  into  a  number  of  finite 
elements,  we  used  four  equal  elements  along  the  depth  and 
four  equal  elements  across  (he  vvidth  of  the  canal.  Hve 
equal  elements  were  used  along  both  sides  of  the  x-axIs  and 
five  more  elements  were  used  further  along  both  sides  of 
the  x-axis.  The  ship  replaces  the  middle  ten  elements  along 
the  x-axis  and  the  middle  two  elements  along  the  z-axis  and 
the  twio  elements  along  the  depth  from  the  free  surface. 
NVIien  the  ship  is  at  an  off-center  location  in  a  canal,  we 
simply  stt'tch  the  elements  on  one  Side  and  shrink  those  on 
the  other  »ide  mainly  for  Ihe  ease  of  data  preparation, 
especially  for  the  case  when  the  off-center  distance  is  not 
(00  great.  Any  complicated  situation  can  be  accommodated 
by  the  present  method  but  only  through  more  tedius  data 
preparation. 

For  all  cases  treated  here,  the  computations  were  made 
for  23  values  of  vB  between  0  2  and  2  4  with  a  constant  in¬ 
crement  of  0.1  throughout  the  present  computations.  Then 
the  23  computed  values  of  the  hydrodynamic  coefficients 
were  plotted  by  a  computer  using  a  siraighi-line 
interpolation. 

The  computational  results  for  the  case  when  the  ship  is 
located  at  the  tenter  of  a  canal  are  presented  in  Figures  3 
through  6  Figure  7  shows  the  hydrodynamic  coefficients 
computed  for  the  m.dship  section,  I  e  ,  the  yz-plane  as  a 
purely  two  dimensional  problem  with  no  wave  radiation 
present.  The  result  for  a  two-dimensienal  model  provides 
the  resonance  mode  which  plays  a  significant  role  m  the 
local  flow  field  In  three-dimensional  problem, 

In  Figure  3,  the  computed  values  of  added  mass  and 
moment  of  inertia  of  added  mass  are  shown.  The  surge 
added-mass  coefficient.  shows  an  oscillatory  behavior, 
being  approvmaiely  zero  at  vB  •  0.9  and  reaching  a  local 
maximum  at  vB  •  1.4.  The  heave  added-mass  coefficient 
siggMtiegame  approximately  between  vB  »  0.20  and  1.20. 
Both  sway  added-mass  coefficients  mjj  and  roll  moment  of 
inertia  of  added  mass  >144  change  abruptly  from  positive 
peak  values  to  negative  peak  values  between  vB  ■«  0,9  and 
1.0  A  similar  behavior  is  also  observed  in  the  yaw  moment 
of  inertia  of  added  mass  (<<5  between  vB  •  1.2  and  1.3 
The  pitch  moment  of  mertia  of  added  mass  ^66 
mimmum  around  vB  »  1.3. 

In  Figure  4,  the  six  diagonal  damping  coefficients,  il,. 

0  »  I,  6),  are  shown  for  s/B  «  0  The  value  of  1  de¬ 
creases  with  increasing  value  of  vB,  and  1$  approximately 
zero  at  vB  1.2  and  reaches  a  local  maximum  at  1  8.  The 
values  of  ^^2  decrease  monotonlcally  and  also  rapidiy  to 
zero  at  vB  «  1.  The  values  of  and  A44  are  zero  between 
vB  «  0  2  and  1.4,  then  sharply  increase  to  local  maxima  at 
2  0,  and  finally  decrease.  TTic  value  of  Ajj  shows  a  behavior 
similar  to  A3}  and  A4i,  but  becomes  zero  again  at  vB  «  2  0 
and  increases  again,  the  pitch  damping  coefficient  A^  de¬ 
creases  rather  rapidly  to  zero  between  vB  «  1.0  and  1.8.  It 
IS  of  interest  to  note  that  the  values  of  A33,  A44.  and  A**  are 
zero  for  vBi  1.4.  This  is  because  the  flow  fidds  for  the 
sway,  roll,  and  yaw  motions  are  purely  due  to  local  distur¬ 
bances  when  vB<  r/2  tanh  n/2  «  1,4406  (ihisvalue 
corresponds  to  the  first  mode  over  the  canal  resonance). 
(Note  (hat  the  motions  are  asymmetric  wiih  respect  to  the 
xy-planc  while  the  only  admissible  far  field  wave  solution  is 
pure  two-dimensional) 


Mgurc  3  —  Addtd  Mutes,  and  Moments  of  Inertia  of  Added  Mass,  sersus  vB,  for  s/B  ■  0 


Due  (0  the  symmetry  of  (he  body  and  the  canal 
geometry  Ntith  respect  to  the  xy^plane  and  the  yz  plane, 
there  are  only  four  nonzero  coupling  hydrodynamic  coeffi¬ 
cients.  These  are  shown  In  Figure  5.  The  pitch  moment  of 
surge  added  mass  reaches  a  maximum  at  vB  •  l.l  and 
then  decreases.  The  rolUway  coupling  term  km  changes 
abruptly  from  a  negaihe  peaV  to  a  positive  peak  between 
vB  •  0.9  and  1.0.  The  surge  pilch  coupling  damping  coef¬ 
ficient  IS  a  maximum  at  vB  •  1.4  and  slowly  decreases 
to  a  positive  constant.  The  sway-roll  coupling  damping  coef¬ 
ficient  Am  is  zero,  as  discussed  earlier,  b^ween  vB  «  0.2 
and  1.4.  reaches  a  negative  peak  sharply,  and  then  inaeases. 

In  Figure  6,  the  magnitudes  of  (he  wave  excitation 
forces  and  moment  are  shown.  The  magnitude  of  the  surge 
excitation  force  |F||  reaches  a  local  minimum  at  vB  >■  1.2 
and  a  local  maximum  at  1  6.  The  magnitude  of  the  heave 


excitation  force  (Fjl  decreases  monoionically  from  ns  value 
at  vB  •  0  2  to  zero  at  1.2  and  then  reaches  a  local  max¬ 
imum  at  1.8.  It  1$  of  interest  to  note  (hat  (he  zero  value  of 
the  heave  excitation  force  would  be  at  vB  «  i.06S3,  which 
gives  an  incident  wavelength  equal  to  the  ship  length,  if  the 
Ftoude-Krylov  approximation  is  made;  this  value  is  not  too 
far  from  the  computed  result  of  vB  •  1.2.  The  magnitude 
of  the  pitch  excitation  moment  decreases  from  a  local  max¬ 
imum  of  zero  at  vB  *  1.8  and  slowly  increases  to  (he  next 
local  maximum.  The  rest  of  the  other  excitation  forces  and 
moments,  not  shown  here,  arc  all  zero,  due  to  symmetry  in 
the  problem. 

It  should  be  noted  m  comparing  the  damping  coeffi¬ 
cients  A||,  ‘^66  Fisure  4,  the  excitation  forces 

jF}l  and  IF2I,  and  the  moment  lMj|.  in  figure  6.  respec¬ 
tively.  There  exists  a  close  similarity  m  the  behavior  of  the 
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(fiRipini  cocfficicni)  anJ  (hai  of  v(a>c  cvciuiiORt  cor- 
rcrpondini  lo  each  mode  of  motion  in  the  range  of  the 
\a!u«  vB  ■  0  2  through  1.44. 1111$  u  not  a  cotnctdence 
because  there  exist,  for  vB  <  1.44,  only  a  purely  two- 
dimensional  radiating  wa>e  (see  the  text  following  ^uation 
On  the  other  hand,  tf  the  waselength  become!  short 
and  if  there  exist  many  modes  of  the  three-dimensional 
wase  system,  then  this  similarity  may  no  longer  hold. 

In  Hgure  7,  the  h>dtod>namic  coefficients  computed 
from  a  purely  two-dimensional  problem  n  the  ya  plane  (x 
»  0)  are  presented  as  mentioned  earlier  These  compuia 
tions  are  made  because  (he  added  mass  and  moment  of  in¬ 
ertia  of  added-mas!  coefficsents  are  mainly  dependent  upon 
the  local  flow  field.  Therefore,  a  two-dimensional  result 


may  be  expected  to  provide  so.tse  qualitative  check  because 
the  ship  IS  long  compared  wjth  the  length  scale  of  the  nud- 
ship  cross  section  in  our  problem  at  hand  In  nondimen- 
sionaliring  our  two-dimensional  h)drod>namK;  coefficsents. 
we  assume  that  the  two-dimensional  problem  ha^  a  unit 
length  so  (hat  the  nondimensionahraiion  of  the 
h>-drod>namic  eoefflciems  will  be  consilient  wuh  the 
definition  given  in  Equations  (23) 

As  expected,  comparisons  of  mjj  and  $144  m  Figure  3 
and  Mj4  in  Flgutt  5,  wuh  mj).  M44.  and  »J)4  m  Figure  7. 
show  remarkable  similarities  between  them,  except  that  the 
locations  of  the  spikes  in  two-  and  ihrce-dimensions  are 
somewhat  different,  the  spikes  m  the  values  of  p**,  $1*4, 
and  i<]4  occur  at  vB  •  0.784  m  iwo-dimensiom  and  at  vB 
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■  0  9  (hroufh  1.0  m  (hrcv*<Jitm<nuons.  Compunon  of  ih« 
hra^t  ad<J«d-«uw  cocfficKni  f1|uro  3  »uh  ihai  in 
Pkui<  1  iho«t  a  unuUuly  in  (h<ir  qualtuinc  beha>iot 
uh<n  vD  >0  5.  tlo>*o(r»  «h<n  vD  <0  5.  the  (hrc<> 
dun^nuonahiy  effect  $<cru  (o  btf  more  sifnifKant  bccauic 
ih«  valiK  of  V22  incrruKS  m  rhrrc4imcnuom.  >»luk  it 
dcctasn  more  rapidly  m  iwO'dimentiont.  as  *0  deaeases 
from  0  3  to  0  2. 

A  close  examination  of  the  los'al  flow  Acid  at  the  mid 
ship  cross-seetion  correspondini;  to  both  posimc  and 
nefatise  peals,  for  example,  in  (he  sway  added  mass  eoef 
Hoent  HJ3  in  F1|ures  3  and  7,  shows  (hat  the  relative  fluid 
motion  under  the  ship  is  out  of  phase  for  the  positive  and 
in  phase  for  the  nciative  values  of  added  mass.  In  order  to 
have  a  clove  examination  on  the  location  of  these  spiVes,  in 
addition,  we  also  treated  an  eigenvalue  problem  correspon 
dm;  to  (he  forefoini  (wo<dimens]onal  boundary-value  pro¬ 
blem  by  a  finite  element  method.  \Mien  the  flmte  element 
method  is  applied  to  the  eipenvalue  problem,  the  (onsinal) 
eijervalue  problem  defined  tn  a  partial  differential  equa¬ 
tion  reduces  to  a  general  matrix  eifenvalue  prr^lem  of  a 
type  |A|  •  MCI  >?.  where  (A)  and  (CJ  are  matrices  and 

A  1$  an  ei|cnvector.  In  the  present  computations  two  sets 
of  eipcnvalue  problems  are  solved.  In  the  fust  set,  {A]  and 
(C'i  are  identical  to  the  matrices  used  in  solving  the 
boundary-value  problem  to  obtain  (he  results  (iven  m 
Figure  7.  To  obtain  this  set  of  matrices.  96  quadnlaiera) 
elements  vvtth  a  total  of  345  nodes  m  the  fluid  and  18 
nodes  on  the  free  suiface  are  used.  As  a  result,  18  eigen¬ 
values  and  eigenvectors  are  obtained  in  the  first  set  In  the 
second  set,  the  submattices  are  taken  for  (A|  and  (Cj  from 
the  matrices  constructed  for  our  thiee-dinxMional 


boundary  value  problem  at  hand  by  retaining  the  matru 
elements  corresponding  to  the  nodes  at  the  midship  cross- 
sectional  plane.  In  the  second  set.  in  which  a  coarse  mesh 
subdivision  (total  of  25  nodes)  is  used,  four  eigenvalues 
and  eigenvectors  arc  obtained. 

The  lowest  nonmo  eigenvalue  is  vB  ■  0  784)0  m  the 
Hist  set  which  has  fine  mesh  subdivisions  and  vB  » 

0  82912  in  the  second  coarse  mesh  subdivisions  The  higher 
modes  of  eigenvalues  we  computed  are  out  of  the  range 
considered  here  However,  the  location  of  (he  spikes  occur¬ 
ring  in  our  three-dimensional  results,  for  example  iiyj  m 
Figure  3,  is  between  vB  •  0.9  and  1.0  not  at  vB  « 

0.82912  If  we  had  solved  a  three-dimensional  eigenvalue 
problem  corresponding  to  the  three-dimensional  boundary- 
value  problem  treated  tn  the  present  paper,  we  could  have 
obtained  eigenvalues  all  of  which  have  a  nonzero  imaginary 
part.  However,  (he  three-dimensional  eigenvalue  problem  is 
not  treated  here.  The  eigenvalues  of  the  two-dimensional 
problem  treated  here  are  a  1  real.  F^om  the  comparisons 
among  the  two  lowest  eigenvalues,  vB  ■  0  78410  and 
0  82912,  and  (he  location  of  (he  spikes  m  the  present  three- 
dimensional  numerKal  results  (m)).  Mat-  (^34-  > 
between  0  9  and  i.O),  we  can  conclude  that  the  difference 
in  (he  locations  of  the  spikes  in  P33  in  Figures  3  and  7 1$ 
caused  partially  by  (he  inaccuracy  m  our  three-dimensional 
c'omputations  (due  (o  the  use  of  not  fine-enough  mesh  sub 
divisions)  and  partially  by  (he  nature  of  three- 
dimensionaiii) . 

It  should  be  kept  m  mmd  (hat  in  the  values  of  P22 
Figure  7,  if  we  had  computed  ^22  at  vD  >  0  7841,  then  we 
could  have  noticed  a  singular  bonavior  like  the  spikes 
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Fi|urc  6  -  Magnitudn  of  Excitation  Forces  and 
Moment  v<n«$  ^8 

jhown  in  the  other  curves,  i  e„  the  resulung  matru  equa* 
tion  for  the  eigenvalues  being  singular.  It  seems  that  the 
singular  behavior  of  ^  is  much  more  k>ca)i:ed  than  the 
other  coeincienis  m  Figure  7. 

It  IS  of  interest  to  note  that  one  can  predict  the  lowest 
nonzero  dgcnvalue  in  the  foregoing  problem  by  a  simple 
one-dimensional  analysis  as  if  treating  a  U-shaped  pipe  ftli- 
ed  with  water.  TTiis  simple  analysis  gives  the  lowest  agen- 
value,  vB  •  2/3,  for  the  present  case,  which  is  not  too 
bad.  One  can  improve  this  value  by  introducing  a  few 
elementary  potential  functions,  i.e.,  x.  y,  and  •  y^,  m  a 
few  Bniie  elements,  and  performing  simple  integrations,  as 
vvas  done  in  Bai^.  This  improved  approach  gives  the  lowest 
eigenvalue,  vB  ■  0.73.  A  more  detailed  finite  element 
method  applied  to  hydrodynamic  eigenvalue  problems  wiH 
be  reported  in  a  separate  paper  m  the  near  future. 


Figure  7  -  Purely  Two-Dimemionsl  Added  Masses  and 
Moment  of  Added  Mass  versus  vB  (Due  to  the  side 
walb,  no  wave  radiation  is  present ) 
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Wc  anticipated  some  singuiar  behawor  near  vB  - 
I M,  which  is  the  first  mode  of  the  canal  fcsonaoce.  So  we 
made  additional  computations  around  this  value  (exdu^ng 
this  value  as  discussed  earlier)  by  taking  finer  intervals  in 
vB.  Our  computed  results  do  not  show  any  abnr^mality 
like  siMkes.  contrary  to  our  anikipaiion. 

in  Figures  8  through  10,  the  hydrodynamic  coeffi¬ 
cients.  u,s  and  i,,.  arc  shown  for  the  case  of  an  off-center 
location  of  a  ship  in  a  canal.  s/B  ■  O.liJ.  Tkie  excitation 
forces  and  moments  for  this  case  arc  shown  in  figure  II. 
The  general  behavior  of  all  results  for  an  off-center  ease  is 
similar  to  those  previously  shown,  except  thauhe  ajh 
pcarance  of  more  sudden  spikes  is  observed.  TV  values  of 
u,i,u„,  and  in  figure  8  show  spikes  at  vB  -  l.2and 
1.3.  Ine  values  of  ^22*  I'll*  spikes  at  vB  ■ 


0  9  ard  1.0  in  the  same  figure.  Of  interest  is  that  the  values 

of  Mit.  **22.  and  M66  ® 

figure  10  show  spikes  which  were  not  shown  in  the 
previous  case  (s/B  •  0).  This  can  be  interpreted  in  the 
sense  that  the  range  of  the  Influence  of  the  local  eig^- 
values  is  larger  In  the  case  of  s/B  ■  0.125  than  in  the  case 
of  s/B  ••  0. 

Smilar  spikes  arc  also  observed  in  the  damping  effi¬ 
cients  in  figure  9.  Ue  damping  coefficiwts  Xu  and  A44 
reach  a  maximum  peak  at  vB  «  1 .0  and  for  A55  at  vB  ■ 
1.2.  Some  of  the  coupling  hydrodynamic  coefficients  are 
shown  in  figure  10.  The  magnitudes  of  wave  excision 
forces  and  moments  are  shown  in  figure  11.  The  behavior 
of  wave  exciuiion  forces  and  momcpts  are  very  simi^  to 
the  damping  coefficients  corresponding  to  motion  which 
.  .  .....  j..  L...  fate  of  s/B  m  0, 
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Hgure  9  —  Damping  Cotfncicnis,  i|j  vfrsui  vB,  for  s/B  -  0.125 


in  Rgurc  12.  the  sn  hjdrodynamic  wefflocnis 
computed  by  treating  a  purely  two-dimemional  restricted 
water  problem  (ship  located  at  off<cnter)  with  no  radiating 
wave  present,  as  discussed  earlier  in  connection  with  figure 
7  We  computed  two  sets  of  eigenvalues  as  in  the  previous 
case-  the  smallest  (nonzero)  eigenvalue  for  this  case  is  vO 
«  0  81140  computed  with  the  line  mesh  subdivisions,  and 
ts  vB  «  0  8J796computed  with  coarse  mesh  subdivisions 
which  give  submatrix  corresponding  nodes  at  the  midship, 
section  plane  at  x  »  0  laVen  from  the  three-dimensional 
problem.  When  we  compare  these  eigenvalues  with  those 
obtained  earlier  for  s/U  "  0.  the  smallest  eigenvalue  m- 
creases  when  a  ship  at  the  canal’s  ernter  moves  away  from 
the  center. 


Most  of  the  discussions  given  in  the  previous  case  of 
s/B  ■  0  hold  for  the  present  case  of  s/B  •  0  125  From 
the  results  and  discussions  presented  here,  it  seems 
necessary  to  maVe  more  refinements  in  future  investiga¬ 
tions.  In  the  present  investigation,  we  concentrated  mainly 
on  the  application  of  the  loc.'lized  fimte  element  method  to 
solve  a  three-dimensional  ship  motion  problem  by  laXing  a 
simple  geometry  with  coarse  mesh  subdivisions  However, 
we  tested  two  slightly  different  methods  of  solving  the 
matrix  equation.  In  the  first  method  the  final  matrix  which 
IS  complex  banded  and  symmetric  is  solved  by  a  Oaussian 
elimination.  In  the  second  method,  we  solve  the  real,  band¬ 
ed  symmetric  submattix  equation  fust  and  then  solve  a 
rather  small  complex  full-matrix  equation.  In  the  second 


459 


Hgurf  10  of  Couplu. 

method,  the  mam  core  memory  space  catj  be  reduc^  by 
half  roujihl)  The  Central  Processor  Unit  Time  m  the  CUC 
6600  «a$  approximately  ao  seconds  to  compute  stx  mo’ions 
and  one  diffraction  problem  for  one  N^ase  number  by  so»v. 
mg  the  complex  matrix  directly  By  the  second  method,  ap¬ 
proximately  20  percent  of  the  total  CPU  time  v^as  saved  In 
the  present  computer  piogram,  a  considerable  amount  of 
lime  IS  used  for  the  inpui-outpi  operation  due  to  out-*>f- 
core  storage  use 
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A  LOCALIZED  FINITE-ELEMENT  METHOD 
FOR  THREE-DIMENSIONAL  SHIP  MOTION  PROBLEMS 


Discussion 
Dy  K.  Eggers 

It  is  with  a  certain  nostalgy  that  I  recall 
the  decade  of  the  60th  when  cayhe  we  had  not  so 
large  coaputers,  but  ouch  oore  liberal  exchange 
of  information. 

!  rei»e«ber  a  certain  OTMB  Report  604  or  so, 
where  liotora  reported  on  negative  added  mass  for 
certain  2*D  oscillatory  motions,  maybe  in  quite 
the  same  frequency  interval  as  investigated  by  the 
author  without  any  sidewise  restriction.  And,  of 
course, ""nder  certain  constellations  we  tsay 
achieve  tero  damping  as  well  without  existence 
of  side  walls  (Kotora  or  Noooto,  report  of  some 
manoeuvrability  group  session). 

Author* $  reply 

I  would  like  to  thank  Professor  K.  Cggers 
for  his  Interesting  coffnents.  1  an  wer*  aware  of 
the  occirence  of  negative  added-fsass  and  zero- 
damping  coefficients  for  certain  two-difsensional 
body  geometries.  However,  the  result  shown  in  ny 
paper  is  that  the  damping  coefficients  of  sway 
and  roll  rations  (i  e.  X33  and  X4*  respectively) 
of  any  arbitrary  three-dioensional  ship  geometry, 
symmetric  with  respect  to  the  centerplane  and 
located  at  the  center  of  a  tank,  will  be  exactly 
zero  when  vB  <  r/Z  tan  h  Tt/2  '  1.44 
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COMPUTATION  OF  RELATIVE  MOTION  OF  SHIPS  TO  WAVES 


ChouAQ  M.  L«« 

0«vid  Taylor  Naval  Ship 
R  &  D  Centar 

8etha«da<  Maryland,  U  S  A. 


Abitfaet 

An  analytical  nethod  Is  developed  for  pre* 
dieting  the  vertical  (notion  of  a  point  on  a 
ship  relative  to  the  ration  of  the  fr/e  sur« 
face.  The  prediction  tnethod  presented  here 
takes  Into  account  the  effect  of  the  deforaa> 
tlon  of  the  Incident  waves  on  the  relative 
ration.  The  causes  of  the  defomatlon  consid¬ 
ered  are  the  waves  generated  by  diffraction  and 
the  waves  generated  by  the  ration  of  the  ship. 
The  cnethod  Is  based  on  the  two-dlnensional 
approximation  of  the  flow  around  the  cross 
sections  of  ships.  The  results  reveal  that  the 
deforeiatlon  of  incident  waves  Is  so  significant 
that  It  should  be  accounted  for  In  the  pre¬ 
diction  of  the  relative  ration  of  ships. 

I.  Introduction 

The  vertical  ration  of  a  point  on  a  ship 
hull  with  respect  to  the  undulating  free  sur¬ 
face  Is  leiportant  Inforratlon  In  the  seakeeping 
Investigation  of  ships.  This  ration  Is  often 
called  "Relative  hctlon,"  The  relative  ration 
has  a  direct  effect  on  the  Inception  of  deck 
wetness,  slamralng  of  the  ship  bottom,  and 
rodder  and  propeller  e«ergence. 

In  general,  the  relative  rotion  is  computed 
under  the  assuratloo  that  the  incident  wave 
system  is  undisturbed.  However,  the  Incident 
waves  can  be  significantly  disturbed  in  the 
vicinity  of  a  ship  due  to  the  diffraction  by 
the  ship  surface  and  the  waves  generated  by  the 
ration  of  the  ship.  Hence,  one  can  easily 
surolse  that  the  cause  of  the  poor  correlation 
between  the  predicted  and  the  raasured 
relative  ration  Is  the  assuratlon  of  the  un¬ 
disturbed  Incident  waves  near  a  ship. 

In  this  paper  a  method  to  account  for  the 
free-surface  disturbance  In  the  computation  of 
relative  ration  Is  described.  The  method,  as 
an  Initial  sttempt,  Is  limited  to  a  two-dimen¬ 
sional  approxinatlon  within  the  context  of 
strip  theory.  Tnis  approach  is  taken  because 
firstly,  the  results  can  be  readily  Incorpo¬ 
rated  Into  the  existing  computational  scheme  of 
ship  ration  based  on  strip  theory**  and  secondly, 
an  evaluation  of  the  two-dimensional  approxi¬ 
mation  ought  to  be  made  before  undertaking  a 


more  complex  three-dimensional  approach.  The 
Strip  approach  of  obtaining  the  free-surface 
disturbances  near  a  ship  hull  was  encouraged 
by  the  success  achieved  by  strip  theory  in 
the  computation  of  the  absolute  ration  of  ships 
In  waves. 

The  two-dieenslonal  potentials  are  obtained 
by  using  the  method  of  distribution  of  pulsat¬ 
ing  sources  on  the  boundary  of  the  cross 
section  of  the  body.  The  source  distribution 
is  expended  on  the  waterline  inside  the  body  to 
remove  the  irregular  behaviors  of  the  poten¬ 
tials  at  certain  discrete  frequencies.  Various 
cross  checkings  of  the  numerical  convergence 
are  made  to  ensure  the  validity  of  the  ccr»puted 
results. 

The  computed  results  of  a  pontoon  having  a 
unifom  cross  section  identical  to  the  nidshtp 
of  a  mariner  hull  form  are  presented.  The 
contribution  fron  the  various  sources  generat¬ 
ing  local  waves  near  the  pontoon  arc  shown  In 
the  figures.  The  results  indicate  clearly  that 
the  free  surface  ration  at  the  sides  of  a  ship 
should  be  considered  if  a  reliable  prediction 
of  the  relative  vertical  motion  Is  desired. 

The  present  study  will  be  incorporated  In  a 
strip  fashion  Into  an  existing  ship-notion 
computer  program,  and  the  validity  of  the  pre¬ 
sently  developed  method  will  be  Investigated. 

II.  Analysis 

The  coordinate  system  to  be  used  in  the 
analysis  Is  a  right-handed  Cartesian  coordinate 
systen  vhich  moves  on  the  calm-water  surface  In 
the  mean  course  of  the  ship  with  the  ship  speed. 
The  origin  Is  located  directly  above  the  center 
of  gravity  of  the  ship  at  Its  mean  position, 
the  x-axis  Is  directed  toward  the  bew;  and  the 
X-axis  Is  directed  vertically  upward;  see 
Figure  1. 


Figure  \  ~  Oatcription  of  Coordmata  System 
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Ue  «$strie  that  the  water  l»  tncoc^presslble 
and  fts  notion  irrotatlonal  such  that  a  velo* 
city  potential  can  be  defined  In  the  fluid 
region.  We  also  assume  that  the  water  is  In* 
finitely  deep  and  that  no  current  exists. 

If  we  denote  the  velocity  potential  which 
represents  the  disturbance  of  the  fluid  by 
4U.y>2>tK  then  It  can  be  decoeposed  In  the 
following  for*  for  a  ship  wvlng  wlth<a 
constani'velMity  U  In  a  regular  plane  wave 
system, 

«(*iyi*.t)  •  -Ux  ♦  djU.yi*) 

J«  t 

♦  ^(♦,(x.y.*)e  *  1  (!)• 

Here,  is  the  wave*encounter  frequency.  Re 
means  the  real  part  of  what  follows,  Is  the 
steady  potential,  and  d«  Is  the  oscillatory 
cor^iex  amplitude  Qt  tne  oscillatory  potential 
which  can  be  further  decomposed  Into 

6 

•  *1  ♦  «0  • 

where  dt  Is  the  incldent*wave  potential;  dp 
the  dlffracted'wave  potential;  dk  the  forced- 
oscillation  potential  In  the  kth  rode  of 
(notion;  and  tk  the  corplex  a^^lltude  of  the 
displacement  of  the  body  due  to  oscillation  In 
the  kth  node.  The  Incident-wave  potential  dj 
can  be  given  explicitly  by 

where 

u  •  wave  frequency  In  radians  per  sec 

9  •  gravitational  acceleration 
•  wave  amplitude 

K  •  w*/g  •  2s/X  •  wave  number  for  deep 
water 

X  •  wave  length 

U  ■  wave  heading  angle;  u  •  0  is  following 
waves 

j./rr 


u  Ju  t  Ju  t 

-  J  f  • ',  * 

(M 

where 

?,ix.y)  ■  f-  ^,<«.y.ia 

(lia) 

c,(x.y)  '  lu»„(x.y.o)  - 

(‘.b) 

The  vertical  displacement  of  a  point 
on  a  ship,  denoted  by  Cy(x,i),  Is  given 

(x,y,z) 

by 

•  y  ♦  5,(t)  -  xCjCO  ♦  y5.(t) 

(5) 

tdtere  x  •  (x,y,x) ,  and  Cj  d>'d  5<  arc, 
rcspecTlvely,  the  heave,  roll  and  pilch  dis¬ 
placement  from  the  mean  position  of  the  body. 
The  relative  (notion  of  a  point  with  respect  to 
the  free  surface  motion  at  the  same  horizontal 
coordinates  (x,y)  is  defined  by 

-  c(*.y.t)  (4) 

The  vertical  position  of  the  point  on  the 
hull  frcrt  the  calm  water  surface  at  zero  speed 
Is  not,  of  course,  necessarily  the  sa(ne  as  that 
at  a  non-zero  forward  speed  due  to  the  slnkage 
and  trim  of  the  ship.  In  a  strict  sense,  an 
inclusion  of  the  slnkage  and  trim  effect  In  the 
determination  of  the  relative  motion  means  that 
the  second-order  effects  contributed  by  the 
terms  such  as  0(dsd»>.  0{d|) ►  and  0(d|>  should 
also  be  Included  In  the  analysis.  However,  an 
investigation  of  the  second-order  effects  will 
not  be  pursued  In  the  present  study.  The 
analysis  will  be  kept  within  the  first  order 
of  the  incident  wave  amplitude  and  of  the 
slenderness  parameter  of  the  body. 

Oetenalnatlon  of  Steady  Free  Surface 

The  free-surfacc  deformation  caused  by  a 
Steady  translation  of  a  ship  in  cal(9  water  at 
constant  speed  U  Is  obtained  frem  the  line¬ 
arized  Bernoulli's  equation  as 

■  f 

The  boundary-value  problem  for  Is  as 
follows* 


The  free-surface  elevation  ((x,y,t)  can  be 
obtained  from  Bernoulli's  equation  in  terras  of 
the  velocity  potential  by 


C(x,y,t) 


■  i  (l;  ■  4)»<y.y.o.>)  ♦  o(«>) 


*Vhen  the  spatial  variables  x,  y,  Z  and  n 
(nomal)  are  used  as  a  subscript.  It  means  a 
partial  derivative  with  the  respective  vari¬ 
able.  Also,  when  a  complex  function  Is 
rultiplled  by  el*'’**,  only  the  real  part  of 
the  product  should  be  realized. 


n.  L  •  Is  1; 

>1  >1 

v*ere  S,  denotes  the  hull  surface  belcw  the 
calm-water  surface,  and  n  ■  <n..nj,nj)  is  the 
unit  normal  vector  on  pointing  Into  the  body; 


(8) 

(9) 


-  0 

and 

' ^  X  for  X  >  0 

(oil)  lor  <  <  0 


(10) 


(11) 


whert 


To  obtain  Ibe  solution  of  the  foregoing 
boundaryyalue  preble*,  the  thln“shlp  a5$u»p" 
tfon  will  be  used.  If  we  represent  the  hull 
gccrtieiry  by 

y*+f{x,2).  (12) 

then  the  unit  nonwl  vector  on  the  ship  hull 
surface  pointing  Into  the  body  can  be  detef 
nined  by 


on  V  -  i,f  (IJ) 


Substltotlon  of  Eqoitlon  (13)  Into  Eouatlon 
(9)  yiolds 

f,V(x.tf.t)  <“> 

We  assin«  that  tl»e  ship  In  consideration  Is 
thin  such  that  f  •  0(c)  where  c  Is  a  s«all 
parameter  representing  the  bean  to  length  ratio 
of  the  ship.  Then,  fron  Equation  (U),  dis¬ 
carding  the  terns  of  0(t*),  we  find  that 

«jy(X.iO,Z)  •  TUf^  05) 

The  solution  of  Is  well  known  from 
thin-ship  theory  (see,  c.g.,  Wehausen  and 
Laltone^)  and  Is  given  by 

♦  (x.y.2)  -  k//  ^ 

s(0 

•S//  0,(x-«.y.z»;)fj(E.«)<J5«  ('5> 

s(<) 

Oiere  S*'*  Oenotoi  the  longitudin.l  center- 
plane  of  the  Ship,  and 


C,(x-5,y,t*C) 


Ax-E)'*y‘«(t*E)' 


cosfk(x-g)cosulcos(kY  slo9) 
kcos^O  •  g/U* 


d0$ec*9  e^ 


•  cos|^  ysln6sec*$|  (Ij 

where^^ means  the  principal-value  Integral. 
Thus,  from  Eq  atlons  (7)  and  (I6),  we  get 


iLf  rr  - «« 

S<») 

If  we  siAiStItute  the  exp'^esslon  for 
C„(x-C,y,C)  from  Equation  (1?)  Into  Equation 
(18) ,  we  get 

c,(x.y>  -  f/y  fj(e.c)')5‘)t/' 

Ji)  ‘'o 

,  /“  in[lt(x-^)coc6]  5i^)ke'‘'^Ck 

Jf,  k  -  ^ 

id)  0 

•cos|^(x-C)sec6j  cos^jp  y  sin'esec^sj  (19) 

within  the  first-order  approxlMtlon,  the 
wave  profile  along  the  side  of  the  hull  can  be 
obtained  by 

tj(*.0)  •  fte|‘  pf  f  f^dW;/”  <10sec6 

^  $(.)  •'o 

■  ,T^// 


.here  k,  -  A.  2'  -  ?  t  I  (x-5)cO!5.  eni) 

t  .  yCT  ^  or 


C,(x,0)  •  Re 


./  descte/*  e'^^'dk 

-^0  "'o 

♦  k,/"  iec’ece/  X  .'k.tec^  '“•} 
yf\  •'n 


-  ^  f  ‘"dSscc’O  J  <2'> 

S(')  “  ‘ 

which  »(nount5  to  th«  wAve  profile  eloog  the 
Icogltudlnal  centerplane. 

OcteraUatlen  of  Unsteady  Free  Surface 

The  free-iurfacc  deforcatloo  cauicd  by  the 
incident  waves,  diffracted  waves,  and  aotSon* 
generated  waves  Is  obtained  from  Equations  («b) 
^d  (2).  The  unknown  functions  are  ^0,  ^  and 
In  the  following  sections  we  describe  pro¬ 
cedures  for  cAtainIng  these  onknowi  quantities. 

Diffraction  Potential,  from  the  kinematic 
boundary  condition  <n  the  hull  surface,  we 
obtain  from  Equation  (3) 


•  Kfjnicosu  ♦  jnjsinu 


(22) 


If  we  assume  that  the  ship  is  slender  such 
that  nj«nj,  n,,  then,  discarding  Oj  in 
Equation  (22),  we  obtain 


^  ^-JK(x,cosu  ♦  y,slny)  ♦  Kt,  (23) 

where  (x»,y«.2«)  Indicates  a  point  on  the  hull 
surface  S». 

from  Equation  (23)  we  can  infer  that 

«p(x.y,i)  »  ^(y,i;K)e“^*^'°’“  (2^) 

where  X  affects  d  as  a  parareter  rather  than 
an  Independent  variable.  By  applying  the 
laplacian  operator  to  the  right-hand  side  of 
Equation  (2M ,  we  obtain 

d  ♦  ♦  •  K*cos*u^  *0  (25) 

'^yy  *zz 

An  appropilate  linearized  free-surface 
condition  for  the  velocity  potential  ♦(y.z;x> 

Is 

(i“.  -  “f,)’ 

♦  -  0  (26) 
or  using  the  relation  ■  w  •  KUcosp,  we  have 


«j(y.o:x)  -  K»  -  0  (27> 

The  fclneMtic  bo<iy*boundery  coflditlon  for  b  H 


-  »>) 


^-jKy*slny  ♦  Kr, 


(28) 


hhere  N  •  (H,.Ki)  is  the  two-diMnsiooal  unit 
vector"iyi  l,(x)  vAlch  is  the  i«t-erse<l  conlixir 
of  a  cross  section  at  x.  The  tar  field  coodi- 
tion  as  |yl-«  is  given  as' 

.j«|yU"’i'  for„y. 

jy|  for  P  -  » 

In  fact,  we  find  that  the  boundary-value 
problem  for  ♦  is  confined  in  the  y-z  plane; 
hence,  If  we  find  an  appropriate  Green's 
function,  G,  whlcli  satisfies  Equations  (25), 

(27)  and  (29),  we  can  obtain  the  solution  m 
the  fora  of 

«(y.2!x)  -  /  Q(l)G(ljy.2)dI  (30) 

C,(x) 

where  the  unknown  ft’ncllo”  should  be  found 
fron  the  reralnlng  bounda  .ondltlon  (28). 

The  appropriate  Green's  function  was  given  by 
Urscll,^  and  the  solution  for  I  woi  obtained 
by  Choo^  and  Troesch,© 

The  approxiRailon  of  dp  by  Equation  (22») , 
where  the  variable  x  Is  suppressed  as  a  para¬ 
meter,  has  led  to  the  free  surface  condition 
(27)  and  the  far-fleld  condition  (29).  As  one 
can  readily  observe ,  the  forward-speed  effect 
Is  nonexistent  In  the  foregoing  prcblen,  The 
foregoing  slrbllflcatlon  can  be  criticized  for 
the  lack  of  consistency  In  the  perturbation 
scheme.  However,  the  analysis  will  be  pursued 
on  this  basis  with  the  assumption  that 
forward  Speed  has  no  significant  effect  on  the 
wave  diffraction,  Furtherffore,  under  the 
assvraption  that  the  wave  lengths  of  Interest 
are  greater  than  the  order  of  ship  beafR,  the 
Helt>*olz  equation  given  by  (25)  will  be  re¬ 
placed  by  the  Laplace  Equation,  i.e., 

A  *6  *0  (31) 

*yy 


which  Is  exact  for  m  •  I.e..  beam  waves. 

A  further  digression  from  the  original  problem 
will  be  made  with  a  heuristic  argument,  based 
on  the  success  of  strip  theory,  that  the  near- 
field  solution  derived  with  the  radiation 


condition 

Mm 


(♦y  I  JK$)  -  0 


(32) 


Is  acceptable.^ 

Although  the  diffraction  potential  Is  not 
explicitly  solved  In  the  usual  ship  motion 
theory  based  on  the  strip  assumption,  a  sim¬ 
ilar  radiation  condition  Is  invoked  In  apply 
Ing  the  Hasklnd  relation  In  the  two  dimen¬ 
sional  sense. 
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loul.  the  Rifled  boundiry-y.lue  ptoklen 
n»  reduced  to  an  eloott  Identlol  prohleo 
of  forced  oiclllitlon  of  l»o-dl»ei«looel 

thit  the  dlffrectton  potential  U  a  fonctlon 
of  the  wave  freooency  u.  Thij  I,  a  noticeable 

’"i"  -Md  In  the 

ihip  ration  ceoputatloo^  In  which  the  diffrac¬ 
tion  potential  Ii  treated  as  a  function  of 
wave-encounter  frequency  q,.  In  Appendix  I, 
the  process  of  solving  the  diffraction 
potential  satisfying  the  two-dlranslonal 

(31)  with  the  boundary  condl- 

description  Is  given  In  a  general  fora  for 
any  prescribed  function  replacing  the  right- 
hand  side  of  Eguatlon  (28),  * 

notion  and  Radiation  Potential.  The  notion 
„  'I"  ahip  Is  Obtained  by  solving  two  sets  of 
llnearlted  coupled  eguatlons  of  ration,  which, 
according  to  the  coordinate  systen  given  In 
figure  I,  for  k.t  -  1.  J.  5  and  le.t  -  2.  4  6 


^  ♦  \i>5t  •  \lh  ♦  'ktSt*  r^''  (33) 


H«re, 


I  of  ship)  for  lc-t<  3 

•  *onent  of  Inertia)  for 

V-t>4 

0  for  VH  except  for  •  h., 

•  *  where  z,  is  the  * 
vertical  coordinate  of  the 
center  of  gravity; 


the 


Aj-i  It  the  added  wss  coefficient  In  the  kth 
r*ode  due  to  the  notion  In  the  «th  rode;  8., 
the  corresponding  damping  coefficient:  C. . 
restoring  coefficient;  and  Se)  the  wave^^ 
excited  force  or  nor^nt,  ^ 

The  coefficients  In  the  egwatlons  of  eotlon 
are  obtained  by  slender-body  strip  theory. « 

The  expressions  arc  given  as  follows: 

t  C(x) 

-  2m, >ii| 

V  ■  '"i  \' k  I I 

*  I  Cix) 

‘  “'j 

for  k,i  •1,2,.  ,  .  6, 


(5M 


(35) 


sAere  ftej  and  loa  are  the  real  and  leoaginary 
parts,  respectively,  of  a  coeeplex  function, 
the  i^inary  part  of  which  1$  preceded  by 
J  •  /T  ;/|^dx  is  the  Integral  over  the  length 
In  the  positive  x  direction  and  J a  udl  the 
Integral  over  the  submerged  eontoo?^of  the 
cross  section  located  at  x;  e^ls  the  two- 
dimensional  approximation  of  and  6..  is 
the  Kronecker  delta.  ^  ‘‘t 

The  restoring  coefficients  C. ,  are  given  by 
^is  •  •  -pgV,  C|i  •  ogi^,  C,.  •  C,. 

-65),  and  Csj  ■  pgr 

•(lyy/V  -  OB)  where  V  Is  the  displaced  volwne, 
Ay,  the  waterplane  area,  Mw  the  moment  of  the 
waterplane  area  about  the  vaxis,  Ixx  and  Iw. 
respectively,  the  mass  (moment  of  ine''tla  about 
the  X-  and  y-axis,  and  08  the  vertical  distance 
from  the  center  of  buoyancy  to  the  calm  water¬ 
line.  The  wave  excited  forces  arc  given  by 


\  •'c(x)  '  *  ' 


\(y.z;x) 


(36) 


for  k  •  1 ,  2 . 6,  where  N*  ■  yN>  •  zNj, 

Nj  •  -xN,  and  Nj  ■  xNj, 

From  the  foregoing  equations  It  Is  obvious 
that  If  the  motion  potentials  dj(y,z,x)  are 
kfKAn,  we  can  solve  the  equations  of  motion 
and  f  nd  the  six-degrees  of  freedem  motion  5. . 
The  first  three  of  Ck  are  the  linear  displace¬ 
ments  fren  the  mean  position  of  the  ship  In  the 
X*  y,  and  z  directions,  respectively,  and  the 
remaining  three  are  the  angular  displacements 
about  the  x,  y,  and  z  axes,  respectively  In 
nurrerlcal  order  of  k  these  are  called  Surge, 
Sway,  heave,  roll,  pitch  and  yaw  motion. 
Utilizing  the  derivation  shown  In  Appendix  I, 
we  can  show  that 


♦.(X.y.i)  -  bj  *  b,(y.six)  vD  (y.A.x)?, 

k-l  “ 

(37) 

Substilgilon  of  equation  (37)  Into  equation 
(4b)  yields 

C,(x,y)  •  -  (x.y.O)  + 

sej  Ju) 

*  "g  *  ^i(^j  *  xT^> 

♦♦;(7j-;^,)I  (38) 
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Ili.  Humeri Checks 

For  the  purpose  of  IMustretlns  conpute* 
tlons,  e  pontoon  having  unifona  cross  sections 
of  the  nidship  of  a  Mariner  Class  ship  Is 
chosen.  The  length  of  the  pontoon  Is  arbl" 
trariiy  taken  as  five  tines  the  bean.  The 
cross  section  Is  close  to  a  rectangle  except 
for  the  rounded  bilges,  nie'lsnersed  dleen> 
slon  of  the  cross  section  Is  25.06  a  bean  and 
9.07  fl  draft.  The  offsets  used  to  describe 
the  Section  are  given  In  Table  1  and  the 
section  view  Is  given  in  Figure  2. 

Table  1  —  Offaeta  of  Right  Half  of  MMahip  Sactlon 
of  Mariner  Ctaaa  Ship 


Y 

(ml 

2 

Im) 

0. 

>9068 

4363 

•9068 

S.706 

>9  068 

103S0 

•8468 

10968 

•7  849 

11480 

•8829 

I1S34 

•4  191 

11  S3 

0. 

Rgura  2  —  Right  HaH  Cross  Section  View  of 
Midship  of  Msrinar  Class  Ship 


As  described  In  Appendix  I,  the  velocity 
potentials  are  obtained  by  using  the  method  of 
source  distribution  on  the  Imreersed  contour  of 
the  cross  section  of  the  body.  As  shown  by 
equation  {l'7).  an  approximation  Is  Mde  by 
assuming  a  constant  source  strergth  on  each 
line  segment  which  nukes  up  the  contour.  The 
line  segments  are  made  by  connecting  the  adja¬ 
cent  two  points  on  the  contour  by  a  straight 
line.  The  points  chosen  are  as  shown  In 
Figure  2.  It  can  be  expected  that  numerical 
accuracy  will  Increase  as  the  nurber  of  points 
chosen  on  the  contour  Increases;  however,  a 
compromise  should  be  made  to  ntnlnlze  computer 
costs.  A  total  of  eight  boundary  points  are 
taken  on  the  right  half  of  the  lenersed  contour 
of  a  cross  section  as  shewn  by  the  black  dots 
In  Figure  2.  The  boundary  points  thus  chosen 
provided  the  desired  accuracy  and  yielded  a 
satisfactory  numerical  convergence. 


It  is  well  kriown  that  the  method  of  Creen's 
function  to  solve  for  the  velocity  potential 
associated  with  an  oscillating  body  in  a  free 
surface  suffers  fren  the  existence  of  Indef¬ 
inite  solutions  at  certain  frequencies. 9 
Descriptions  of  the  existence  of  the  Indef¬ 
inite  solutions  and  their  removal  are  given  In 
Appendix  IX.  To  remove  the  Indefinite  solu¬ 
tions,  the  source  distribution  Is  extended  on 
the  line  7*0  Inside  the  body,  and  a  rigid 
wait  condition,  •  0,  is  imposed  on  that 
line,  which  wilt  Be  referred  to  as  "top  deck" 
hereafter.  According  to  Frank*^  the  "Irregular 
frequencies"  for  a  rectangle  of  beam  6  and 
draft  T  are  obtained  by 

K^b  •  ujb/g  •  y  coth(m«T/8),  n  •  1,  2,  3,  •  •  • 

where  b  •  For  the  section  considered  here, 
6/T  -  2.54.  and  therefore  we  get  Kjb  ■  l.d6, 
and  Kjb  •  3.19.  In  Figure  3.  the  singular 
behavior  of  the  amplitude  of  the  free  surface 
motion  due  to  beam  regular  waves  at  y  •  1.05b 
(the  wave  Incident  side)  at  the  first  irregular 
frequency  Is  shown.  The  amplitude  of  the  wave 
Is  normalized  by  the  Incident-wave  amplitude, 
i.e.,  |C»|/Cy^  where  Is  obtained  by  Equation 
(3d).  The  solid  line  is  obtained  by  taking  two 
line  segments  on  the  top  deck  between  y  •  0  and 
y  ■  b,  and  v  •  0  and  y  *  -b,  and  Imposing  the 
condition  ^2  *  *)>  1*^  Table  2,  a  coreparlson  of 

the  free-surface  amplitudes  Is  presented  for 
various  top-deck  conditions.  The  values  for 
the  rigid-wall  conditions  Imposed  on  up  to  six 
line  segments  on  the  top  deck  are  given  to¬ 
gether  with  that  obtained  by  Imposing  the 
6*  •  0  condition  on  the  two  line  segments  on 
the  top  deck.  Also  shown  are  the  values  ob¬ 
tained  by  ^2  *  ^  segments  on 

the  top  decK  at  Kb  •  0.3»  1.0  and  2.0.  The 
latter  values  are  shown  to  check  Ohmat$u*S 
Statement**  that  any  arbitrary  values  for 
on  the  top  deck,  provided  an  appropriate 
sympietrlc  or  antl-syrreirlc  condition  Is  taaln- 
tained.  can  be  chosen  to  remove  the  irregular 
frequencies.  It  appears  that  the  method  holds 
in  higher  frequencies  only  in  the  present  case. 
It  locks  obvious  from  Equation  (II-6)  that, 
unless  ^2  *  ^  ^  *^  imposed  on  the  top 

deck,  there  is  no  guarantee  that  the  trivial 
solution  for  In  the  interior  domain  will  be 
obtained.  One  would  assume  that  more  segments 
on  the  top  deck  should  yield  better  results: 
however,  the  values  obtained  near  Kb  ■  1.0  for 
4  and  6  segments  on  the  top  deck  show  that  the 
assumption  Is  not  necessarily  true.  Why  more 
than  two  segments  on  the  top  deck  show  an 
Irregular  behavior  In  the  vicinity  of  Kb  ■  1.0 
Is  not  yet  clear.  Based  on  this  Investigstlon, 
the  two  segments  on  the  top  deck,  together  with 
the  other  segments  on  the  body  contour,  are 
chosen  for  the  ensuing  computations. 
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T«bt«  2  •*  ff**-Surf»e*  Ampfitud**  ct  y  <•  1X>Sb 
fof  VmIou*  Tep-D*cic  Condt^n* 


Kb 

0 

-  4 

2S«g 

*4 

6 

2S«g. 

2$«g. 

03 

0932 

0932 

0932 

0933 

0  925 

0642 

08 

1463 

1428 

1.369 

1.350 

1510 

09 

1528 

1470 

1.381 

1366 

1508 

10 

1.212 

1168 

0690 

0.705 

1247 

0843 

1.1 

UI3 

1271 

2562 

3034 

1.324 

12 

1.945 

1877 

2.367 

2.427 

1833 

16 

2.143 

1992 

2010 

2009 

2003 

166 

2.156 

1965 

1989 

196$ 

1996 

1  70 

2179 

1977 

1970 

1964 

1989 

1.75 

2JQ8 

1970 

1953 

1944 

1982 

180 

2.356 

1962 

1937 

1926 

I97S 

185 

3386 

1956 

1922 

1909 

1968 

190 

1231 

1948 

1909 

1894 

1961 

195 

1734 

1941 

1897 

1880 

1954 

20 

1843 

1935 

1887 

1808 

1.947 

1937 

25 

1956 

1877 

I8S3 

1830 

1883 

T*blp  3  —  Cottip*ri«on  of  W*v*  &cittd  Forco* 
ObUirtod  by  Cq  (36)  *nd  Eq.  (39) 


If'I’lM 

If'J’UA 

IF'S'i/A 

Kb 

135) 

(39) 

(36) 

(39) 

(36) 

(39) 

01 

01525 

0153$ 

0812) 

08175 

OOC62 

00)62 

05 

05961 

05339 

05116 

05161 

O0SO2 

005CO 

09 

05718 

05761 

03429 

U3449 

OC670 

00668 

14 

0  4696 

04776 

02177 

02101 

0  0690 

0C692 

20 

03780 

03903 

01069 

0I1C4 

00642 

00654 

34 

30 

26 


18 

1  4 

10 

Figur*  3  •>  R«mov«l  of  StnguUr  S*havior  at 
(rraguUr  Fraquancy 
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Several  cro$s  checks  of  the  ni/acrica)  re¬ 
sults  were  made  to  ensure  the  accuracy  of  the 
computations.  One  was  a  correlation  of  the 
wave-cxclled  forces  computed  by  two  Independent 
methods;  one  by  a  direct  cofrputatlon  using  the 
expression  given  by  Equation  (3$)  and  the  other 
by  an  Indirect  method  using  the  damping  coef¬ 
ficients.  The  latter  method  1$  given  by 

NewmanlZ  aj 

I’^k'^IAA  ■  <33) 

for  two-dimensional  bodies  for  p  •»  90  degrees. 
The  cor^arlson  of  the  two  independent  results 
given  In  Table  3  shows  a  good  agreement  wfiich 
gradually  deteriorates  up  to  about  3  percent 
difference  at  fvb  •  2.  In  any  case  a  3  percent 
difference  Is  well  within  the  numerical  errors 
resulting  from  the  segmentation  of  the  boundary 
contour  of  a  cross  section.  The  denominator  A 
In  Table  3  equals  to  2ogbC.  for  |Fi®^|and  |F^®'| 
and  JoGb’?,  for  irio);. 

The  hydrodynamic  coefficients  resulting 
frctt  the  coupling  between  the  sway  and  roll 
modes  are  Aj*.  A^j,  and  B»j.  From 
Green's  theorem  we  have 
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77‘Vtn  ■  ■  »  («) 


where  S  Is  the  surfece  bounding  the  fluid 
domain  which  consists  of  the  bod/  surface 
the  free  surface  Sfi  *  vertical  cylinder 
surface  Sr  of  a  lar^e  radius  It  with  a  bottoa 
closure  Sg.  Since  \ 

«  0  on  Sb»  and  0(1//^  on  Sr,  we  can 
snow  that 

-fj 

which  means  that 


from  Equations  (3^)  and  {3$)«  The  values  of 
these  coefficients  are  shown  In  Table 
Although  the  percent  difference  between  the 
two  values  at  the  higher  frequencies  appears 
large,  the  error  Is  within  the  bound  which  Is 
associated  with  the  nurber  of  segments  chosen 
in  the  present  case. 


Tabla  4  »  Comparison  of  Coupled  Sway  Roll 
(ij^and  and  RoO  Sway  arwl 
Coafr<>ants 


Kb 

“.4 

07 

01272 

0I24S 

00334 

00016 

10 

00603 

0C614 

00966 

0C966 

20 

00069 

u'oes 

00667 

006S2 

The  expression  for  a  pulsating  source  of 
unit  strength  below  a  free  surface  Is  given  by 
Equation  The  principat*value  Integral 

In  this  equation  can  be  cor>v«rted  to  an  expo* 
nential  Integral  In  the  form 

I 


For  the  evaluation  of  C^iS),  one  can  use  the 
above  equation;  however,  when  ]sl  Is  large, 
the  Infinite  series  makes  the  corrputatlon  In¬ 
efficient.  Thus,  one  can  use  various  rational 
and  polynomial  approximations  for  a  large  argu¬ 
ment. ^3  In  this  work  the  laguerre  quadrature 
wthod  introduced  by  Todd^*^  is  used. 

To  obtain  the  free  surface  elevatlor* 

5  (x,y)  the  velocity  potentials  should  be 
evaluated  at  t  •  0,  which  In  turn  means  that 
the  Green's  function  given  by  Equation  (t-5) 
should  be  evaluated  at  z  «  0.  Then,  for  the 
sources  at  the  top  deck,  the  principal-value 
Integral  becoavs 

/**  cosk(v-n)  -  isirk(v-n)^j. 

. 

•  cosax  Ci(aX)  ♦  sl-wX  | -I-  ♦  SI(aX)| 

-  ijsinaX  CKoX)  -  cosaX  I"!-  ♦  SI(aX)|| 


where  X  ■  y-n,  end  $1  and  Cl  are  the  sine  and 
cosine  Integrals,  respectively,  which  are  given 
by 


Sl(x) 


f-r 


(-1)^ 


fy,  {2n*l)(2n»t)l 


CKk) 


cost 

t 


di  ■  Y  ♦  In  X  H 


;  2n(2n)l 


Since  these  two  functions  approach  zero  In  an 
oscillatory  manner  as  X"**,  the  series  computa* 
tion  for  large  x  Is  expected  to  require  a 
large  number  of  terms  before  converging  to  the 
desired  accuracy  (error  less  than  10*^).  The 
rational  approximation  of  Hastings*^  (see, 
e.g.,  p.  233  of  Reference  13)  was  employed  to 
obtain  the  sine  and  cosine  Integrals,  and  the 
results  were  found  to  oe  identical  to  those  of 
the  laguerre  method  of  Todd.'** 


the  plus  sign  for  y-n  >  0  and  the  minus  sign 

for  y-n  <  0 

where 

S  •  (y-n)  ♦  l<z*C) 

/-«•  _-t 
£,(S).| 

•'s 

■  V  ♦  In  S  ♦£  ^ 

n*l  * 

Y  •  0.57)21566  .  .  .  •  Euler's  constant. 


The  amplitude  of  the  radiating  waves  at 
y  •  lOOb  generated  by  the  sway  and  heave  motion 
of  unit  amplitude  are  given  in  Table  5*  The 
values  given  under  the  heading  "Infinity"  a  e 
obtained  in  terms  of  the  damping.  B|j,  by 

A<’>  -  f  i  -  2.  3 

which  can  be  obtained  from  the  principle  of 
energy  conservation  and  are  exact  at  y  •  *. 

It  appears  that  the  radiating  wave  generated 
by  sway  notion  yields  better  accuracy  than 
that  generated  by  heave  motion. 
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T*U»  S  —  Comp«ri«on  of  fUdt*tiA9-W»v« 
Am^hudM  Owo  to  Mo^n  ot 
y»  100b 


X 

01 

Todd  CO 

Todd 

CO 

OJ 

0268  0.267 

0383 

0381 

1.0 

1.111  1.100 

0613 

06S 

20 

1S09  1C70 

OJ80 

0430 

IV.  Retult&  and  Oiacuitico 

The  faople  computation  Is  performed  for  the 
condition  of  zero  $peed,  l.e.»  U  •  0.  Thus, 
there  Is  no  contribution  froa  the  steed/ 
trenslatlon  to  the  free*surfece  elevation 
which  Is  ^Iven  by  Cduatloo  (ld)> 

To  obtain  the  relative  (notion,  the  absolute 
vertical  motion  of  the  body  should  be  kno<n. 

In  Figures  4  through  6,  the  notion  amplitudes 
per  unit  lncldent*wave  amplitude  are  shown 
versus  the  nondlmenslonat  frequencies  o’b/q 
■  2vb/X  for  u  *  30(  135  and  degrees.  Due 
to  tho  symmetry  of  the  body,  there  Is  no 
motion  at  u  ■  s  (head  waves)  for  sway  and 
roll.  To  facilitate  the  understanding  of  the 
measure  of  the  vertical  displacement  at  the 
bean  end  which  is  contributed  by  roll,  the 
roll  amplitude  Is  nultipHed  by  the  half  beam 
b  In  Figure  6. 


0  04  08  12  1b  .'0 


Kb 

Figure  4  —  Sway  Amplitude  at  Zero  Speed  for 
Verlous  Wave  Headings 


0  04  08  12  10  20 


Kb 

Figure  5  -  Mesve  Amplitudee  at  Zero  Speed  for 
Various  Wave  Needir>gs 


0  04  08  \2  16  20 

Kb 


Figure  6  -  Rod  Amptitudea  at  Zero  Speed  for 
Varioue  Wave  Headings 

Since  the  pontoon  Is  syemetrlc  fore  and 
aft.  the  equations  of  motion  given  by  Equation 
(33)  (neglecting  the  surge  motion  and  its 
coupling  effects)  can  be  reduced  to  the 
following  fora: 

(M  ♦  A„)C,  ♦  S„E,  ♦  C,,?,-  F*,'’ 

(h  ♦  Aj,})Ei  * 

♦  C,.£.  -  F<'>  (M) 

(A.j  -  Hz,)Ej  ♦  ♦  (I,,  +  \Sik  *  ^.5* 


The  coefficients  appearing  in  Equation  (41) 
are  ebtained  frors  Equations  (34)  and  (35)  In 
terms  of  the  two«dltfensIonal  velocity  poten¬ 
tial  ♦’(y.iixK  The  z-coordinate  of  the 
center  of  gravity,  z«,  was  approxlraaied  as 
that  of  the  center  of  buoyancy.  The  radius  of 


gyration  for  roll  was  assumed  to  be  0.6b  such 
that  lyy  •  «(0.6b)*. 


It  is  well  known  that  a  prediction  of  roll 
motion  based  on  linear  damping  obtained  by  a 
velocity  potential  at  zero  speed  would  yield 
an  over-predicted  peak  roll  at  Its  resonant 
frequency.  An  iterative  scheme  to  obtain  a 
convergence  of  roll  motion  using  the  equivalent 
linear  darpinq  of  the  viscous  damping  could 
have  been  tried  Itt  order  to  suppress  the  peak 
roll;  however,  to  avoid  the  a-bigulty  resulting 
from  the  approximation  of  the  viscous  damping. 
It  was  decided  not  to  employ  this  scheme. 

The  strip  method  employed  for  the  co^uta- 
tion  of  motion  does  not  take  Into  account  the 
end  effects  of  the  pontoon.  Thus,  the  length¬ 
wise  Integrals  In  evaluating  the  A^j^  and  8^,^ 
become  sirple  integrals  such  as 
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/v  ■'*  ■ 


where  is  the  sectional  quantity  of  or 
8;^.  sTailarly,  for  the  wave  excited  forces 
F|^e),  the  contribution  from  the  lengthwise 
Integral  becomes 


<«2a) 


or 


•  0  for  u  •  Y 

For  the  arbitrary  pontoon  geometry  chosen 
In  the  present  sae^le  calculation,  the  pitch 
and  yaw  eotlon<  for  u  ^  do  not  bear  much 
significance  because  they  are  functions  of  the 
length  of  the  body  which  Is  arbitrarily  chosen 
In  the  present  case.  Thus,  the  results  to  be 
Illustrated  will  be  United  to  bean  waves. 
I.e..  u  ■  a/2,  only.  However,  the  motion 
amplitudes  In  Figures  b  to  6  for  y  >*  a/2  are 
presented  to  show  that  for  a  body  which  Is 
symmetric  fore  and  aft  as  v<ll  as  port  and 
starboard,  beam  waves  could  produce  larger 
relative  motion  than  the  other  wave  headings. 
It  Is  of  Interest  to  note  In  Figure  5  that  the 
heave  amplitude  Is  less  than  the  Incident  wave 
amplitude  at  all  wave  lengths  for  both  y  •  135 
and  l80  degrees.  This  fact  seeos  to  reflect 
the  behavior  of  the  function  given  by  tquatlon 
(b2b)  which  Is  the  lengthwise  contribution  of 
the  heave  exciting  force.  Or*  can  readily  see 
that  the  function  sin  x/x  where  x  •  cosy  Kl/2 
has  the  maximum  value  of  unity  at  x  •  0  and 
monotontcally  decreases  as  x  Increases.  Thus, 
as  either  the  absolute  value  of  cosy  or  K 
Increases,  the  wave  excited  heave  force  de* 
creases.  The  sway  motion  contributes  to  the 
relative  motion  through  Its  wavenaklng  which 
changes  the  free-surface  elevation  at  the  ship 
sides. 


The  local  waves  generated  by  the  sway, 
heave^  an^  roll  motion  are  presented  In  Figure 
7  as  Aj,  A,,  and  respectively,  where  the 
bar  Indicates  that  for  heav'e  and  sway  the 
amplitudes  are  divided  by, the  respective 
motion  amplitude,  and  for  roll  by  |?^|b.  The 
beamise  location  of  these  free^surface  ampli¬ 
tudes  Is  t.OSb  from  the  origin.  As  can  be 
observed  In  the  figure  the  maxleura  local  wave 
aAH>lltudes  occur  at  the  same  frequencies  at 
vd)lch  the  respective  notion  amplitude  becomes 
maxlnuo.  The  trend  of  the  curves  shown  in 
Figure  7  Is  found  to  be  almost  Independent  of 
the  beanwise  locations,  although'the  magni¬ 
tudes  can  change  significantly.  For  the  body 
chosen  In  the  present  case,  the  sway  motion 
appears  to  be  a  better  wavemaker  than  the 
heave  motion  per  unit  amplitude  of  the  motion 
for  higher  frequencies,  I.e.,  Kb  >  0.8.  How¬ 
ever,  when  ^  is  multiplied  by  the  respective 
motion  amplitude,  one  finds  that  the  maxlnun 
local  wave  amplitude  per  unit  incident-wave 
amplitude  Is  produced  by  the  heave  motion. 


4’ 

4 
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Kb 

Rgur#  7  -  Maxlmunt  Free-Surface  Elevation  at 
V  ■  t  1 05b  Due  to  Motion  In  Sway 
Haava  and  Roll  (A^l 

Combination  of  these  motion-generated  waves 
will  be  a  harmonically  oscillating  free  sur¬ 
face.  The  arrplitude  of  this  free-surface  os- 
ci  nation  at  y  •  1 1.05b  Is  shown  In  Figure  S 
as  ^  which  Is  a  nondlmenslonal  quantity 
normalized  by  the  Incident  wave  amplitude. 

The  free  surface  deformation  due  to  the  inci¬ 
dent  and  diffracted  waves  should  be  added  to 
the  motion-generated  free-surface  disturbance 
to  obtain  the  actual  free-surface  elevation  at 
the  sides  of  a  ship.  The  diffracted  waves  are 
the  reflected  and  the  transmitted  waves.  At 
the  incident  sid;  of  the  body,  the  free  sur¬ 
face  deformation  Is  caused  by  the  combination 
of  the  incident  and  reflected  waves.  The 
amplitude  of  the  corblned  waves  of  incidence 
and  reflection  at  the  incident  side  at 
y  •  1.05b  Is  Indicated  by  In  Figure  8, 

The  transmitted  wave  amplitude  at  the. lee 
side  at  y  ■  -1.056  Is  Indicated  by  The 

bar  sign  Indicates  a  nondimenslonallzatlon  by 
the  Incident  wave  amplitude.  As  one  can  ob¬ 
serve  from  Figure  8,  the  free  surface  oscil¬ 
lates  near  the  body  at  the  Incident  ^ide  with 
twice  the  amplitude  of  the  Incident  wave  for 
Kb  >  0.6,  I.e.,  the  incident  wave  length  less 
than  about  lOb.  On  the  other  hand,  at  the  lee 
side  the  free  surface  fluctuates  with  less  than 
about  bO  percent  of  the  incident  wave  ampli¬ 
tudes  for  Kb  >  0.6. 
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Rgur*  }  -  Maximum  Frtb-5urfM«  Btvttion  at 
y  ■  ±  1 06b  Dua  to  tha  Combinad 
Effactt  of  Motion  and  Diffraction  for 

Beam  Wavaa 


Rgura  <  -  Maximum  Fraa^rfaca  Elavatlon  at 
V  •  t  1<06b  Dua  to  Motion  (A„)  and 
Diffraction  lor  Baam  Wavaa 


8y  the  principle  of  the  contervatlon  of 
energy  the  following  relation  should  hold 

'  'y»«  '  ^y«»o* 

where  and  are,  respectively,  the 
a<Tplltude  ratios  of  the  reflected  and  trans* 
flitted  waves  to  the  Incident  waves.  A  check 
was  ruade  at  jy|  •  100b  to  confim  the  fore¬ 
going  relation.  It  was  found  that  the  rela¬ 
tion  holds  true  even  at  distances  as  short  as 
lOOb.  However,  when  the  distribution  of  the 
source  is  extended  onto  the  waterline  inside 
of  the  body,  the  square  sue  of  the  foregoing 
equation  becomes  slightly  less  than  unity. 

This  Is  construed  as  an  Indication  that  the 
added  top  deck  nay  Introduce  a  slightly 
greater  numerical  error  than  the  case 
the  lop  deck.  It  Is  uncertain  If  iTw'^'can  be 
greater  than  2  even  at  values  of  y  as  small  as 
1.05b.  Although  no  flm  proof  Is  established. 
It  appears  that  the  values  of  exceeding 

2  are  due  to  numerical  errors  resulting  from 
the  Segment  approximation. 

The  acrplltudes  of  the  free  surface  motion 
generated  by  the  body  notion  and  the  Incident 
and  diffracted  waves  are  shown  In  Figure  9  at 
the  Incident  and  the  lee  sides  of  the  body. 

The  prominent  hump  and  hollow  trend  of  the 
amplitude  curves  Indicates  the  sensitivity  of 
the  free  surface  movement  with  respect  to  the 
Incident  wave  frequency.  The  drastic  change 
from  the  behavior  of  Individual  wave  amplitudes 
shown  In  Figure  8  Implies  that  the  phase  dif¬ 
ferences  between  the  motion-generated  waves 
and  the  diffracted  waves  can  vary  from  0 
degree  to  tl80  degress. 


To  show  the  behavior  of  the  amplitudes  of 
the  waves  as  a  function  of  y,  the  not  Ion- 
generated  wave  and  the  reflected  wave  at 
Kb  ••  0.8  are  chosen  and  are  presented  In  Ftgu.e 
10.  The  values  shown  are  those  normalized  by 
The  solid  curve  Is  for  the  motion-gener¬ 
ated  wave,  and  the  dotted  one  is  for  the  re¬ 
flected  wave.  A  larger  scale  for  y/b  Is  taken 
near  the  hull  to  examine  the  behavior  more 
closely.  For  Kb  ••  0.8  the  wave  length  (X)  Is 
7.85b.  One  can  observe  at  about  y  •  12b  ^  I.5X 
that  the  outgoing-wave  anplltudes  become  Iden¬ 
tical  to  the  far-fleld  values.  The  local  waves 
appear  to  be  confined  within  one-bean  distance 
from  the  hull.  Cenerally,  this  trend  Is  con¬ 
firmed  at  other  fregueneies.  However,  when  all 
the  waves  are  superposed  with  their  proper 
phases,  the  amplitude  bghavlor  becomes  much 
•<ore  radical  as  shown  by  the  chained  curve  In 
Igure  10.  The  sharpness  of  the  curve  is  in¬ 
dicative  of  a  possibility  of  breaking  waves 
somewhere  between  y  ■  1.5b  and  l(.0b. 


Figure  10  »  Amplitude  of  Waves  by  Motion 
end  Reflection (A||I at  Kb  •  08 
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The  enplltudes  of  the  absolute  (1^|)  and 
the  relatiye-{|^g|)  motion  divided  by''the  IncI- 
dent  wave  amplitude  are  shown  In  Figure  II  for 
y  “  1.0$b  and  In  Figure  12  for  y  •  'I.OSb.  The 
relative  motion  computed  on  the  basis  of  no 
deformation  of  the  incident  wave  is  designated 
as  "Old  hel."  and  the  present  calculation  based 
on  the  deformation  of  the  Incident  waves  is 
designated  as  "New  Ret.".  A  large  difference 
between  the  old  and  new  relative  motion  can  be 
observed  In  Figure  II  at  higher  frequencies. 

The  difference  Is  almost  a  factor  of  two.  This 
phenomenon  Is  due  to  the  fact  that  at  higher 
frequencies  the  absolute  vertical  notion  of 
the  body  diminishes  while  the  reflection 
effect  almost  doubles  the  amplitude  of  the 
free  surface  motion  on  the  side  of  the  body. 

The  old  relative  motion,  however,  assumes  that 
there  Is  no  deformation  of  the  Incident  wave; 
hence,  the  relatfve*notlon  amplitude  becomes 
Identical  to  thi  incldent^wave  amplitude.  On 
the  other  hand,’  the  new  relative  motion  at  the 
lee  side  diminishes  at  higher  frequencies 
since  both  the  ^solute  motion  and  transmitted 
wave  amplitude',  diminish,  while  the  old  rela¬ 
tive  motion  aL'ilitude  becomes  the  same  as  the 
Incident  wave  tmplltude. 
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Appendix  I 

Determination  of  the  Velocity  Potentials 

The  boundary  condition  to  be  satiffied  by 
the  harmonic  functions  $o(y,z)  and  ^|((y,2)  are 
as  follows: 

"0  on  z  •  0  \I-I) 

where  a  •  to*/g  for  and  a  •  M*/g  for  d  ; 

(1-2) 

where  C,  is  the  contour  below  the  calm  water 
Surface  of  a  cross  section  of  a  ship  and  f» 
a  complex  function,  Is  assuvied  to  be  known, 

y"?»  •♦y  ’  ° 

and 

•  0  as  z-* 

The  Green's  function  G(y,z;n»0  which  Is  In 
the  form 


figure  11  -  Relative  Motion  end  Absolute  Motion 
at  y  ■  1 06b  for  Beam  Wavee 


Kb 


Figure  12  —  Relative  Motion  end  Absolute  Motion 
it  y  •  >1 06b  for  Beam  Waves 


V.  Cor.clusloo 


From  the  present  Investigation  It  Is  found 
that  neglecting  the  Incident-wave  deforma¬ 
tion  due  to  the  body  motion  and  diffraction 
could  lead  to  a  significant  error  In  the  pre¬ 
diction  of  the  relative  motion  of  ships.  The 
computation  should  be  extended  to  an  actual 
ship  at  speed  for  various  wave  headings, 
and  the  results  should  be  correlated  with 
available  model  experimental  results  of  rela¬ 
tive  motion. 


C  •  In  r  H(y,z;n»C) 


r  -  ((y-n)*  ♦  (.-?)']' 


(&•&)■■• 

In  z  <  0,  I\  given  In  Vehausen  and  Laltone^  as 


cosk(v-n) 


1  \ 

G-^,[tnr-fnr'.2y^  * - k? 

♦  J2Tr?°^**^^cosix(y-ii)| 

where  r'  •  l(y-n)*  ♦  (z*C)*)^.  Using  this 
Green's  function,  we  can  express  by 


(:-5) 


^*(y,z)  -  J Q(l)G(l;y,z)dl 

C. 


(1-6) 
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where  Q  is  the  unknown  to  be  detemined. 

Since  C  represents  »  pulseting  source  at  a 
point  below  the  cals  water  surface*  Q  can  be 
resarded  as  an  unknown  source  strength  of 
complex  value. 

Following  the  procedure  adopted  by  Frank*^^ 
we  can  show  that 


H  y 

«  (».z)aEQ,  /  G(l:y.i)dl  (1-7) 

'•I 


where  Is  divided  Into  N  even  number  of 
linear  segments  C;,  and  Q]  is  the  constant 
soufce  strength  on  the  ith  line  segment  Cj. 

Let  us  assume  that  the  prescribed  funcU^ 
f  can  be  divided  into  an  even  function,  f^^), 
and  an  odd  function,  f^*\  of  y.  The  cross 
section  in  consideration  here  is  assumed  to  be 
symmetric  about  the  2*axis.  Thus,  we  can  also 
assure  in  general  that  g*  can  be  diyided  Into 
an  even  part  and  an  odd  part  Then, 

we  can  show  that: 


(1-8) 


(1-9) 


'e  K  •  N/2  Is  the  number  of  linear  segments 
;he  right-half  of  C,,  and 

)  r  *  tn  rj  -  tn  r'  *  2n  rj 

k-a 


_  a(t*c) 


where  the  upper  and  lower  signs  correspond 
respectively  to  C'®)  and  6'*',  and 

r,  -  l(y*n)’  ♦ 

•  ((y*ii)’  ♦ 

.  Now.  if. we  take  the  normal  derivative  of 
and  at  the  midpoints  of  C|  and 
designate  them  by  ^|®)and  then  due  to 

the  property  of  the  Surface  aistrlbution  of 
source*^,  we  have 


(e) 


(i-n) 


These  two  equations  can  be  expressed  in  alge¬ 
braic  fora  as 


a(')q(«)  .  B<»> 

,(.),(.)  .  ,(.) 

%Aere  and  are  M  by  M  matrices,  the 
elements  of  whicii  are  given  by 


(l;yj,Z|)dl  for  (d) 


(e)  Of  (#) 


Q  *  and  Q  *  are  the  column  vectop,  the 
elements  of  which  are  given  by  Q^*'  and 
respectively  (however.  If  k*!,  only  ^If  of 
the  values  should  be  taken),  and  6^®)  and  8^*' 
are  the  column  vectors,  the  elements  of  which 
are  given  by  f|®J  and  f[*),  respectively. 


,(.F 


'hen,  we  can  obtain  the  unknowns  Q 

‘  by 


(e) 


jW)  .  [a(')>|  ■'s(^)  for  (d)  ■  (.)  or  (*) 

and  substitution  of  these  into  Equations  (1-8) 
and  (I-J)  yields  d(‘)  and  «(•). 

For  the  diffraction  potential  djJ,  v,e  have 

fEfWafW..lJi^*e>^-J^V»lo.)l 

hence, 


f^*^  •  jtJC^e*^*lMj5inu  sln(Kysinii) 

-  N,cos(Ky  slnu)l 

f^*^  ■  •uC^e*^^[MjSiny  co$(Ky  sinu) 

♦  NjSin(Ky  slny)) 

where  (y,z)  is  a  point  on  Cj  and  Nj  and  H,  are 
respectively  the  y-  and  z-component  of  the  unit 
vector  on  C»  pointing  Into  the  body.  For  a 
symmetric  body  Mj  Is  an  odd  function  of  y  and 
N,  Is  an  even  function. 
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For  the  notion  potential  we  have 
the  following  boundary  condition  on  C|: 


,(e) 

0 

0 


r(0 


0 

Ju  H 


where  •  yN,  -  aMj, 


Appendix  IX 
Irregular  Fraquencles 


;  i* 

n«thod°  for  the  velocity  potential  function 
associated  with  an  oscillating  body  in  a  free 
surface  suffers  from  the  existence  of  tn> 
definite  solutions  at  certain  discrete  fre* 
quencieSt  These  frequencies  are  often  re¬ 
ferred  to  as  "Irregular  frequencies."  dohn^ 
showed  that  they  are  equivalent  to  the  eigen¬ 
values  of  the  boundary-value  problem  for  the 
velocity  potential  denned  In  the  Internal 
fluid  domain  bounded  by  the  body  surface  and 
the  interior  line  0.  That  Is,  If  the 
velocity  potential  $  defined  Inside  the  body 
has  nontrivial  solutions  for  the  boundary 
condition 


X«  * 


on  C^(z  ■  0,  -b  <  y  <  b) 


♦  •  0  on  C. 


(n-i) 


for  discrete  values  of  X,  then  ui  •  Is 
the  ith  Irregular  frequency  for  I  •  I,  2,  .  .  . 

If  the  velocity  potential  ^  defined  In  the 
fluid  region  R  outside  the  body  Is  expressed 
by 


♦(p) 


■/ 


Q(i)G(i:p)di. 


(11-2) 


should  have  trivial  solutions  for  the  boundary 
condition  (n-l)  If  ^  1^  unique.  But,  the 
fact  that  for  sorie  ^ .  ?  has  nontrivial  solu¬ 
tions  iBiplles  that  ?nw«.d.  0;  hence, 

Q(l)  •  0  on  C*  irX  "  Xj,  The  Iden¬ 

tity  Q(l;  ••  $n(0  can  be  easily  proved.  FrM 
Green's  theorem  we  can  show  for  any  point  p 
In  the  Interior  domain  R*  bounded  by  and 
Cf  that 


i  ^  [♦„! 


iC(p')  - 


,C(p')  - 


(II-M 


hence,  subtracting  the  two  equations  above,  we 
get 

?<p')  -  y*  [(♦„  -  d„)c(p’)  -  (?  - 


■/.: 


(lI-5> 


since  ♦  •  ®  ^  Equations 

(II-M  and  (II-5)  we  find'thai  ?N(i)  •  Q(I). 
Since  Q(l)  cannot  be  Identically  zero  on  C,, 
the  assoriated  homogeneous  equation  of  (XI-3) 
can  have  nontrivial  solutions  at  X  •  X|. 

Frank**)  has  shown  that  the  added  mass  and 
damping  coefficients  of  cylindrical  bodies  have 
discontinuities  at  certain  discrete  frequencies. 
Several  Investigators  have  shown  either  In  pub¬ 
lished**  or  unpublished  forms  various 
inethods  for  alleviating  the  irregular  fre¬ 
quencies.  The  removal  of  the  Irregular  fre¬ 
quencies  is  achieved  In  this  work  by  Imposing 
♦i  •  0  or  0  on  the  Interior  waterline  Cf. 
This  Imposed  boundary  condition  on  Cf  then 
makes  ?  2  0  In  R'  since 


// iv»i’  ds  -  y 


(lt-6) 


f(p,)  5  ^„(p)|  •  »Q(p,) 


)dl 


(Jl-3) 


where  f(p,}  is  prescribed.  The  Fredholm  theo¬ 
rem  states  that  Q  has  a  unique  solution  If  the 
associated  homogeneous  equation,  l,e.,  f  ■  0 
In  Equation  (lX-3),  has  a  trival  solution 
only.  From  John's  uniqueness  proow  we  know 
that  if  •  0,  ^  Identically  vanishes  in 
R  and  on  Since  ^  given  by  Equation 
(ZI-2)  Is  continuous  everywhere  In  z  <  0,  It 
can  be  extended  to  the  Interior  domain  R'. 

If  we  let  ^(p')  -jr  Q(l)G(I;P'<R')dl,  ♦ 


for  *  *)  ®  therefore, 

Ivj}  •  0  In  R'  implies  that  $  =  0. 

With  this  approach  we  can  begin  with  a  new 
definition  of  by 


❖  ’(p) 


■/ 

c,.c, 


l!(l)G(l:p)dI 


and  solve  for  Q  from  the  Fredholm  equation 
f(p,)  -  ♦iJCpj)  •  «Q(p,)  ♦  Q(l)G,^(l;pj)dl 
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WITH  A  FLOATING  SLENDER  BODY  AT  ZERO  SPEED 
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Abstract 

A  linear  slendor-body  theory  is  pre** 
sented  for  the  zero^speed  notions  of  a 
ship  in  regular  free-surface  waves, 
valid  for  an  arbitrary  angle  of  inci¬ 
dence  and  all  wavelengths  of  practical 
interest.  The  velocity  potential  of 
the  "radiation”  problem  is  obtained  by 
the  superposition  of  a  particular  solu¬ 
tion,  identical  to  that  of  the  short- 
wavelength  strip  theory,  and  a  homo¬ 
geneous  conponent  that  accounts  for  the 
longitudinal  flow  interactions.  A 
similar  representation  is  used  for  the 
"diffraction"  problem  where  the  particu¬ 
lar  solution  is  equal  and  opposite  to 
the  incident  wave  velocity  potential. 

Computations  are  presented  for  the 
vertical  hydrodynamic  force  distribution 
and  the  heave  and  pitch  added-reass  and 
damping  coefficients,  exciting  forces 
and  motions  for  a  Series  60  hull.  Com¬ 
parisons  are  made  with  strip  theory,  a 
three-dimensional  theory  and  experi¬ 
ments. 


1.  Introduction 

In  the  past  twenty  years  slender- 
body  theory  techniques  have  found  broad 
applications  in  ship  hydrodynamics. 

The  geometrical  slenderness  of  the  ship 
hull,  however,  is  insufficient  to  jus¬ 
tify  an  asymptotic  theory.  The  length- 
scales  introduced  by  the  wavelength  and/ 
or  the  ship  forward  speed  need  also  to 
be  considered. 

The  wavelengths  encountered  in  an 
ambient  seaway  are  comparable  to  both 
the  transverse  and  the  longitudinal 
dimensions  of  conventional  ships.  It 
is  therefore  desirable  that  a  theory 
for  the  motions  of  a  ship  advancing  in 
waves  would  embrace  all  wavelengths 
encountered  in  practice.  Newman  (1978) 
developed  the  theoretical  framework  of 
such  a  slendor-body  theory  where  the 
ship  slenderness  is  sufficient  for  the 
asymptotic  analysis  involved.  The 
theory,  hereafter  referred  to  as  "uni¬ 


fied  theory",  was  applied  to  the  radia¬ 
tion  problem  by  Newman  and  Sclavounos 
(1980)  and  was  extended  to  the  diffrac¬ 
tion  problem  by  Sclavounos  (1981). 

In  the  present  paper  the  radiation 
and  diffraction  problems  are  combined 
to  predict  the  zero-speed  heave  and 
pitch  motions  of  a  ship  in  waves.  The 
theoretical  derivation  is  presented  in 
Section  2  including  the  radiation  prob¬ 
lem  as  derived  by  Newman  (1978)  for 
purposes  of  comparison  with  the  diffrac¬ 
tion  problem.  The  short-wavelength 
approximations  of  the  unified  theory 
are  derived  in  Section  3  where  existing 
theories  for  the  radiation  and  diffrac¬ 
tion  problems  are  recovered.  An  effi¬ 
cient  numerical  technique  for  the  solu¬ 
tion  of  two-diff'ensional  free-surface 
problems  is  described  in  Section  4.  A 
hybrid  integral  representation  valid  in 
a  domain  bounded  by  the  body  section, 
the  free  surface  and  a  circular  boundary 
lying  in  the  fluid  domain  is  matched  to 
a  multipole  representation  valid  outside 
the  matching  circle.  In  Section  5  numer¬ 
ical  computations  are  presented  for  the 
hydrodynamic  force  distribution  and  the 
motions  for  a  Series  60  (Cg,"0,7)  hull 
and  comparisons  are  made  with  cxistino 
theories  and  experimental  data. 

In  what  follows, a  physical  descrip¬ 
tion  of  the  method  of  solution  is 
attempted.  The  ship  is  assumed  to  be 
slender,  the  fluid  motion  incompressible 
and  irrotational  and  the  ship  motion 
amplitude  snail  enough  to  validate  the 
linear  decomposition  of  the  hydrodynamic 
disturbance  in  the  radiation  and  the 
diffraction  problems. 

For  the  radiation  problem,  in  an 
"inner"  region  close  to  the  ship  hull, 
the  longitudinal  flow  gradients  are 
small  compared  to  the  transverse  ones. 
The  field  couation  can  therefore  be 
reduced  to  the  two-dimensional  Laplace 
equation, supplemented  by  a  two-dimen¬ 
sional  body  boundary  condition  and  the 
zero-speed  free-surface  condition.  For 
the  diffraction  problem  the  slenderness 
assumptions  are  invoked  after  the 


481 


longitudinal  coaponent  of  the  incident 
wave  is  factored  out.  The  two-di»en- 
sional  modified  Helmholtz  equation  turns 
out  to  be  the  relevant  inner-field  equa¬ 
tion  with  a  no  flux  body-boundary  condi¬ 
tion  and  the  same  free-surface  condition 
as  in  the  radiation  problem. 

In  an  •outer"  region,  located  at 
radial  distances  greater  or  equal  to  the 
ship  length,  the  flow  gradients  in  all 
directions  arc  of  comparable  magnitude. 
The  three-dimensional  Laplace  equation 
is  satisfied  in  the  fluid  domain  for 
both  problems,  subject  to  the  zero- 
speed  free-surface  condition  and  a  con¬ 
dition  of  outgoing  waves  at  infinity. 
The  method  of  matched  asymptotic  expan¬ 
sions  is  used  to  enforce  the  compatibi¬ 
lity  of  the  inner  and  outer  solutions 
in  an  intermediate  "overlap*  region. 


2.  The  Boundary  Value  Problem 

Wft  introduce  a  Cartesian  coordinate 
svstem  fixed  in  space  with  the  free 
surface  taken  at  z»0,  the  ship  center- 
plane  at  yO  and  the  positive  axis  point¬ 
ing  towards  the  bow.  The  ship  is 
assumed  to  perform  small  oscillatory 
notions  around  its  undisturbed  floating 
position,  all  oscillatory  quantities  are 
expressed  in  complex  form  and  the  factor 
^lut  understood  hereafter.  Only 

the  syirmetric  heave  and  pitch  motions 
are  considered/ since,  to  the  same 
degree  of  accuracy,  the  longitudinal 
interactions  are  absent  from  the  anti¬ 
symmetric  modes  for  which  strip  theory 
is  valid  for  all  wavelencths.  More 
details  for  the  analysis  that  follows 
can  be  found  in  Hewman  (1978)  and 
Sclavounos  (1981). 


The  velocity  potential  of  the  inner 
radiation  problem  involves  a  particular 
soluticn  identical  to  that  of  the  short- 
wavelength  strip  theory  and  is  supple¬ 
mented  by  a  homogeneous  solution  that 
represents  standing  waves  at  "infinity". 
The  corresponding  particular  solution 
of  the  diffraction  problem  is  equal  and 
opposite  to  the  incident  wave  potential 
with  the  longitudinal  wave  component 
factored  out.  The  homogeneous  part 
again  satisfies  standing  waves  at 
"infinity"  and  is  regular  for  all  head¬ 
ings. 


The  homogeneous  solutions  of  both 
the  radiation  and  the  diffraction 
problems  are  multiplied  by  "interaction 
coefficients,  functions  of  the  longitu¬ 
dinal  coordinate,  that  are  determined 
after  the  matching  with  the  correspond¬ 
ing  outer  solutions.  Two  integral 
equations  are  solved,  in  that  context, 
for  the  unknown  three-dimensional  source 
distributions  along  the  ship  axis  that 
describe  the  outer  solutions  of  both 
problems. 

In  the  short-wavelength  limit,  the 
interaction  coefficient  of  the  radiation 
problem  vanishes  and  the  classical  strip- 
theory  solution  is  recovered  (sec 
Ogllvie  and  Tuck(l969))  At  the  same  limit, 
the  solutions  of  Choo  (1975)  and  Troesh 
(1976)  for  the  diffraction  problem  are 
recovered  for  oblique  waves.  The  sin¬ 
gularity  that  is  prese.it  in  these 
theories  for  head  waves  is  due  to  a  non- 
uniformity  that  is  present  when  the 
short-wavelength  approximation  proceeds 
the  transition  from  oblique  to  head 
incidence.  For  head  waves  the  Maruo 
and  Sasaki  (1974)  theory  is  recovered, 
apart  from  a  minor  analytical  differ¬ 
ence. 


For  water  of  infinite  depth  the 
incident  wave  potential  is  given  by 


exp(vz-iv(xcosS+ysintJ)l  ,  (2.1) 

where  A  is  the  wave  amplitude,  v»«Vg  is 
the  wavenumber  and  6  the  anale  of  inci¬ 
dence,  with  8-180*  for  head  Incidence. 

tot  to.,  j»3,5,7  be  the  complex 
velocitypotentials  associated  with  the 
unit  amplitude  heave  and  pitch  motions 
and  the  syiwietric  diffraction  problem 
respectively,  under  the  assumptions 
stated  in  the  Introduction,  the  three- 
dimensional  Laplace  equation  is  satis¬ 
fied  in  the  fluid  domain 


-  0,  (2.2) 

subject  to  the  linear  free-surface  condi¬ 
tion 


(2.3) 


end  the  body  boundary  condition  applied 
at  the  mean  position  of  the  ship  wetted 
surface  ? 


vz-lvxcos6 


,j-3,5 

•  cos(vysinB) >,  j»7 


(2.4) 
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where  rs  »  is  the  unit  nonaal 

vector  pointing  out  of  the  fluid  domain 
and  ng  ■  -xn^+zn, .  The  well-posedness 
of  the  previous  Boundary-value  problems 
requires  that  the  velocity  potentials 

represent  outgoing  waves  in  the  far 
'field  with  the  fluid  velocity  vanishing 
as 

In  the  next  two  subsections  the 
ship  slenderness  is  invoked  to  approxi¬ 
mate  the  flow  equations  in  the  outer  and 
inner  regions  respectively. 


2A.  Outer  Region 

At  radial  distances  comparable  to  or 
greater  than  the  ship  length,  the  flow 
is  insensitive  ro  the  ship  hull  ge<XDetry 
details  and  the  velocity  potential  can 
be  approximated  by  a  line  distribution 
of  three-dimensional  sources  along  the 
ship  centerline,  given  by 


<•4  <J</y/Z) 


qW?)  <?(x-C,y/2)dC,, 


where  v  is  the  characteristic  wavenum¬ 
ber  of  the  longitudinal  distribution  of 
the  hull  normal  velocity  <v  *0  for  the 
heave  and  pitch  notions  and®v  •-vcos6 
for  the  diffraction  problem) ,qj (x)  is 
the  slowly  varying  part  of  the  source 
strength  distribution  and  G{x-Cfy,2)  is 
the  velocity  potential  due  to  a  unit 
pulsating  source  located  on  the  ship 
axis  at  x«C«  In  order  to  natch  the 
outer  solution  (2.5)  to  the  correspond¬ 
ing  expression  of  the  inner  problem  we 
need  to  expand  (2.5)  for  small  vr, 
where  r  ■  (y^+z*)^.  It  is  convenient 
to  take  the  Fourier  transform  of  both 
sides  of  (2.5)  to  obtain, 


<'j  (y/Z;k)  •  (k)  G  (y,z;k-v^),  (2.6) 


For  small  vr,  v^r  and  kr,  G  can  be 
approximated  in  the  form 


G  (y,z;k-v  )  ■  Pe{G  (y,z;-v  )) 


with  an  error  factor  l+0(v*r*,v^*r*,k*r*) 
and  ° 


F*(k)  -  fn(|v^j|/Ik|)  +  (l-v^Vv“)’^ 

•  cosh"^(|v/  V  I)  -  Il-k*/v*|“*^ 


ifi+cosh’^(v/|k|/ 
cos"^  (v/|k| ) 


whore  the  upper  or  lower  term  in  brack¬ 
ets  is  applicable  according  as  v/!k||l 


Expression  (2.8)  is  a  ceneralization 
of  the  corresponding  approximation 
derived  by  Newman  (l'^78,  eq,  4.12) 
for  the  radiation  problem.  As  v  *0, 
the  combination  of  the  first  two®terns 
in  (2.9)  reduces  to  fn(2v/lk|). 
Furthermore,  G  (y,z>0)  ■  R2-(y,z)  is 
the  two-dimensional  source^j^tential 
that  satisfies  the  Laplace  equation, 
8ub5cct  to  the  linear  frce-surface 
condition  and  a  radiation  condition 
of  outgoing  waves  as  v|y}  ■*  »  .  Given 
that  Im(R^j^)  ■  ^  e''*cos(vy)  and  the 

fact  that  e'^*cos(vy)  m  (1+vz)  ll+0(v*r*)) 
in  the  regime  where  (2.R)  is  valid, ^  it 
follows  that 


G  (y,zjk)  -  R2jj(y,z)  -  ^(l+vz)f*(k)  , 


G  (y,z;k)  -  j  e*''*  G(x,y,z)dx 


lX£l!±^!2!;|2«!UCau. 

0 


f*(k)  -  fn(2v/|k|)  +  iti  -  ll-kVvM’’*. 

Tri+co3h"^(v/|kt)  ^2.11 

-w+cos"^  (v/|k|)_ 


which  is  identical  to  equation  (4.12) 
of  Newman  (1978). 
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for  the  diffreotion  problem, v  ■ 
-vcosB,  with  G  (y#z;-VQ)  ■  Djn  being 
the  corresponding  two-dimensional 
source  potential  that  satisfies  the 
Helmholtz  equation  **  ® 

and  the  same  frec-surface  and  radiation 
conditions  as  Zt  is  essential  to 

1  \)2 

point  out  that  Im(D2Q)*^sc0e  cos(vy3in6) 
is  singular  for  |cos6j"l  and,  as  opposed 
to  the  radiation  problem,  it  is  not  present. 
Thus,  the  inner  expansion  of  the  outer 
solution  for  the  diffraction  problem 
is  given  by  (2.6)  and  (2.8)-(2.9)  and 
is  regular  for  all  headings. 


dinate  stretching  sugaests  that 


2 

7x 


0(1), 


d  3 

?y 


0(c"^) 


(2.16) 


when  operating  on  defined  in  (2.5). 

Applying  (2.16)  in  (2.2)-(2.4')  and 
using  the  definition  of  ^j,we  obtain 
the  two-dimensional  modified  Helmholtz 
eauation 


'^jzz 


(2.17) 


In  summary,  the  inner  expansion  of 
the  outer  solution  transformed  back  in 
the  physical  x-space  takes  the  form 


❖j(x,y,2) 


q^(x) 


I  ^2D  1 


subject  to  the  free-surface  condition 

“0  on  z"0  ,,  (2.18) 

and  the  body  boundary  condition 


where  the  linear  operator  ^  is  obtained 
by  taking  the  Inverse  Fourier  transform 
of  (2.6).  Zt  follows  that 

■  qj(x)  lY  ♦  {  h(S)}' 


IW  ,,  j*»3,s 

^  ^(o'’*cos(vysin8)),  j-7 

(2.19) 

where  to  leading  order  in  c,n»(0,N5N3) , 
with  •  xNj. 

The  general  solution  of  (2.17)-(2.19) 
can  bo  obtained  in  the  form 


/  -Iv  (x-f)  , 

♦  Jd4  e  ®  {^gn(x-6)4n(2v|x-(;|) 

L 


-  '(‘jp  * 


(2.20) 


•(^+  iv^)qj(4)  -  ^  K(v{x-6)Jq^{C>i., 
(2.13) 

where  y-O.S?.,.  is  the  Euler  constant, 
h(6)"CSc6cosh’^  ( Isocfil  )-4n(2tsec6|)  (2.14) 


is  a  particular  and  a 
us  solution  of  (2.1?)-iS.19) 
respectively.  The  "interaction" 
coefficient  C..  (x)  is  presently  an 
arbitrary  function  of  x  that  will  be 
determined  from  the  matchina  with  the 
outer  solution.  No  radiation  condition 
needs  to  be  satisfied  in  the  inner 
region  since  the  outer  solution  already 
represents  outaoing  waves  at  infinity. 


where  J-, 
honogeneo 


K(x).Yg(x)  +  21  Jg(|x|)*  Ilg<|x|)  (2.15) 


with  the  upper  or  lower  terms  in  brack¬ 
ets  applying  for  the  radiation  (j*'3,5 
and  vo"0)  and  the  diffraction  (j»7  and 
V  •  -vcosS)  problems  respectively. 


2B.  Inner  Region 

At  transverse  distances  of  the  order 
of  the  ship  bean,  the  relative  order  of 
the  flow  gradients  in  the  longitudinal 
and  transverse  directions  arc  dictated 
by  the  respective  order  of  the  geometry 
gradients.  Assuming  that  both  the  y 
and  z  coordinates  are  of  0(e),  a  coor- 


Pollowing  Newman  (1978),  a  particular 
solution  of  the  radiation  prohlcm 
(j“3,5,  V  *0)  is  the  short-wavolonoth 
strip  theory  potential  that  satisfies 
outgoing  waves  as  vlyl***®.  The  homo¬ 
geneous  solution  can  be  physically 
regarded  as  the  interaction  of  two  inci¬ 
dent  symmetric  waves  with  the  ship 
section.  The  pure  imaginary  form  of 
the  body  boundary  condition  suggests 
that  +  Tj  is  a  horoaeneous  solu»-ion, 
where  the  ovorbar  stands  for  the  com¬ 
plex  conjugate  of  the  quantity  involved. 
Thus, 

•  Vj  "  4j+Cj(x)(^j+  ?^),  j-3,5  (2.21) 
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with  In  the  overlap  region,  at 

transverse  distances  large  compared  to 
the  ship  beam  but  still  snail  compared 
to  its  length  as  c-^O,  can  be  ex¬ 
pressed  by  their  effective  source 
strengths,  in  the  form 

'  (2.22) 

where  ^20  two-dimensional  source 

potential  that  satisfies  outgoing  waves 
as  vly|“*<».  Me  nay  thus  approximate 
in  the  overlap  region  as  follows,^  '  ^ 

-  2i  Cj(x)c^  (2.23) 

If  we  now  set,  ln(R,_)"i(l+v2)(l+0(v*r*)), 
the  outer  expansion^of  the  inner  solu¬ 
tion  becomes 

"  (Oj+C^  (x)  (Oj+o^  >>'>20 


the  ship  section,  and  is  obtained  in 
the  form 

^7H  “  ^  cos(vysin6)+<'p(y,z),  (2.29) 

where  <>0  is  constructed  by  using  the 
two-dimensional  source  potential  Pe(D2jj) 
that  represents  standing  waves  as 
vjyj-*»  and  is  regular  for  all  headings. 
Thus, 

^  cos(vysine)  (1-C2<x) ) 

+  C^(xH^(y,z).  (2.30) 

In  the  overlap  region,  iiy  can  be 
approximated  in  the  form 

^7  “  ■  ^  Il-C7(x)l (l+vz) 


+  C7(x)07(x)  Pe(D2j,) .  (2.31) 


-  i  C^(x)c^(Uvz).  (2.24) 

Comparing  (2.12)  to  (2.24)  the  match¬ 
ing  conditions  for  the  radiation  prob¬ 
lem  are, 

0^  +  C^<x)(Cj+0^)  ■  qj  (2.25) 

i  Cj  0^  •  ^  s£(qj).  <2.26) 

After  eliminating  Cj  from  (2.25)-(2.26),^ 
the  cuter  source  strength  q..  is  deter¬ 
mined  from  the  integral  equation 

q^(X)  -  (Oj/a^  +  l)^(q^) 


-  0^(X)  j-3,5,  (2.27) 

where  ^(q^)  is  given  by  (2.13)  with  v^-O. 

A  particular  solution  for  the  dif¬ 
fraction  problem  follows  easily  from  the 
body  boundary  condition  (2.19)  and  is 
equal  and  opposite  to  the  symmetric 
part  of  the  incident  wave  potential 

^  cosCvyolnB).  (2.28) 

The  head  sea  limit  of  V'-p  is  the  Icoding 
order  solution  in  the  snort-wavelength 
theory  of  Faltinsun  (1971), 

The  homogeneous  solution  again  re¬ 
sults  from  the  interaction  of  two  waves 
of  unit  amplitude  and  equal  phase  in¬ 
cident  from  opposite  directions  upon 


The  matching  requirements  aqain 
follow  easily  from  (2.12)  and  (2.31), 

C,  0^  "  q^  (2,32) 


f(l-C,)  .  ^/(q,).  (2.33) 


The  elimination  of  C*  from  (2, 32)- (2. 33) 
results  in  the  following  Integral 
equation  for 

*^7^’'^  S^(^7)-  *^7  (2.34) 

where  •^(q%)  is  determined  by  (2.13) 
with  v^— vcosB. 

The  solution  of  equations  (2.27)  and 
(2.34)  dotcrninos  the  outer  source 
strength  q.,  and  the  complete  inner 
solutions  follow  in  the  form 

5  ♦  l£lX  («,♦?.)  )-3,5  (2.35) 

7  7  O.+O,  7  J 


for  the  radiation  problem,,  and 
‘  ^  cos(vysin6)  (q^/o^- 1 ) 


♦♦o'*?/®? 


for  the  diffraction  problem. 
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3.  Short-Wavcicnqth  Approxigations 


For  wavelengths  corrparablo  to  the 
ship  transverse  dimensions  IvL»0(c“^)  as 
c-*0|,  It  is  possible  to  approximate  the 
linear  operator ^(q)  defined  in  {2.13) 
using  the  techniques  of  asymptotic 
analysis.  For  the  diffraction  problem 
and  -l^cosS<0,it  follows  that 


h/2 


■iv(C-x)(l*cos?) 


-•Ti<csce-  jisec  |l)q7<x)+0(v“^).  (3.1) 

The  details  of  the  derivation  can  be 
found  in  Sclavounos  U981) .  The  corre¬ 
sponding  appioximation  for  the  radiation 
problem  follows  from  (2.13)  and  (3.1) 
with  cosfi«0,  in  the  form 

q  (O- - -  dt 

*  ''  T  *  0(v''‘).  (3.2) 

Proceeding  v’lth  the  radiation  problem, 
the  integral  in  (3.2)  can  be  further 
approximated  for  large  v  in  the  form 


The  substitution  of  (3.3)  in  (3.2)  can¬ 
cels  out  the  first  two  terns,  with  the 
renaming  part  being  of  0(v*^).  Thus 
for  short  wavelengths 

qj(x)  •  Oj(x)  ♦  0(v‘'‘),  (3.4) 

and  strip  theory  is  recovered. 

An  approximation  similar  to  (3.3) 
applied  to  (3.1)  qives 

"  -”1  CbCS  q.j(x)  +  Oiv"**).  (3.5) 


The  approximation  (3.5)  is  singular 
for  head  waves  duo  to  a  nonuniformity 
that  \s  present  in  the  asymptotic 
approximation  of  (3.1)  when  l*cos6«0. 
Substituting  (3.5)  in  (2,34)  we  obtain 
an  algebraic  equation  for  q.^(x)  with  a 
solution 


=  0^/(1  +  ^  o^csce) . 


(3.6) 


Substituting  (2.33)  and  (2.32)  in 
(2.30)  and  using  (3.5),  wo  may  write 
the  outer  expansion  of  the  inner  solu¬ 
tion  in  the  form 

«  j  i  csc$  q^{x)  (l*vz)+q^(x)Ro(D2p) 

-  97  (X)  1)20' 


wheio  1+V2  ■  cos(vysine)  (l*0(v*r*) ) 

in  ‘he  overlap  region.  The  two-dirxjn- 
sional  source  potential  D20  satifics 
outgoing  waves  as  v|y|-*«  is  singular 
for  head  waves  and  corresponds  to  the 
Green  function  used  in  the  short-wave¬ 
length  strip  theory  derived  by  Choo 
(1975)  and  Troesh  (1976). 

In  the  hcad-sca  case  (0*180^),  (3.1) 
reduces  to(originally  due  to  Paltinsen 
(1921))  ,,/j 

i^(q,)  ■>  i  (1-1)  (»«)'*  [  (3.!!) 

X  (C-x)’ 


and  the  Maruo  and  Sasaki  (1974)  theory 
IS  obtained  apart  from  two  analytical 
differences;  the  H  factor  is  missinq 
in  their  theory  and  an  additional 
•ffi  a^(x)/2  tern  appears  in  their  eoua- 
tion^which  corresponds  to  (3.8)  that 
should  not  be  present  in  a  consistent 
short-wavelenath  approximation. 


4.  The  Two-Dimensional  Problem 


In  this  section  a  numerical  scheme 
for  the  solution  of  two-dimensional 
free-surface  wave  problems  in  water  of 
infinite  depth  is  described. 

The  application  of  spectral  tech¬ 
niques  to  the  solution  of  free-surface 
boundary-value  problems  is  in  aeneral 
restricted  to  simple  body  profiles. 
Urscll  (1949)  obtained  the  solution 
of  the  heaving  problem  of  a  circular 
section  In  water  of  infinite  depth  by 
using  a  sequence  of  sinoularities 
located  at  the  origin  of  the  axes. 

"ho  oxtcntion,  however,  of  this  method 
to  more  general  body  sections  has  not 
boon  yet  formally  established. 

An  efficient  numerical  technique 
to  treat  arbitrary  bodv  and  bottom 
geometries  has  been  developed  by  Young 
(Bai  and  Yeung  (1974)).  In  an  inner 
region  of  changina  topooraphy,  a  hybrid 
integral  equation  is  obtained  bv  applv- 
inq  Green's  theorem  and  usinq  the  funda¬ 
mental  logarithmic  singularity  as  the 
relevant  Green  function.  This  repre¬ 
sentation  is  then  matched  to  an  eigen¬ 
function  expansion  in  an  outer  region 
of  constant  depth.  Liapis  and  Paltinsen 
(1980)  extended  this  method  to  the  case 
whore  the  Helmholtz  couation  is  satis¬ 
fied  in  the  fluid  domain.  A  compre¬ 
hensive  survey  of  existing  techniques 
for  the  solution  of  two-dimensional 
free-surface  wave  problems  is  given  by 
Kehausen  (1974). 


(3.7) 


W^(r,6)  ■ 


+  K2jjj(4r)cos2n0 


+  2|sec6jK2^.j(ir)cos(2re-l)0 

(4.5) 

where  K  (x>  is  the  modified  Bessel 
function  of  order  n  defined  in  Abramowitz 
and  Stegun  (1964).  For  f"0,  M  sB- 
with  R2D  defined  in  Section  2,Snd'^^ 


■  5m=T  _2m-l 


Applying  Green's  theorem  in  region 
II  (ABCDA) ,  using  the  syiwnetry  of  the 
flow  and  the  free  surface  condition 
(4.2) ,  we  obtain 


The  present  approach  is  a  coupling  2"*  ^  \  (P)  (n^ ’V  )F(p,Q) 

of  a  nultipole  expansion  and  a  hybrid 

integral  representation,  valid  respoc-  “  ” 

tively  in  the  domains  I  and  11  of  Figure 

1,  separated  by  a  matching  circle  S®.  (  .. 

The  water  depth  is  assumed  infinite  and  +  {  ds(P)e^^ (P)((h_*V  )-v)P(P,Q) 

the  body  section  symmetric  with  respect  ^  ^ 

to  the  y-0  axis.  The  Helmholtz  equation  S_ 

IS  in  general  satisfied  in  the  fluid 
domain 

-  0,  (4.1)  -  f  <is(P).’{p,Q)  (n  •V„)«”(p) 

f  P  P 

subject  to  the  frcc-surfaco  condition 


^2  -  V  <>  •  0  on  z«0,  (4.2) 

to  a  general  body-boundary  condition 


ds(P)  F(P,Q)  V(p), 


(4.7) 


(n  •V)«  ■  v(p)  on  So  . 

P  n 


where  np  is  the  unit  normal  vector 
pointing  out  of  domain  11  and 


and  to  a  condition  of  standing  or  out¬ 
going  waves  as  v]y|-»«.  For  all  cases  of 
interest  0^  f  ^  v. 

Assuming  a  symmetric  flow  with  re¬ 
spect  to  the  y"0  axis,  wo  may  write 
the  velocity  potential  in  region  I  in 
the  form  (Urscll  (1949,  1968)) 

m"l 

where  do  is  the  effective  source 
strength,  Wq  is  the  relevant  wave 
source  potential  due  to  a  unit  source 
located  at  the  origin,  and  W_(r,0)  are 
wave-free  raultipolos.  For  /■  v}cos6l>0, 
W  ■Re(D,-,)  with  D-r,  defined  in  Section 
2?  and 


F(P,Q)  "  GCP.Q*)  ♦G(P,Q"),  (4.8) 

wit!i0*-  Q  lyinq  on  Sgl'SpliSjj  and  Q" 

being  the  symmetric  of  Q  with  respect 
to  the  yoO  axis;  0(P,Q)  is  the  velocity 
potential  at  P  due  to  a  fundamental 
unit  source  located  at  Q,  given  bv 

K  ‘““(■'pq)  ■  '"“I 

CIP.Q)  '1  .  (4.0) 

-F>'o«‘^pq>  ■  <'“1 

where  Kq(x)  is  the  modified  Bessel 
function  of  zeroth  order. 
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A  grid  is  selected  along  the  contours 
So,  Sp  and  Sp  with  the  velocity  potential 
^"assSmed  constant  along  the  seginents 
joining  two  consecutive  grid  points. 

Let  N_,  N„  and  Nr  bo  the  nuabet  of  seg- 
rRonts^alohg  Sp,  Sr  and  S  respectively. 
Taking  the  segment  lengths  to  be  of 
equal  length  along  the  matching  circle 
and  keeping  Np-1  terms  in  the  series 
(4.4),  the  vcrocity  potential  and 
its  r-derivative  4^  at  the  segment 
midpoints  can  be  written  in  a  matrix 
form 


where  s.  -  ?•> 

boundary  normal  velocity,,  the 
Kroncckcr  delta  and 

(4.17) 

with  i«l,..,N,^.  The  Influence  matrixes 
S..,  D.r  i,j  *  1,....N_  are  defined  as 
fMlowP 


s..  -  ds<P)F(P,Q^) 


«  B  1  ,  «•»!> 

^r  ' 

where  the  column  vectors  4^,  a  and  the 
matrixes  A  and  B  are  defined  as  follows 

-  {s'(R,0,) . s'(R.e.. 

1  f'R 


whore  (R,e,),  I'l . N.  ore  the  polar 

coordinates  of  the  segment  midpoints 
along  the  discretized  circle  S^,  with 
i' ^  decreasing  to  zero  as  i  increases. 

If  we  left-nultxply  both  sides  of 
aquation  (I. 10)  by  DA-1,  wo  obtain  a 
relation  between  the  velocity  potential 
$1  and  the  normal  velocity  4*  ,  m  the 
form 


.  I  dl(p)  (r5p-7p)F(P,Q^),  (I-IO) 


where4F(P,Q>  is  dofirod  in 
the  point  Q,  is  located  i.t  the  midpoint 
of  the  i-th^segment  and  the  intcarations 
in  (4.18)-<4.19>  are  performed  over  the 
3-th  segment  S^. 

The  matching  conditions  of  continuous 
pressure  and  normal  velocity  across  the 
matching  circle  Sp  can  be  expressed  in 


o'iR.Oi)  -  »"n 


«^(R,0,>  - 

where  i«l,...,NR  and  N*Np+Np.  Osing 
(4.20)-{4,2l)  and  (4.15)‘*in'tho  second 
sum  of  (4.10,  wo  end  up  with  a  matrix 
equation  for  4^^,  3«1,...,Ny 

{C-J  I-E)o"  •  s  V- 


We  next  proceed  to  the  discretization 
of  equation  (4.7).  The  velocity  poten¬ 
tial  at  the  midpoint. of  the  i-th  seg¬ 
ment  is  denoted  by  4,  ,  whore  the  in¬ 
dexing  starts  from  tnc  point  A  of  Fig. 

1.  It  follows  that 

j»l  j-Np+l 

N 

•  f  Sjj  Vj  ,  <-'•>« 

j-1 


a"  - 


V  .  IVj,  0,..,o|’’  1-1,. ..rHj, 


s  -  j 


i,3  •  I ,  -.^T 


I 


Nb 


j»l . N 


j»N+l,...,N, 


{4.?6) 


with  i«l,,..,N^  and  A»A^^, 
i/j»l,...,Ny  defined  in  (4.14). 


The  velocity  potential  «  along  the 
contours  Sg,  Sp  and  is  deternined 
from  the  solution  of  the  system  of 
equations  (4.22).  The  effective  source 
strength  a  in  (4.4)  is  obtained  by 
left-multiplying  (4.10)  by  A"^. 

The  present  scheme  is  free  from 
irregular  frequencies.  Purtherr>oro, 
only  one  evaluation  of  the  wave-source 
potential  Wq  is  necessary.  This  reduces 
substantially  the  total  computation  time 
required,  in  comparison  to  the  alterna¬ 
tive  approach  of  a  wave-source  distri¬ 
bution  on  the  body  boundary,  especially 
when  ^>0. 


The  described  technique  has  been 
applied  for  f*»vicos6|>0  in  the  context 
of  the  diffraction  problem.  Selecting, 
the  matching  circle  radius  R  lot  greater 
than  the  body-section  maximum  radius  and 
15,,  10  and  15  segments  on  S-,  S-  and  S.^ 

Ur  H 

respectively^ proved  to  bo  sufficient 
for  0  <  ^  i  TT,  whore  B  is  the  beam  of 
the  body  section.  The  sane  estimates 
arc  expected  to  hold  in  the  special 
case  of  /"O.  For  this  paper,  the  two- 
dinensional  solutions  of  the  radiation 
problem  arc  obtained  by  using  a  com¬ 
puter  program  duo  to  Yeung  (1975), 
based  on  his  hybrid  integral  equation 
technique. 


5.  Hydrodynamic  Forces  and  Motions 


where  is  the  complex  amplitude  of 
the  ship’s  displacement  and 

tjj  -  Ajj  -  hjj  -  Cjj  .  C 


The  coefficients  a..,  b..,  c,.  arc  real 
and  correspond  rcs^ctiWly  to  the  force 
components  in  phase  with  the  accelera¬ 
tion,  velocity  and  static  displacement 
of  the  ship.  The  added-mass  (a^^)  and 

daapina  (b.j)  coefficients  can  be 
derived  from  the  inner  velocity  potential 
(2.21)  of  the  radiation  problem  by  inte¬ 
grating  the  linearized  pressure  obtained 
from  Bernoulli’s  ccuation  over  the  ship 
wetted  surface.  It  follows  that 


-iwpj jnjC^ (x) («^+?^>ds,  (5. J) 


where  all  the  auantities  arc  defined  in 
Section  2B. 

The  first  integral  in  (5.3)  corre¬ 
sponds  to  the  strip-theory  contribution. 
The  second  intcoral  is  the  correction 
due  to  the  three-dimensional  interaction 
effects  Introduced  bv  the  unified  thoorv. 
As  V,  it  follows  from  (2.25)  and  (3.4) 
that  C  (x) *0  and  the  strip-theory  is 
i ccoverod , 

Proceeding  to  the  diffraction  prob¬ 
lem,  the  rosultina  complex  amplitude 
of  the  wave  excitinc  force  is  simply 

Tj  ■*  A  i-3,5,  (5.4) 

where  A  is  the  amplitude  of  the  incident 
wave.  Using  the  incidcnt-wavo  potential 
(2.1)  with  A»l  and  the  diffraction 
potential  the  unit-amplitude  ex¬ 

citing  forc6  X  can  be  expressed  in  the 
form  * 

X^  •  -iuD|j(^j  ♦  <j>y)  n^ds.  (5.5) 


The  quantities  of  interest  for  the 
evaluation  of  the  ship  motions  arc  the 
hydrodynamic  pressure  force  and  moment 
acting  on  the  ship  in  the  radiation  and 
the  diffiaction  problems.  For  a  ship 
undergoing  a  steady-state  small  ampli¬ 
tude  oscillatory  heave  and  pitch  motion 
in  an  otherwise  calm  free  surface,  the 
resulting  complex  force  amplitude  can  be 
written  in  the  form 


An  alternative  expression  can  bo 
obtained  by  using  the  Hashind  relations. 
Combining  the  body-boundary  condition 
(2.4) for  the  radiation  problem  and 
applying  Green's  theorem  in  (5.5),  wo 
obtain 

Xj  -  (5.6) 


i-3,5  / 


whored  is  the  radiation  potential  due 
(5.1)  to  the  i-th  node  of  oscillation.  With 

the  velocity  potentials  and^^  assumed 
known,  no  assumptions  are  involved 
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regarding  the  wavelength  or  the  body 
geometry  in  (S.5)  and  (5.6).  The 
advantage  however  in  using  (5.6)  is 
that  the  solution  of  the  diffraction 
problem  ic  not  needed  for  the  evaluation 
of  the  exciting  force  and  moment  of  a 
body  in  waves. 


where  mass,  M55  is 

the  ship  ponent  of  inertia  with  respect 
to  the  y-axis  and  due  to  the 

special  choice  of  the  coordinate  system. 
Substituting  (5.2)  in  (5.9)  and  rear¬ 
ranging  terns  we  get 


For  a  slender  ship,  the  inner 
diffraction  velocity  potential  defined 
in  (2.5)  and  (2.36)  is  used  together 
with  (2.1)  to  gi\’0 

Xj  -  <S.7) 

where  C-  and  are  defined  in  Section 
2B.  The  oorrespondlng  expression  for 
(5.6)  Is  obtained  by  substituting  the 
unlfled-thcory  radiation  potential 
(2.21)  in  (5.6).  If  follows  that 

-  -p|j(iwn^9j  -  )ds 

■*  pjj  "Trf  *  (S.8) 


As  the  interaction  coefficient 

C,(x)-*0  and  expression  (5.8)  reduces 
to  the  exciting  force  obtained  in  the 
strip  theory  ot  Salvescn,  Tuck  and 
Faltinscn  (1970).  The  short-wavelength 
limit  of  (5.7),  however,  does  not  lead 
to  the  same  result  since  the  slcnder- 
body  approximations  involved  in  (5,7) 
and  (5.8)  arc  different. 

The  relative  error  involved  in  the 
inner  diffraction  problem  is  a  factor 
l*0(e^vco88).  The  corresponding  error 
factor  for  the  radiation  problem  is 
l+0(€*)  for  all  wavelengths.  It  is  thus 
expected  that,  unlike  the  radiation 
velocity  potential  and  the  exciting 
force  (5.8),  the  accuracy  of  the  diffrac¬ 
tion  potential  C^7j(  and  the  corresponding 
exciting  force  (5.7)  decreases  with 
decreasing  wavelength.  This  is  support¬ 
ed  by  the  comparison  of  the  exciting 
force  and  moment  predicted  by  (5.7)  and 
(5.8)  with  an  exact  three-dimensional 
theory. 

The  equations  of  notion  follow  by 
equating  the  inertia  forces  to  the  sum 
of  the  pressure  forces  and  the  ship 
weight.  Combining  (5.1)  and  (5.4)  and 
taking  the  origin  of  the  coordinates 
on  the  ship  centerline  and  above  the 
center  of  gravity,  the  equations  of  the 
heave  and  pitch  motions  follow  in  the 
form 


,  ♦  AX,  ■  -u*  I 
J  i  j.3,5 


j“3,5 

.  AXj,  1-3,5.  (5.10) 

This  is  a  system  of  linear  cauations 
that  can  bo  easily  solved  for  the 
complex  amplitudes  Hj,  j-3,5. 

Niuacrical  computations  of  the  hydro- 
dynamic  forces  and  motions  were  per¬ 
formed  for  a  Series  60  hall  (Cg-0.7, 
parent  form).  The  Salvescn,  et  al, 
(1970)  strip-theory  results  arc  also 
shown  together  with  an  exact  three- 
dimensional  numerical  solution  by  Inglis 
(1980)  and  experimental  data,  where 
available. 

The  results  for  the  radiation  prob¬ 
lem  are  shown  in  Figures  2  and  3,  and 
arc  compared  to  experimental  data  of 
Gcrritsma  (1966).  The  agreement  be¬ 
tween  the  unified  theory  and  experi¬ 
ments  IS  very  good  both  lor  the  hydro¬ 
dynamic  force  distribution  (Figure  2) 
and  the  addod-mass  and  damping 
coefficients  (Figure  3  adapted  from 
Newman  and  Sclavounos  (1980) ),  and 
indicates  a  notable  improvement  over 
strip  theory.  The  deviation  of  a^e 
from  the  experiments  that  occurs  at  low 
frequencies  is  supported  by  the  excel¬ 
lent  agreement  between  the  unified 
theory  and  the  exact  three-dimensional 
solution  of  Inglis  (1980)  for  all 
frequencies. 

The  slowly  varying  sectional  hydro- 
dynamic  force  distribution  for  the 
diffraction  problem  is  given  by 

F^(x)»  ■luf'AC7(x)|  i;i.^unjdl.  (5.11) 

C 

The  corresponding  expression  for  the 
Salvescn  et  al.  (1970)  strip  theory  is 
obtained  from  (5.8)  with  C^(x)^0,  in 
the  form 

I 

c 

e'^^cos(vysinP)dl ,  (5.12) 

where  all  the  quantities  in  (5.11)  and 
(5.12)  are  defined  in  Section  2B,  The 
results  for  FI  and  the  an^lltudes  of 
the  exciting  force  and  moment  shown  in 
Figures  4  and  5  respectively,  indicate 
that  the  strip-theory  predictions  are 
in  general  higher  than  those  of  the 
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unified  theory. 

The  two  expressions  of  the  exciting 
force  and  nonent  (5.7)  and  (S.8),  de¬ 
rived  respectively  by  pressure  integra¬ 
tion  and  using  the  Haskind  relations# 
compare  well  with  each  other#  being  in 
closer  agreement  for  smaller  values  of 
vicosgl.  For  head  waves#  both  agree 
well  with  the  experimental  data  of  Vugts 
(1971)  and  the  three-diteensional  solu¬ 
tion#  with  a  relatively  more  favorable 
agreement  of  (5.8)  with  the  theory  of 
Inglis  (1980). 

Finally#  the  motions  of  the  ship  free 
to  heave  and  pitch  are  presented  in 
Figure  6#  where  comparisons  are  made 
with  three  different  sets  of  experi¬ 
mental  data  due  to  Nakamura  (1966)# 
Shintanl  U966)  and  Yamanouchi  and  Ando 
(1966).  For  the  model  tested#  the 
center  of  gravity  is  taken  at  the  origin 
of  the  coordinates  and  the  longitudinal 
radius  of  gyration  is  taken  equal  to 
1/4  of  the  ship's  length  L. 

All  theories  agree  well  in  general 
with  the  experiments#  except  for  short 
waves  at  The  conclusions  drawn 

for  the  exciting  forces  and  mcments 
predicted  by  (5.7)  and  (5.8)  remain 
unchanged  for  the  respective  ship  motion 
amplitude  predictions,  since  the  added- 
mass  and  damping  coefficients  are  the 
same  in  the  two  versions. 


data.  The  strip  theory  predicts  well 
the  motion  an^litudes  and  phases  but  is 
in  less  satisfactory  agreement  with  the 
other  theories  and  experiments  for  the 
hydrodynamic  coefficients  and  the 
exciting  forces. 

The  integral  equations  (2.27)  and 
(2.34)  are  solved  by  iteration  and  the 
solution  obtained  in  this  manner  has 
been  checked  against  an  independent 
matrix  inversion  solution.  The  computa¬ 
tion  tine  required  for  this  task  is 
minimal#  leaving  the  solution  of  the 
two-dimensional  problems  as  the  main 
computational  effort  involved  in  the 
unified  theory. 
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nqurc  2  -  Lonsitudlnol  distribution  of  the  ndded-nass 
hydrodynaoto  fotoo  for  a  Series  60  hull  (Cg-0.7>  at  i/I. 


and  danping  sectional 
-  1.706,  0.758  and  U-0. 
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riguro  3  >  >!cavo  and  pitch  addcd-nass  and  dairping  coefficients  for  a  Scries  60 
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Figure  S  •  Heave  and  pitch  exciting  force  and  moiront  amplitude  for  a  Scries  60 
hull  (Cg"0,7)  fixed  in  head  (6"180*)  and  bow  (6"135*)  waves  at  t'^O. 
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OISCUSSiON 
of  ths  paper 
byPO  S^vounos 


THE  INTERACTION  OF  AN  INCIDENT  WAVE  FIELD 
WITH  A  FLOATING  SLENDER  BODY  AT  ZERO  SPEED 


Discussion 
by  '■}.  Geer 

The  inner  expansion  you  use  {by  chopping 
the  Oxx  valid  over  oost  of  the  region 

near  the  body,  but  not  near  the  er^s  of  the  body 
(i,e.  near  the  bow  and  stern).  In  these  regions 
a  separate  inner  expansion  is  needed  or  sose  kind 
of  unifom  expansion  should  be  coployed.  However, 
your  results  look  very  good  and  certainly  agree 
well  with  expericents.  Can  we  conclude  from  this 
that  ’c.xi  effects"  are  sinply  not  iaportant  In  the 
types  of  probleos  you  are  considering  here  ? 

Author’s  reply 


The  author  wishes  to  thank  Prof.  Geer  for 
his  interesting  corments  on  a  sensitive  aspect 
of  slendcr«body  theory. 

In  response  to  the  concluding  statesent  of 
Prof.  Geer,  I  woulk  like  to  point  out  that  "end 
effects'  are  indeed  unitsportani  in  the  prediction 
of  the  linear  hydrodynaoic  forces  on  a  ship  inter¬ 
acting  with  waves  at  aero  speed.  This  is  oainly 
duo  to  the  fact  that  the  oain  contribution  to 
the  integrated  forces  results  from  the  pressure 
integration  along  the  ship  aiddle  body.  This  is 
especially  true  for  the  nodes  with  sectional 
force  distributions  of  the  same  sign  in  the  fore 
and  after  part  of  the  body  and  for  conventional 
ship  foros  with  small  bean  at  the  ends.  Moreover 
in  the  aero-speed  problem  the  free-surface  condi¬ 
tion  is  exactly  satisfied  in  the  near  field.  This, 
confined  with  the  oood  aoreenent  with  experiments 
of  the  unified  theory  predictions,  in  a  way  vali¬ 
dates  the  sensitivity  of  the  solution-accuracy 
on  the  use  of  the  exact  free-surface  condition. 
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RADIATION  FORCES  ON  SHIPS  WITH  FORWARD  SPEED 


Ronitd  W.  Yeung  and  Sea-Heon  Kim 
Masaachuaetts  Inatitute  of  Technology 
Cambridge.  Maaaachuaetta 


Abstract 

This  paper  presents  a  new  forrulation, 
based  on  an  integral^equation  technlfpie,  for 
solving  the  radiation  forces  duo  to  a  noving 
ship.  This  approach  does  not  require  the  cod« 
plcx  thieo-dinensional  solution  of  the  original 
problcn.  By  taxing  a  fixed  fraae  of  reference 
and  by  letting  the  ship  picrco  through  a 
sequence  of  control  planes,  the  fot>>ard>spced 
effects  on  the  frcc«surfaco  condition  can  be 
included  in  a  quasi-threc'dimcnsional  Banner. 
Tho  field  equation  is  still  two-dimensional, 
after  exploiting  the  slenderness  aasuieptron. 
but  the  hydrodynasic  problca  is  unsteady.  An 
Integral  relation  describing  the  flow  on  the 
control  plane  is  obtained  by  applying  Orecn's 
theoren  to  the  tiao^derivative  of  tho  potential 
and  to  a  Crcen  function,  satisfying  tho  linear* 
Isod  unsteady  fr«e*surface  condition  and  tho 
proper  Initial  conditions.  Tho  nunorical 
rc<iults  are  given  for  the  half*lmcrsed 
spheroid  and  the  destroyer  hull.  Tho  present 
method  provides  an  Inprovement  over  tho  strip 
theory  predictions  at  low  and  noderato  frequ¬ 
encies. 

I.  Introduction 

Oceangoing  ships  are  designed  to  operate 
in  a  va’.*o  envlronnent  which  is  quite  irregular 
in  nature.  However,  prediction  of  ship  notions 
and  tho  dynanlc  sea  loads  is  such  a  coaplex 
problem  that  the  early  research  In  ship  hydro* 
dynaalcs  was  devoted  prinarily  to  operations 
in  calB  water.  Since  the  well-known  paper  of 
St.  Denis  and  Pierson  (1951)  on  tho  application 
of  tho  principle  of  superposition  to  tho  ship- 
aotlon  problca,  there  nas  been  auch  dcvelopnent 
in  both  experiacntal  and  theoretical  offorts 
for  the  shlp-Botion  problea  in  regular  waves, 
which,  by  linear  superposition,  is  ultiaatoly 
applicable  to  an  irregular  seaway,  with  tho 
assunption  of  saall  unsteady  aotlons  of  tho 
ship  and  of  tho  surrounding  f)uid,  tho  ship 
notion  problen  can  be  dccoeiposcd  linearly  into 
two  problcasi  tho  radiation  problen  and  tho 
diffraction  pzeblea.  Thus,  wo  can  consider 
separately  the  radiation  problca  where  tho  ship 
undergoes  prescribed  oscillatory  notions  in 
otherwise  cala  water,  and  tho  diffraction 
problea,  whore  incident  waves  act  upon  tho  ship 
in  its  steady-stato  equlJlbriua  position.  Tho 
present  paper  is  concerned  only  with  the  fomer 


problem,  and  is  restricted  to  the  solution  of 
the  radiation  problea  for  forced  heave  and 
pitch  notions  of  tho  ship  which  is  aoving 
steadily  with  constant  forward  velocity  U. 

Tho  strip  theory  for  heave  and  pitch  aotions 
in  head  waves  of  Korvln-Kroukovsky  and  Jacobs 
(19S7)  was  tho  first  motion  theory  utilizing 
tho  two-dincnslorial  results  as  an  approxiaation 
for  the  threo-diaensional  ship-motion  problea. 
They  solved  two-dimensional  boundary-value 
probleas  for  each  cross-section  of  tho  ship. 

Tho  two-diacnslonal  solutions  were  then  adjust¬ 
ed  to  include  certain  three-dimensional  forward 
speed  effects  based  on  intuitive,  physical 
arguments.  Even  though  their  theory  was  deriv¬ 
ed  aaiiily  froo  “physical  intuition"  rather  than 
a  rational  aathoaatics.  thoro  is  no  doubt  that 
this  original  strip  theory  deserves  rts  recog¬ 
nition  as  one  of  the  most  significant  contri¬ 
butions  in  tho  field  of  soa)ceepin9.  This 
original  strip  theory  gives  generally  satis¬ 
factory  agreement  with  experiaents.  for  the 
heave  and  pitch  motions  of  the  ship  in  head 
waves.  But  the  cross-coupling  coefficients 
in  the  theory  of  Xorvin-Xroukovsky  and  Jacobs 
did  not  satisfy  the  symaotr/  relations  proved 
by  Timaan  and  Newaan  (1962) ,  and  that  has 
raised  a  major  objection  to  this  theory.  This 
original  strip  theory  has  since  been  a^iflcd 
and  extended  by  many  authors.  For  example,  a 
aodified  strip  theory,  which  includes  the  for¬ 
ward-speed  effects  on  the  cross-coupling  terms, 
was  used  for  tho  evaluation  of  head-sea  notions 
by  Cerritsaa  and  Bcu)(olaan  (1967).  Their 
calculation  yields  good  agreement  with  oxperi- 
nents  (Gorrltsaa  and  Bcukelaan,  1964.  I9b7, 
and  Salth,  1967).  Salvcscn  ot  al.  (1970) 
provided  yet  another  fonaulatlon  with  the 
forward-speed  effects  through  tho  hull  boundary 
condition}  the  hull  boundary  condition  is  rep¬ 
resented  in  teras  of  the  oscillatory  motion  of 
tho  ship  within  a  steady  flow  field  generated 
by  its  steady-state  forward  motion.  But  tho 
frco-surfaco  condition  in  their  fotmulatlon 
turned  out  to  bo  independent  of  the  ship's 
forward  speed. 

Zt  shoilld  be  mentioned  that  Ogilvle  and 
Tuck  (1969)  derived  a  completely  new  strip 
theory  for  head  seas  by  using  slcndor-body 
theory.  By  consistently  retaining  tho  higher- 
order  teras  of  relative  magnitude  in  their 
perturbation  analvsis,  c  being  the  slenderness 
parameter,  Ogilvle  and  Tuck  ob  ained  tho 
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Additioruil  contributions  to  the  cross-ccupling 
coefficients.  These  additional  contributions, 
represented  by  socae  Integral  teras  over  the 
free*surface,  are  essentially  due  to  the 
forward^speed  effects  on  the  fr$e*surfaco 
condition.  Faltinsen  (1974}  noted  that  better 
agreexaent  with  experiments  was  achieved  by 
using  the  Ogilvie-Tuck  cross-coupling  co¬ 
efficients.  &ut  Ogilvio  and  Tuck  did  rot  get 
certain  teras  proportional  to  tho  speed 
squared  in  the  pitch  addod-aass  and  daapirtg 
coefficients  which  are  present  in  the  co¬ 
efficients  of  Salvesen  et  al«  These  teras 
were  discarded  as  higher-order  effects  in  the 
particular  perturbation  schcae  of  Ogilvie  and 
Tuck.  Another  new  theory,  which  cabraccs  the 
ordinary  slender-body  theory  and  strip  theory 
applicable  respectively  in  the  low  and  high- 
frequency  limit,  has  been  developed  recently 
by  Newaan  (1978).  Xn  this  so*«allcd  unified 
theory,  the  flow  field  1$  divided  into  two 
regions}  an  inner  region  close  to  the  hull  and 
an  outer  region  far  apart  fren  the  hull.  The 
flow  in  the  near  field  is  two-diaensional, 
satisfying  tho  two^iacnsional  Laplace  equa¬ 
tion,  and  the  linearized  time-hamonic  free- 
surface  condition,  together  with  the  hull 
boundary  condition.  Tno  fully  three-diaensiofr- 
al  flow  in  tho  outer  region  satisfies  the 
three*dliaensional  Zaplacc  equation,  subject  to 
the  ccoplete  lineaxized  free-surface  condition 
and  the  radiation  condition  at  infinity,  Tho 
complete  solution  is  obtained  by  aatching 
outer  and  Inner  solutions  in  a  suitably  defined 
overlap  region.  The  unified  theory  was  applied 
to  the  motion  of  the  floating  spheroid  for  the 
special  case  of  zero  forward-velocity  (Kays, 
1978),  and  to  the  forced  heave  and  pitch 
motions  of  the  ship  in  head  seas  (Newman  and 
Sclavounos,  1980).  Tho  eccpuutlcnal  results 
are  in  quite  satisfactory  agreement  with 
experiments.  However,  it  is  worthwhile  to 
point  out  that  tho  free-surface  condition  in 
tho  inner  problce  does  not  include  any  forward- 
speed  effects,  while  the  hull  boundary  condi¬ 
tion  docs. 


characteristic  lines  defined  in  his  formulation, 
with  interactions  propacated  downstrean  by  the 
free-surface  condition. 

In  the  present  formulation,  it  is  assumed 
that  the  ratio  of  speed  of  ship  to  the  wave 
celerity  is  greater  than  1/4,  «  wO/g  >  1/4; 

there  is  no  wave  radiation  ahead  of  the  ship 
and  the  interactions  due  to  the  motion  of  the 
adjacent  cross-sections  propagate  downstream 
only  (Wehausen  and  taitone,  I960).  By  letting 
the  ship  pierce  through  a  sequence  of  control 
planes  defined  in  a  fixed  frame  of  reference 
and  by  solving  tho  initial  boundary-value 
problem  on  a  control  plane,  the  forward-speed 
effects  on  the  frce-surface  condition  can  be 
included,  in  a  ouasi-three-diaensional  manner, 
in  this  approach.  The  field  equation  on  the 
control  plane  reduces  to  the  two-dimensional 
one,  after  exploiting  the  slenderness  assump¬ 
tion,  but  the  hydrcdynaaic  problem  i  unsteady 
even  for  time-hamonic  pitching  and  heaving 
motions.  Since  no  outer  matching  is  used  in 
this  fonculation,  the  exact  thrcc-dimenslon- 
ality  cannot  be  reproduced.  The  resulting 
mathematical  problea  is  similar  to  Chajxun's, 
even  though  the  approach  is  different.  A 
numerical  procedure  based  on  Integral-equation 
method  has  been  developed  for  solving  such 
unsteady  probleas  and  applied  to  the  calcula¬ 
tion  of  threc-dlmcnrional  added-aass  and 
damping. 


H,  Mathetaatlcal  Fomulation 

Ke  consider  two  right-handed  Cartesian 
coordinate  systems,  with  •  <x^»y.,t.)  fixed 
in  space,  and  ■  (x,y,z>  ^moving  In  steady 
translation  with  the  mean  forward  velocity  U 
of  tho  ship.  Let  z  •  0  be  the  plane  of  un¬ 
disturbed  free  surface  with  the  Xj,-axl8  posi¬ 
tive  in  the  direction  of  the  ship's  forward 
motion,  and  z  -axis  pointing  upwards.  Thr 
steady-moving^coordinato  system  is  defined  by 
the  transformation  (Figure  1). 


Tho  conventional  strip  theory  is  deficient, 
since  the  forward-speed  effects  are  taken  into 
account  only  through  tho  hull  boundary  condi¬ 
tion,  while  the  free-surface  condition  in  such 
procedure  is  custcmarily  taken  as  tine  harmonic 
with  no  forward-speed  dependence.  However, 
ono  will  not  expect  tho  time  harmonic  frcc- 
surfacc  condition  in  two  dimension  to  rceain 
physically  valid  if  tho  characteristic  time 
associated  with  tho  ship  speed  is  comparable 
to  the  period  of  oscillation.  Chang  (1977) 
has  developed  the  numerical  technique  for 
calculating  the  linearized  three-dimensional 
ship  sntion  problaa.  Xn  a  fully  three- 
dimensional  theory  of  Chang,  the  effect  of 
forward  speed  on  tho  free-surfaco  condition 
was  taken  into  account  by  modifying  the  funda¬ 
mental  singularity.  The  results  show  satisfac¬ 
tory  agreement  with  tho  oxperiEtents  and  also 
qivo  an  iaproveaent  over  tho  strip  theory  pre¬ 
dictions.  A  cewlenentary  two-dimensional 
approach,  which  includes  the  forward-speed 
effects  on  the  free-surfaco  condition,  was  in¬ 
itiated  by  Chap«Min  (1975,1977).  The  flow  at 
oach  cross-section  of  tho  ship  was  analyzed 
in  a  quasi-two-dimensionat  manner  along  the 


*  •  (x^-  Ut  ♦  m,  z^)  .  (l> 


In  the  context  of  Irrotational  flow,  it 
is  not  difficult  to  show  that  tho  linearized 
problea  for  tho  velocity  potential 
t)  is  doflntd  by 


tY^fZ  ,t>  •  0,  in  the  fluid 
®  **  do(naini  (2) 


(3) 


(4) 


»*ero  S  is  tho  inatantanecus  sutmerged  portion 
of  the  ship's  surface,  i  tho  local  velocity  of 
tho  ship's  wetted  surface,  and  n  an  outward 
normal  to  the  fluid.  Another  alternative  to 
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Figure  1.  The  Reference  Praac 


<3)  vis  given  by  Tinun  and  Kevnan  (1962), 
which  replaced  the  instantaneous  position  S 
of  the  shlpj_^s  wetted  surface  by  its  steady- 
state  ncan  ?,  A  consistent  derivation  then 
yields. 


(3  4  7*  (a  w}  )«n  .  <5) 


where  W  ■  U7(r-x)  is  the  velocity  vector  of 
the  steady  flow  relative  to  the  aovlng  frame 
of  reference,  with  T  being  the  disturbance 
potential  of  the  steady  flow,  and  3  la  the 
local  oscillatory  displacement  of  the  ship's 
wotted  surface.  Since  3  is  a  small  oscillatory 
quantity,  this  vector  displaceacnt  can  be 
expressed  as 


3  •  ^  ^  x  X  ,  (6) 


whore  {  and  ^  denote  the  unsteady  translation 
and  rotation  of  the  ship  relative  to  the 
origin  x  ••  0,  Now  wo  introduce  two  smill 
parameters  i  and  6,  where  c  represents  the 
slenderness  ratio  of  the  ship  hull  (bean  b 
or  draft  T  to  length  ratio),  and  d  the  ship 
oscillatlon-amplitudo  to  the  transverse 
dimensions  ratio,  both  assumed  to  be  snail, 
i.e,  c,d  <<  1,  Thus,  the  unsteady  velocity 
potential  d  can  bo  deconposed  linearly  into 
separate  ccoponcnts  duo  to  each  of  six  rigid- 
body  motions  t  ar.d  (1.  In  this  paper,  wc 
restrict  our  attention  to  the  case  of  pitch 
and  heave  motions  only,  both,  as  stated 
earlier,  assumed  small.  Kenco,  we  write 


d  -  63  ♦  ,  (7) 


lAoro  and  dj  are  the  velocity  potentla*a 
duo  to  the  heave  and  pitch  motion  res}'ectiv.»ly. 

In  the  inner  region  where  (y,z)  •  0(e>  and 
X  •  0(1),  the  velovity  potential  is,  fo  the 
leading  order,  the  solution  of  the  following 
boundary-value  problem  in  sp>ace-flxed  I'cordina- 
tes* 


^2j^dj(y^,*^,tjx^)*0  ,  ^  <  •,  Zj,  <  0>  (6) 

5^!b,o  ‘"S"’")  ' 

6j(t(y^»0,t)X^)  4  *  0,  for  3  -  3,5,  (10) 


where  ?(t)  is  the  timc-aveiaged  ship's  wetted 
surface  p>rofile  at  x  -constant,  the  two- 
dimensional  unit  vector  normal  to  F(t),  and 


the  geometrical  Quantities  n.  and  n. 
become,  to  the  leading  order;  ^ 

(3-3,5) 

"5  ■ 

-xn^  ♦  0(c>  , 

(ID 

"3  ■ 

-Vy.  ■  "3*..  *  ■ 

(12) 

”5  ■ 

-xnj  ♦  n^  ♦  0(c)  , 

(13) 

The  heave  and  pitch  notions  of  the  ship  are 
denoted  uy 
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(14) 

Cjit)  -  , 

,  1  -  A' 

(15) 

vher«  C?  and  C?  co*^>lcx  heave  and 

pitch  a^litudes’of  the  ship,  respectively, 
and  u  is  the  angular  frequency. 

Consider  solving  the  inner  problea  on  a 
control  plane  x  •constant,  where  different 
X  will  correspond  to  different  planes.  If 
t»0  corresponds  to  the  time  when  the  ship 
pierces  the  plane  x.*0,  if  x  "constant 
characterizes  the  control  plane  In  front  of 
the  bow  at  t*0  (Plgure  1) ,  then 


X  -  (x  ♦  Ut  -  L/2,y,z)  -  (0(t-t*),y,z)a6a> 
0 

t»  •  <x  -  L/2)/U  <16b> 


where  t*  evidently  represents  the  relative 
tl»w  on  the  control  plane  since  it  was  first 
pierced  by  the  bow.  The  boundary  conditions 
(9),  expressed  In  teras  of  space-fixed  coordi¬ 
nate  systca  in  plane  x^  and  relative  time  t*, 
are  therefore) 


for  and  as  well  as  the  associated  free- 
surface  elevation  becocac  identically  zero.  In 
teiss  of  and  ix,  the  solution  of  the  inner 
pr<^lea  can  now  be  expressed  as: 

.  »3<f)  ♦  ijlf)  <19b) 

The  principle  task  is  therefore  reduced  to 
solving  for  the  ccctpXex  velocity  potentials 
P*  and  p,  which  have  identical  condi¬ 

tions,  except  for  the  hull  bouiidary  condition. 
Note  that  the  effect  of  the  control  plane 
variable  x  is  aatooatically  absorbed  in  the 
exp(iwx  M  factor  in  (19) ,  which  reflects 
that  ea$h  control  plane  has  identical  ti«e 
histories  of  the  hull  shape  Srt*>  aixl  their 
solutions  are  related  sltaply  by  a  phase  factor. 
ProQ  the  practical  viewpoint,  this  neans  that 
one  "sweep*  of  the  solution  in  relative  tiae 
will  generate  the  potential  op  the  entire  hull 
for  all  t. 


Whore  8(t*)  is  the  Intersectlon^of  S  with  the 
control  plane,  bet  '('*(t*>  and  ijijlt*)  bo  the 
transient  solutions  ot  the  initial  boundary- 
value  problen  which  satisfies  the  two-dloen- 
sional  Laplace  equation  (8) ,  subject  to  the 
unsteady  frce-surface  condition  (10)  and  the 
following  hull  boundary  conditions  on  8(t*) 


Iwt* 

•  e  n^  , 

<18a) 

l«t» 

•  -xe  Oj  , 

(18b) 

l«t* 

■  0  m^  , 

(160 

-  -XO  m3  . 

(18d) 

Since  it  was  assumed  that  there  was  no  radia¬ 
tion  ahead  of  the  ship,  the  Initial  cor^ltlon 


where  8(t*)  is  the  steady-state  tine-averaged 
boundary  contour  of  the  ship's  wotted  surface 
at  X  -constant,  and  N  denotes  the  two-dimen¬ 
sional  unit  vector  normal  to  8(t*>  in  the  y^- 
Xq  piano  (see  Figure  2).  The  linearized  free- 
surfacc  olevatlon  V  related  to 

0  byi 


(24) 


An  integral  equation  for  0  can  bo  derived  using 
Volterra’a  method.  To  accomplish  this,  it  is 
necessary  to  introduce  an  unsteady  Green  func¬ 
tion  G  of  the  form* 
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G(P,Q,t*-t)  •  log  r/rj  ♦  ,  (25) 


vher«  r  is  the  distance  between  the  field 
jpoint  P  ■  and  the  source  point  Q  • 

r.  t^  distance  between  the^ficld  point 
and  tlte  Ii&age  of  the  source  point  Q  • 
and  t  is  a  dumy  title  variable  representing 
the  instant  G  brought  into  existence.  The 
function  H  is  to  be  haraonic  in  the  fluid  doei« 
ain  and  to  be  so  constructed  that 


C^^(Pjh,0;t*-T)  ♦  gG^  •  0 

(26) 

C(P;n,0j0)  •  G^(P}ri.0;0)  -  0 

(27) 

idiich  vanishes  at  the  upper  liait,  T*t*,  be¬ 
cause  of  (27).  To  avoid  solving  an  intogro- 
differential  equation,  we  integrate  the  body 
terns  by  parts  once.  Hence 


2t#(P,t*)  -  2ie 


(P,0)  -  [  ( 

■>8(t*) 

C{P,0,t*)d8  -  (y(»)/0)G,(P;n,0»t*) 

-  Y  aldn  ♦  I  -  t  !o(p,5,o: 

>e(f)  ’  ” 

-P'l  ■ 


t*(Q»t)  i 


■  »  ,lH,ds  (29) 


Zo 


figure  2.  The  Inner  Problen  near  the  Ship  Hull 


If  wo  apply  Green's  second  identity  to 
$f(P,T)  vvi  G,  and  Integrate  the  resulting 
expression  froa  x-O  to  T«t*,  then  for  P  i  S(t*), 

( 

2«(9(P,t»>-«(P,0))  •  I  dx  ds(Q)(e  (C,x)>‘ 

'0  J6(t*)  ' 

0  I  »  [  <Jt  f  dn  X 

>0  '^(t*> 

(*,(l.0,l)Cj  -  ‘jjdj.g  H8) 


Also  froa  Green's  thcorea 

^6(t‘> 


f  a 

•1"'! 

^0  ^6... 

f-b(0>  fb(t»>  /t* 

■'b(O)  '  '  '  °  Jo 


It  -  9  iH.ils  • 


where  3/3v  •  N<0/dn,  3/3C}«  and  F  is  the  un¬ 
disturbed  free  surface.  By  (22).  (24),  and 
(26),  the  bracketed  quantity  evaluated  at  6*0 
can  be  written  as 


(e(b,0.x)lH^(P>-b,0>t*-x)  ♦  H^(p>b,0»t»-X)| 
-  Y(b,x) (H^ (P>-b,0>t*-T)4H^ (Pjb,0it*-t> ) (30) 


-  St<=>:.0  ■  -  It  *,=.  ’  \=It.o 

_  3  #„_  _i 


whore  the  symotry  of  the  profile  is  used; 
*<-b,0,T)  •  e(b,0,T>  and  Y(-b,0,x)  •  y(b,0,x). 


$03 


The  equation  (29)  is  almost  in  the  same  fona 
as  one  obtalrcd  by  Yeung  (1981)  in  his  problem 


rel4tcd  to  th«  tr«nslent  notion  of  a  tvo- 
dieensional  cylinder. 

He  $h«ll  now  explain  the  physical  nature 
of  the  various  inhc«E^eneous  tens  In  (29). 
Let 


to  «  potential  field  induced  by  Y^(n.O)  on 
C«0.  Thus,  the  ecs^ination  of  tp  and  «p 
represents  essentially  the  ‘dlfraetlon* 
potential  due  to  the  presence  of  the  ship  which 
•oves  with  consult  forward  velocity  U,  during 
the  evolution  of  a  Cauchy-Polsson  wave  systea. 


1(«)  •  2s« 
/t* 


(P,Q,0)dS 


(P,t*)  -  I  ft 

^8(f) 

-  I  dr  I  *(Q,t)»,^(P,Q,t*-t)ds  - 
U  ^8(t>  ' 

r-b(O)  /b(t*)  ft*  ^ 

).b(f)  Jb(0)  '  )«  <” 


ror  the  problem  at  hand,  we  have  assuacd 
that  the  fluid  Is  Initially  at  rest  isA  that 
there  is  no  radiation  ahead  of  the  ship: 

<  •  wu/g  >  1/4,  there  exist  no  disturbances 
upstream  except  an  exponentially  decaying  one 
(Hehausen  and  Laltone,  1960).  Thus,  it  is 
only  necessary  to  solve  for  ftg,  whoso  subscript 
will  be  oaitted  henceforth.  M  integral 
equation  for  ft  on  8(t*)  can  be  readily  obtained 
by  letting  P  approach  8(t*).  The  net  effect 
is  that  the  factor  2»  in  (31)  is  now  replaced 
by  s.  If  we  define 


-  Y(b,T)lH^(Pj-b,0:t*-t)  ♦  H^(P:b,0jt*-T>I) 

(31) 


The  potential  on  the  control  plane  at  relative 
tlm  t*  can  bo  decosposed  into  a  sua  of  three 
separate  effects  as  follows: 


I  («.1  •  •[  )G(P,2,0)ds 

»  J8(f)  ^ 

♦I  <1*  I  (P,$,t' 

^0  ^8(t)  ^  ® 

Mft»  )  •  I  Y(n,0,0)H,<P:n,0jt*>di 
h  JF<t*)  ^ 

t(ft»  }  ■  1  Y.H(Pjn,0:t*)dn  ♦  2t«{P,0) 
*^2  ^r<f)  ' 


(32a) 

<32b) 


^8<t*) 


lft(Q»0)  TT  •  G(P,0,t*>ds 


•  (  «('»,o,o: 


H,,(P:n,0:t*>dn  (32c) 


lift)  -  ift(P,t*)  -  I  «(Q,t*)C^(P,Q,0)ds 
J8(t*) 

-  f  dt  f  ft(Q,t)H  (P,Q,t*-t)ds  - 

h  ^8(t)  ' 

f-b(O)  fb(t*>  ft*  .. 

(  .  dMVH,-  I  -  I  dl  JS- 

l-b(t*>  ^b(O)  ^  ^  ^0  ® 

(ft(b,0,t>(H^(Pj“b,0)t*-t)  *  H^(P>b,0jt*-t>1 

-  Y(b,t)lB^(P:*b,Ojt*-t>  *  ll^(P>b,0}t*»T))> 

(33) 

then  the  integral  equation  for  ft  on  8(t*)  is 

l(«|  •  -1  f(t*)C(P,Q,0>ds 

^8(t*) 

-P  dx  (  f(t)H  (P,Q,t*-X)ds  <34> 

'o  ’tM  ' 


The  ccftponcnt  ftg  is  evidently  the  fluid  setion 
in  the  control  plane,  x^»const-int,  generated 
by  the  body  boundary  condition  for  t*  >  0*, 
assuning  no  previous  disturbances  existed  In 
the  fluid.  In  other  words,  the  first  ter*  of 
this  component  represent*  the  fluid  notion 
generated  by  the  instantaneous  hull  boundary 
condition  at  t*,  while  the  second  tens  repre¬ 
sents  the  a«  ory  effects  on  the  control  plane 
generated  by  the  hull  boundary  conditions  at 
dlfierent  tines  t(C*<  t  <  t*),  during  the 
passage  of  the  ship's  wetted  surface  profile 
through  the  control  plane.  ft|.  describe#  the 
fluid  notion  in  the  presence  ^  of  the  ship 
due  to  an  initial  free-surface  elevation  on 
the  control  plane  and  its  subsequent  evolution, 
ftp  describes  the  corresponding  fluid  notion 
due  to  an  initial  velocity  on  the  free 
rarface.  The  elsplificatlon  on  the  right- 
hand  tide  of  {32c)  is  obtained  by  using  Green's 
theoren  and  recognizing  that  ft(P,0)  corresponds 


Equation  <34)  nust  bo  solved  for  t*(0  <  t*  < 
t,»),  where  t,*  corresponds  to  the  relative 
tine  av  which  the  stern  of  the  ship  passes 
through  the  control  piano. 

The  unsteady  Green  function  is  available 
from  rinkelsteln  (1967).  Xf  wo  introduce  the 
conplex  variables  Z  •  y  ^  iz  and  Z*  *  n  *  It, 
with  i  •  ,  wo  can  write 


C(P,Q,t*)  •  ReIlog(Z-Z')-log(Z-Z') 

Joh  (35) 

where  the  overhead  bar  denotes  the  ccnplex  con¬ 
jugate  and  the  Rz  stands  for  the  real  part  of 
the  expression.  Fron  (35)  It  Is  evident  that 
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G<P,2,0)  -  log  r/r. 


(36) 


vhlch  represents  the  flow  In  an  infinite  fluid 
about  a  tvo*^lDensional  cylinder  described  by 
the  profile  of  the  ship  on  the  plane  x^*con« 
stant,  and  its  inage  above  the  free  surface. 
This  is  cocBpatible  with  the  first  condition  in 
(34).  The  "aeaory*  kernels  K,  and  are 
given  by  the  expression] 


'Ir 


-rn{2j  ^  Il-cos»^(t*-t)l 


where  Jm  stands  for  the  imaginary  part  of  the 
expression. 


It  was  found  that  and  could  oscillate 
very  rapidly/  particularly  when  is  close  to 
the  free  surface  and  is  large,  while  both 

a  and  f  may  be  relatively  slow-varying  function 
of  time  (Yeung,  W8l).  Generally  speaking,  the 
term  associated  with  the  Infinlte-lreguency 
kernel  is  s»re  ia^wrtant  than  when  Pi'*' 

is  near  the  bottom  of  the  ship  profile,  and  the 
opposite  is  trxie  when  is  near  the  free 

surface.  This  is  congruent  to  the  fact  that 
the  bottom  of  the  ship  experiences  less  wave 
notion  than  the  sides. 


If  the  cine  step  is  chosen  so  that  4  and 
f  do  not  change  rapidly  within  the  tine  step, 
it  is  possible  to  integrate  out  the  oscillator/ 
parts  in  the  integrand  as  follows: 


(k)  ,  \ 


T  (T  7  WiW 

■IW  5  "'ij  i 


■  =  17  !», 

n*l 


r(»>  (o)  r(»>.(a)i 
io  ‘  e  ^lo  * 


IV.  Wunerlcal  Solution  of  the 
Unsteady  Inner  Problem 


The  numerical  solution  of  the  integral 
equation  (34)  is  sought  at  discrete  instances 
of  relative  time  tj.*,  k«0,  1,2,...,  with  t^  • 
0*.  To  facilitate  the  evaluation  of  the 
boundary  ln^egral8,  we  employ  a  polygwal  rep¬ 
resentation  cf  6(t*)  by  defining  a  set  of  grid 
points  3  •  1,2,...,  N  ♦  1. 

which  are’^Joined"' successively  bv  stralght-Une 
segment  designated  here  as  1  •  1,2,...., 

N  (Figure  2).  Let  and  fj'*'  be  the 

"spatial-average*  of  the  potential  and  the 
loC'kl  normal  velocity  of  the  ship  profile  on 
at  tjj*.  Using  the  notation  introduced, 
we  can  now  write  (34)  as 


„(»> 


^io 


ds((5) 

(42a) 

»x^>4H^(Pj;b,0> 


i'®'  7t* 

*lo  tt-l  H^(Pj>-b,0>t^*-t>x^)*K^(Pj)b,0» 


j-1 


3-1 


J  "13 


where  all  mcnoi-y  terms  have  been  transposed  to 
the  right-hand  side  of  (39),  The  coefficients 
Oi.  and  6,.  are  Integrals  associated  with  the 
tefms  Gy<p;Q,0;Xo)  and  GlP,Q,0]X<j)  along 
respectively.  Their  treatment  is  well  known 
(SCO,  o.g.  Frank,  1967).  By  definition,  the 
memory  integral  as  observed  at  the  l-th 

control  point  P^^k),  whore  (34)  is  satisfied, 
is  given  by  the  expression 

A  dT(r  (  IMS-TIX  -fCO.TlX  )1« 

‘  Jo  J-l'Sj(i)  “  ” 

<l*V  ™t>r,-b  * 


where  and  7^"^  are  the  ’time-averaged" 
velocity  potential  and  the  free-surfaco  eleva¬ 
tion  at  the  intersection  of  the  ship  profile 
with  tho  undisturbed  frcc-surface.  A  conven¬ 
ient  choice  of  tho  time-averaged  values  is 
simply  f<®M/2»  and 

{Y(m-i}«  i'®',)/2.  This  approximation 
Implies  a*:  implicit  aopcndcnco  of  A^f^^  on  the 
unknown  values  of  and  tho  known  values  of 
f(k)  at  tv*>  a  dependence  which,  strictly 
speaking,  is  absent  in  (40)  since  (P^tQ/OjXo) 
•  0.  Xn  practice,  It  was  found  that  tho  ef¬ 
fects  due  to  those  implicit  terms  are  negligi¬ 
ble.  Thoroforo,  wo  r«w  formally  have 


3-1  ■ 


j-l  • 


Jk) 


^  iy!JV2  ♦  xJ^Vtj 


V-l 


•  I 


N 

Z 

3-1 


,y(m)  (m) 

‘*3  ^i3 


-(«).  (a) , 

fj  Ajj  I 


SOS 


N 

♦  1/2  S 

j-1  ^ 


(k-l)„  (k) 


,<k).  (k), 


*  ‘  ,  dt  ^io  ^0  *lo  * 

n-1 


(43) 


wh«ro  All  known  quantities  are  transposed  to 
•he  right-hand  side.  As  c;q>eetcd«  the  aajor 
computation  efforts  arc  in  the  evaluation  of 
the  kernels^  X^ji  Yio»  ^io'  ^ 
efficient  scheiae  based  on  the  use  of  cotaplex 
error  function  Integrals  was  used.  More 
details  can  be  fou])d  in  Yeung  (1981). 

The  evaluation  of  f  j  associated  with 
is  not  a  trivial  problea^bccause  is  defined 
in  teras  of  double-derivatives^ of  the  steady- 
state  perturbation  potential  ♦  through  (12), 
Since  the  proper  way  to  evaluate  a^  exactly 
is  not  available  at  this  tine  (this  is  the 
classical  non-linear  steady-state  wave-resis¬ 
tance  ptoblea),  the  contributions  due  to  8^ 
wore  not  Included  in  the  present  calculation. 


V.  Hvdrodvnaaic  Force  and  Moaent 

We  consider  the  unsteady  hydrodynaalc 
pressure  forces  acting  on  the  ship  hull*  with 
the  usual  assuaption  that  the  oscillatory 
actions  of  the  ahlp  and  the  fluid  are  taall, 

Xf  one  makes  use  of  the  Inner  potential  (19) 
and  the  unsteady  Bernoulli  eq'>atlon,  the 
following  expression  for  the  Unearlred  hydro- 
diTiaalc  pressure  p(y<2,t}x)  caji  be  obtained 
(Newaan«  1978) i 


p(y.z,t;x) 


-p(«^  ♦  w  • 


1/2  Z  •  VW^>- 

(44) 


j-th  Bode  of  ootlcn.  By  using  a  thcorca  due 
to  Tuck  (Ogllvle  and  Tuck,  1969),  equation  (45) 
can  be  transforaed  to 

r,<t>  - 

^  s 

-u  I  ♦j(r  •  w)  n^dlj  (46) 

Here  the  line  integral  along  the  waterline, 
where  7  is  the  unit  vector  tangent  to  the  ship 
hull  at  the  waterline,  can  bo  ignored  by  assum¬ 
ing  that  the  angle  between  the  waterline  and 
x-axis  is  saall.  Thus 


ajj  ♦  bjj/io  -  e/£j(t)||(»jt"l" 


Now  we  shall  •map*  the  inner  potentials 
(19)  in  the  x^-t*  plane  to  those  In  the  x-t 
piano: 


^l»(t-f)*^(t.)  (48a> 

4j(y,z,tjx)  ■  ^ 

)  (4Sb) 


where  t*  is  given  in  teras  of  U  and  x  by  (I6b). 
The  *BappIng"  of  the  potential  in  the  x^-t* 
plane  to  the  x*t  plane  is  described  icheaatlc- 
ally  in  Flguto  3.  Frcn  (47)  and  (48),  the 
following  expression  for  added-aass  and  damp¬ 
ing  coefficients  can  be  derived  i  ftor  sooo 
calculations! 


The  last  tera  in  (44)  gives  an  additional  buoy¬ 
ancy  force  to  the  hydrostatic  restoring  force, 
which  is  due  to  the  unsteady  aotlon  of  the  ship 
within  the  steady  pressure  field.  Since  we  are 
now  interested  In  the  linearized  unsteady 
pressure  forces  associated  with  the  added-aass 
and  damping,  we  will  use  (44)  without  the  last 
tem.  Following  the  conventional  definition 
of  added-aass  and  danplng  coefficients,  we  can 
writo  the  hydrodynaalc  pressure  force  and 
nonent  In  a  fora: 

Fjit)  -  j|pni<*»  •  -e  |j**Jt*  ^ 
fi  S 

-  -  E  b.Vlw)  C,<t)  ,  1-3,6  (46) 

j  1)  1)  3  j  •  3,5 


where  all  iwaents  are  taken  about  aidsh(p.  The 
quantities  ai*  and  bjj  are  the  added-aass  a'ld 
danplng  coefficients,  corresponding  tc  the 
force  (Boewnt)  In  the  i-th  direction  due  to 


-  (u/1.)*  i„'“’  .  <««> 

*53*  '*53''*“  '  =53'"’'<“^‘“’  “33'"' 

-  (./l.llZjj'"'-  is, '"’I 

-  Zsj'"’)  .  («») 

*35’  •  '35'"’*  "33'"’ 

.  (u/i.lIZjs'*’-  Zjs’"*! 

.  Zjs"’!.  («<:) 
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n^ure  3.  Mapping  ct  the  Potential  froa  x^t*  piano  to  x*t  plane 

-  (u/lu)  Zjj*  (U/lullZjj  -  Z55  I  Kl>toi™ilng  tho  InttsMtlon  «IM19  tlio 

hull  <or  thu  'flnltc-tloo'  tramfom  with 

-  W/lwl’iZjj'”’*  Zjs'"’*  Z5s‘"’l  .  «»»  “  '■*>' 


i-3,S 

J-3,5 

(50) 

[  9  .(s,t*)n,dfj 

'8(tM  ^ 

i*3,S 

(51) 

3-3f5 

' 

(.). 

3  * 

1-3.S 

iitl.S 

(52) 

with  reprover 
hull  (or  the  'fl 
roepect  to  t*>« 

I 

F.  ' 


)  tho  rtlatlvo  tl«o  t,*  It  evidently  L/u. 
ihould  note  thet  tho  end  tom  contributions 
not  Included  In  (49)  with  tho  assunptlon 


th&t  the  ship  h«s  pointed  ends,  here* 
tions  (51>-(53)  *re  tenas  representing  inter¬ 
actions  between  the  steady-state  forward  xaotion 
with  the  oscillatory  notions. 

At  this  point,  it  rs  of  interest  to  coa- 
pare  the  results  presented  here  with  sosw 
traditional  theories  for  heave  and  pitch 
notions  in  head  waves.  In  the  intuitive 
approach,  gradients  of  the  steady-state  for¬ 
ward-notion  velocity  field  are  neglected  with 
the  result  that  the  only  nonzero  clencnt  of 
nt  <j«3,S)  is  Bj  «  n.j  leading  to  ♦jlt*)  • 

«5(f )  -  0. 

“  ^3'"’  • 

*53*  *’53^‘“  ■  ^53*"’"  l“/'^>='33‘'’’  • 

*35*  ‘’35^‘"  *  *35*"'*  <“''1“>233‘"’  • 

*55*  *’55''*“  "  ®55**'*"  *"  ^53  ) 

-  <U/1U)^  Zjj*"’  .  <55<1> 

these  equations  are  'structurally*  very  siailar 
to  the  strip  theory  results  for  heave  and  pitch 
notions  derived  by  Salvesen  et  al.  (1970).  But 
our  coefficients  in  <5S)  are  the  quasl- 

threc-dlnonslonal  ones  which  could  Inplicltly 
Involve  the  lorward-spced  effects  via  the  freo- 
lurface  condition  <4)  or  (10),  while  those  of 
traditional  strip  theories  are  their  corre¬ 
sponding  two-dinensional  values  without  forward- 
speed  effects.  As  nentioned  in  the  Introduc¬ 
tion,  sooevhat  different  results  are  obtained 
in  the  systeaatic  perturbation  analysis  cf 
Ogilvio  and  T<ich  (1969) ,  where  sooo  Integral 
teras  over  the  frcc-surfacc  are  added  to  the 
cross-coupling  coefficients  while  the  tern 
proportional  to  (U/«)^  in  the  mooent  is  dis¬ 
carded  as  a  higher  order  effect.  The  added- 
sass  and  danptng  coefficients  in  (S$)  are 
coepared  with  the  other  strip  theory  results 
in  Table  1. 

Wo  emphasize,  in  tlic  Katheeatlcal  Fortu- 
lation,  to  obtain  the  cc«aj>lcx  coofflclonts 
Zi.(h),  h  ■  1,4,  aoounts  to  solving  the  two- 
diMnsional  unsteady  bo'indary-valuo-pr^lott 
only  once  with  four  dlfferc.nt  boundary  condi¬ 
tions  on  the  right-hand  side  of  (43),  followed 
by  relatively  trivial  calculations  of  the 
integrals  (50)-(54). 


VI.  Results  and  Discussion 

The  Bothod  of  solution  described  in  the 
present  paper  has  bean  applied  to  calculate 
motion  coefficients  for  a  floating  spheroid  of 
beaa-longth  ratio  1/6  and  the  Friesland  class 
frlgau  hull  (block  coefficient  0.554),  where 
experlwntal  data  are  available  (Lee  and 
Paulllng,  1966,  and  Salth,  1966).  In  each  case 
we  show  the  cxperloonts,  the  strip  theory  pre¬ 
dictions  of  Salvesen  et  al.  (1970),  and  the 


cceputations  based  on  the  present  forsulatlon 
tut  neglecting  the  contribution  froa  tho 
potential  ij. 

The  results  for  a  floating  spheroid  are 
shown  in  Figure  4,  for  a  Proud©  nuaber  of  0.264. 
In  coaparison  with  the  cxpcrlncnts,  the  agree- 
nent  between  experltscnts  and  the  present  theory 
is  generally  favorable*  with  the  noticeable 
exception  of  the  dataplng  coefficient  b^3  whoso 
predictions  by  the  strip  theory  arid  th<  present 
theory  have  been  shown  to  be  considerably  high¬ 
er  than  the  experlosntal  values.  Even  though 
the  discrepancy  between  expcriiacnts  and  both 
theories  precludes  a  definite  judgeaent  of  the 
degree  of  iiaprovtaent  of  the  present  theory 
relative  to  strip  theory,  tho  experioents 
generally  support  the  present  prediction  at 
low  and  soderate  frequencies. 

Out  subsequent  ccoputatlons  are  petfortaed 
for  the  Frieslar»i  class  frigate  hull.  The 
results  in  Figure  S  and  Figure  6  are  for  Froudo 
nuabers  of  0.15  and  0.35,  respectively.  It  is 
seen  froot  Figure  5  that*  in  coaparison  to  the 
acasureaents*  tho  present  results  agree  very 
well  with  the  cxperinental  results  except  tho 
cross-coupling  coefficients  bj),  ajj,  and  bjj, 
and  give  better  agreeaent  for  the  rcoalnlng  co¬ 
efficients  than  those  fren  strip  theory.  Koto 
that,  even  though  tho  present  calculation  for 
the  cross-coupling  coefficients  bjj*  a^j*  and 
b»5  considerably  underpredicts  the  exporlaental 
values*  it  rcscablos  fairly  well  the  trend  of 
experiBcntal  result#  as  functions  of  frequenc¬ 
ies.  Siailar  behavior  can  bo  noticed  for  tho 
higher  Froudo  nmber.  In  this  case,  unlike 
the  lower  Froudo  nuaber  caso*  the  cross-coup¬ 
ling  coefficient  bjj  has  an  excellent  correla¬ 
tion  with  tho  exporiaental  values. 

These  eocBparisons  between  tho  predicted 
and  iwasured  added  mass  and  damping  coeffi¬ 
cients  can  bo  sumarized  as  follows.  In 
general,  the  diagonal  coefficients  a^j*  b«v 
#55,  and  bee  together  with  tho  cross-coupling 
coefficient  aej,  predicted  by  the  present  meth¬ 
od  and  by  strip  theory,  are  shown  to  agree  well 
with  cxperlocntal  data.  But  tho  present  »othod* 
including  tho  forward-speed  effect  on  free 
surface  condition,  can  be  shown  to  provide  a  * 
zMtlccablo  Inprovcoent  over  tho  strip  tneory  *n 
those  coefficients.  Duo  to  largo  ditcrcpancies 
between  cxeerlrents  and  theoretical  predictions, 
It  is  difficult  to  Judge  the  degree  of  inprove- 
nent  of  tho  present  calculations  relative  to 
the  strip  theory  predictions  for  the  remaining 
cross-coupling  coefficients  b53*  a^j*  and  b35. 

It  is*  however,  shown  that  tho  present  nothod 
resembles  fairly  well  tho  experimental  trend. 

As  mentioned  earlier,  tbs  contributlpns 
duo  to  the  steady  perturbation  potential  4 
were  not  included  in  the  present  calculation. 

To  improve  tho  cenputation,  it  may  bo  necess¬ 
ary  to  include  these  additional  speed-depend¬ 
ent  terms.  Another  possible  explanation  for 
these  discrepancies  is  that  tho  present  method 
cannot  reproduce  tho  exact  three-dimensionality, 
since  no  outer  matching  is  used. 
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1 


1  Addod^nasa  and  dagplrxi  coefficients 


Coefficients 

S^ivesen,  Tuck,  and 
.’altinsen  (1970) 
and  Others 

Ogilvie  and  Tuck  (1969) 

Present  Formulation 

*33*  *>33'*“ 

-  (0).  w  <o),,„ 

*33  ***33 

*33  *“’33 

-  (n) 

^33 

“53*  *>53''*“ 

l“53'”‘  b55°‘/l»I 

1,5*“’.  bs5“’/I»l 

-(O/MISj**’.  b,‘“’/lu) 

Zjf’-  (d/Id)  23*"’ 

.(2i,uU/Q>  1  ds 

“35*  ‘■35''^“ 

■“3^ ’*  “’3r’/‘"I 

I,3<“>*  b3f>/l»l 

.(0/ii>)(a3‘“’.  b33“’/!») 

235"’.  23$"’ 

-(2l0uU/g>  j^ds 

(d5<“’*b5'“>/l.l 

25*"’-  (U/iu)’  23 J"’ 

“55*  “’55''*" 

bjf’/lKl 

-(i;/l»)l2j‘"’-  25*"’ 

VIX.  Conclusions 

In  this  pap«r«  a  new  torsulation,  bAsed 
on  an  integral-e<ruatlon  technlquo,  for  solv¬ 
ing  tho  radiation  problen  duo  to  a  noving 
ship,  is  presented.  By  taking  a  fixed  fraao 
of  reference  and  by  letting  the  ship  pierce 
through  a  sequence  of  control  planes,  tho 
forward-speed  effect  on  the  free-surfaco 
condition  can  bo  easily  included  without 
solving  the  cceplex  thrce-dinensional 
problcn,  while  it  cannot  bo  easily  included 
in  strip  theory.  Cooparisons  with  experi- 
Bcntal  results  indicate  that  this  approach 
produces  store  satisfactory  results  than  does 
strip  theory  for  the  hydrodynaoic  coefficients 
with  forward  speed. 
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Abstract 

V«  propose  in  this  paoer  a  3D  wthod  to  co»- 
pute  forces  and  noDents  in  the  rip.ld  connections 
betveen  tbe  tvo  parts  of  an  ocean  foin(>  tuA^bat' 
Z«  systea. 

As  the  relative  Bo%eaenes  of  the  t'lg  and  its 
barge  are  saatt  as  cospared  to  the  ootions  in 
the  waves, this  physically  cooplex  problea  is  re' 
duced  to  the  detersination  of  the  potential  of 
the  flow  around  the  its^rsed  cart  of  the  two  bo* 
dies  together. Boundary  conditions  are  lineari* 
ted  and  calculated  at  the  oean  boundary  nosition 
of  each  hull. 

The  total  velocity  potential  it  obtained  by 
susDing  incident, diffraction  and  radiation  velo' 
city  potentials. Each  sitaple  problea  Is  resolved 
by  a  30  integral  ccthod  using  a  distribution  of 
sources  on  the  bodies. 

Vhen  the  notions  in  vave  of  the  tug  and  bar* 
ge  arc  fixed, vo  can  calculate  the  forces  and  no- 
nents  on  the  tug  (or  the  barge)and  introduce 
connections  forces  and  nonents  as  unVnovns.the 
very  classic  equation  which  binds  these  forces 
ard  relativedisplacenents  owing  to  stiffness  na- 
trix  gives  us  the  eleoents  of  oovetaents  between 
the  tvo  bodies. 

The  last  step  consists  in  calculating  first 
the  displaceaent  and  then  the  forces  on  each 
connection. 

Ve  have  conpared  our  nuaerical  results  to 
experiaentsl  results  of  a  tug-barge  systes, ob¬ 
tained  in  David  V. Taylor  Naval  Ship  Peaearch 
and  Developnenc  Center. 

I.Ceneral  probleas  raised  bv  tuy-barees 

The  use  of  barges  and  tug-boats  is  not  a  new 
idea. However. the  innovation  was  to  olace  the  tur 
at  the  aft. Part  of  the  barge  ahd  to  Aore  or  less 
connect  it  to  the  barge. Such  idea  enables  to  ob¬ 
tain  an  isproved  efficiency  of  the  tug-barge  as- 
senbly  with  respect  to  the  other  traditional 
towin^  solution  using  renes  or  cables. The  tvo 
main  advantages  to  be  obtained  by  thv  tug-barge 
system  are  a  decrease  of  the  resistance  in  oners 
tion,a  better  running  stability  and  aanoeuvrabi- 
Hty.The  tvo  advantages  have  direct  financial 
incidents  on  exploitation  :  energy  costs  reduced 
barge  rotation  speed  increased. 


The  differences  betveen  the  various  tue-baree 
systems  denend  on  the  nechinical  narticulars  of 
the  connection  betveen  the  coooonents  of  the  as¬ 
sembly  : 

-  the  flexible  system  where  the  tug  keens  all 
or  nart  of  its  free  notions  with  resnect  to  the 
bar#e. 

-  the  rigid  system  where  the  tue  is  et^'e^ded 
in  a  slot, the  shanc  of  which  is  adanted  to  the 
aft  nart  of  the  barge. 

The  tvo  systems  nresent  the  sane  advantages 
end  disadvantages  as  regards  the  agitation  o' 
the  water  in  which  the  astenMv  is  working  : 

•  calm  water  (rivers.small  lakes), slanle 
pushing 

-**sheltered'*  water  (laVea, coastal  vatera>  : 
flexible  system  where  certain  notions  (lateral) 
are  blocked,  (soft  line*) 

-  agitated  water*  (oceans, seas, vMe  laVes){n- 
teerated  svatee. 

The  nain  nroblens  net  with  are  in  connection 
with  : 

•  manoeuvring  nroblens  (for  examle  sdisenea- 
genent  of  a  tue  "soft  lines”  to  nass  in  aimnle 
Coving) 

-  nrcblems  of  structures  :  stresses  due  to 
swell  on  the  connection  system  and  on  the  struc¬ 
tures  of  the  barge  and  the  tug. 

The  solution  to  this  latter  nrollen  constitu¬ 
tes  Che  ohieci  of  nresent  studies  carried  out  at 
ACh. 

In  this  naper  vr  deal  in  Particular  with  the 
rigid  connection  systeos.in  which  the  tur-harge 
assembly  forms  a  conical  avstenvith  rcanect  to 
the  forces  due  to  swell. 

Tlie  connection  technique  ve  vich  to  modelize 
is  that  patented  bv  ACB. 

This  technique  uies.for  the  connections  bet¬ 
veen  the  tug  end  the  barge, an  assetsblv  of  hvdrau 
lically  inflated  rubber  cushions  connected  to  sc 
cunulators, enabling  to  absorb  the  nreasure  and 
contact  aurface  variations  during  working 
operations. 

The  movements  regarding  this  tyne  ©f  connec¬ 
tion  ere  of  sbout  a  few  millimetres. 

Furthermore,  the  cushions  have  four  advanta¬ 
ges  : 
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"  «  vtr/  «4tr  fictiof  nf  tht  tus  in  th«  bar¬ 
ge  notcb»  a$  tb^  <4a  be  deflated  (resultlm;  in 
the  reduction  of  the  funufacturlng  allovaacce) 

-  «  ^uich  eetting  (eleple  (nfUtloo  and  adjua 
cneoc  by  hydraulic  circuits) 

-  a  pofsIbiUty  ot  adjustaent  of  pressure* 
therefore  of  the  forces  and  surface  contacts. 

-  a  possibility  or  dashing  or  regulation  by 
hydraulic  acciaulators. 

Thaoks  to  the  aforesaidtic  becoees  easy  to 
obtain  sea  trial  results. as  the  only  thing  to  do 
is  to  record  the  pressures  in  etch  cushion. 

Tbs  cushions  have  a  parallelepipedlc  shape 
(I000xi000xl20a)aad  a  rigid  tug-barge  connec¬ 
tion  is  cceprised  of  about  thirty  cushlcna  plus 
on  longitudinal  link  (for  exaaple  under  the  font 
or  an  articulated  bar  vhich  vill  be  prestresatd 
by  pretsurlsatioo  of  the  cushiona). 

The  object  of  our  study  ia  therefore  to  calcu 
late.ln  particular.the  efforts  applied  on  each 
cushion  when  the  assenbly  in  runnitig  (n  avell. 

$0.  it  vas  suitable  to  use  a  hydrodynuilcal 
theory  taking  Into  account  the  running  snecd 
of  the  assenbly  in  svell. 

Besides,  the  dinensions  of  the  barges  used 
(low  L/B  ratio)  as  well  the  necessity  to  calcu¬ 
late  the  hydrodynaalc  efforts  on  the  tug  loca¬ 
ted  at  the  aft  part  of  the  assenbly  foning 
one  and  only  ship.blnd  ua  to  use  a  three-dlcsen- 
sional  hydrodynaalc  oodel  (the  end  effects  not 
being  represented  in  the  strip  tnecry 
ia  spits  of  certain  attesps  of  corrections) 

Tberefort.  ve  present  hereunder  a  calculatim 
prograa.DYSAPUX'S  Bl.devaloped  by  the  EhS^.using 
a  traditional  oethod  to  sotvs  the  probten  of 
difftactioe-radlatlcn  with  running  speed. 

The  program  does  not  calculate  the  reslatan- 
cs  to  operation  which  vill  be  taken  into  account 
only  under  the  fora  of  a  constant  tor<|u«  aoplied 
by  the  tug  propelling  systea  on  the  conneetlon. 

II.  Cenerai  asstasptions  regarding  the  model  and 
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The  assunptions  concern  the  acchanic  and  the 
hydrodynamic. 

The  mechanical  basis  of  the  OWKTUXS  SI 
program  is  that  of  tbe  linear  theory. The  tug- 
barge  assenbly  is  regarded  ae  a  rigid  eackage. 
The  combined  movesMnta  are  very  inportant  with 
respect  to  the  relative  displacecrote. 

The  rigidity  sutrix  of  the  connection  i«  the¬ 
refore  asiueed  as  practically  infinite  in  a 
first  step.  This  permits  to  solve  the  hydrod^na- 
mical  problem  for  a  elngle  body. 

The  therefore  try  to  find  out  the  eifeete 
due  to  a  sinusoidal  avell, said  of  low  anplitude, 
tingle  float. 

Tha  program  calculates  the  forced  reply  of 
the  same  fre<tuenc«  as  that  of  excitation.  The 
movenente  arc  also  asaieed  of  low  amplitude  and 
vhat  ve  only  do  is  to  set  up  the  conditions  at 
the  limits  on  the  frame  said  as  "medium”  vhich 
is  the  frame  corresponding  to  the  s*'ip  at  rest 


(hydrostatic  e<iui|{brim).^  therefore  obtain 
the  linear  equations  of  the  movenenta. 

Thereby;Ic  is  useless  tc  try  to  find  scee- 
thing  else  than  a  linear  representation  of  the 
connection. 

By  the  vay.ve  shall  note  the  iaoortance  of 
the  asseaption  of  linearity  on  the  hydrostatic 
matrix. 

Each  bearing  point  (or  cushion)  of  the  con¬ 
nection,  assumed  as  punctual,  is  modellzed  by 
a  linearized  displacement  stiffness  matrix  ri¬ 
ven  in  a  local  frame. 

Ko  daaping  term  relating  to  the  connection 
Is  taken  Into  account.  This  point  could  make 
the  object  of  further  studies. 

To  the  rigid  connections,  the  relative  tug- 
barge  diaplacesents  being  very  weak  due  to  its 
design,  the  problrna  relative  to  the  friction 
on  the  bearing  may  be  ditregarded. 

V«  therefore  see  that  the  astumotions  made 
on  the  collection  do  net  restrict  the  use  of 
the  progran  to  only  the  calculations  of  the  for 
CCS  on  hydraulic  ruihions.  It  Is  even  possible 
to  thus  taka  into  account  the  local  stiffness 
of  the  structure  but  which  also  need  to  be  li¬ 
nearized. 

lll.th  lts..dynamlc  problem 
Ill.I.Xotstions  and  hypotheses 

Ut  $  be  the  surface  of  the  hull  (turand 
barge  together)  and  A  Its  external  normal  vec¬ 
tor. 

SI  is  the  free  surface,  C  is  the  waterline 
and  D  is  the  whole  fluid  domiin. 

(O.x.y.z)  is  a  moving  aystem  of  axis  binded 
to  the  mean  position  of  the  two  bodies  which 
translates  with  the  uniform  velocity  l’.i«  in 
a  fixed  fr^ac.  Osrillatfons  are  defined  hy  the 
velocity  v  (t)  and  the  angular  velocity  vec¬ 
tor  i5  (t). 

Incident  wave  ia  characterized  by  its  inci¬ 
dence  its  pulsaticno  and  its  aemlitude  a. 

v«  shall  assume  the  following  hypotcalses 

(i>  The  fluid  is  almost  perfeci*^,  tsovoluaeand 
Ite  flow  is  irrotaiioanal  ; 

(ii)The  incident  wave  has  a  small  degree  of 
areepness  ; 

(UOThe  notions  of  the  two  bodies  arc  small 
around  their  mean  position. 


*11)0  general  esuation  of  the  almost  perfect 
fluid  is  ^  grad  p»F-y  - 
0 

where  c  is  a  very  small  poattive  time  constant. 
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ni»2.Bouri4iry  prcblea 

Th«f«  hypothctises  it^ly  the  «xl«(ence  of 
a  velocity  potential  function  *  (H:t)  in  D.  In 
the  Doving  frase»  the  absolute  potential  it  the 
solution  of  the  following  boundary  problea  (to 
collate  4) 

&4(H:t)«0  V  M  (3  D  (I) 

«(M;t)  -  «(M;t)  ♦  1)2  a*  *(M{t) 

TF  atax  ISi^ 

♦  2ca^  «(M;t)  -  2l’c^  4(M;t)  ♦  gS_  ♦(Mjt)  •  0 

at  ax  dx 

V  M  €  SL  <2) 

lim  «(H;t)  «  0  V  K  «  D  (3) 


^  «(M;t)  -  (5  ♦  V(t)  ♦  fl(t).OM]  .n  V  M  6  D  (4) 
an  * 

liB  l»(M:t)  '  •,(H;t)l- 0  VK«D<S) 

4j(M;t)  “  ^  cos[k#(x  cosS  ♦  y  sin£t)-ot] 

V  M  e  D  (6) 

o2 

w  •  o  -ITc.cosfl  with  k*  •  —  <7) 

g 


Let  4p(Mit)  be  the  velocity  potential  function 
defined  by 

•  «(«;t)  -  »j(«it>  <8) 

4.(H:t)  taust  satisfy  equations  (l),(2),<3)  and 
^(5),  and  the  equation  <9)  can  be  substitued  to 
(6) 

•  U.n  -  i.  .n 


The  different  parts  of  the  right'-hand  side 
characterise  respectively  : 

(i)  heunann  kelvln  prcblea.  the  soiition  4„(M;t) 
of  which  is  not  dependent  on  the  tioe  in  tne  re 
lative  fraae.  Tus  induces  constant  loads  on  the 
hull,  the  mean  position  of  which  is  changed  but 
this  problea  can  be  traited  separately. 

(ii)  Diffraction  problea,  the  solution  of  which 
is  ♦.(M:t).4,  <K:t)  and  •  <H:c)  excite  the  ships 
with  a  sinusoidale  load  oi  encounter  pulsation  «, 
Thus,  the  bodies  perfora  sinusoidal  oscillations 
of  pulsation  around  their  aean  position. 

<iii)  Radiation  problea  in  the  six  nodes.  Solu* 
tions  9.,  (M:t)  of  these  are  linear  functions  of 
twelve  constants  (six  aaplitudes  and  six  phases) 
Ve  can  solve  the  radiation  probleas  for  only  six 
aoveaents  without  phases,  and  ve  can  deduce  froa 
saae  the  results  for  a  phase  of  n/2. 

Therefore,  we  now  only  have  to  solve  seven 
slaple  boundary  probleas  :  one  for  the  diffrac' 
tion  and  six  for  the  radiation  (one  in  each  ao^ 
de). 

lll.S.Deteraination  of  the  taotions 

After  having  coaputed  9p<K;t)  and 


#|.r  Ot;t)  j  €[l,6lvc  can  coepute  the  pressure  on 
tM  hull  with  lagrange  linearized  forsula.  Thus 
ve  obtain  hydrodynaaic  coefficients  and  forces. 

The  h'evton  equation  gives  us  a  linear  sys* 
tea  of  twelve  equations  whereas  the  eotions  of 
the  two  bodies  together  are  the  twelve  unknowns. 

HI. 4, Integral  equation  for  the  distribution  of 
sources 


The  application  of  the  third  Green  fonai' 
la  and  the  introduction  of  the  Green  function 
G  (M,M';t),  give  us  an  integral  foraulatioc  of 
the  potential  function. 


If  ve  consider  the  particular  case  where  the 
potential  is  continued  and  the  norml  velocity 
4  9  (N,t)  only  is  discontinued  on  the  boundary, 
iCu.  we  obtain  the  following  expressions. 

-  ^11  [|J*<«')C’(1!.H'>-0**(M')C”(M,M')](!S(«'> 

ff  ■ 


4ig 


foraulac  in  vhicho(M;t)  is  the  discontinuity  of 
the  noraal  velocity  with 

o(M;t)  •  o*(H)  coswt  ♦  o**(M)  sirwt  <I2> 

•(Hit)  -  »*(H>  coKit  ♦  »**(«)  Jiiwt  (13) 

C(M,M‘;t)  •  (!*(H,M'>  cosut  •  0**01, «')  sirut(l4) 


Unting  the  noraal  velocity  in  each  point  of 
the  hull,  ve  obtain  an  integral  equation  where 
the  unknown  is  the  discontinuity  o  (M;t) 


Thus  the  superficial  distribution  of  singu* 
larities,  kinematically  equivalent  to  the  hull, 
is  o  <H,t).  This  distribution  of  sources  satis¬ 
fies  the  following  integral  equations. 


d5(M') 


-  T-,1  f3*(»')»  r.*(H.M')-a**(M')^0**(«.H')]  dO 

9n  3n 

-  ^  (?*(M'>3_C*(K,H')-(j**(M')i.0**(M,«'j(;'.'I  )dy' 

'J?  3n  3n  * 


'  I  '’*<">  *  It  «*<») 


(15) 


-  til  (lI**(H')3_C*(«,«’)»3*(M')i.0**(M.M')j  dS(M') 

JJ>  an  an 

-  ^  )](n'.^dy ' 


♦  4  o**(K)  -  a  9**(M> 
an 


(16) 
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The  righC'hendeidetof  theee  equations  are  given 
by  the  following  formulae 

<L  «J(M)  -  -  iL  •  ’  i. ♦?*<«) (1 7) 

an  ^  3n  *  3n  3n  ‘ 

^  ♦*  (K>  •  Vj..^  ;  a^  «?*(M)  •  v;?.n  (18) 

^  R)  Ej  jfi:  Rj  EJ 

The  integral  equations  will  now  be  solved 
with  a  »ethod  of  discretization.  Let  the  hull  be 
discretized  with  N  panels.  Ve  shall  assueae  that 
on  each  panel  the  density  of  singularity  is  cons¬ 
tant.  Thus  ve  have  a  linear  systen  of  2N  equa¬ 
tions  with  2K  unknowns  (N  o*  and  K  o 

III. S. Green  function 

The  Green  function  of  the  diffraction-radia¬ 
tion  vhit  forward  speed  is  given  by  the  following 
integral  expression  (to  collate  4  and  13) 


C(M,M';t)  - 


expression  in  which 


and  tl  •  (X-X')cose  ♦  <W)*ine 

N*  is  the  point  syuaetrical  to  M'  in  relation  to 
the  free  surface. 

This  Green  function  satisfy  the  equations  (I) 
(except  in  M'),  (2),  (3)  and  (5) 


[]i«T 

j.. 
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K(24Z’*ifl)  , 


K  dK 

(C-recos9y^-K-2iC(C-FKcosS)l 


nir  ^K(Z*2Sift)  ^ 


(w*FKcos9)‘‘-K*2i5<C*FKCOse)( 


tV.EQUATIOyS  OF  THE  HECHANICS 
IV. 1 .Coabined  movements 


The  aoveaents  of  the  tug  and  barge  asscably 
are  very  wide  with  respect  to  the  relative  dis- 
placestents.  tiit  regidity  aatrxx  of  the  connec¬ 
tion  is  assuned  as  infinite  for  the  resolution 
of  the  equations  of  the  eoveaent.  Therefore 

ru.  -  rij  *  E«Ti^,ng  (20) 

•  Thb  displaceaent  vector 
Ojj  *  Earge  diiplaceaent  vector 
E  •  Relative  displaceaent  vector 

The  equation  of  the  aechanics  at  6  degrees 
of  freedom  is  written  for  the  asseably.  All  the 
torques  are  reduced  to  a  same  point  0  (Whatever 
a  priori)  : 

”  1.8  ™  1.8  ■'  ■  K’folt.B 


The  stttricial  system  represents  12  equations 
with  12  unknown  quantities  (6  /aptitudes  and  6 
phases) 

n*  n|»...ng  Vector  of  the  combined  tsove- 

1  xt  . 

!)£*  n*  cosuc  *  n£  smut 

The  n*  and  are  the  unknown  quantities 

H  inert  aass  matrix 
MA  added  water  oass  matrix 
TA  Damping  terms  matrix 
tli  Hydrostatic  matrix 

r.  coluan  vector  of  the  Froude-Krilov  excita- 
^  tion  forces 

F.  colutttn  vector  of  the  diffraction  excitation 
®  forces 

The  resolution  of  the  equations  (2i)  enable  to 
fix  vector  n  after  having  solved  the  hydrodyna- 
fflical  problems. 

IV.T.Calculation  of  the  connection  efforts  tor¬ 
que 

Need  only  be  to  fix  the  connection  torque 
between  the  barge  and  its  tug,  write  down  the 
equation  of  the  mechanics  for  one  of  the  two 
floats. 

For  the  tug,  ve  thus  have  ; 

(m.M^  ^  n*  IA  j  ri.  TH  ,  ’'b.i 

F.  _  .  Torque  of  the  connection  efforts  exerted 
by  the  barge  on  the  tug. 

The  equation  (22)  permits  to  calculate  F.  . 
as  ve  know  the  displacement  vector  n 

lV.3.Calculation  of  the  relative  movements 


By  virtue  of  relation  (20)  we  now  have  a 
simple  problem  of  decomposition  of  a  torque  on 
a  elastic  bearing  system. 


(23) 


K  :  Equivalent  stiffness  matrix  of  the  fle- 
xiblc  connection  of  the  assembly  redu¬ 
ced  to  point  0. 


The  connection  is  modclized  by  punctual  flexi¬ 
ble  bearings  points  each  one  of  the  n  bearings, 
an  (Fig.  1)  is  defined  by  : 


-  OA^  :  position  vector  in  the  general  frame 

-  k^  :  Local  displacement  stiffness  matrix 


F  :  Matrix  of  passage  from  the  local  fraae 
of  the  bearing  to  the  general  fraae. 


Figure  I  : 

Bearing 

(cushion) 


k  k  k  1 

xX  xy  xsi 
:k  k  fc 

I  yx  J7  y* 

Ik  .  S;  k 

'  zx  zy  zz 


froa  these  datd.  it  is  possible  to  calculate  the 
stiffness  aacrix  equivalent  to  point  0  : 


5  >=„ 


and  B  :  Vectorial  product  eatrix  of 

”  '•a  -x 

OA  such  as  :  OA  ,  E  *  8^  ^ 
n  n  A  n  n 

It  is  therefore  possible  to  calculate  E»  relati¬ 
ve  displacesent  vector)  vith  equation  (23). 

IV. 4.  Calculations  of  the  efforts  on  each  bearing 

Knowing  the  relative  displaceaent  E  in  the 
general  frame,  it  is  possible  to  calculate  the 
displacements  on  each  bearing,  and  then  the  lo¬ 
cal  efforts. 

Vc  h>ve  ! 

d^  :  local  displacement  vector  on  bearing  n 

i  local  force  vector  on  bearing  n 

Vectors  F^  and  d,,  have  three  components  as  we 
simulate  only  punctual  bearings. 


V.RtgULTS  AND  COMPARISON  WITH  MODEb  TESTS 

V.l. Choice  of  the  tests 

Our  comparison  between  calculations  and  basn 
tests  is  based  on  the  report  intented  for  Martii 
oe  Administration,  U.S.  Departtsent  of  Coaoerce, 
"Experimental  research  relative  to  improving  the 
hydtodynaaic  performance  of  ocean  going  tub/bar¬ 
ge  systems". 

This  report  is  composed  of  foor  chapters  and 
we  mainly  used  Part  8  "Seaworthiness  experiments'* 
by  Grant  A.  Kossignol. 

In  this  report,  experiments  have  been  carried 
out  on  two  pushed  barge  concepts 

-  first  concept  ;  rigidly  connection 

-  second  concept  :  articuled  connection 


Particular 

Symbol 

Tug 

Barge 

T/B 

Length  ?.P 

LPP  (m) 

S6,4 

- 

232 

Length  waterline 

LUI.  (.) 

53  ‘ 

204 

235.9 

Beam  max. 

B  (m) 

».5 

32 

32 

Draft  mean 

T  (m) 

10,67 

10,67 

10,67 

Displacement 

A  (Tf) 

5892 

55068 

60960 

Figure  2  shows  the  tug-barge  system. 


Figure  2 


(N*  I)  provides  only  vertical  restraint.  The 
other  connections  points  are  port  (N*2)  and 
siarbvard  (N*3>  pins  which  provide  total  tran- 
slatory  restraint. 

The  locations  A  the  three  connection  points 
end  the  accelerations  measurement  point  are  gi¬ 
ven  in  table  2  • 


In  this  paper  we  are  only  dealing  with  the 
first  concept. 

The  tug  and  barge  together  shape  a  60.000  T 
ship  with  a  block  coefficient  of  Cg  •  0,75.  The 
main  characteristics  of  the  pusher,  of  the  barge 
and  of  the  tug-barge  system  are  sunaed  up  in  ta¬ 
ble  I. 

In  the  model  tests  the  tug  and  the  barge  was 
joined  together  at  three  points  (N*  1,2  and  3  in 
Fig.  2).  The  centerline  block  gage  arrangement 


The  deatiled  informations  about  toodel,  con¬ 
nection,  instrumentation  are  given  in  the  mcn- 
tionned  report  of  the  David  W.  Taylor  Naval 
Ship  Research  and  Development  center. 

The  measured  variables  necessary  to  our  com 
parisons  arc  : 

-  Heave  of  the  overall  concept  LCC  ;  2  (fig  3) 

-  Pitch  of  the  overall  concept  ;  (fig 

-  Roll  of  the  overall  concept  ;  (fig  5) 

-  Vertical  acceleration  of  the  tug  pilot  house; 
ZPH 
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"  lottgitudin«l  «eceler«eioD  of  the  tug  pilot 
houee  ;  X?H 

'  Vertical  force  between  the  tug  end  barge  at 
the  centerline  (N*l)  5  FVCL 

-  Vertical  force  between  the  tug  and  barge  at 
the  starboard  pin  (H*3)  :  nS 

-  Vertical  force  between  the  tug  and  barge  at 
the  port  pin  (N*2)  5  F2P 

Longitudinal  force  between  the  tug  and  barge 
at  the  starboard  pin  <M*3)  ;  FXS 
>  longitudinal  force  between  the  tug  and  barge 
at  the  port  pin  <N*2)  ;  FXP 
"  Transverse  force  betveen.the  tug  and  barge  at 
the  starboard  pin  <N*3)  ;  FiS.' 

-  Transverse  force  between  the  tug  and  barge  at 
the  port  pin  (N*2)  ;  FTP 

Froa  this  aeaiurctsentSi  the  following 
results  was  computed  Ky  SSROC  : 

-  total  vertical  pin  force  between  the  tug  and 
barge  :  FVPN  ;  F2S  ♦  F2P  (Pig.  9) 

-  total  longitudinal  pin  force  between  the  tug 
and  barge  :  FLPN  :  FXS  ♦  FXP  (Fig.  10) 

*•  total  transverse  pin  force  between  the  tug 
and  barge  :  FTPN  :  FTS  ♦  FTP  (Fig.  H) 

-  Axial  moment  about  the  longitudinal  axis  bet¬ 
ween  the  tug  and  the  barge  (Roll  moment  )  : 

KL  -  d/2  X  (r2S  -  F2P)  (Fig.  12) 

-  Axial  skment  about  the  vertical  axis  between 
the  tug  and  barge  (Yaw  moment)  : 

W  -  d/2  (FXS  -  FXP)  (Fig.  I3) 

Where  d  is  the  transverse  distance  between  pin 
locations  (d  •  22,42  m) 
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25. 

The  comparisons  of  the  previous  results  and 
the  computer  program  Dynaflous  81  are  only  based 
on  Che  regular  wave  experiments. 

The  tug  barge  system  has  been  tested  for  a 
forward  apecd  of  16  knota  (the  Froude  nui^er  ia 
equal  to  0.171)  at  headinga  of  C,  45.  90.  180 
and  22s  degrees. 

In  the  computer  program  the  iaowrsed  part  of 
the  pusher  has  been  discretized  with  18  panels 
on  the  half  hull,  and  the  immersed  part  of  the 
barge  has  been  discretized  with  44  panels  on  the 
half  hull.  The  part  of  the  two  hulls  between  the 
bodies  has  not  been  taken  into  account  to  coopum 
Che  hydrodynamic  coefficients, 

The  hydrostatic  particulars  were  calculated  for 
Che>tug  and  barge  separately  end  together  equal V 
for  the  wetted  part  of  the  tug. 

The  three  connection  joints  of  the  tug/barge  are 
modelised  by  clastic  bearing  acrings  in  the  same 
direcciona  as  those  of  the  block  gage  arrange¬ 
ments  (i.e  chapcer4).  The  stiffness  characteris¬ 
tics  are  not  important  as  the  whole  connection  is 
isostatic.  The  program  has  run  at  the  ACB  compu¬ 


ter  center  on  a  UNIVAC  1100/10, 

V.2.Moticns  of  the  two  bodies  together 

Ue  preaenc  here  only  three  movements  (heave 
pitch  and  roll)  because  the  experimental  results 
was  given  only  for  these  modes.  Kevercheless  the 
co^uter  program  gives  Che  results  for  all  the 
six  modes  in  Che  same  theoretical  conditions. 

'The  results  of  the  movements  sre  nondimensio 
nal.  The  amplitude  of  the  heave  response  Is  di¬ 
vided  by  the  wave  amplitude  a.  and  the  asplicu- 
dea  of  the  pitch  and  roll  responses  are  divided 
by  the  product  of  the  amplitude  and  the  wave 
number  k  . 

0 

Figure  3  shows  the  tug-barge  heave  transfer 
function  at  various  headings.  This  results  gives 
the  proof  of  a  good  agreement  between  the  expe¬ 
riments  and  our  numerical  method  for  all  the  an¬ 
gles  of  incidence.  Perhaps  the  difference  becveei 
the  results  when  8  is  equal  to  225*  and  little 
VL-,  comet  from  natural  frequency  response  which 
is  always  more  stiff  for  the  nymerical  results 
than  for  the  experimental  results. 

Figure  4  shws  the  tog-barge  pitch  transfer 
function  at  various  headings.  This  results  show 
a  fairly  good  accuracy  in  our  results  with  expe¬ 
rimental  mesuremencs  except  tw-  the  angle  of  in¬ 
cidence  8  equal  to  45*.  The  same  remark,  than 
the  aforesaid,  can  be  made  here  because  the  dif¬ 
ference  is  localized  around  the  natural  frequen 
cy. 


Figure  5  shows  the  tug-barge  roll  transfer 
function  et  various  headings.  Naturally,  the  dif 
ference  between  the  motions  calculated  and  »su 
red  is  sensible  for  two  reasons.  Firsihy  the  non 
*  linear  effects  ere  not  negligeable  In  this  ca 
se.  because  the  hemchrone  roll  appears  for  X* 
equal  to  (3/2)2  X(irtiere  X  is  the  wave-length  of 
the  natural  frequency).  Secondly  the  viscous  ef 
feet  are  very  important  for  this  node  ;  the  com 
puter  program  can  take  into  account  datping  coef 
ficient  arising  from  the  logarithmic  decrement 
calculated  from  model  tests  result.  Nevertheless 
we  have  not  use  this  possibility  for  the  present 
calculations. 

V. 3. Accelerations  of  the  tug  pilot  house 

We  present  in  this  chapter  the  vertical  acee 
leration  and  the  longitudinal  acceleration  of 
the  tug  pilot  house. 

The  results  of  the  accelerations  are  nondi* 
mensional.  The  amplitude  of  these  accelerations 
ere  divided  by  the  produit  of  the  amplitude  of 
the  wave  and  the  square  of  the  encounter  angular 
frequency. 

Figure  6  shows  the  tug  pilot  house  vertical 
acceleration  transfer  functions  at  various  hea¬ 
dings.  This  results  proves  a  good  correlation 
between  the  experiments  and  the  numizical  method 
except  for  the  angle  8  equal  to  45*  that  is  a 
consequence  of  the  results  of  the  pitch  motion 
end  the  same  natural  frequency  remarle  mentioned 
above  is  valid. 

Figure  7  shows  the  tug  pilot  house  longitu¬ 
dinal  acceleration  transfer  function  at  various 
headings.  This  results  do  not  permit  to  conclude 


Figure  3  *■  Kondieeneiotul  Tug/Berge  Heave  Tr4>pe 
fer  Function  veraua  Vavelength/Barge 
length  (or  the  Tug/&arge  at  Varloua 
Headings! 

o  cxperinental  results 
»  nuaerical  results 


Figure  A  •  Sondiaensional  Tug/Barge  Pitch  Trans 
(er  Function  versus  Uavelength/Barge 
Length  for  the  Tug/Barge  at  various 
Headings 

o  experiwntal  results 
«  nuaerical  results 
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give  the  proof  of  «  very  good  agre*«nt  between 
the  experitsente  end  calculetion*. 

figure  10  ehows  the  longitudinel  pin  force 
transfer  function  at  various  headings.  At  first 
sight,  the  results  see*  to  be  very  bad. 
Kevertheicss  the  experisental  tests  for  this  _ 
co^ocent  are  very  difficult  because  the  longi¬ 
tudinal  force  Is  in  the  saae  direction  as  that 
of  the  forward  speed  and  the  problems  of  speed 
stability  and  added  wave  resistance  are  very  im- 
porunt  in  this  case  as  the  model  is  self  propel 
led. 


figure  II  shows  the  transverse  pin  force 
transfer  function  at  various  headings  the  compa 
rison  between  the  experiments  and  calculations 
is  very  good  except  for  the  natural  frequency  of 
rool  at  90*  of  heading.  In  quartering  sea,  the 
difference  between  the  test  and  the  nutserical 
points  is  probabily  due  to  the  steering  control. 
In  fact  it  is  impossible  to  take  into  account, 
in  the  cofBputer  program,  the  directional  Insta 
bility  of  a  real  ship  running  in  following  seas. 

Figure  12  shows  longitudinal  axial  (aonent 
transfer  function  at  various  headings.  Cosparai 
son  between  experiments  and  calculations  is  very 
good  for  90*  and  22S*  of  heading.  A  great  diffe 
rcnce  appears  for  a  angle  of  incidence  of  45  in 
the  range  of  ^/l.*  around  I,  as  the  for  the  pre¬ 
vious  results  at  same  heading. 

Figure  13  shows  vertical  axial  moment  trans¬ 
fer  function  at  various  headings.  This  results 
do  not  peroit  to  conclude  because  the  values  are 
very  small  and  the  precision  of  the  plots  is  not 
fairly  good. 


Figure  5  -  Noodlmcnslonal  Tug/Bargo  Roll  trans¬ 
fer  Function  versus  Wavelength/Bar¬ 
ge  Length  for  the  Tug/Barge  at  Va» 
rious  Headings. 

0  experimental  results 
♦  numerical  results 

because  the  values  are  very  small  and  the  preci 
slon  of  the  plots  is  not  fairly  good, 

V. 4. Forces  between  the  tug  and  barge 

Ue  present  here  the  forces  between  the  tug 
and  barge  for  all  the  modes  except  the  trans¬ 
versal  moment. 

The  teaulta  of  the  forces  and  momenta  are 
nondiamnsional.  The  asplitude  of  the  forces  are 
multiplied  by  the  barge  Icnght  and  divided  by 
the  product  of  the  weight  of  the  barge  and  the 
wave  Sttplitude.  The  amplitude  of  the  momenta 
are  divided  by  the  product  of  the  weight  of  the 
barge  and  the  amplitude  of  wave. 

Figure  S  shows  the  vertical  centerline  fose 
transfer  function  at  various  headings.  The  com 
parison  between  the  numerical  results  and  the 
experimental  results  shows  a  fairly  good  rela¬ 
tionship  for  this  forces. 

Figure  9  shows  the  vertlcsl  pin  fscc  trans 
fer  function  at  various  headings.  These  results 


VI  -  AKALYSIS  OF  THE  RESULTS 

The  previous  comparisons  between  experimen¬ 
tal  and  numerical  results  show  a  good  relation¬ 
ship.  The  sensible  differences  occur  for  longi¬ 
tudinal  pin  force  transfer  function  (fig.  10) 
and  for  the  various  peak  responses  throughout 
the  experitaenial  results. 

We  present  hereunder  seme  cotnmenia  to  ex¬ 
plain  these  differences  : 

The  real  tug  is  fit  into  the  barge  afterbody 
with  a  6  inch  gap  full  scale.  But  the  forebody 
ahapes  of  the  tug  model  are  made  to  wedge  tigh¬ 
tly  into  the  notch  of  the  barge  model  (see.  afo 
re  mentienned  report  phase  ZI  ;  part  A  page  2) 

This  remark  is  very  important  for  two  rea¬ 
sons  : 

-  firstly  we  must  take  the  correct  part  of  the 
hydrostatic  force  on  the  tug  model. 

We  have  made  different  calculations  with  the  hy 
drostatics  of  the  entire  tug  or  only  the  after 
body  vetted  surface  of  the  tug. 

We  have  taken  Into  account  the  problem  of  the  ly 
drostatic  couplings  between  two  joint  bodies 
Some  differences  may  occur  because  vt  do  not 
know  the  exact  configuration  of  seakeeping 
testa. 

-  Secondly  in  full  scale  the  laws  of  the  pressu¬ 
re  variations  in  the  clearance  between  tug  and 
barge  are  very  difficult  to  nodeliae  but  perhaps 
these  effects  are  of  second  order  In  the 
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Figure  6  *  NondiiaenfioMl  Tug  Pilot  Houee 
Vercicet  acceleration  Tranefer 
Function  vereua  vavelength/Barge 
Length  (or  the  Tug/Barge  at  Various 
Headings. 

0  experimental  results 
♦  nunorical  results 


Figure  7  >  Nondiecnsional  Tug  Pilot  House  lon¬ 
gitudinal  Acceleration  Transfer 
(unction  versus  Wavelength/barge 
Length  for  the  Tug/Barge  at  Various 
Headings. 

0  experimental  results 
*  numerical  results 


Figure  8  •  KondiMniSoiKl  Vertical  Centerline 
Force  Tranefer  Function  Vereuk  Vave- 
Icngth/Barge  Length  for  the  Tug/herge 
at  Various  Headings, 
o  experitaental  results 
*  nm&erical  results 


Figure  9  "  Nondioensional  Vertical  Pin  force 

Transfer  lunction  versus  Wavelength/ 
Barge  Length  for  the  Tug/Barge  at 
Various  Headings. 

0  tfxperiaental  results 
*  nuaerictl  results 
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Figure  10  •  Nondinensionel  longitudinal  Pin 
Force  Transfer  Function  versus 
Vsvelength/Bsrge  Length  for  the 
Tug/Bsrgc  St  Various  Headings 
0  experiaiental  results 
*  nmerical  results 


Figure  II  •  Nondioensional  Transverse  Pin  Force 
Transfer  Function  versus  Wavelength/ 
Barge  Length  for  the  Tug/Barge  at 
Various  Headings 
o  experinental  results 
*  nuserical  results 

calculation  fo  the  forces. 

An  leportant  difference  betveen  toodel  tests 
and  calculations  are  the  different  non-linearity 
effects.  These  are  evident  for  the  hydrostatic 
in  particular  for  those  on  the  tug  only  because 
its  aft  location. 

The  non-linear  daaping  effects  (for  cxas^lc  due 
to  viscosity)  are  not  corrected  in  the  prograa. 
This  explains  the  difference  in  peak  responses 
on  roll. 

The  Dodel  was  self-propelled  and  steered. 
This  introcudes  icfportant  differences  betveen 
the  conditions  of  the  tests  and  calculations. 

-  firstly  ve  have  not  taken  in  account  the  whole 
resistance  at  the  forward  speed.  Ttiat  could  be 
made  with  a  constant  torque  siaulacing  the  pro¬ 
pulsation  forces. 

-  Secondly  ve  do  not  calculate  the  added  resis¬ 
tance  of  ship  with  forward  speed  in  waves.  Stu¬ 
dies  about  this  3  D  problea  have  alree  ly  starded 
at  E.N.S.M. 
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Figure  12  *  N'endioensxonal  Longitudinal  Axial 
(Roll)  Kosent  Transfer  Function 
versus  Wavclength/Barge  Length  for 
the  T0g/8arge  at  Various  Headings 

0  experieental  results 
*  nuaerical  results 


Figure  13  ~  S’ondiaensional  Vertical  Axial  (Yau) 
I'Oacnt  Transfer  Function  versus 
Wavelength/Barge  Length  for  the  Tug 
Barge  at  Various  Headings, 
o  expcriciontal  results 
*  nuscrical  results 


-  Thirdly  the  variation  in  imscrsion  (or  corser- 
sion  of  the  propeller  introduce  distorsiun  ef 
fects  on  the  neasured  forces. 

•  Fourthly  the  directionnal  course  stability  in 
self-steered  tests  present  serious  difficulties 
particularly  in  following  seas  (tiic  satsc  proble« 
IS  known  in  full  scale). 

These  instabilities  involve  suppletscntary  forces 
in  roll  and  yaw. 

All  these  reasons  explains  certain  differen¬ 
ces  between  oeasurctaents  and  caUalations  spe¬ 
cially  fo”  Che  longitudinal  pin  force  (see  Fig. 
10) 

An  indirect  effect  of  the  non-linearities 
are  perhaps  the  henichrone  roll  which  appear  in 
certain  figures.  In  particular  to  our  aind  the 
peak  responses  at  45  degrees  of  heading  forpitch 
(Fig. 4),  roll  (Fig. 5).  tug  pilot  house  vertical 
acceleration  (Fig. 6),  vertical  transversal  for¬ 
ces  and  la  the  aotaencs  (Fig. 8,  9,  10,11,12,13) 
are  due  to  this  previously  taentionned  effect. 

This  phenomenon  due  to  the  change  in 


aetacentric  height  with  ticic  is  increased  by  the 
lack  of  bilge  keels  on  the  oodel  which  involve 
a  saall  roll  datsping.  In  addition  a  coupling  bet 
ween  heaving  and  rolling  exist  (Sec.  Fig. 3  i 
secondary  peaks  for  0,45  and  90  degrees),  this 
accentuate  the  variation  in  aetacentric  height 
and  thus  the  heaichrone  roll. 

In  connection  with  this  phenoaenon  due  to 
non-linearly  roll  responses,  two  ocher  effects 
contribute  probably  to  the  differences  between 
experiDcnts  and  calculations  at  45*  ,  of  heading 

-  firstly  the  induced  non-linearity  in  pitch 
(the  peak  response  in  Fig. 4  is  very  high) 

-  secondly  the  aaxieua  excitation  forces  occur 
for  ^  /LKl.  ®  I  or  ^  i’LS"l,l4  and  are  in  the 
satne  frequency  gaae  than  tnc  henichrone  roll. 

In  spite  of  these  reaarks  on  the  whole  the 
agreeoent  between  theory  and  oxperioent  is  cor¬ 
rect. 
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Vn.POSSIBLE  EXTESSIQN  OF  THE  KETHQO 

The  c&nnection  hydreullc  cujhlon*  have  in 
fact  non  linear  aciffneas  eharaeteriatica. 

In  this  prograa  the  approximtion  ia  oade  by 
linearizing  these  characteristics  around  a  zi- 
diua  point  of  operation. 

Wc  envisage  to  solve  the  mechanical  part 
thanks  to  the  ised  siaulation  prograa.  In  this 
case  we  shall  be  in  a  position  to  follow-up  the 
evolution  in  course  of  tin  of  the  forces  on  the 
bearings  whatever  their  ty  of  stiffness  charac¬ 
teristics. 

The  equations  of  the  mechanics  as  non  linear 
should  be  xo'itten  down  again. 

Like  wise,  the  non  linear  hydrostatic  cha¬ 
racteristics  that  we  already  possess,  have  to  be 
integtated  with  this  prograa. 

The  resolution  of  the  hydrojyoaaic  problea 
will,  unfortunately  reaain  linear  till  new  theo 
retical  developments  are  obtained. 

An  other  core  sieplc  extension  is  the  twdeli 
zation  of  flexible  bearings  at  6  degrees  of  free 
doa. 


So,  this  results  in  a  local  stiffnees  svitrix 
of  6  g  6,  and  not  any  oore  of  3  x  3. 

In  this  case,  the  bearings  arc  not  any  lon¬ 
ger  punctual  and  it  could  forthorairc  be  possi¬ 
ble  to  envisage  to  take  the  local  frictions  in¬ 
to  account. 


Vlll. ANTICIPATED  EXTINSIONS 

A  second  prograa  is  envisaged  to  solve  the 
problea  of  the  tug-barge  for  which  certain  re 
lative  aoveeentk  n  relation  to  the  barge  have 
been  released. 

In  this  case,  equation  (20)  is  not  any  ooro 
true  and  ve  oust  solve  both  the  hydrodyn4kaic 
problea  and  the  coupled  equations  of  the  twin 
body  aechanics. 

The  n  body  hydrodynaaic  with  forward  tun¬ 
ning  speed  IS  al.eadv  )olv«J  at  L.N.S.M. 

The  n  body  aechanics  on  elastic  bearing  is 
written,  remaining  in  the  assuoption  of  linear! 
ty.  This  should  poimit  to  solve  the  problea  of 
calculation  of  the  efforts  in  the  case  of  an 
assembly  of  several  barges  articulated  toge¬ 
ther. 

Besides,  in  the  saae  assuaptions,  we  could 
solve  the  problea  of  traditional  towing  with 
one  or  several  floats. 

The  problems  of  the  non  linear  dynaaic  cha¬ 
racteristics  of  the  connections  should  not  be 
underestimated. 

In  a  first  step,  it  will  be  possible  to  hae 
recourse  to  simulation  models  such  as  indicated 
in  7. 


la  this  paper  ve  have  aot  abova  sny  cot^ari- 
soa  of  calculatiotts/batiD  tests  in  random  waves. 
This  will  be  done  later  on, 

fiaally,  thanks  to  the  technology  of  the  ACB 
Hydraulic  cushions,  it  will  be  possible  ot  make 
calcuiatioo/sea  trials  cotfiarisoas  ptxividing 
that  we  have,  at  the  same  ciae  as  the  measure¬ 
ments  of  the  efforts,  a  correct  evaluation  of 
the  owteoceanie  conditions. 

IX. CONCLUSION 

The  present  coeparisens  between  experimen¬ 
tal  results  and  numerical  remits  shows  that 
the  coaputer  prograa  DYSAPLOUS  Si  permits  to 
forgeast,  with  a  good  accuracy,  the  first  order 
motions  of  a  floating  body,  the  accelerations 
at  any  point  and  the  forces  between  two  parts 
of  this  body. 

The  qualities  of  the  nirscrical  results  giv<n 
by  the  computer  program  are  well  adapted  to  stu 
dy  the  forces  in  each  connections  point  between 
the  two  parts  of  a  rigid  ocean-going  tug  barge 
system. 


The  results  of  mesurement  on  real  tug-barge 
system  may  give  us  the  possibility  to  make  new 
comparisons  without  scale  effects  or  problems 
binded  with  basin  tests. 

The  computer  prograa  is  now  adapted  for  an 
industrial  use  and  must  allcv  any  development 
of  hydrodynaaic  studies  concerning  all  the  sys¬ 
tem  of  rigid  floating  bodies  at  sea. 
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OtSCUSSiON 
cf  th€  p«ptr 

by  J.  Bougii  P.  Vtllitr 

FORCES  AND  MOMENTS  IN  THE  RIGID  CONNECTIONS 
BETWEEN  A  BARGE  AND  ITS  TUG  WITH  FORWARD  SPEED  IN  WAVE 


Olscussion 

by  Choung  H.  Lee 

I  would  like  to  know  how  you  hive  evaluated 
the  line  contour  Integral  shown  in  £q.  (16),  2 
understand  that  It  Is  not  an  easy  task  to  carry 
out. 

Authors*  reply 

It  is  very  difficult  to  evaluate  the  line 
contour  integral  because  It  Is  not  a  convergent 
Integral  !  Nevertheless,  for  the  probleia  of  dlf- 
fractlon-radlatlon  with  forward  speed,  the  sur¬ 
face  integral  on  the  hull  Is  also  not  a  conver¬ 
gent  Integral.  Only  the  sum  of  the  two  Integrals 
Is  finite. 

If  we  calculate  separately  the  two  diffe¬ 
rent  teras,  we  oust  compute  the  Infinite  alnus 
the  Infinite.  This  aethod  gives  poor  result, 
if  we  use  Professor  CueveVs  Method  developed 
to  study  heuaann-Kelvin  problem,  we  can  obtain 
good  result.  This  aethod  consists  of  analyti¬ 
cally  Integrating  by  the  Stokes  theorea  with 
regard  to  the  space  coordinates.  The  surface 
integral  Is  transforaed  Into  a  contour  Integral 
on  each  panel .  We  have  therefore  two  contour 
Integrals  on  the  segaents  which  are  located 
between  the  last  panel  and  the  free  surface. 

The  SUB  of  the  two  parts  Is  transformed  analy¬ 
tically  to  give  us  only  a  finite  terra  >diicb  is 
easy  to  compute.  It  )s  because  this  analytical 
analysis  has  been  done  that  we  can  calculate 
the  line  contour  integral. 
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POTENTIAL  OF  A  MOVING  PULSATING  SOURCE 


J  F. 

8«MSn  dM  CMinM 

P«nt,  Ft»nc* 


Ir>c  purport  of  this  study  is  trw  o^tereina* 
tioft  of  W)«  Cresn  function  corrospondlng  to  a 
source  ffovlnj;  with  a  constant  forward  velocity  0 
and  having  a  strength  which  Is  a  hareonlc  func¬ 
tion  of  tlnat  (pulsation  ul.  In  this  study,  we 
assune  the  fluid  to  be  perfect  and  the  free  sur¬ 
face  boundary  condition  to  be  llnearl2ed.  The 
bctton  of  the  fluid  is  a  horizontal  plane  at 
finite  or  Infinite  d^th. 


on  the  free  surface  (z  •  0). 

To  find  the  solution  to  this  problem  wo 
shall  make  use  of  a  transforts  which  we  describe 
below. 

The  Tj  Trantfotts 

Oeflhttlor 


The  frare  of  reference  ano  the  notation 
used  are  defined  below.  Tr«  vertical  axis  Oz  Is 
positive  upward  i  z  •  0  corresponds  to  the  undis¬ 
turbed  free  surface.  Tre  axis  Ox  is  in  the  direc¬ 
tion  of  the  velocity  of  the  source,  z*  is  the 
vertical  coordinate  of  the  source.  In  this  roving 
frome  of  reference  having  its  origin  on  tfo  free 
Surface,  on  the  same  vertical  line  as  the  source, 
the  field  point  is  Identified  by  Its  rectangulsr 
coordinates  x,  y,  z  or  Its  cylindrical  coordi¬ 
nates  r.  $ .  2. 


The  Green  function  ^(r.  $.  z.  z*.  t)  Is 
sought  as  the  real  part  of  ♦(r.  0.  z.  z*)  ei«t. 
«  Is  a  coiTplex  function,  solution  to  the  follo¬ 
wing  bounary  value  problem. 

A#  •  0  throughout  the  fluid  doinaln  except 
at  the  point  (0.  0.  z')  where  ♦  Is  not  defined 
and  In  the  vicinity  of  which 


(z-z'F* 


^9  ^ 

^  ■  0  at  z  •  ■  h  (h  Is  the  depth  i  It  nvjy 
become  Infinite!. 


Lot  us  consider  a  function  defined  uni vocal¬ 
ly  In  the  plane  f(r,0).  From  this  furctlon,  let 
us  corapute  the  double  sequonco  »  .  (u)  of  func- 

n>  K 

tlons  of  one  variable  by 

-v  1  r 

,(u)  •  -j  ^  f(r,6)co9  nOdS  J^(ur)  rdr 
n  from  0  to  • 


/:/;  f(r,e)  sin  n$o&  J^(ui)rcr 


The  studied  function  is  completely  characte¬ 
rized  by  deflnif^  either  the  function  of  two 
variables  f(r,6)  or  the  double  pequence  of  func¬ 
tions  of  one  variable  .(u).  f^ 

be  scon  using  the  properties  of  the  Fourier  series 
and  the  HanKel  tronsfonas,  we  can  go  from  the 
second  representation  to  the  first  one  by  the 
formula  ^ 

/«iv  J 

f(r.0)-/j?„_,(u)  J„Iurlcos..9. 


8  If  •  lU  ^  •  lul’  4  •  0  at  z  •  0  (»re« 

^  surface) 

In  fact.  In  order  to  deal  with  a  function 
which  Is  regular  throughout  the  fluid  doinalo, 
we  wrlta  ^  ■  S  •  ^  whom  S  Is  a  function  ber»aving 
like  1/  /r*  •  iz  •  I’  P  in  the  vicinity  of  the 
source  and  being  harmonic  everywhere  else.  ^ 
will  thKsn  be  the  solution  to  the  following 
boundary-value  problem. 

T-a/  0  throughout  the  fluid  domain 

1*b/  •  0  on  the  bottom  (z  •  -  h) 

.  ...  5  ....s*..  .  as  ...  3 


•  •  nOjudu 

Properties  of  thel?  transform 

LetT5  be  the  transform  from  the  first  repre¬ 
sentation  (f(r.$l)  to  the  second  one  (sequence 
of  1^).  we  give  here  sote  of  Its  properties 
which  wo  shall  use  later  on. 

The  TJ  transform  Is  linear  and  homogericous 

TJ  being  a  one  to  one  transform  f(r,0) 
leads  to  ^(u)  2  h  fbr  ell  n.  k  and  vico-versa. 


the  flr«t'cr<J8r  t«r»  1* 


If  *6  transform  of  o  furctlan  f  is  tho 
s«Qyeftc«  ^  then  the  *5  transforo  of 

•  its  laplaclan  is  the  sequence  ^ 

-  is  the  sequence  having 

as  zoro'^-onJer  tem  u?'^  ^ 


o"*‘  [i^^{A3-3A^)*lU^(A2-A^j)*(guV)A^j  • 
2  i  Uu  e"^' 

the  seeond'ortier  tera  is 


as  n^^-order  tera  ^ 

...  2  h^l.K  n*t»K 

for  n  1 

-  9f/  dy  is  the  sequence  having 

os  zero^^'orcer  torn  ^  (K-1)  u  2 

as  n^^-orcer  tera  4  ^  ^ 

^  2  n»1,3-K 

*  *n-1.3-k* 

If  the  function  f  depencs  on  a  paraw»;^erX, 
the  TS  transfora  of  li  is  the  sequence  A  f„  .• 

IheTS  transform  of  even  functions  of  y{or 
will  have*  the  terms  ^(ul  Identical  to 

n,2 

zero.  As  ws  are  going  to  deal  with  such  func* 
tions  (due  to  prysical  syrmetry).  we  shall 
j^rop  from  row  the  second  index  and  write 

Mu)  for  ?  ,(o). 
n  n.  I 

The  Green  function  In  the  case  of 
intlnlte  depth 

Tr^  T3  transfora  of  the  Ooundorv  value  pre&lcn 


e“’  [!^^lA^-2A2"A^)*IiiUU(A3-A,)»rsu-u')A2]  ■ 

M)e  n^*order  tom.  for  n  >  2,  is  : 

^1-0 

v.rltlAg  o  .  ^  ono  6  •  ^Vu  • 
these  equations  Oecnme  : 

3-a/  A2-A|j-41ti>,*2tS’-a’)A^  •  2(1'ac“*2e’!/u. 
3-D/  Aj-3A,-41atAj-A^)-4ie’-<lMA,  •  81a/u 
3-c/  A,-2Aj-A^*41olAj-A^)-4l6‘-tl’lAj  ■  -  2/u 


let  us  go  bacK  to  the  problem  defined  by 
equations  In  the  case  of  infinite  depth, 
let  us  taVie  S  •  i/*^  «  . 

leffCOyjS.  z,  z')  be  the  solution  to  this 
problem  and^  (u.  z.  z')  the  sequence  obtained 
by  perforning^a  t5  transform  on  this  solution. 


Solution  to  the  transformed  problem 

equation  3>d  shows  that  we  have  to  deal,  from 
on.  with  the  classical  problem  of  determining 
the  terms  of  a  Fibonacci  sequence.  UicKnow  that 
these  terms  are  of  the  form 


1. a/becomes 

2^  -  u*  •  0  for  oil  (1 
az  n 

and  l.b/becomes 


3>n 

•  0  for  z  «  -  « 

^  la  thus  of  the  form  K,{u.  zMe'*^.  Consl- 
doring^the  symmetry  between  z  and  z‘.  wo  can  wrlre 


We  are  left  with  the  problem  of  determining 
the  sGQuonce  of  functions  of  ore  variable  A„lu) 
by  imposing  the  boundary  condition  (l-c)  on  the 
bottom  to  bc  satisfied.  The  T>  transform  of 
•(Z'Z')*  being  a  sequence  having  all  its 
terms  equal  to  zero,  except  the  zoro^^-order 
term  which  is  ^  the 73  transform  of 

the  boundary  condition  on  the  bottom  is  a  se¬ 
quence  for  which 


the  zorc'*'  order  term  is 
^uj'|dV(Aj  A^l-  21UUJA,  .  (fg  -  u?)A„| 

I  U'g 


Where  X^,  X:|,  X^  and  X^  are  arbitrary  and  2^.  2^. 
are  the  roots  of  the  characteristic 

2"  •  4tatz^-Zl‘I46’-4a*-2!2‘  •  1  ■  0 
which  can  be  decomposed  into 


2_  and  21 
equatlon*^ 


Z,’-  2lla  •  B  )Z,  -  1  ■  Cl 
Zj’-  2’llD  -8  IZj  -  1  •  0 


From  this 

we  get  the  roots  : 

|■'1-(a•3!'  - 

llo-Bl 

if  a*e<i 

1  l| 

if  ci*e>i 

-Ita-Bl 

if  a*6<l 

-ll/{a§? 

~  -a-B] 

if  «»6>1 

A-io-Bi'- 

1(0-81 

if  la*6i<i 

t|''ta-6!‘- 

T -(a-Bl) 

if  a-6  >1 

-ll/ta-«l‘ 

~  •  [d-ei] 

if  n-8  <-' 
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Zj  •  -l[''(a*6)*-1  *0*81 


If  [o'e|<t 
If  a-6  >1 
If  0*6  <*1 


to  1,  wh«roo»  th«  BioOuli  of  7^  ofxJ  2L  or*  greour 
than  or  oquat  to  1< 

In  the  case  where  the  roots  have  their  eooull 
eq\u)l  to  we  can  introduce  a  positive,  evanes* 
cent,  fictitious  viscosity  in  the  free  surface 
boundary  condition  in  order  to  take  into  account 
the  irreversibility  of  the  problon  of  the  source 
action,  and  show  that  |Z^|  and  I Z^}  tend  to  t* 
whereas  (Z:|  and  |Zi  |ura  to  Under  these 

condition,  in  order  for  A  to  go  to  a  finite 
lirit  when  n~«.  it  Bust  be  of  the  fora 


The  Green  function  in  the  case  of 
finite  depth 


The  t>  transforw  of  the  t?oundarv«velue  problca 
In  the  case  of  finite  depth,  wc  icnpose  S  to 
^  the  function  ‘ 

that  is  to  say.  we  add  to  the  ordinary  source, 
its  sypreetrical  with  respect  to  the  bottca. 
Under  these  conditions,  transforms 


-u*  •  0  for  all  n. 


Si^stltutlnj  A  into  3*c  and  taKlng  Into 
account  the  characteristic  equation,  give  : 


*0  ■  ■ 


Equations  3*a  and  3*b  where  the  A^'s  are  repla¬ 
ced  by  their  exprossiuns.  give  a  systea  of  two 
linear  equations  for  and  X..  for  which  the 
solution  is  given  by  : 


Expression  for  the  Green  function 

Knowing  the  expressions  for  the  A^'s.  we  get 

n.  " 

the  ^ 's  by  using  equation  2.  $  is  obtained  by 
perfonning  an  inverse *5  transfer*. 

The  Green  funutlon  sought  is  given  by  ♦ 

*0 

(  X  •  ^ 


l/rV'^rz-Z')*  •  1/»^«(Z*T‘')*  •  ... 


■  ■ 


where  Z.  and  Z-  are  explicit  functions  of  u 
through'  aand  g.  The  second  ter«  con  be  seen 
to  bo  the  potential  of  a  sink  symetrlcal  fron 
the  studied  source. 


z,  z' )  Is  thus  of  the  for« 

Mo,  zMch  u(z*h).  Considering  the  symretry  bet¬ 
ween  2  and  z*  we  can  write  : 


^  (u,  Z,  2*)  •  A  (u) 


eh  otz«h)eh  u(z*  *h> 


Notice  that  the7>  transfom  of  S  is  a  sequence 
reduced  to  1m  rero’^'-order  tom  t  ^jo 
^-u(z»z  ’Zh)!  ^  Tho  “C  transfom  of  th©  free  sur¬ 
face  boundaty  cordltlon  is  obtained  as  in  the 
case  of  infinite  depth  and.  writing 

^  ^  a  1  »  'gth  uh 

we  get  the  sot  of  equations 

4-./  Aj-A^*4l  A,-2t6*-a>)A^.4t1"2o*-2?/thuh)«’''chl« 
4-b/  Aj-3A,"4l0IA2-A^).4ie>-t.>)A,*1$~  .''•''’ch  utl 
)-C/  Aj-2Aj.Ajj"41a(Aj-A,)-4(S'-a*)Aj.-  i  .■''’’ctl  UB 

These  equations  ore  identical  to  the  equations 
3.  opart  tr&r,  the  right-hand  side,  and  the  recur¬ 
rence  fon-xjlo  is  tho  sd'ne.  whence  : 

forn>,  1. 

with  the  sa“io  expression  for  and  Z-  as  functions 
of  a  and  6  .  os  in  the  case  of'infinlte  depth. 

Equation  4«c  enables  us  to  calculate  A  : 


The  linear  system  obtained  after  substituting 
A  into  equations  4-o  end  4-b  enables  us  to  eva- 


uthuh  Z*  -1  ‘'2 


(•)  See  fig.  1 


From  which  we  obtain  tho  Green  function  i 
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♦  (r.0,2,2') 


Discussion 


*'r**l2*z'*2h? 

(  .-u*>  ch  ul2»h)chu(z'*hl  .  .  . 

// - uTSh - J„(ur)Ou.,. 

2,  7: 


.21»£“ /  ctiu(g*h)chut2**h)  /  ^1 
O  7  ch'uhv-ijtnufT  '2|*t 


2l*r'^o 


II 


chul2«h)chu(z*«hl 

,n«1  ,n*1 

2 


n-Y  ^1* 


■}cos  nOJ^lurHdu 


Tfw  Integronos  ora  once  eeeln  explicit  func¬ 
tions  of  the  Integration  variable  u.  It  can  be 
noted  that  the  Halt  for  infinite  h  of  this 
expression  Is  the  expression  previously  obtained 
for  infinite  d^th. 


Roots  and  Z^  of  the  characteristic  OQuation 


In  order  to  Kno-i^  the  bohavloiT  of  the  inte¬ 
grand  which  can  be  seen  In  the  expression  for 
the  Creen  function,  it  is  necessary  to  inspect 
the  values  of  Z.  and  Z.  when  u  varies  froo  zero 
to  infinity.  It^can  bo  easily  ostablished  that  the 
points  representing  Z,  and  Zj  in  the  Argon- 
Cauchy  plane  are  locaud  on  ttte  unit  circle 
and  its  vertical  diaraeter. 

TMcK  lifies  on  figures  1  show  the  trajec¬ 
tory  of  the  roots  Z,  and  Z,  (fig-  l.a  with 
regard  to  Z.,  fig.  l.b,  l.c  and  l.d  with  regard 
to  In  different  cases). 

Z,  moves  cnonctically  first  along  the  CA 
segpmnt  then  along  the  AS  arc.  B  is  reached  for 
infinite  u. 


Z>  moves  alorg  ttie  OA  segR«nt  then  along 
a  trajectory  ABl)  located  on  the  positive  rsol 
part  half  circle  with  a  possible  complement  on 
the  vertical  diameter.  Then  2^  >?*oves,  in  the 


Figure  l.a 


LOCUS  Cf  U€  ROOTS  2  ANO  2* 
2  2 
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oppcsUe  atrsctloa  otong  the  rs  trajectory, 
reaching  B  for  Infinlt*  u.  Tnree  casee  con  be 
Olstlngulshed  :  ei^ritlsal,  critical  and  hyper¬ 
critical  vihether  rt  1«  located  on  OC,  strictly 
on  C  or  on  BC  l.e.  whether  the  equation 
(or  ^  B  •  1  0  0)  has  two  roots,  a  double 
root  or  no  roots  at  all. 


Dashed  lines  on  the  figures  1  show  the 
trajectory  of  all  the  roots  of  the  characteris¬ 
tic  equation  when  a  soall,  but  strictly  positive, 
nuaerlcal  viscosity  Is  IntrcdiK^.  This  naKes 
clear  the  behaviour  of  2^  on  its  backward  tra¬ 
jectory  M8  and  shows  that  the  roots  2’  and  2^ 
have  a  rodulus  greater  than  1. 


When  the  depth  is  Infinite,  it  can 
easily  be  shown  that  the  critical  case  corres¬ 
ponds  to  a  Strouhal  nurober  Hi  equal  to  t/4. 

When  the  depth  Is  finite,  ti^re  is  ro  eMpllclt 
eqi'etlon  relating  the  critical  values  of  U,w 
arid  h.  However,  denoting  by  U  ,  «  and  h  these 
values,  and  by  the  double  rootT  we  con  write  : 


5-a/ 

5-b/ 

V“c\f 

thv  «  vd-th^vl 
/  vth  V 

V  thv  ■  v(i-tr?v) 

2  /  - 

’'vthv 


whore  V  •  h 

c 


It  Should  be  noted  that,  if  the  depth  1$ 
finite,  the  rcgl.'se  Is  always  hypercritical  when 
the  Prcude  ngreer  based  on  if«e  depth  Is  greater 
than  one. 


Behaviour  of  the  Integrand 


PerfoRftlng  a  United  series  expansion  of  2^ 
and  2^  for  snail  u  shows  ^hat  2^  and  2.  are 
both  equivalent  to  -  1  ^  o.  T^s  the^lntegrond 
is  finite  or  rero  when  u  •  0. 

When  u  becoises  Infinite,  the  Integrand 
behaves  like  whether  or  not  the 

depth  is  finite.  Ihis  expression  decreases  fast 
enough  to  ensure  the  convergence  of  the  integral 
despite  the  infinite  lisit  of  Integration, 
whatever  2  and  2*  o^y  be. 

The  integrand  becoaes  infinite  when  2^  or 
7^  becotres  equal  to  ^  t.  Let  us  note  that'i 

2j  •  I  has  no  root. 

2j  •  -  i  and  22  *  -  1  have  one  slrple  root. 

22  *  1  has  no  roots  In  the  hypercritical 
rcglffo 

has  two  slHple  roots  In  the  eu^crltl- 
cal  reglero 

has  one  double  root  In  the  critical 
reglrf«. 

Consequently,  except  In  the  critical  ^egienc 
which  we  Shall  deal  with  below,  the  singulari¬ 
ties  behave  like  i//u' -'u.  and  the  Integral  Is 
convergent. 


OOnAlNS  tO<R»y TO  THE  0IfftR>\I  ftlGinfS 
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Critical  r»Kltaa 

In  th«  vicinity  of  tno  dotAlo  root  u  of 
tho  <^SJ2t||on  Z,  *  inte£rand  tehavoS  Itko 

1/v^u*a.)  •  Int*  singularity  cannot  ba  ragardad 
as  a  polo,  in  wftich  case  the  integral  could 
have  bean  corputad  as  a  Cauuiy  principal  value. 
M  a  Mttor  of  fact  we  bad  to  select  for  tba 
square  root  a  branch  that  nakes  the  integrand 
behave  like  i/Jj-u  |.  In  the  critical  r«glr«. 
the  integral  is  not  defined,  neither  is  the 
Green  function.  When  approaching  the  critics! 
regine.  they  both  tend  to  infinity. 

However,  the  real  Green  furction  4*  is  the 
real  part  of  If  we  denote  by  Rlx.y.z. 

z'.ctU.h)  the  residue  of  the  integrand  for  the 
critical  value  of  u.  and  t  (He  argirent  of  this 
residue,  the  real  part  of  Re^^*^  is  zero  for 
values  of  t  such  that  T  •  «t  •  |  •  k*.  for  these 
values  of  t  the  Green  function  Is  finite  in  the 
vicinity  of  the  critical  lino.  This  function 
tends  t^ards  a  dlffetent  Holt  depending  on 
the  regime  (suberltlcal  or  hypercritical)  froa 
which  the  critical  point  Is  approached,  the 

value  of  the  potential  4*  when  crossing 
the  critical  lino  for  suitable  values  of  t  is 
the  real  part  of  is  Re^**.  that  is  s|  Rj  . 

for  Infinite  depth 

[■'o  "  ^1 

•  21g  ff(Z*Z'«lx)/(4U*) 

“Jpe  c 

c 

The  locus  of  the  points  at  which  the  poten¬ 
tial  tends  to  a  limit  when  approaching  the  cri¬ 
tical  regime  Is  a  set  of  straight  ines  of  equa- 
tlon  •  w^t  •  s/2  •  k  s 
c 

eoj 

i.e.  *  *  (s/2  .  Ks) 

These  lines  are  orthogonal  to  th©  direction 
of  the  source  speed  and  rcve  backwards  In  the 
moving  frame  of  reference  with  a  velocity  U  . 
Consequently  they  are  motionless  In  the  flx8d 
frame  of  reference.  The  value  of  the  Jiro  Is  s 

c 

In  the  case  of  finite  depth,  neither  the 
location  of  the  points  of  finite  potential  nor 
the  value  of  the  Jump  can  be  given  explicitly 
In  toms  of  the  physical  parameters  (U  .  w 
and  h)  alone.  The  parameter  u  (or  v  •  5  n)® 
cannot  be  eliminated.  Once  again  the  potential 
stays  finite  on  straight  lines  orthogonal  to 
tho  direction  of  the  source  speed.  These  lines 
move  backwards  in  the  moving  frame  of  reference 
with  a  speed  : 

“c  .  1  TT"  thv«v{1-th*v) 

“  o\  8h  i  i  .■■i:*" 

/  vth  V 
V(l-thS) 

/^th  V 


In  t.he  fixsd  frame  of  x-eference.  these 
lires  move  In  the  same  direction  os  tlte  source 
with  a  speed  : 


(1  -  th*v)  Y* 


flguic  i.b 


JUMP  Cf  TMt  uRiT-N  FoV  Tin', 


&3S 


I 

i 


Tn*  vsluo  of  th«  poUntlAl  is  elvon 


.  ..  chvi1*2/h)chv(1*2*/h1 
ft  54, - rrr- - 


J'c  •  V*^ 

H  * 


Ths  figure  3.d  shows.  In  the  cose  of  Infl* 
nlte  depth,  the  value  of  the  Jwrp.  as  a  function 
of  the  speed  and  the  quantity  i  •  z*z*. 

The  figure  3.0  represents  the  function  of 

U, 

^  and  5  defined  Py  : 


- »  - 

In  the  case  of  finite  depth,  the  value  of 
the  Jui!^  of  the  potential  is  : 


4<t>"  4‘<J.  (?‘(2«2*)/h)»  4'4i  (  Iz'-K). 

The  value  of  the  jirp  can  t»e  ohtalned  by 
using  twice  the  figure  3.b. 

The  consideration  of  the  lloit  of  the* 
potential  and  its  Jurp  in  the  critical  ease 
may  appear  as  an  aeadenie  matter  since  the 
linearization  of  the  free  surface  condition  is 
no  more  valid  when  approaching  such  a  regime. 
However  it  has  practical  applications.  There  is 
no  set  of  values  of  the  parameters  U.u.x.y.2.2* 
and  h  for  which  the  value  of  the  Green  function 
Is  Known  and  thus  no  possibility  of  checMr^ 
the  correctness  and  the  accuracy  of  a  computer 
program  designed  to  provide  the  value  of  this 
Green  function.  However  the  comparison  of  tne 
value  of  the  Jirp  given  by  the  aforementioned 
expression  with  the  value  given  by  the  program 
allows  a  chccKlng  of  this  program. 


Oerlvatlves  of  the  Green  function 


Calculation  of  the  derivatives 

As  wo  Know  the  terms  of  the  ”15  transform 
of  the  Green  function,  it  .is  easy  to  calculate 
the  terms  corresponding  to  its  derivatives,  for 
z  or  2'  derivatives,  we  simply  proceed  to  tne 
derivation  of  each  tern,  for  %  and  y  derivatives 
we  use  the  relations  given  in  the  section  entl* 
tied  "properties  of  the  TJ transfers".  The  use 
of  these  relations  must  be  repeated  if  wo  deal 
wltfi  derivatives  of  order  greater  than  1.  If 
the  order  of  the  derivative  with  r^pect  to  y 
is  odd.  the  sequence  will  have  ^  ^  terms 

but  only  2  terns.  Having  obtained  the  sequence 
we  are  iooKlny  far.  we  go  bacK  to  the  usual 
representation  by  using  the  inverse  TJtronsfom. 

In  that  way,  the  potential  of  different 
multipoles  and  the  velocity  gvnorated  by  them 
can  bo  obtained. 


Pressure  generateo  by  a  source 

As  an  oxa^le,  compute  the  pressure  genera¬ 
ted  by  a  pulsating  moving  source  in  the  case  of 
infiniU  depth. 

The  pressure  is  given  by  the  6ernoul!l 
equation  : 

■■•olr'pxjtul;. 

If  we  set  opart  the  terras  - .  ^  '■T’ 


I,  in  the  (r.O)  representation. 


the  U  iransfona  of  the  remairrter  is  a  sequence 
of  terms 

'''  .  1  »h,  o(z*z*) 

'^n.l  ^1  ^2  ^2’® 

The  T>  transform  of  the  pressure  Is  a  sequence 
td>ich  has 

f  K  ^  V  n. 

0  zero'  -order  term  p  *0(Uu'^,  • 


that  is  for  the  zero'  -order  term 
|uu(>,  ?,  • 

tog  uU'J')  '  ,  .  _f2_, 


and  for  the  n'  order  term  tn  ^  i) 


•  i«a,  J"  •  i,  Jji] 

'(•I  «n»1 

.  1  .  J. _  ) 

7*.l  2*.i 

Using  an  inverse  *C  transform  we  get  • 

I  •  p(U  ^  •  S*})  (  ■■  - L  *  * 

♦(z»z' 


f  ill - !i_, >J  •... 

“  'oZ'.l  Z'j'l  ° 

....lit  /  cot  ne/l— 2 — .-i — {ur)tiu 

^  no'  ^  Z*-l 
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ON  THE  NULL-FIELD  EQUATIONS  FOR  WATER-WAVE  RADIATION  PROBLEMS 
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Abatract 

Conaider  a  rigid  body  which  ia  performing 
aiople-harmonic  oscillations  in  the  free  surface 
of  deep  water  under  gravity.  Under  certain 
geometrical  conditions  on  3D,  the  wetted 
surface  of  the  body,  it  is  known  that  the  linear 
boundary-value  problem  P  for  the  corresponding 
velocity  potential  4  ia  uniquely  solvable  at 
all  frequencies.  The  usual  method  for  solving 
^  la  to  derive  a  Fredholm  integral  equation  of 
the  second  kind  over  3D,  It  is  also  well-known 
that  the  usual  bourklary  integral  equations  are 
uniquely  solvable,  except  at  an  infinite 
discrete  set  of  frequencies  (the  irregular 
frequencies).  In  this  paper,  we  shall  describe 
an  alternative  method  for  solving  P  ,  called 
the  'null-field'  method;  this  method  was 
originally  devised  by  Vaternan  for  acoustic  and 
electromagnetic  scattering  problems.  Ve  derive 
an  infinite  system  of  aooent-like  equations 
(the  'null-field'  equations),  which  are  to  be 
solved  for  the  boundary  values  of  These 
equations  are  uniquely  solvable  at  all 
frequencies  -  the  unphysical  irregular  frequen¬ 
cies  do  not  occur.  For  the  special  case  of  a 
half-ienersed  citcular  cylinder,  wc  find  a 
simple  connection  between  the  null-field  method 
and  the  method  of  multipoles.  Ve  discuss  the 
numerical  solution  of  the  null-field  equations 
and  present  some  results  for  the  heaving,  half- 
immersed,  elliptic  cylinder.  Finally,  ve  sketch 
how  Che  null-field  method  can  be  extended  to 
three-dimensional  problems  and  to  problems  where 
the  water  is  of  constant  finite  depth. 

1.  Introduction 

Consider  a  rigid  body  which  is  floating  in 
the  free  surface  of  a  fluid.  Vc  suppose  that 
the  fluid  is  incompressible  and  inviscid,  and 
assume  that  the  effects  of  surface  tension  are 
negligible.  We  denote  the  fluid  domain  by  D, 
the  free  surface  by  F  and  the  vetted  surface 
of  Che  body  by  30,  which  ve  assume  has 

Properties  J  (John,  1950).  Let  3D*  denote 
the  union  of  the  surface  3D  and  its  mirror 
image  in  the  plane  of  the  free  surface.  Ve 
shall  say  that  3D  has  properties  J  if  3D* 
is  a  convex,  tvice-dtfferentiable  surface.  (In 
particular,  3D  must  intersect  the  free  surface 
perpendiculsrly.) 


a  horizontal  cylinder  of  infinte  length.  Ve 
take  Cartesian  coordinates  (x,  y,  z)  with  the 
2-axts  parallel  to  the  generators  of  the 
cylinder  and  the  y-axis  vertical  (y  increasing 
with  depth),  such  that  F  occupies  a  region  of 
the  plane  y  •  0. 

Suppose  that  the  cylinder  performs  simple- 
harmonic  oscillations  of  small  at^litudc  and 
radian  frequency  w.  The  motion  is  assumed  to 
be  independent  of  z  and  so,  for  irrotational 
motion,  we  can  formulate  the  following  well- 
known,  linear,  two-dimensional  boundary-value 
problem  for  a  velocity  potential 
Re((«(x,  y)  exp(-iwt>): 

Eoundary-value  problem  P 

Determine  a  function  $(P)  satisfying 
Laplace's  equation, 


the  freo-surface  condition 

K*  .  |1 . 0  or.  F  (1.1) 

and  the  boundary  condition 

-  V(p>  on  3D.  (1.2) 

P 

where  K  -  «^/g,  g  is  the  acceleration  due  to 
gravity,  and  the  function  V(p)  is  prescribed 
on  3D  (see  Figure  1),  In  addition,  there  is 
the  radiation  condition  that  waves  travel  out¬ 
wards  to  infinity,  and  the  condition  that  the 
fluid  motion  vanishes  as  y 

The  notation  is  as  follows:  capital  letters 
P,  Q  denote  points  of  D;  rmall  letters  p,  q 
denote  points  of  3D;  the  origin  0  is  assumed 
to  lie  in  F^,  the  portion  of  the  x-axis  which 
is  inside  the  cylinder;  D_  denotes  the  inter¬ 
ior  of  the  body,  i.e.  the  region  with  boundary 
3D  u  F^;  P,,  0^  denote  points  of  D_;  rp  is 
the  length  OP;  3/3np  denotes  normal  differ¬ 
entiation  at  the  point  p,  in  the  direction 
fr<»i  3D  into  D. 

The  following  theorem  on  the  solvability 
of  (p  has  been  proved  by  John  (1950): 


Let  us  assucBo,  for  sisfilicity,  that  tne 
fluid  is  of  infinite  depth  and  that  the  body  is 


Figure  l>  The  floating  cylinder. 


end  problctas  where  the  fluid  is  of  constant 
finite  depth. 

2.  Soundary  Integral  Equations 

let  C^(P»  Q)  be  the  potential  at  P  due 
to  a  sitBple  wave-source  at  Q,  i.e.  (Thorne. 
1953) 


Thcoren  1.  Suppose  that  30  has  properties  J 
and  that  V(q)  is  continuous  on  30.  Then, 
there  exists  a  wique  solution  of  the  boundary- 
value  problea  P  ,  for  all  real  values  of  K. 


Me  shall  henceforth  assuae  tnat  the  condi¬ 
tions  of  Theorea  1  are  always  satisfied. 

The  usual  approach  for  solving  the 
boundary-value  problea  P  is  to  derive  an  int¬ 
egral  equation  of  the  second  kind,  over  the 
boundary  30.  One  way  of  doing  this  is  to 
assixae  that  ^(P)  can  be  represented  as  a 
distribution  of  sources  over  30;  the  source 
strength  is  then  found  to  be  the  solution  of  a 
Fredholm  integral  equation  of  the  second  kind. 
Alternatively,  an  integral  equition  of  the 
second  kind  can  be  derived  directly  from  Green's 
theorea.  U  is  well  known  that  both  of  these 
ectliods  (which  will  be  described  in  section  2) 
lead  to  boundary  integral  equations  of  the 
second  kind  which  are  singular  at  a  certain 
infinite  discrete  set  of  frequencies,  corres¬ 
ponding  to  the  eigenvalues  of  a  related  inter¬ 
ior  problea.  This  phenownon  is  clearly  a 
consequence  of  the  method  of  solution,  for  we 
have  already  reairked  that  the  original 
boundary-value  problea  P  is  known  to  have  a 
unique  solution  at  all  frequencies,  provided 
that  3D  has  properties  J  and  V(q)  is 
continuous  (Theorea  1), 

A  different  approach  to  the  related 
problems  in  acoustics  has  been  ceployed  by 
Watermin  (1969).  Kis  method  is  based  on  solving 
the  Helaholts  foraula  in  the  interior  of  the 
body  and  leads  to  an  infinite  systea  of 
equations,  rather  than  a  single  (integral) 
equation.  Martin  (1980)  has  studied  these 
equations  (called  the  'null-field  equations  of 
acoustics’),  and  proved  that  they  always  have  a 
unique  solution,  i.c.  difficulties  at  interior 
eigenvalues  do  not  occur  with  this  method. 

In  this  paper,  ve  shall  derive  the  corres¬ 
ponding  equations  for  water-wave  radiation 
problems.  After  a  review  of  integral-equation 
methods  in  section  2,  we  derive  the  null-field 
equations  for  water  waves  in  section  3.  In 
section  4,  ve  consider  the  special  case  of  an 
oscillating  half-icncrsed  circular  cylinder. 

For  this  geometry,  we  show  that  the  null-field 
equations  may  be  obtained  by  suitably  aadifying 
Ursell's  method  of  sultipoles.  In  section  5, 
we  discuss  the  numerical  solution  of  the  null- 
field  equations.  Ve  propose  a  simple  numerical 
scheme  which  we  use,  in  section  6,  to  solve  the 
equations  corresponding  to  a  heaving,  half- 
itnerscd,  elliptic  cylinder.  Ve  obtain  good 
agreement  with  other  published  results  (for  the 
virtual-mass  coefficient).  Finally,  ve  briefly 
describe  how  the  null-field  method  may  be 
extended  to  solve  problems  in  three  dimensions 


where,  in  order  to  satisfy  the  radiation  condi¬ 
tion,  the  pith  of  integration  passes  below  the 
pole  of  the  integrand  at  k  •  K.  C^(P,  Q)  also 
satisfies  Laplace's  equation  in  D  (except  at 
P  -  Q,  where  it  has  a  logarithmic  singularity) 
and  Che  free-surface  condition  (1.1). 

If  we  apply  Green's  theorem  in  D,  to 
^(P)  and  Gq(P,  Q>,  ve  obtain  Che  following 
three  equations,  depending  on  the  location  of 
P: 

2»#(P)  “ I  tGQ(F.q>3^(q)  -  ♦(9)j^Q<P,q>}ds^, 

3D  ^  ^ 

(2.2) 

*4(p)  *1  iCj(p.q)jj|-4(q)  -  «(q>'j^,j(p,q))ds  , 

3D  “J  q  ^ 

(2.3) 

«•  f  (C,<f..<)>5|-><'5) - »U)5|-(!(,(P.,,))ds  . 
3D  ^  ^ 

(2.4) 

(Here,  the  radiation  condition  on  ^  and  Ca 
ensures  that  there  is  ho  contribution  from 
infinity.)  These  equations  are  called  the 
Helmholtz  formulae  in  acoustics  (see,  e.g.  Baker 
and  Copson,  1950);  we  shall  use  the  same  term¬ 
inology  here. 

If  we  use  the  boundary  condition  (1.2)  in 
(2.3),  ve  obtain 

>*<P>*j  ,<<|)5^l,<p,q)ii»^-|  C,(p,q)V(q)d.^. 

•D  ^  an 


which  is  a  Fredholm  integral  equation  of  the 
second  kind  for  the  unknown  boundary  values  of 
♦.  This  integral  equation  (Green's  integral 
equation)  possesses  .i  unique  solution  unless 
the  corresponding  homogeneous  integral  equation, 

«♦(?)  ♦  I  ♦(q)T|-<;Q(p,q)ds  -  0,  (2.6) 

3D 

has  a  non-trivial  solution.  It  was  shown  by 
John  (1950)  that  (2.6)  does  have  non-irivial 
solutions  whenever  K  coincides  with  an 
eigenvalue  of  the  'interior  wavc-Dirichlec 
problem',  where  the  Dirichlet  condition  ^  •  0 
IS  satisfied  on  3D  and  the  free-surface  con¬ 
dition  (l.l)  is  sar 'sfied  on  F..  At  such 
values  of  K  (called  irregular  by  John), 

Green's  integral  equation  (2.5)  does  not  have  a 
unique  solution  for  general  V(p), 


A  different  4ppro<ch  for  colvine  P  it  to 
repre*cnc  ^(P)  by  a  distribution  of  eirale 
wave-sources  over  3D, 


♦  (P) 


(2.7) 


^  applying  the  boundary  condition  (1.2),  we 
find  that  the  unknown  source  streneth  u(a) 
satisfies  ^ 


*y(p) 


►  I  u(q) 


-  v(p). 


O.S) 


This  integral  equation  (the  source  integral 
equation)  is  of  the  saae  fora  as  (2.5),  except 
that  the  kernel  of  (2.8)  is  the  transpose  of 
the  kernel  appearing  in  (2.5).  (Here,  we  have 
used  the  synsetry  of  (2.1).)  Hence,  (2.8)  has 
the  saae  irregular  values  as  (2.5). 


When  K  is  not  an  irregular  value,  we  can 
construct  the  solution  of  P  by  substituting 
the  unique  solution  of  (2.8)  into  (2.7).  For 
the  representation  (2.7)  satisfies  Uplace's 
equation  in  D,  the  radiation  condition  arid  the 
*y**"*y^^^c*  condition  (for  any  continuous 
w(q)),  whilst  it  autooatically  satisfies  the 
boundary  condition  (1.2)  on  3D  if  u<q)  sat¬ 
isfies  (2.8).  The  situation  is  not  so  straight 
-forward  with  Green’s  integral  equation  (2.5). 
Nevertheless,  if  we  substitute  the  unique 
solution  of  (2.5)  into  (2.2),  and  then  use  the 
boundary  condition  (1.2),  we  can  define  a  func¬ 
tion  U(P),  say,  by 

3D  1  ^ 

which  does  solve  P .  (A  proof  is  given  by 
Martin  (1981)}  it  is  necessary  to  show  that  U 
satisfies  the  boundary  condition  on  30.) 

khen  K  U  an  irregular  value,  the 
integral  equations  (2.5)  and  (2.8)  arc  not 
uniquely  solvable  for  general  V(p)  (actually, 
(2.5)  has  twre  than  one  solution  whilst  (2.8) 
has  none).  This  difficulty  was  first  ©vcrcooe 
by  John  (1950).  He  was  able  to  prove  that  P 
is  uniquely  solvable  at  the  irregular  values  by 
giving  a  rather  cosplicatcd  argiaxnt  involving 
the  non-trivial  solutions  of  the  hoBwgencous 
form  of  equation  (2.8).  Another  way  of  over- 
cooing  the  difficulty  at  the  irregular  values 
IS  to  use  a  different  fundaocntal  solution  in 
place  of  the  siaple  wave-source  Gn<P,  Q),  sec 
e.g.,  Ursell  (1953.  1981)  and  Sayer  (1980), 

Nuoerical  solutions  of  the  integral  equat¬ 
ions  (2.5)  and  (2.8)  have  been  obtained  by  mny 
authors,  for  various  3D  and  V(q).  It  is 
known  that  the  discrctised  versions  of  these 
integral  equations  becooe  ill-conditioned  within 
a  narrow  band  of  frequencies  around  each  irreg¬ 
ular  frequency.  Although  several  cocputational 
devices  have  been  used  to  alleviate  this  diffi¬ 
culty,  it  is  not  pertinent  to  describe  then  all 
here;  for  a  recent  review,  see  Mei  (1978);  for 
a  cenparison  between  several  aethods,  see 
B^rresen  (1980). 


Ut  us  now  exaaine  (2.d),  the  third  of  the 
Helmholtz  fonaulao.  This  is  an  integral 


relation  which  asserts  that  the  potential 
induced  in  D.  by  the  sources  on  3D  is 
exactly  cancelled  by  the  potential  induced  by 
the  dipoles  on  3D.  In  other  words,  although 
the  continuation  of  the  actual  potential  in  D 
(i.e.  the  solution  of  the  boundary-value 
problem  P  ),  across  3D,  does  not  vanish  in 
D-  (otherwise,  it  would  vanish  everywhere), 
the  potential  generated  by  the  source  and  dipole 
distributions  over  3D  (which  are  used  to 
represent  the  actual  potential  in  D)  does 
vanish  throughout  D..  Waterman  (1989)  calls 
this  the  'extended  boundary  condition',  and 
(2,4)  the  'extended  integral  equation'.  Accord¬ 
ing  to  «ei  (1978,  p.402),  (2.4)  has  not  been 
used  for  water-wave  calculations.  In  acoustics, 
however.  Waterman  (1969)  has  replaced  the  inte¬ 
rior  integral  relation  (2.4)  by  an  infinite 
system  of  equations,  called  the  null-field 
equations.  More  recently,  Martin  (1981)  has 
obtained  the  corresponding  equations  for  water- 
wave  problems.  These  will  be  derived  in  the 
next  section. 

3.  The  Null-Field  Equations  for  Water  Waves 

Recently,  Ursell  (1981)  has  shown  that  the 
simple  wave-source  (2.1)  has  a  bilinear  expan¬ 
sion,  i.e. 

■  I  I  0.1) 

a»o  0-1  “  “ 

^  where  the  harmonic  functions  o® 
and  e®  are  defined  in  an  appendix  below;  c®  “ 
are  regular  and  satisfy  the  free-surface  condi- 
t£^  (1,1),  whilst  satisfy  the  free-surface 
and  radiations  conditions,  and  are  singular  at 
0^  (6®  arc  usually  known  as  'multipole'  poten¬ 
tials:  and  *1  correspond  to  a  source  and 

a  ^rizontal  dipole,  at  0,  respectively, 
whilst  for  »  >  0,  are  wave-free  poten¬ 
tials). 

Let  C.  be  the  inscribed  circle  to  3D*, 
which  IS  centred  on  0.  Similarly,  let  C*  be 
the  escribed  circle  to  3D*.  Let  Dfj  be  the 
semi-circular  region  which  is  bounded  by  F- 
and  the  lower  half  of  C„  (see  Figure  2>. 

When  P-  lies  inside  Djj  (where  r^  <  r«>,  wc 
may  substitute  the  bilinWr  expansion  (3.1) 
into  the  third  of  the  HclnhoUz  fortaulae,  (2.4) 
t*-  give  ’ 


F 


Figure  2.  The  inscribed  and  escribed  seni-circles. 
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i  !  <(p-)  [  - 

B-0  0-1  “  i  ^“,5  “ 


(3.2) 


V(q)*”(q))d»^  -  0, 


where  we  heve  used  the  boundary  condition  (1.2). 
(3.2)  holds  for  all  p.  in  D^.  Since  the  func¬ 
tions  aS(P.)  are  regular  solutions  of 
Laplace's  equation  in  Djj,  it  follows  that 
each  tens  in  (3.2)  aust  vanish^  und  so  we  obtain 
the  following  set  of  equations: 

I  -  v(<i)»°(q))d.  -  0.  <a.r) 

3D  <1 


o  -  1,  2  and  ■  -  0.  1,  ...  .  We  eall  these 
the  null-field  equations  for  water  waves. 
^uatlonT  of  this  type  were  first  obtained  by 
Vateraan  (196S),  for  electronagnetic  scattering 
probletBSa  Since  then,  the  null-field  eethod 
(also  called  the  'T-^trix'  aieebod)  has  been 
used  to  solve  many  such  problems,  as  well  as 
problems  in  acoustics  and  elastodynanics;  for  a 
collection  of  papers  on  these  topics,  see  the 
conference  proceedings  edited  by  Varadan  .ind 
Varadan  (1980).  However,  the  null-field  equa¬ 
tions  for  water  waves  appear  to  be  now. 


Having  obtained  the  null-field  equations, 
we  would  like  to  know  whether  they  are  solvable. 
The  following  theorem  has  been  proved  by  Martin 


Theorem  2.  Suppose  that  3D  has  properties  J 
and  that  V(q)  is  continuous  on  30.  Then,  the 
null-field  equations  for  water  waves,  <K.F), 
possess  a  unique  solution  for  all  values  of  K. 

The  proof  of  this  theorem  involves  showing 
that  «  satisfies  (N.F)  if  and  only  if  i 
satisfies  a  Iredholm  integral  equation  of  the 
second  kind,  which  is  itself  known  to  possess  a 
unique  solution.  Such  an  integral  equation  has 
been  obtained  by  Ursell  (1981).  He  replaced  Cq 
by  a  different  fundamental  solution,  C,.  def-’ 
ined  by  * 

OjCP.Q)  •  C(,(p.q)  *  I  I  (3.3) 

o-o  0-1  "  * 

where  a^  are  constants.  Applying  Green's 
theorem  in  D,  to  «(P)  and  C,<P,Q)  (as  in 
section  2),  then  gives 

¥*(p>  +  I  ♦(q)^  Cj(p,q)d$^  - 
3D 

I  (3.4) 

J  G,(p,q)V(q)dS^. 

30 

This  is  another  Fredholm  integral  equation  of 
the  second  kind  for  3(q).  Ursell  (1981)  has 
proved 


Theorem  3.  Let  SD  have  properties  J  and  let 
the  constants  a^  in  (3,3)  be  chosen  such  that 
Im(ag)  >0  for  o  ■  I,  2  and  m  ■  0,  1,  ...  N. 
Then,  the  integral  equation  (3.4)  is  uniquely 
solvable  at  any  given  value  of  K,  piovided 
that  N  is  sufficiently  large. 


V'e  DOW  know  that  the  null-field  equations 
are  uniquely  solvable,  but  whac  is  the  solution 
cf  the  original  boundary-value  problem?  It  can 
be  shown  that  if  ^(q)  satisfies  the  null-field 
equations  (or,  equivalently,  the  integral  equa¬ 
tion  (3.4)),  then  the  solution  of  P  is  given 

by 

«(P)  I  (c,<P.<.)v(q)  -  ♦{q>5^,<P.<i»d>,. 

3D  . 


Suppose,  now,  that  P  liee  outaide 
(see  Figure  2).  Then,  we  can  again  use  the  bi¬ 
linear  expansion  of  Ca,  (3.1),  in  (3.5)  (ti,- 
gethcr  with  (K.F)  and  (3.3))  to  obtain 

♦  (p>  •  I  l 
0-0  0*1 

where  the  coefficienta  c^  are  given  by 

3D  ** 

0  •  1,  2;  m  •  0,  1,  ...  . 

(3.6)  implies  that,  exterior  to  C^,  f(P) 
has  an  expansion  in  terms  of  a  set  of  functions 
(^m!*  «*ch  of  which  satisfies  Laplace's  equat¬ 
ion  in  D,  the  free-surface  condition  and  the 
radiation  condition.  Expansions  of  this  type 
were  first  used  by  Ursell  (1949)  to  solve  the 
problem  of  the  heaving,  half-isiaersed  circular 
cylinder  (see  section  4),  Later  (1950),  he 
proved  that  the  set  {9g>  is  complete.  There¬ 
fore,  wc  can  assume  that  (3.6)  holds  exterior  to 
C*  and  then  proceed  to  give  an  alternative 
derivation  of  the  null-field  equations:  Apply 
Green's  theorem  to  ♦(?)  and  #g(P)  in  the 
region  bounded  by  dD,  F  and  $,  where  S  is 
a  large  semi-circle,  of  radius  r»  enclosing 
3D  and  centred  on  0,  There  is  no  contribution 
from  integrating  over  F,  since  $  and 
both  satisfy  (l.l).  We  can  show  that  the  cont¬ 
ribution  from  integrating  over  S  vanishes  as 
r  ■*  •,  by  using  (3.6),  and  then  using  asympto¬ 
tic  properties  of  to  prove  that 

Lia  j  (Or,e)^;;(r,e)  - 
r-/  “ 

(3.7) 

»]J(r,e)^’(r,e))r<18  -  0. 


(Here,  wc  have  assigned  plane  polar  coordinates 
(r»  9).  -i»  i  9  S  i*,  to  points  on  S.)  If  we 
now  choose  appropriate  values  for  a  and  o, 

VC  obtain  the  complete  set  of  null-field  equa¬ 
tions.  (N.F  ). 

Thus,  we  see  that  the  null-field  equations 
do  not  d>pend,  essentially,  on  the  bilinear 
expansion  of  the  wave-source,  (3.1),  or  on  the 
interior  integral  relation  (2,4),  but  on  the 
expansion  of  potentials  which  satisfy  the  free- 
surface  and  radiation  conditions,  as  (3.6). 
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4.  The  IUlg*Ittaert*J  Cireulir  Cylinder 

Consider  ;bc  speciel  esse  of  a  half- 
isnersed  circular  c^Under^  vith  vetted  surface 

C,  floating  In  the  free  surface  of  deep  water. 
We  define  circular  polar  coordinates  (r,9) 
such  that  points  on  C  have  coordinates  (a,9)» 
vlth  -{s  (  9  $  {s.  The  synaetrlc  boundary 
value  proble*  P  corresponding  to  vertical 
oscillations  of  the  cjllnder  was  first  solved  by 
Ursell  (1949a).  We  shall  now  briefly  describe 
his  aethod  (the  'aethod  of  aultlpoles'). 

For  the  particular  geoaetry  considered 
here,  C«  coincides  vlth  C.  Thus,  we  can 
represent  9  as  an  Infinite  series  of  aultipole 
potentials,  throughout  the  entire  fluid  doeain 

D,  i.e.  ve  can  write 


♦  (r,9)*  Z 

n"9  “ 

where  Is  the  potential  dueteaslaple  wave* 
source  at  0  and  o  >  0,  are  sysmtrlc 

vave*free  potentials;  see  the  appendix. 

(4.1)  satisfies  Laplace's  equation  in  D, 
the  free*aurfacc  condition  (l.l)  and  the 
radiation  condition.  (4.1)  also  satisfies  the 
boundary  condition  (1.2)  on  C  if  the  coeffl* 
dents  c^  can  be  chosen  such  that 


the  contribution  froa  integrating  over  S«  also 
vanishes  as  r»  *<' •*,  by  (3.7).  Hence,  (4.3) 
becooes 

'0 

I  ‘-I* 


a  •  0,1,...,  by  (4,1).  Ve  see  that  (4.4)  are 
precisely  the  null*fleld  equations  for  the 
syaaetrie  oscillations  of  a  half-laaersed  circu¬ 
lar  cylinder,  thla  aay  be  coepared  vlth  the  co¬ 
rresponding  exterior  problea  of  acoustics:  for 
an  oscillating  circular  cylinder,  the  null-field 
equations  stsply  yield  the  Fourier  coeponents  of 
the  well-known  exact  solution;  for  all  other 
geoeetries,  the  null-field  equations  of  acous¬ 
tics  aust  be  solved  nuaerically.  For  water-wave 
problestt,  the  null-field  equations  aust  always 
be  solved  nuaerically;  this  will  be  discussed  in 
the  next  section. 

5.  Kuaerical  Solution  of  the 
null-field  equations 


V(a.9)«U^cos9  •  Z  **• 

(4.2) 

where  is  a  constant  and  angular  brackets 
indicate  that  r  ia  to  bo  put  equal  to  a. 


To  find  the  tmknovn  coefficients  Cq, 
Ursell  suggested  two  octhods.  In  one  of  these, 
he  aultipUcd  (4.2)  by  the  complete  set 
(eos2a9),  a  •0,1,...,  and  integrated  over  C 
to  give 


i 

0 


V(a,9)cos  2a9  ad^  • 


Jo'"  lo 


The  null-field  equations  aay  be  written  as 

f  •  v',  5-1,2;  .-O,!,.., 

’"<1°  '  °  (5.1) 

where  9(q)  is  to  be  deterained  and  the  known 
constants  vS  are  given  by 

'■I  •  j 

before  considering  hov  to  solve  (3.1),  ve  reeark 
that  the  null-field  equations  are  not  integral 
equacices;  they  fora  an  infinite  set  of  aoeeni- 
liko  equations. 

Let  {9^(q))  be  a  sec  of  functions  which 
is  cooplete  over  dD.  Write 


This  is  an  infinite  systea  of  linear  algebraic 
equations  for  Cn;  approximate  values  fer  Cn 
aay  be  obtained  by  nvmerically  solving  a  trun¬ 
cated  systea  of  equations. 

Instead  of  oultiplying  (4.2)  by  (cos2a9), 
let  us  aultiply  by  the  coeplete  set  (•^(a,9)), 
a  -  0,1,...,  and  integrate  over  C.  Ve  obtain 

(!•  , 

v(., «)••(., »)«d«  • 

0 

(4.3) 

We  now  apply  Creen's  theorem  to  *n  ^a 

in  the  region  boimded  by  C,  F  and  S^,  where 
S«  is  a  larga  seal-circle  of  radius  rw  There 
IS  no  contribution  froa  integrating  over  F  and 


♦  (q>  •  Z  •♦>('?)  (5.2) 

n-O  "  " 

where  the  coefficients  a^  are  to  be  deterained. 
Substituting  (5.2)  into  (3.1)  gives 

Z  a  *0,1 .  (5.3) 

an  n  a 

n*0 

where  f  a 

-  J  *n<^>5rV-*>o*q 

and  ve  have  suppressed  the  dependence  on  o. 
Clearly,  the  best  choice  for  (pn)  would  be 
iTn).  where 

(  (5-5> 

)D 
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is  (be  Kronecker  delta) »  for  then  (5.3) 
yields  (5.2)  becoees 


n*0 

llovevcr*  vo  do  not  knov  a  priori  which  fund** 
ions  (Tj^)  satisfy  the  orthogonality  relation. 

(5.5) ,  for  a  given  boundary  90;  for  each 
value  of  n,  the  deteraination  of  T,,  it 
equivalent  to  solving  the  null'field  equations 
(with  Vq  replaced  by  isn)*  Coaputationaliy, 
it  is  not  worth  while  to  deteraine  {Tq}  (see 
Sates  and  Veil  (1977,  p.57)  for  soae  consider* 
ations  of  this  point,  in  acoustics).  However, 
it  may  be  possible  to  choose  (pn)  that 

(5.5)  is  nearly  satisfied,  i.e.  so  that  the 
infinite  system  of  equations  (5.3)  is  diagonally 
•dominant.  Assuming  that  such  a  choice  can  be 
made,  we  truncate  the  infinite  system  sni  obtain 


I  K  a  ■  V  , 
Jr,  an  n  m* 
n»0 


•0,1. (5.6) 


This  is  a  system  of  H»1  simultaneous,  linear, 
algebraic  equations  for  the  N*1  coefffcie.-its 

I'  *  0,1,..., K.  S'ote  that  we  have  now  made 
two  approximations:  we  have  only  used  the  first 
N*1  of  the  null'field  equations  and  wc  have 
only  used  of  the  complete  set  to 

represent  p  on  9D. 

To  obtain  a  practical  nxncrical  method,  we 
must  now  choose  the  set  of  functions  (Pn^* 
Simple  choices,  such  ss  tngoneewtric  functions 
or  orthogonal  polynomials,  will  often  be  satis* 
factory,  but  sometimes,  other  choices  (perhaps 
functions  which  depend  on  K)  wilt  be  more 
appropriate.  Also,  from  computational  exper* 
ience  gained  by  solving  the  analogous  exterior 
problem  of  acoustics,  we  expect  that  the  system 

(5.6)  will  be  ill'ccnditioned  for  elongated 
bodies.  Several  methods  for  alleviating  this 
difficulty  have  been  devised  (see,  e.g. ,  Hall, 
1980),  but,  even  in  acoustics,  no  satisfactory 
algorithm  exists  for  choosing  (PnK  Keverthe- 
less,  if  we  have  aide  a  reasonable  choice  for 
(Pn),  we  can  aolve  (5.6)  and  obtain  a  good 
approximation  to  4(q):  in  the  next  section,  vc 
shall  describe  the  use  of  this  procedure  to 
solve  a  particular  problem  P. 

6.  The  Half-Iamersed  Elliptic  Cylinder 


X  •  rsinP,  y  •  rcosP,  *Ji  $  9  <  )v, 
where 

r  "  b(cos^n  ♦  H^sin^rj)^,  tanP*  Htann 

and  H  ••  a/b.  Since  the  motion  is  symmetric 
about  6  ■  0  (i)  *  0),  we  only  require  the 
even  (o  •  1)  nuU*field  equations,  and  only 
need  to  integrate  over  half  of  3D.  Moreover, 
we  have  V(q)dSg  •>  H^acosn  dn.  where  the 
cylinder  is  oscillating  with  vertical  velocity 
Thus,  Che  null*field  equations 

become 

9(n)il^„(q>>Csin^n*H2cos2n)*dfi  - 


where  the  constants  V  are  given  by 


B  j  m 


The  source  potential,  may  be  evaluated 
using  the  expansion  given  by  Yu  and  Ursell 
(1961),  namely 

P^(r,d)  *  “{(logKr  -  it  ♦  y>coa^rsine) 


&8in(Krsine)>exp(-Krco89) 

I  ‘i  •  5  •  •  s)cos«9. 


where  y*  0.5772...  is  Euler's  constant.  The 
mve^free  potentials,  Pq,  are  real  and  are 
given  by 


.!/_  Av  _  COS  2m9  .  K  cos(2m*l)e 

*  TSriT  -Tfe— 


The  nonnal  derivative  of  9^,  m  -  0,1,...,  may 
be  evaluated  using 


.  sxn(a-9)j  || 


where  Htana  •  lann. 


Ve  consider  the  vertical  ofcillacions  of  a 
half-icaeraed  elliptic  cylinder.  The  corres¬ 
ponding  boundary-value  problem  P  has  been 
treated  by  several  authors,  for  example,  Porter 
(I960)  (cf.  Ursell,  1949b)  has  used  conformal 
napping  and  the  method  of  multipoles,  whilst 
Kim  (1965)  hss  solved  the  source  integral 
equation  (2.8). 

Let  an  arbitrary  point  q  ?  (x,  y>  on  the 
wetted  surface  of  Che  cylinder  have  coordinates 

X  ■  asinn.  y  ■  bcoan*  *1*  S  n  f  )*• 

where  2a  and  b  are  the  beam  and  draught, 
respectively,  of  the  cylinder.  In  circular 
polar  coordinates  <r,9),  we  have 


To  solve  the  null-field  equations,  we  use 
the  method  outlined  in  section  5:  write 


♦<n)  -  u,.  [  Vn*”* 

n"0 


and  substitute  into  the  first  K*1  of  (6.1). 

We  obtain  the  system  (5.11),  with  given 
by  (6.2)  and  given  by 

•  I  pjj('r})(l>^^(r,0))(sin^n  ♦  H^cos2n)®dn. 

Vjj  and  oay  be  evaluated  numerically 

using  any  suitable  quadrature  formula  (the 


integrands  ere  non-singular).  In  our  nuaerieal 
work,  we  tried  ta(n)  *  cos  2nr)  and 
♦n(n)  -  TjnCZu/*)  (In(x)  is  a  Chebyshev  poly 
nosial:  Tn(cosd)  *  cosnd);  although  ocher 
choices  could  have  been  Bade»  ve  found  the 
Chebyshev  polynotaiaU  to  be  quite  satisfactory 
for  our  problea. 

In  Table  1*  ve  give  values  of  the  virtual* 
nass  coefficient  for  varicus  values  of  Ka  and 
li,  where 


virtual-mss  coefficient 


*Jo 


(Here,  the  virtual  mss  has  been  normlised  by 
the  mss  of  the  fluid  displaced  by  a  half- 
incoersed  circular  cylinder  of  radius  a.)  All 
the  results  shown  veie  obtained  using  Chebyshev 
polynomials  and  K  $  7.  Coeparing  our  nuscrical 
values  with  the  graphical  results  of  Porter 
<1960,  Fig. 13)  and  Kia  (196S,  Fig. IS),  we  see 
that  the  agreenent  is  good  (Kia's  results  sust 
be  Bultiplied  by  2/r).  Ve  believe  that  these 
are  correct  to  4  significant  figures. 

As  expected  our  siaple  nuaerical  schem 
for  solving  the  null-field  equations  does  not 
converge  for  very  thin  ellipses  <H  <  0.4  and 
H  >  3,  approximtely),  even  though  the  complete 
set  of  equations  is  guaranteed  to  have  a  unique 
solution.  It  is  hoped  that  this  difficulty  can 
be  overcoae  by  using  a  acre  sophisticated  nua- 
erical  technique;  sec,  e.g.,  Varadan  and  Varadan 
(1980),  where  various  techniques  for  solving  the 
null-field  equations  of  acoustics  are  detcribed. 
Hr/ever,  when  the  equations  are  not  too  ill*^ 
conditioned,  our  siepte  scheme  is  very  efficient; 
the  mchine-tiae  required  is  rather  less  than 
that  required  by  integral-equation  methods.  In 
addition,  the  null-field  method  does  not  exhibit 
irregular  frequencies;  this  is  ioportant,  cotspu- 
tationaily,  because  the  location  of  these  fre¬ 
quencies  in  the  spectrum  is  unknown  a  prion  for 
an  arbitrary  curve  3D.  Thus,  the  null-field 
method  my  be  cot^utationally  attractive,  espe¬ 
cially  for  problems  which  are  fully  three- 
dimensional  (see  section  7). 


H 

0.5 

Wavenumber,  Ka 

1  0  1.5 

2.0 

0.6 

o.s.sii 

0.64426 

0. 74904 

0.81580 

0.7 

0.56600 

0.62149 

0.71830 

0.78765 

0.8 

0.59115 

0.60915 

0.69457 

0. 7633) 

0.9 

0.61795 

0.60440 

0.67711 

0.74303 

1.0 

0.64463 

0.60496 

0.66493 

0.72658 

1.1 

0.67029 

0.60917 

0.65702 

0.71362 

1.2 

0.69453 

0.61575 

0.65248 

0.70371 

1.3 

0.71718 

0.62364 

0.65056 

0.69637 

1.4 

0.73824 

0.63282 

0.65063 

0.69H9 

1.5 

0. 75777 

0.64227 

0.65219 

0.68778 

1.6 

0.77586 

0.6S190 

0.65486 

0.68580 

1.7 

0.79262 

0.66152 

0.65834 

0.68499 

1.8 

0.80816 

0.67093 

0.66239 

0.68509 

1.9 

0.82257 

0.68020 

0.66683 

0.68593 

2.0 

0  '=‘^98 

0.68912 

0.67153 

0,68734 

Table  1.  Virtual-mss  coefficient  for  heaving 
elliptic  cylinder,  for  various  Ka  and  H, 
where  H  •  a/b  •  half-beam/draught. 


7.  Conclusion 


The  best  known  method  for  treating  water- 
wave  radiation  problems  is  to  solve  an  integral 
equation  of  the  second  kind  over  the  (mean) 
vetted  surface.  However,  it  is  also  well-known 
that  the  usual  boundary  integral  equations  are 
not  uniquely  solvable  at  the  irregular  values 
of  K.  In  this  paper,  ve  have  described  an 
alternative  method,  vtiich  is  to  solve  the 
infinite  system  of  null-field  equations.  These 
equations  (which  appear  to  be  new  in  the  context 
of  water-wave  problems)  always  have  a  unique 
solution  -  the  unphysical  irregular  values  do 
not  occur.  Moreover,  this  solution  may  be  used 
to  solve  th(.  original  boundary-value  problem  P . 

For  sicplicity,  ve  have  only  presented  the 
null-field  equations  for  two-dimensional  motions 
in  deep  water.  However,  the  method  may  be 
extended  to  three-dimensional  motions  and  to 
water  of  constant  finite  depth.  For  the  two- 
dimensional,  finite-depth  case,  ve  simply 
replace  by  the  corresponding  eulcipole 
potentials;  see  Thorne  (1953)  or  Ursell  (1981). 
The  three-dimensional  case  is  similar  and  is 
treated  by  Martin  (1981);  the  corresponding 
nultipole  potentials  were  also  obtained  by 
Thome  (1953).  and  the  bilinear  expansion  of  the 
point  wave-source,  corresponding  to  (3.1),  has 
been  given  by  Martin  (1981).  In  each  case,  it 
can  be  shown  that  the  infinite  set  of  null-field 
equations  has  precisely  one  solution,  for  all 
values  of  K. 

In  section  5,  wo  examined  several  aspects 
of  the  numerical  solution  of  the  null-field 
equations.  Ve  described  a  simple  exact  method 
for  reducing  the  null-field  equations  to  an 
infinite  system  of  linear  algebraic  equations. 
Truncatirg  this  system  leads  to  a  practical 
method  for  solving  the  null-field  equations.  In 
section  6,  we  described  a  successful  application 
of  this  method  to  the  two-dimensional  problea  P 
corresponding  to  the  vertical  oscillations  of  a 
half-isDcrscd.  elliptic  cylinder. 

It  is  clear  that  much  vorx  remains  to  be 
done  on  the  dcvcloptacnt  of  more  sophisticated 
techniques  for  solving  the  null-field  equations. 
Nevertheless,  the  null-field  method  does  provide 
an  alternative  approach  which,  it  is  hoped,  will 
be  as  computationally  useful  as  it  is  already 
known  to  be  in  other  branches  of  mathemaiical 
physics. 


Appendix 

The  following  theorem  has  been  proved  by 
Ursell  (1981) ! 

Theorem.  When  rp  <  rq.  the  two-dimensional 
source  potential,  defined  by  (2.1)  can  be  expan¬ 
ded  as 


C.(P.Q) 


l  l  <<?)<«)■ 

O"0  0*1 


where 


649 


«5(p) 


6i(P\  m  4  K  CQf(2t8~I)e 

a'  ^  y2a  y2tt-l  » 


»p(p) 

»5<p) 

»a<P> 

4<P) 


•  4  tin  2a9 

y2tt*l  2n  r*“  * 


•  -Zc'^^^cosKs,  a2(p)  -  ^  e'^^^siaRx, 


K*® 


r  (-Kr) 

■  \ 

q»2a  ’ 


■  P(P«)'.  7  (-Kr)'!  . 

K““  o.L“^ 


n  •  2,2,...,  And  the  point  P  S  (x,  y)  hot 
circular  polar  coordinates  given  by  x*rsind, 
y-rcos$  (with  r  •  fp). 
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SOME  RESULTS  ON  APPROXIMATION  BY  EXPONENTIAL  SERIES 
APPLIED  TO  HYDRODYNAMIC  PROBLEMS 
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£cot«  N*t>on*t«  SupArieurt  d*  M4c«nidu« 

1,  ru«  d«  la  44072  Nantaa  Cadax  (Franca) 


Abstract 


For  solving  an  extensive  nuaber  of  proble*$» 
It  seeas  iaportant  to  be  able  to  approxiaatc  a 
function  knovii  by  points  or  arulytically^  by  a 
sua  of  exponential  functions.  In  this  paper* 
several  algorl this  are  described*  enabling  such 
a  SROOthing  to  be  performed.  Besides,  a  nuaber 
of  applications  to  naval  hydrodynaaics  are  also 
introduced. 


1.  Intrcsiuction 


In  e>eryfields*  in  sihieh  the  use  of  Fourier 
Tran^fora  Is  very  important,  sophisticated 
approxisation  aetho>is  seea  to  be  oftbeutaost 
ii'terest. 

This  is  especially  the  case  for  ruvat  hjdro* 
d)naaics,  at  least  as  far  as  the  boundary  value 
probleas  approached  by  the  perfect  fluid  theory 
are  concerned  :  vave  resistance  of  a  ship  with 
a  constant  sailing  speed  in  cala  vater* 
behaviour  of  off-shore  structures  or  ships 
subjected  to  vave  effects,  transient  phenoaena 
etc... 

The  selection  of  the  a  basic  functions  g|Fxl 
enabling  the  approxiaation  a4  g|(x)  of  t 'e 
fix)  function,  the  Fourier  iransfora  of  which 
have  to  be  calculated,  is  governed  by  the 
following  requireaents  : 

-  The  approxiaation  has  to  be  satisfactory 
in  the  io,X]  interval,  with  X  sufficiently 
large  so  that  the  difference  between  the  appro¬ 
ximating  function  and  the  function  Itself  does 
not  have  any  nuserical  effect  on  the  rest  of 
the  coaputaiion  procedure. 

>  The  gi(x)  basic  functions  has  to  appear 
under  a  sufficiently  siaplc  fora  so  that  their 
own  Fourier  Transfora  can  be  caUuUted 
analytically. 

Such  conditions  naturally  call  for  smoothing 
Bcthods  of  using  aultlpoles  or  exponentials. 
Multipoles  have  already  been  used  for  wave  cal¬ 
culation  of  a  fully  subaerged  body  |l]  <  in 
this  paper,  several  algorithms  using  exponen¬ 
tial  functions  are  developed. 


can  be  replaced  by  exponential  series  in  order 
to  be  able  to  perform  further  calculations 
analytically. 

2.  Principle  of  the  aethoJ 

The  principle  of  the  method  is  based  on 
U»c:os  and  rrony  (2)  studies,  taken-up  by 
FrSberg  13). 

e.g  a  f  function  defined  in  (n*l)  e<)ui>spaced 
points  (Xf,  yp)  r-0,...,n. 

Approximation  is  endeavoured  by  exponc'itial 

r 

series  of  jxi  aj  e  *  form,  where  a^  aiid 
are  coaplex  unknowns. 

ijX* 

Let  us  assume  x^  •  rh.  a|  e  *  ^ 

V,  .  (2.1) 


Assuming  that  the  approximating  function 
shall  pass  through  the  base  points,  ve  thus 
obtain  the  follewlng  ((n»t)  m)  system  i 


c  ♦ 

r,  »  . 

i. 

(m  m) 

.... 

^0  ] 

i  system 

<=)') 

•  «2'2  •  •• 

..  .  c.v. 

>1 

1 

(2.2) 

^.'1 

■'  •'2'r'  • 

1 

•‘V*  •  ■ 

system 

((n.|> 

n) 

(2.T) 

'^I'l 

•S'S'- 

..  .  0.); 

e.g  the 
are  the 

r^(W 

with 


m  degree  polynoae  the  roots  of  which 

V)  ) 

.  .  ,  ,.-1'  I, 

l”)  <'-')'  «'o  " 


(Nnly  considering  the  (a*!)  first  lines  of 
the  (2.T)  systea,  aivj  multiplying  each  line  by 
the  appropriate  s.  coefficient  (s«.k  f«r  the 
k'b  line  at  the  first  stige),  we  obtain,  after 
sumaing  up,  and  account  taken  of  the  fact  that 
P,(Vi)  0 


More  generally,  functions  defined  on  an 
interval  (a.b)  either  analytically  or  by  points 


b51 


By  one-linc  shift  each  tiae^  anj  b?  reyeatinjt 
the  abore  oreration  until  n,  the  follovin( 
(n>a*l)  sy&tea  is  obtained  : 


} 


Vl®l*V2*2 . 

>'•’1  •  Vi  »2 . 


IVl’l'J'n-:’! . V.>. 

If  n  >  2a-I,  the  systea  is  overdetereined  and 
can  be  solved  by  a  least  square  aethod,  thus 
enabling  the  sj  to  be  obtained. 

The  Vj  are  the  root  of  (2.4),.  so  the  >1  can 
be  deterained  by 

‘1  ^ 

FrSbers  su«ests  calculatinc  the  Ci  froa 
regular  9ub<a.ttnxes  issued  froa  I2.,li,  by 
suypresslne  (a.n)  lines  arbitrarily  (e.<  the 
(2.3)  aatrix). 

’X.X 

Hence  a.  C.  e  * 


Mgorttha  1 

A  direct  application  of  the  aK>ve  aethod 
leads,  for  obtainln/t  the  Oj,  to  the  resolution 
of  a  reitular  svstea  (2,2), 

This  is  an  artifice  %hlch  favour-,  the  points 
involved  in  the  retained  relationships,  to  the 
detriaent  of  the  neglected  points. 

This  has  been  evidenced  in  the  tests  that 
se  have  perfonwd. 

AUortthw  2  -  Cener.^i  case  -  Coarlex 

Oenerallr,  it  is  desirable  to  obtain  an  bono- 
/ceneous  approxiaation  over  the  full  definition 
interval.  Therefore,  ve  have  been  led  to  solve 
the  coaplete  orer-deterained  systea(2. tjt)  a 
least  square  aethod,  usinn  unitary  transferna- 
tion  of  the  Householder  type. 

For  solving  (2.5)  and  (2..1>,  ve  have  there¬ 
fore  adopted  the  sate  type  of  aUoritha.  the 
aain  stages  for  the  real  case  are  recalled  in 
the  following  (for  exaaple  (4)). 

fce  have  to  solve  Ax  b  (Ad  C)  avec  1  >  C) 
alniaising  {{Ax  -  b  11*. 

for  doing  so,  A  is  transfomed  in  upper 
•triangular"  aatrix  by  applying  an  orthogonal 
operator  Q. 


The  Q  aatrixes  are  the  products  of  eleacntary 
orthogonal  and  syaaetrical  aalnxes  of  the 
fs'Uoving  fom 


«  -  I  -  2  u  uT 

u  6  R*  He  R***  and  such  as 
Ha-  a  e|  vtth  a  6 
C|  (1.0, ...0)  SR*  <1  e  R 


Wius  «in  II  As  -  b  0^  Min  S  Q  Ax  -  Q  b  fj^ 


with  b  -  Q  b 


The  X  o^tiaua  solution  is  obtained  by  sol¬ 
ving  Rx  -  b{  and  the  ainiaising  error 

C  -  11  f,  il"  (2.6) 

he  shall  see  in  the  following  that  this 
error  nay  have  a  certain  iaportance  on  the 
•optlaua*  selection  of  the  a  nuaber  of 
exponentials. 

Both  prograas  nave  been  developed  separately 
the  voaplex  case  being  sensibly  different  froa 
the  real  vase. 

This  second  algoritha  has  been  tested  in 
various  configurations  t 

Fjiaeple  I . 

«  "Dx)  .  2.'*  .  .4."''' 

X  «  |C>,I(.| 

Catx  aaxtaua  absolute  error  at  the 
base  ind  at  certain  interpolation  points. 

he  are  giving  below  a  suaaary  ^able  of  the 
results  of  the  (ai,  ^|)  couples  in  function  ol 
the  nuaber  a  of  selectod  exponentials. 

Nuaber  of  reference  points  21 


This  exaaple  is  purel>  ac^deaic.  but  the 
results  of  this  table  show  that  the  algorithm 


enables  the  accurate  deteraination  of  the  nuxber 
and  values  of  the  (aj,  Xj)  couples  of  a  function 
constituted  by  a  su»  of  exponentials. 

Besides,  ve  can  note  that  with  b«3,  the 
approxiaation  is  rather  poor,  and  that  for  a  >  4 
the  a£  coefficients  correspoi»iin|>  to  the  addi¬ 
tional  Xi  are  practically  nil. 

Exaaple  2.  Pecreaslnc  aonotonic  function 

c.e.  «  -  f(x)  .  X  e  10,20) 


2  exponentials 


Exaaple  J.  Non  oscillating  function  with 
extreaua. 

x.*f(x)*-5i—  xelo.lO)  n»40 

♦  I 


2  o9^ponentlals 


♦  t  »  }  <  s  «  «  »  »  ’ 

AJ£  C£S  X 


n  1<  14  It  M 

Axe  CCS  X 


4  exponentials 


4  exponentials 
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»u 

t.t9 
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Oi^ly  a  few  probleas  are  involved  by  such 
functions. 

The  approxlBWtion  is  good  with  a  few  nuaber 
of  exponentials. 

9.H 

Vith  a  4  1  h  ..0.5  -►  -  J.IO"* 

■l  1  J  4  S  *  '  •  *  ’ 

AXE  CCS  X 

The  tests  carried  out  on  this  type  of  func¬ 
tions  give  rise  to  the  foUoving  general 
reaarks  : 

i)  for  such  functions,  it  docs  not  sees 
necessary  to  take  many  reference  points  espe¬ 
cially,  a  step  harO.25  is  generally  sufficient. 

ii)  There  is  a  ainimua  nuaber  »  of  exponen¬ 
tials  to  be  reached  for  obtaining  a  correct 
approximation  t  belov  the  result  is  poor,  and 
above,  the  additional  (aj,  X^)  couples  are  used 
for  improving  the  results.  This  is  a  phenomenon 
uhich  has  been  evidenced  in  most  tests  that  we 
have  carried  out. 

iii)  The  accuracy  at  the  interpolation  points 
within  the  first  discretisation  intervals  is 
often  less  good  than  in  any  other  point  of  the 
definition  interval. 

To  overcome  this  drawback,  it  is  necessary 
to  increase  a  or,  better,  take  the  necessary 
arrangements  so  that  the  phenomenon  be  rejected 
beyond  the  approximation  validity  limits.  For 
doing  so,  the  reference  points  are  increased  by 
a  few  additional  points  determined  either  ana¬ 
lytically,  or  by  an  extrapolation  method,  the 
abscissae  of  which  are  lower  than  the  lower 
limit  of  the  initial  Interval. 

iv)  ilapirically,  the  "optimal"  number  of 
exponentials  is  comprised  between  n/5  and  n/3, 
where  n  is  the  reference  point. 

Example  4.  Oscillating  functions 

F(6)  w  (cos  39  •  (^»^— )  *  COS  0)^ 

^  cos*0 

(Jj,  2nd  category  Bessel's  function). 

6  e  (0.  l.!|  n  40 


The  remarks  are  quite  the  same  as  for  the 
preceding  example.  However,  if  the  number  of 
significant  ONCiIlations  is  relatively  high, 
the  number  of  reference  points  must  be  large 
enough  for  ensuiing  a  good  definition  of  the 
function  to  be  approximated.  As  corollary,  the 
number  a  of  exponentials  (generally  complex) 
must  be  higher  so  that  the  appromixating  func¬ 
tion  be  in  phase  with  the  oscillations  of  the 
initial  function. 

Algorithms  ^  and  4.  ReaKai,  Xj) 

In  general,  the  Xi  are  complex,  expecially 
if  n  IS  large.  The  trigonometric  functions  con¬ 
nected  with  the  imaginary  part  na},  for  certain 
types  of  functions,  intioducc  inteiference 
oscillations  and  thus  impair  the  accuracy,  and 
especially  within  the  first  discretisation 
intervals. 


Furthermore,  in  certain  cases,  for  simpli¬ 
fying  the  future  calculation  processes,  the 
approximation  by  teal  exponential  functions 
becomes  essential. 
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Calculation  cf  the  >1  is  perforaed  as  descri* 
bed  in  the  foregoing,  but  only  the  real  parts 
are  kept.  The  approxiteation  function  is  then  of 
the  2  aj  e  type,  with  X£  fixed  C  R. 

Then  it  is  sufficient  to  calculate  the  new  ai 
coefficients. 


For  doing  so,  tvo  procedures 
i)  A  least  square  aethod  (L2 
following  has  to  be  ainiaized  : 

®  *  ifo  ‘n  -  jJ,  *  •’  > 


have  been  used 
Rors).  The 


*0  J  ■  l,...a  leads  to  a  a  rank  syaaetrica) 
^  j  systea. 

Exaaple  5  :  Function  (3.17)  with  K^a>  0.8 
Ke(<\l01  n.40 


This  3  algoritha  shall  be  used  for  classes 
of  decreasing  aonotonic  functions,  or  functions 
with  a  reduced  nuaber  of  extreacs. 

In  such  case,  with  the  saae  nuaber  of  expo- 
entials,  the  obtained  results  arc  generally 
equivalent,  or  slight!)  bettor  than  the  pre¬ 
vious  results. 

11)  Vse  of  a  or  Lj  norm 

a  _a 

c.g.  g(a,x)  "  a^  e  with  a  6 

and  Xj,  fixed  6  R 

this  aay  lead  to  ainiaizing 

-y|]  ,  '  jS,  Ists.til  -  Vjl  N'ora  L, 
or 

llg(a,v) -V  jj^  -  max  [g(a,Xj)  -  |  Norm 

Both  abo\o  miinnlzations  can  bo  reduced  to  a 
linear  programming  problem  (refer  to  (51)  which 
has  been  solved  by  Simplex  type  rethods. 

The  approximations  thus  obtained  arc  conpara- 
ble  to  the  preceding  approximations. 

However,  an  interesting  feature  of  this  t)po 
of  algorithms  is  that  certain  constraints  can 
be  added,  especial!)  on  the  a^  coefficients,  or 
on  the  first  and  second  derivatives  of  the 
approximating  function  (refer  to  (61). 

To  conclude  . 

-  Whatever  the  selected  algorithm,  for  mono- 
tonic  functions  featuring  a  single  extremum 
only.  Very  fine  discretisation  proves  to  be 
useless, 

-  In  the  case  of  oscillating  functions,  the 
definition  shall  be  better,  and  in  corollary, 
the  nuaber  m  of  exponentials  shall  be  larger. 

-  The  tests  carried  out  led  to  the  selection 
of  a  0  |n/5,  11/3)  »  n  -  nuabe'*  of  reference 
points. 
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Ve  also  noted  ihat^the.error  sol-rxng  ever- 
(letenained  systems  ||52  jj^  (2.6)  reaches  its 
minimum  within  that  interval. 

If  n  »  m,  i.c.  ii‘  the  nunber  of  lines  of 
th»  system  is  much  greater  than  the  number  of 
columns,  the  resolution  may  be  poor. 

A  the  other  end,  we  have  »he  condition 
a  ((n*U'2  so  that  the  resolution  be  possible. 

Finally,  at  fixed  n,  an  automatic  selection 
of  a  can  be  performea  by  testing,  for  example, 
the  average  quadratic  error  obtained  at  the 
reference  points  ai.d  at  certain  number  of 
interpolation  points. 


3,  Some  dl.-ect  arplicatlons  to 
hvdrodvi^t^  rroblems 

Numerical  calculation  of  the  Integra)  exponent 
tial  functions 


Vhatever  the  octhod  used  for  solving  a  free 
surface  problem,  functions  of  the  following 
type  have  to  be  calculated  many  and  many  times  : 


G(5)  -  Ej(?) 


(3.1) 


Ej(?) 


-  V  <  Arg  ?  <  V  (3.2) 


designating  the  exponential  Integral  of  fir  ' 
order. 


and  hence,  by  approximating  the  l/(t+l) function 

.  ,  » 

for  t  5  0,  by  a  series  ^2^  «  ■ 


o 

■  A  wC 

!ti  the  case  vhcrc  85(0  <  0,  the  foiloaing 
distinction  shall  be  made  : 


f*  *.‘5^ 

C(g>  - 

( 

1  tfl 

if  Tt^Z  >  0  j 

’0 

r 

1  (3.6) 

C(C)  - 

\ 

'0 

if  <  0  J 

Now,  by  approximatir/',  the  l4t»i)  function,  for 

t  >  0,  b>  I  b,  e^i^,  we  obtain  : 
i-l  » 


G(() 


G(g> 


(3.7) 


We  have  performed  numerical  tests  for  valida¬ 
ting  the  formulae  (3*5)  And  (3*7) ■  As  far  as 
(3.5)  Is  concerned,  ve  have  obtained  a  preci¬ 
sion  of  by  approximating  l/tt*l)by  a  sum 

of  8  exoonentials.  On  the  contrary,  I2  exponen¬ 
tials  have  been  .lecessar)  wJien  using  the  formu¬ 
la  (3.7). 


Iherefore,  it  is  essential  to  use  v«  y  per¬ 
forming  approximation  formulae  j  amongst  these, 
the  cost  extensively  used  isthoHess  and  Smith 
formula  (7) 

10  <  lnl  c» 

0(0  -V'*"  lit  <0l  S  7.10-‘ 

K--  »4t^>  >09  t  < 

«  e  <  Arg  ?  <  V 

2  3  4  5 

N*.  V  (n^*nj?  ♦  1^2^  *  *  4’  *  ”5''  U 


H  toth  cases  as  compared  to  formula  (3>5)> 
ciBO  saving  is  substantial. 

Construction  of  th^'  Creon  function  arsociated 
with  a  distri^utlc  "f*  >iolvin~~ singularities^ 
Bidiaensional  pro'Sle^ 

Within  a  plane  (xoy)  of  a  bx-**'  nsioral 
flow,  \  distribution  of  the  Rai  me  singula¬ 
rities  located  In  the  half  plane  y  <  0  is 
considered  >  this  generates  a  potc.itial  function 
0  (x.y  { t)  to  which  it  is  proposed  to  associate 
«>“('»>  ii)  hirmonlc  functien,  regular  in  thi, 
half  plane  y  <  0,  and  which  shall  be  determined, 
in  such  a  way  that  the  -  0  potential 
satisfies  a  free  surface  i.ondltlon  in  any  point 
of  the  y  -  0  axis. 


•  designating  the  >uler  constant. 

*i  "’l*  "^1  given  numerical  coefficients. 

We  shall  also  mention  the  work  of  D.  Martin 
J.x)  who  has  performed  an  exhaustive  study  ena¬ 
bling  the  selection  of  the  beet  approximation 
formulae  to  be  used  depending  on  the  position 
occupied  by  the  point  of  affix  ?. 


Approximation  formulae  obtained  by  a  smoo¬ 
thing  method  using  a  series  of  exponentials  are 
proposed  in  the  following. 

Iirst.  let  us  consider  the  case  where 
k  f  >  ?  0,  we  can  write 


Such  calculations  require,  the  expression 
of  the  Inverse  Fourier  transform  of  the  function 
c(x,o  >  t). 

e.g.  J  (k.t)  f  9(\,t)  e*^'^  dK  (3.S) 


The  9(x,t)  function  nay  stiU  be  considered  as 
the  superposition  of  the  elementary  potentials 
generated  b)  a  sene  of  multipoles  • 


9(x,t) 


R<.  I 


(x-l  (t))" 
o 
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Also,  as  an  cxaaplo,  vc  will  porfora  the  cal- 
culati'^n  of  the  Fourier  transfora  corresponding 
to  one  of  these  clcaentary  potentials  s  to 
illustrate  the  sBOOthlng  acthod  in  the  aost 
ad’erse  case,  we  have  selected,  aoongst  these 
potentials,  that  which  vanishes  the  less  rapid¬ 
ly  at  Infinity,  i.c.  s  (refer  to  exaaple  3) 


♦,(x) 


(3.9) 


Vhen  perforaing  sBOOthing  by  a  sua  of  l6 
exponentials,  on  the  lO,  ISl  Interval,  the 
approxiaation  of  its  Fourier  iransfora  is 
obtained, 


The  table  below  enables  the  values 

thus  obtained  to  be  coapared  with  those  given 
by  the  exact  foraula  : 

SJ(k)  »  i  tc‘*‘ 


k 

Approached  value 

Fxact  value 

0.1 

0.2 

0.3 

0,4 

0.5 

1. 

2. 

5. 

10. 

2,S38  143 

2.S72  292 

2.327  331 

2,105  S74 

1.905  473 

1.155  727 

0.425  IbS 

0.021  168 

0.000  142 

2,$42  631 

2.572  119 

2.327  349 

2.105  873 

1 .905  473 
l.t?5  727 

0.425  16^ 

0.<'2I  168 

0.000  142 

Resolution  of  the  tridiaensional  diffraction 
radiation  trobloa  in  finite  water  depth  ?  IV ) 

Lot  us  first  realnd  the  expression  of  the 
potenliil  generated  at  anj  M(x,y,i)  bv  a  Kelvin 
pulsating  source  Q  Q  coa  «t,  centered  on  the 
M*(\',y',*')  point  within  the  -h  <  s  <  0  domain 
e.g.  * 

0  1  1  i  fi_  *  B 

■*  (XvK^)  e"*^chK(2*l)  chK(2’*l) 
j  KshK  -  K^chK  +Tc?)  * 

0  (T.II) 


ft  •  (X-X’J  cos  6  ♦  <v-r')  sin  0 


M'  being  the  »tuiietricof  M'  in  reg?.-d  to  the 

bSttOB. 

The  integral  kernel  relating  lO  the  variable 
K  used  in  (T.ii)  cm  be  written  under  the  fol¬ 
lowing  form 


e*^c*iKfZ*l)  chK<Z'»l) 

Kshg  -  K^ChK  ♦  1(0) 

P(W  c“^chK(S*I>  chK(Z'+l)  (3.13) 


setting  : 


{K*K  )  o' 


“  k  chK  -  K^chX  ♦  iW 


(5.14) 


the  ter*  KshK  -  KoChK  is  cancelled  cut  on  the 
integration  interval  fora  single  value  of 
K-h<,»  ^  positive  root  of  the 

cite  equation  : 


M.  thM^  -v 


(3.13) 


The  principal  part  of  F(K)  for  K  close  to 
is  :  22 

r,<K) 


“  K~  (M^-l(O)) 
Then,  we  shall  set  : 


(3.16) 


(K«K^>  0 

*  K>hK  -  K.  ChK  *  X^ 


(3.17) 


which  docs  not  possess  any  polo  on  the  Inte¬ 
gration  Interval,  and  vanishing  as  l/K.  for 


With  these  notations,  the  integral  related 
to  the  K  variable  takes  the  following  fora  ; 


■1. 


*  k'i  (M  '-1(6)7 


cliK(Zvl>  chK(Z'  +  l)  0**^^  <3K  (3-18) 


e.g.  replacing  the  product  ch  K(2vl)ch  K(2'*l) 
bya  su»  of' exponentials 


,  _ 

■  *  o’ 

'  o 


|F,«)  *  .1(0)) 


(o''"  .  .  o'*’'  • 


with 

tj-  Z*Z’  ♦  Ift  tj 


ZVZ*  -  2  ♦  Ift 


(ZtZ'  *  4  -  ift) 


(3.20) 


The  contribution  of  the  second  tern  appea¬ 
ring  oetween  brackets  in  (3.19)  can  be  expics- 
sed  without  difficulties  from  the  conventional 
exponentia'  integral  i  the  contributions  of 
the  third  tein  is  immediate. 


finally,  for  calculating  the  integral 
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Rtferenccs 


1  r  'i' 

1,  -i  * 

•'O 


K  5^  t  K 

“  ♦«  ♦«  )»JK(3.2I) 


we  hive  approxioitcd  Fi(K),  for  K  >  0,  by 

^  Xb 

,r.  a«  e  *  .  Wc  thus  have  ; 
l«I  * 


*"  4  *1^?4*X,  *  c.+x,  *  ?,+x,  * 

**  2i  21  31  41 


For  easier  performance  of  further  calculi* 
tions  we  choosed  the  smoothing  method  that 
yields  to  a  siu  of  ne|;ative  real  exponentials. 
In  fact,  where  Xj  is  real  nei^ative,  the  into- 
j;ral$  related  to  the  6  (3*11)  are  explained 
analytically,  as  well  as  the  surface  integrals 
which  have  still  to  be  calculated  to  obtain  the 
influence  coefficient,  when  usin;  a  singularity 
method. 

This  method  has  been  tested  for  calculatins 
the  influence  coefficients  of  the  diffraction- 
radiation  problem  in  finite  water-depth. 

Case  I.  Influence  coefficients  related  to 
the  integral  (3<2l)  have  been  computed.  An 
analytical  quadrature  on  the  plane  element  is 
followed  by  a  numerical  integration  over  d, 
Fj(h)  being  approximation  by  complex  exponen- 

Case  2.  The  same  calculations  arc  pcrfoiaed 
but  the  quadrature  over  6  is  analytical,  Fi<h> 
being  smoothed  by  real  negative  exponentials. 

In  this  last  case,  the  computing  time  is 
dlvidvd  by  a  approximate  factor  of  25  while  the 
global  calculation  of  influence  coefficients 
Is  five  times  faster. 


4.  Conclusion 

Each  proposed  algorithm  has  been  tested  in 
several  applications.  If  the  number  of  exponen¬ 
tials  is  defined  in  a  suitable  may,  the  obtai¬ 
ned  approximation  1$  good. 

This  smoothing  technique  seems  quite  promi¬ 
sing,  especially  for  naval  hydrodynamic  appli¬ 
cations.  Vntll  now,  th.s  technique  has  been 
used  mainly  as  an  alternative  tool  to  other 
methods  for  solved  problems  (diffraction- 
radiation  with  or  without  forward  velocity, 
evolution  problems),  as  we  were  mainly  concer¬ 
ned  by  the  reduction  of  C.P.U.  costs. 

Second  order  terns  which  appear  in  the  free 
surface  condition  for  perfect  fluid  will  be 
taken  into  account  with  help  of  this  method  in 
a  near  future. 
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SOLUTION  Of  TWO-DIMENSIONAL  SLAMMING  BY  MEANS  OF  FINITE  PRESSURE  ELEMENTS 


Uwrence  J.  Doctors 
Unrvsrsit/  of  N«w  South  Wsles 
Kensington.  New  South  Wetes  2033.  Austretie 


Abstract 

A  Bothod  has  been  developod  to  solve  the 
unsteady  fluid  action  caused  by  the  entry  of  a 
solid  two'dlaenslonal  body  into  the  water.  Ihe 
body  can  have  an  arbitrary  profile  and  would 
therefore  typically  represent  the  slaming  of 
the  bow  of  various  advanced  narine  vehicles  cur¬ 
rently  being  designed.  Ihe  solution  procedure 
reg:ulres  replacing  the  downward  and  forward 
motion  of  the  body  by  the  egulvalent  time-varying 
pressure  distribution.  Ihls  pressure  1$  then 
decomposed  into  eleoents.  The  pressure  elements 
are  assembled  in  both  time  and  space,  with  an 
additional  array  of  elements  added  at  the  end  of 
each  increment  of  tim.  The  magnitudes  of  the 
pressures  at  ea^  time  step  are  found  by  allying 
the  kinematic  condition/  which  states  that  the 
water  surface  is  defoimod  to  natch  the  shape  of 
the  body.  The  extent  of  the  wetted  surface  of 
the  body  at  each  instant  of  the  tine  represents 
part  of  the  solution  and  this  is  achieved  by  an 
exaninaticn  (within  the  cceputer  prograa)  of  the 
behavior  of  the  water  surface  near  the  body. 
Results  of  the  ocoputor  program  show  that  the 
method  yields  pressure  distributions  which  satisfy 
the  principles  of  sinilarity  for  simple  wedge 
impacts  and  are  consistent  with  previous  analytic 
results.  Further  test  cases  illustrate  the 
effects  of  asymmetric  bow  motion  and  ambient 
waves  on  the  free  surface. 

1.  Introduction 

Cne  of  the  most  critical  aspects  of  the  oper- 
aticn  of  high-speed  marine  vehicles  is  that  of 
bow  slamlng.  Both  the  frequency  and  intensity 
of  the  imract  increase  with  the  forward  speed 
of  the  vehicle.  Hence  theprcblersof  slamming 
associated  with  advanced  vehicles  -  such  at  ihe 
air-cushion  vehicle  (ACV) ,  surface-effect  ship 
(SES)/  and  the  small-wattrplane  twin-hulied  ship 
(SWATH)  -  are  considerably  worse  than  those  of 
conventional  ships. 

Generally  speaking,  the  designer  is  con¬ 
cerned  *ith  the  craft  structures  both  the  locally 
induced  loads  (due  to  in^ct  pressures)  and  the 
overall  loads  (such  as  Induced  beniing  moments) 
are  important..  Purthennore,  severe  notions  nay 
result,  and  the  increased  drag  usually  results 
in  a  reduced  speed. 

The  theoretical  approach  to  slamming  has 
always  been  based  on  the  slcnder-body  assumption. 


The  local  beam  of  the  craft  is  considered  to  be 
small,  so  that  each  transverse  section  of  the 
boat  is  asstxmed  to  move  purely  in  the  vortical 
plane,  and  independently  of  the  other  sections. 
Hence,  the  analysis  is  reduced  to  cne  examining 
only  the  downward  vertical  teotion  of  a  two- 
dimensional  shape.  Wagner^*  was  one  of  the  first 
to  propose  this  method. 

The  theory  was  frequently  directed  at  deter¬ 
mining  the  hydrodynamic  forces  on  seaplane  floats. 
Drop  tests  have  also  been  carried  out  on  models. 

In  these  experiments,  the  forward  and  downward 
components  of  the  velocity  were  monitored  during 
the  impact,  but  an  attempt  at  keeping  them  cons¬ 
tant  was  also  made. 

X.ater,  many  attempts  were  made  to  correlate 
slendor-body  theory  with  experiments  on  planing 
boats  •  usually  those  with  prismatic  socciens. 

One  of  the  problems  highlighted  was  the  diffi¬ 
culty  of  obtaining  consistent  experimental 
results  -  particularly  for  the  impact  pressure 
itself,  tonsiderable  scatur  in  the  data  was 
evident.  Savitsky^  was  one  of  those  researchers 
who  obtained  good  correlation  between  the  scai- 
enpirical  theory  and  experiment. 

A  particularly  interesting  feature  of  slam¬ 
ming  Is  the  possibility  of  trapping  air  under 
the  ship.  This  results  in  a  greatly  reduced 
level  of  the  peak  pressure  registered  on  the  hull, 
and  Is  one  of  the  causes  of  the  above-mentioned 
scatter  in  the  data.  A  theoretical  approach  to 
determining  the  influence  of  the  trapped  air  was 
given  by  Whitman  and  ponciono^.  High-speed 
photographs  have  revealed  that  the  air  is  trapped 
only  if  the  deadriso  angle  of  the  section  is  loss 
than  about  three  degrees,  and  this  then  causes  a 
considerable  reduction  in  the  maximum  pressure 
recordedduring  the  slam. 

It  should  be  pointed  out  that  in  all  of  the 
theories  developed  to  date,  the  influence  of 
gravity  is  strictly  ignored.  This  assustptlon  rs 
valid  if  the  impact  velocity  is  sufficiently 
high,  and  it  leads  to  a  quasi-steady  situation 
for  the  flow  around  the  ship  section.  One  fea¬ 
ture  of  the  flow  that  has  received  attention  is 
the  developcftcnt  of  the  spray-root  region  at  each 
extremity  of  the  cvor-increasing  wetted  surface. 

In  this  region,  the  pressure  vanes  approxi- 


*  The  references  are  listed  at  the  end. 


Mtel/  with  the  inverse  of  the  squero  root  of  the 
distance  froa  the  sprey  line.  A  nore  careful 
ncA'lincar^  but  qravlty-free*  analysis  of  this 
aspect  was  carried  wt  by  Pierson  and  Leshnover** 
using  a  conforml^Bapping  procedure.  A  slnllar 
approach  was  x*sed  by  Ku^es^  to  ccepute  the 
entire  flow  around  a  plunging  syacnetric  wedge. 
Againr  gravity  was  ignored,  so  that  the  quasi* 
steady  analysis  yields  a  sieilarity  solution  for 
the  flow  behavior.  ^ 

Soo'Slender  surfaces  have  also  oeon  considered, 
by  Huang  and  Sibul^,  for  cxavple.  Sud)  work  is 
applicable  to  the  Ispacting  of  the  bow  of  an  £ES 
or  an  ACV,  and  also  to  parts  of  the  cross  struc* 
ture  of  a  SWAI^I. 

Present  Work 


Xt  appears  to  the  author  that  the  orly  way  to 
correctly  ttulel  the  hydrodynaaic  behavior  of  a 
slanting  bow  Is  to  utilize  a  nuaerical  technique 
which  develops  the  flew  fren  a  set  of  initial 
conditions.  Tor  exaoplo,  Haussling  and  Van 
Eseltire^  studied  the  planing  notion  of  a  boat 
starting  fren  rest  -  a  preblea  siallar  to  the 
present  one.  They  solved  the  laplaco  equation 
throughout  tho  field,  subject  to  the  free*surface 
conditions,  at  each  step  in  tine.  One  of  the 
chief  difficulties  is  the  deterainatlon  of  the 
wetted  length  of  the  body.  Tnls  was  solved  by 
oxaaining  the  behavior  of  tho  freo  surface  ricar 
the  attachnent  anl  tho  detachsent  points.  Using 
between  30  and  10  points  along  tho  body,  they 
obtained  the  right  fora  of  tho  pressure  distri- 
buticn,  and  the  correct  steadysute  condition 
was  approached.  However,  the  predicted  wetted 
length  was  found  to  be  slightly  too  large  cco* 
pared  with  tho  steady«state  linear  theory. 

Other  unsteady  free«surfaco  prcblcns  were  exae* 
ined  by  Kirt,  Nichols  and  poooro^. 


cent  in  each  direction  ;  ielding  a  continuous 
pressaro  distribution.  Ccaparisons  were  aide 
with  the  exporisental  results  of  Savitsky^.  It 
was  shown  that  the  correct  perfomance  of  Jte 
boat,  with  respect  to  \cngth-to~beaa  ratio,  dead* 
rise  angle,  and  proude  number  could  be  predicted. 


for  the  subject  of  the  present  work,  the  two- 
dlaensional  olc»ents^»*^  will  be  nodified  to  in¬ 
clude  the  unsteady  effects  so  that  the  true  in¬ 
fluence  of  the  freo  surface  will  bo  accounted 
for  -  in  contrast  to  the  lnfinitc-Frc*:de-n»s5ber 
approixlMtion  Bade  by  others. 


2,  The  unsteady  Pressure  Eleto'it 


S-olution  for  a  Pressure  Pulse 


We  first  consider  a  unit  pressure  pulse  given 
by 


p(x,t)*  d(x)  ((t)  ,  (1) 

acting  on  the  free  surface  of  tho  water.  Here 
X  is  the  horizontal  coordinate  and  t  is  the 
tise.  Ihe  disturbance  for  the  pressure  elescnt 
will  later  bo  cbtained  by  integrating  the  distur¬ 
bance  froM  this  pulse.  Itte  solution  for  this 
oloBentaiy  pulse  can  be  obtained  if  one  assuncs 
iftviscld  and  xncctspressible  potential-flow  theory 
with  linearized  frce-surface  conditions. 


l(e..co,  the  potential  $  ,  whoso  gradient  is 
the  local  velocity,  satisfies  the  baplaco  equation 


where  z  is  the  vertical  coordinate  ecasured 
ta»Ku>d  trotk  the  undisturbed  surface.  In  addition, 
4  Bust  satisfy  the  kinenatic  freo-surfaco  con¬ 
dition 


Xt  is  tho  intention  hero  to  utilize  tho 
flnlte-eleoent  concept  previously  developed  by 
tho  writer^.  3n  that  work,  the  steadily  planing 
surface  was  represented  by  tho  equivalent  pressure 
distribution,  which  itself  was  replaced  by  a 
series  of  overlapping  triangular  pressure  elcBents. 
Ihe  Bothod  coenbined  the  known  disturbances  froa 
ca^  unit  elesiont  in  order  to  satisfy  the  kino- 
sutic  condition  at  a  discrete  nusber  of  points 
along  tho  surface.  As  few  as  ten  elencnts  were 
needed  to  predict  convergent  results  for  tho 
lift,  center  of  pressure,  and  other  quantities, 
which  wore  irv  agrecnent  with  the  results  obtained 
by  a  nore  analytic  procedure  given  by  Squiro^^. 

Iho  prcssure-oleaent  method  was  later  applied 
by  Doctors^ ^  to  the  modelling  of  tho  hydroclastic 
behavior  of  flexible  planing  seals  used  for  tho 
containnent  of  the  air  cushion  at  the  bow  and 
stem  ofanSES.  In  that  work,  it  was  necessary 
to  develop  tho  fozwilas  for  the  influence  coeffi¬ 
cients  for  tho  flexural  behavior  of  the  seal,  as 
well  as  for  tho  wave  syston  generated. 

Finally,  in  a  third  paper,  Doctors^^  extended 
tho  prccoduro  to  three  dimensions.  Hero,  the 
three-dimensional  pressure  elcncnt  took  the  fom 
of  a  pyramid  whoso  rectangular  base  represents 
its  contribution  to  *he  wetted  surface  of  tho 
planing  craft,  and  ’  tose  heignt  indicates  tho 
local  pressure.  The  olcw'nts  overlap  by  50  por- 


*  Cj  •  0  on  2  ■  0  ,  (3) 

where  (  is  the  local  frce-surfacc  olevaticn. 

Ihe  second  frec-surface  reqpiirement  is  the  dyna- 
nic  condition,  which  is  obtained  froa  the  Bernoulli 
equations 

♦  p/o  •  0  on  z  •  0  ,  (d) 

in  which  9  is  tho  acceleration  of  gravity  and 
0  is  tho  density  of  the  water.  E^pjations  O) 
and  (4)  may  bo  cceibined  by  eliminating  C  to 
yield 

*tt  *  ^^2  *  '  on  z  •  0  .  (5> 

Finally,  tho  condition  of  no  flow  at  great 
depth  is  imposed: 

4^  •  0  as  z  .  (6) 

The  reader  is  reforrod  to  Stoker*^  (p.  149) 
for  a  fuller  derivation  of  those  equations.  Iho 
solution  to  the  equations  may  be  found  by  apply¬ 
ing  the  Fourier  transform  witl>  respect  to  space 
and  the  baplaco  transform  with  respect  to  time, 
as  detailed  by  Stoker.  Ihe  final  result  only, 

(p.  159)  will  be  quoted  here: 

?  (x.t)  •  -  '  v  I  /ksinlV^t)  cos{kx)  dk  .  (7) 

•p/g  Jo 


p/p,  P./Pj 


0  »,  *5  Xj  0  t,  tj  t, 


TiTOwlse-Goeplote  Blcmnt 


Slcmnt 


Stationary  Reference  PrA»e 


FKjuro  l»  The  8a*lc  Pressure  Elesent 


fiqurc  2*  TypiCdl  Asseebly  of  BlciPent# 


If  Biay  bo  noted  thet  this  IntegreZ  is  diver* 
9«nt>  And  therefore  sust  first  bo  ccf^Ioyed  to 
construct  e  finite  pressure  element  before  It  can 
be  Applied  to  A  problea. 

The  Four  Wave  Punctlons 

Figure  1  shows  the  two  basic  clcacnts  used 
AS  building  blocks  for  the  pressure  distrlbutlcn 
generated  by  the  inpact  of  the  two-dlecnsional 
bow  on  the  water  surface,  Both  the  conplet^  and 
the  half  oleaent  are  triangular  with  respect  to 
the  space  coordinate,  and  overlap  as  shown  in 
Figure  2  in  order  to  produce  a  continuous  distrl* 
bution  in  the  x  direction.  Ihc  olenents  are 
Asymnetric  in  general,  and  this  allows  concen* 
tratlng  then  whore  the  pressure  varies  wore 
rapidly. 

Figure  2  shows  Individual  rows  of  elements 
at  the  end  of  ea^  titjc  step.  The  rows  arv 
placed  together  teniporally  in  a  similar  fashion. 
Hence  the  total  disturbance  of  the  surface  at  any 
tine  instant  nay  be  cbtained  by  adding  the  indi* 
vidual  influences  fron  all  the  elc8«nts.  At 
each  tiro  stop,  ore  additional  row  of  elcaxjnts 
is  added. 

It  should  bo  noted  that  a  half  element  is 
iiccdcd  lor  the  last  row  of  elemnts  at  each  tieo 
step.  Its  use  is  dictated  by  the  fact  that  there 
1 «  no  influence  fron  that  part  of  the  cleaont 
which  oMends  into  the  future. 

In  order  to  integrate  Lquatirm  (7)  ovqjr  spsce 


and  titae,  y'6  need  the  cosine*  and  sinc*rresnel 
integrals  defined  by  Abranowitz  and  Stegun^** 

(p.  300)  as  followsi 

z 

,s, 

0 

the  usual  auxiliary  functions  for  the  fresnel 
integrals  have  been  replaced  hero  by  slightly 
Dodified  cness 

f  (z)  •  slnijz^)  C(z)  -  cos(jz*>SU) 

and  (0) 

g  (z>  *  -  cos(~z*)  C(z>  -  slnijz*)  S{z>  , 

The  integrals  of  these  two  functions  are 
defined  as 

Ij(z)  -  I  f*(z)  dz 

and  (10) 

I^(z)  “  I  g  (x)  dz  -  -  1  C*(z)  •  S®(zl )  . 

Finally,  four  special  wave  functions,  F}  , 

F}  ,  P)  and  F(,  ,  may  also  be  defined  as  follows  t 
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<^{z)  *  s^lz) 


1.5 


(11) 


FjU) 

And 

r^(z) 


Fjlz)  •  I  r|(2)  dz 

-  ir|(i)  -  ,  (IJ) 

I  z~^  (z)  dz 

-  ^ri(z)  ♦ig'tz)  •  ln(zl -Ilj  <U) 
I  z"**  Fjiz)  <Jz 

}  ifjw  ‘nr '‘<*11  '  »■» 


•tnd  also 


s*  F^(*)  • 


2^  F)<2)  d2  . 


(15) 


1h«se  equations  nay  be  derived  by  integrating  by 
parts*  or  they  taay  be  proven  by  slsply  different 
tiating  the  final  result  in  each  case. 

The  four  wave  functions,  given  by  Equations 
(U)  through  (14)  are  plotted  in  Figure  3.  Ihe 
logarithsiic  behavior  of  F)  and  Ft,  near  the 
origin  is  evident. 

Integration  of  the  Pressure  Pulse 

Ke  are  now  in  a  position  to  develop  the  for* 
aula  for  the  behavior  of  a  pressure  element  fron 
that  of  a  pulse.  Kg  note  that  the  spatial  vari* 
atlon  of  pressure  within  an  element,  in  Figure  1. 
is  given  bv 

p  •  (1  ♦  (X  -  Xjl/Axj)  for  X  <  Xj 

and  (16) 

p  -  {1  -  <x  -  Xjl/ix^  for  X  >  Xj  . 

whore  p  (t)  is  the  instantaneous  peak  pressure 
at  each  Sceent  of  time.  Iho  element  is  spatially 
defined  by  the  points  Xj  .  x^  and  Xj  .  those 
give  the  two  increments 

Axj  ■  Xj  -  Xj 

and  (17) 

dX]  *  Xj  *  X2  . 

Equation  (16)  is  now  used  together  with 
Equation  (7) .  with  the  source  point  of  the  Utur 
shifted  Jroo  X  •  0  to  C  ,  and  fron  t  •  0 
to  T  I 


(S-xp/dXj 

(r.-x2)/ixj, 


j  1^  sin(»^  (t-t)l< 
0 


><  cos(k(x  -  t>}  dk  di  . 


figure  3i  The  Four  Wave  Functions 


The  upper  expression  in  the  stac)(ed  factor  is 
used  t^en  (  <  X}  and  the  lower  one  when  (  >  xj. 
The  equation  is  next  integrated  by  parts  with 
respect  to  the  cosine  factor.  After  sene  sispli- 
ficati<»i  and  a  c)»apgo  of  variable  given  by  Ic  «  , 

one  obtains 


x.  « 

2p  f  f  l/dx.1  f 

C  •  -  — ^  sin(»^(t  -  t)zl>< 

)  (-  i/6xj  ) 

Xj  0 

*  sin((x  -  C)z*)  dz  . 

The  integration  with  respect  to  z  can  now  bo 
effected  using  formula  3.691/4  of  Gradshteyn  and 

Ryzhlk*5, 


At  this  stage  it  is  convenient  to  introduce 
the  temporal  integration.  The  instantaneous  peak 
pressure  for  a  complete  element  in  Figure  I  may 
be  expressed  as 

•  p^jd  ♦  (t  -  t2)/6tj)  for  t  <  tj 
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(19) 


And 


*■  "  *^0^^  “  <«  ■  tjVdtj)  for  t  >  ^  , 

where  po  i*  the  noalnal  elesaent  pressure/  end 
the  tcrporal  lialte  of  the  triangle  are  t|  , 
tj  and  t)  .  The  two  tiee  ineresents  In 
Equation  (19)  are 


ut]  •  t»  -  t» 


1/A*I 

l/6Xj 


f|(Z) 


d£  / 


in  *d»lch  the  llrits  of  the  second  integration, 
nanely  *t,i  *•'''*  *t,J  ,  are  given  by  Equation 
(22),  with  X}  and  Xj  substituted  for  C/ 
respectively. 


and 


(20)  Equation  (13)  is  now  invoked.  Appropriate 

substitution  of  the  Units  leads  to  the  penultl- 
sate  stage  in  this  calculation: 


Ke  nay  now  integrate  Equation  (Id)  again 
using  the  pressure  given  by  Equation  (19): 


■.l£2. 

0 


1/AX|  j 

8gn(x  -  O  ■  =  ' 

-  l/4x.  r2fglx  -  t| 


nl  ♦  (t  -  t2)/At,]  , 

*  *  g  (|zl)  dt  ,  (21) 

1  -  <t  -  t2)/At3 


in  which  s  •  J'^^\  ~  .  (22) 

Equation  (21)  is  integrated  (with  respect  to  {) 
by  parts,  with  respect  to  tJie  g  functicn, 
using  Equations  (10)  and  (11),  producing 


£21  •  . 
Po 


1/it, 


sgn(x  -  ?>  d^x 


r,(*)  dt 


Ihe  wsbexs  of  the  stacked  terms  represent 
the  partial  slopes  of  the  sides  of  the  pyramid 
pressure  element.  Thus  it  Is  seen  that  the  Fj 
function  is  fundamental  to  water-wave  problems, 
and.  Indeed,  represents  the  disturbance  created 
by  a  unit  pressure  band  which  it  scal-ir:finito 
In  extent  and  which  is  instantaneously  applied 
to  the  water  surface,  and  maintained. 

We  now  conploto  the  space  integration  using 
the  change  of  variable  implied  by  Equation  (22). 
Tho  latter  gives 


-  t)  dC  •  d*  for  constant  t. 


sgn(x 
and  hence 


£21.-2  ‘  (t  -  <)>  d- 

’’o’-  l/4t. 


£21.  .  2 

Po  ’ 


1/it, 
-  1/At, 

T,1 


(t  -  t)*x 


In  this  equation,  the  follo-aing  pseudo-increment 
has  been  used: 

7^”  7^*  7^' 

Ax^  Ax,  Ax, 

while  the  superscripts  on  the  F,  functions  in¬ 
dicate  the  relevant  limits. 

Finally,  the  time  integration  of  Equation  (24) 
is  carried  out  using  the  same  substitution  as 
before,  which  new  gives 

A'h  -  «il 

dx  •  •  /  ^  ds  for  constant  , 

The  three  terms  in  Equation  (24)  can  be  separately 
integrated  using  the  definition  of  Equation  (IS). 
After  some  algebra,  the  following  final  result 
is  obtained: 

121. ’f  °it-  t.)’f  Isil ,  Jili .  Siii) , 

P„  4t,  t  4«,  4*j  4*5  ) 

f.  !iii  ,  Illi.  Is!!) . 

[  “  Ax,  Ax,  "  Axj  j 

I  *  Ax,  *  AXj  "  Ax,  J  J  ' 


g(t  -  t?)* 
At, 


9<t  -  t,)> 


At, 


At, 


(27) 


The  superscripts  on  the  functions  indicate 
that  the  argument  is  to  bo  evaluated  at  that 
point  in  time  «u\d  8]>aco.  It  nay  be  seen  from 
Equation  (26)  that  tho  elemental  disturbance 
essentially  consists  of  contributions  (rco  each 
of  the  nine  •comers"  of  the  element  in  titre 
and  space. 

Ihe  Initial-Half  Llemont 

It  has  been  pointed  out  that  tho  source  time 
of  tho  last  row  of  olecwnts  in  Figure  2  corics- 


COkt. 
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ponds  with  th«  field  tlse.  For  this  esse,  the 
psrt  of  the  wsve  psttent  9croratcd  by  the  second 
half  of  the  elc»nt  is  not  required.  The  easiest 
wsy  to  achieve  the  desired  resalt  Is  to  uk«  the 
Halt  of  Equation  (26}  as  ^t,  -•  0  ,  and  to  s-jh> 
stltute  t  ••  t2  > 


'This  process  is  equivalent  to  porfonsinq  a 
tiac  differentiation,  and  requires  the  last  two 
lines  of  Equation  (26).  Use  is  aade  of  Equation 
(15),  After  f«ce  alqebra,  we  obtain 


£2i 

Po 


g(t, r>“ 

tdtj  [  '  AXj 


iXj  ■  j 


.(SS) 


Interestingly,  Equation  (26)  represents  just  the 
first  lino  of  Equation  (26) . 


1.  Wunerieal  Investigations  with  Preesuro  Elenont 


Background 


‘^10  purpose  of  this  secti*'^  1$  to  exanine 
different  pressure  variations  with  respect  to 
tlc«,  which  can  be  used  to  test  the  disturbance 
function  for  a  pressure  olcsunt  given  by  Equations 
(26)  and  (26).  The  different  titwwiso  behaviors 
considered  are  shown  in  Figure  4. 

‘These  pressure  variations  can  all  bo  con* 
structed  by  superposing  the  basic  pressure  olesv- 
«nts  xn  t'- '  time  doaxln.  In  fact,  this  represent 
taticn  can  bo  svide  exact  for  three  out  of  the 
four  cases  in  Figure  4.  In  the  thi:4  case,  the 
sinusoidal  wavefora  can  be  represented  closely 
by  the  use  of  a  sufflcicrit  nueber  of  elements 
per  c/clo. 

Behavior  of  a  Single  Elenont 

Vo  first  exanine  tho  case  of  a  single  spatl* 
a  synnotric  (dx^  >  and  te^K>rally  sys^ 
n  tc  (dtj  ■  dt))  olencnt  in  figure  Sa.  For 
all  the  curves  in  this  dlagraa,  tho  tire  is 
equal  to  or  greater  than  the  last  time  point  of 
tho  elenont  U  i  13  ,  whore  tj  •  2  At  in  thio 
oxaeplo).  hence  Equation  (26)  applies  to  all 
the  cases  plotted. 

As  the  clcrent  is  s^’Sfiotric,  tho  frco*sutfaco 
is  symctric,  so  that  cnly  x  >  0  has  been  con¬ 
sidered.  Early  in  the  history,  at  the  first  titw 
instant  sham  (t/g/dx  •2),  the  water  roves  down 
under  tho  clcrent  ({x|  <  dx)  due  to  tho  action 
of  the  pressure.  Just  outside  this  region,  the 
water  roves  upward  in  order  to  satisfy  tho 
equation  of  continuity.  The  disturbance  is  then 
seen  to  travel  outwards.  It  noves  at  a  constant 
accoleracicn.  This  can  bo  verified  in  Equation 
1,22),  which  shows  that  for  a  constant  phase  of 
the  argisacnt  z  ,  x  «  t^  . 

Figure  Sb  depicts  the  wave  profile  generated 
at  tho  end  of  i*'  initial-half  clcrent.  The 
te9g>oral  pressure  variation  is  thus  a  rasp  func¬ 
tion  -  tho  first  case  shown  in  Figuxe  4.  The 
curves  in  Figure  6b  were  generated  using  Equation 
(26).  Different  rates  of  application  of  tho 
pressure  are  considered,  as  indicated  by  the 
value  of  attadied  to  the  curves. 

As  cfio  would  expect,  for  a  sufficiently 
gradual  applicatltxi  of  the  piessuto  (tj/g/4x  -6), 


Einear  A^lication 
Followed  by  a 
Constant  Value 


Sinusoidal 

VavefORi 

t/T 


Figure  4t  Sa&ple  Fressuro  Variations 


an  alaost  quasi-steady  situation  occurs,  and  the 
wave  elevation  is  seen  to  bo  the  result  of  purely 
hydrostatic  censideratiens*  at  x  •  0  , 

5  •  -  p^/cg  and  at  x  •  ix  ,  C  •  0  ,  This 
statcront  is  less  true  further  away  froi  the  ole- 
rent  because  tho  waves  ta)(c  a  finite  tiv«  to  be 
propagated  away. 

Linear  Applicaticn  of  Pressure  Follcwod  by  a 
Constant  value 


We  new  consider  tho  letrporal  pressuro  varl- 
atlct  depicted  in  tho  sccoid  part  of  Figure  4. 

TWO  sets  of  results  are  shown  in  Figuro  6,  in 
which  tho  eleswnta  are  overlapped  in  tho  tip« 
dcoaln. 

One  would  expect  the  hydrostatic  situation 
to  pertain  after  a  sufficient  length  of  tiro, 
and  this  is  found  to  bo  tho  caso  in  Figure  6a, 
where  a  spatially  syreiotrlc  (£Xj  •  Lx^)  elenent 
IS  again  used,  for  largo  vals.es  of  the  tiro, 
the  dincnsicnloss  depression  under  the  elercnt 
varies  frer  unity  down  to  zero  at  its  edge. 
Further  away,  tho  approach  to  tho  steady  state 
is  senewhat  slower. 

In  Figure  6b,  a  spatially  elcaent 

IS  considored.  Indeed,  dxj  is  made  cxtrceely 
large,  and  ixj  very  snail.  In  this  caso,  tho 
triangular  elcrent  has  degenerated  into  a  seni- 
infinite  pressure  band  acting  to  tho  left  of 
X  <  0  .  Thu  resulting  3urfas.e  profiles  arc  seen 
to  be  antisyrrreiric  about  the  origin,  as  dictated 
by  the  need  to  conserve  tho  fluid  voluiro,  Tho 
steady-state  is  seen  to  be  achieved  itmediately 
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figure  St  Pressure  is  Applied  Llneeri/  end  Then 
Kept  Constant,  (a)  Triangular  Bleeent 


I 
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in  the  region  near  the  origin.  Further  cway, 
the  tice  required  for  the  wave  profile  to  settle 
to  the  dleenslonless  value  of  ^  0.$  is  longer; 

Another  interesting  feature  of  the  curves  is 
the  high-frequency  (shcxt-wavelength)  oscillations 
near  the  origin.  It  is  well  Known  that  the  un¬ 
steady  disturbance  consists  of  a  spectrua  of 
waves  (see  Equation  (7))»  and  that  the  short- 
wavelength  ones  travel  the  slowest,  and  are  there¬ 
fore  loft  behind  the  other  wavelets. 

Sinusoidal  Wavefom 


Wo  now  consider  that  the  pressure  varies 
harmonically  with  the  time^as  shown  in  the  third 
part  of  Figure  4.  Hence  the  peaK  pressure  of 
the  olesent  is  given  by 

■  P5  sin(ot)  .  (29) 

where  the  circular  frequency  0  is  related  to 
the  period  T  by  Mans  of  the  equation 

a  -  2*/r  .  (30) 

The  analytic  solution  to  this  problen  may  be 
found  by  solving  the  set  of  Equations  (2)  through 
(6).  Elation  <4)  is  stodified  by  adding  the  tom 
to  the  left-hand  side.  Hero  v  Is  the  so- 
called  artificial  viscosity  which  is  assumed  to 
be  positive  but  vanishingly  small.  The  steady- 
state  solution  is  de\‘eloped  by  taking  the  pressure 
to  be  the  imaginary  part  of 

p(x,0  «  S(x)  ,  (31) 

and  assuming  a  periodic  solution  for  the  potent¬ 
ial  given  by 

«(x,z,t)  -  j(x,s)  .  (33) 


for  the  cosine  and  sine  integrals  which  are  de¬ 
fined  by  Abraaowitz  and  Stegun  (p.  232)  as 


g 

(z)  • 
f 


0 


dt  . 


(37) 


The  last  step  in  the  calculation  is  to  inte¬ 
grate  the  solution  in  Equation  (3S} .  which  is  for 
a  pressure  given  by  Equation  (31) ,  in  order  to 
obtain  the  result  for  a  triangular  element.  This 
process  requires  the  following  two  fomulas: 

I  g(lzl)  dz  »  sgri(z)  [y-  f(!zl)  I 


and  (38) 

I  sgnfz)  f*|zl)  dz  •  g<lzl)  ♦  In(IzI)  -  gl(|zj)  , 

The  result  after  some  algebra  is 

OqC  ^ 

Po“ 

•  j^Icos(ct-K(>c-X(|)  -^gKKlx-Xil)  sin(ot>i  * 

+  “(co!((ot-K|x-X2l)  -^gKKlx-Xjt)  »»n«it)l  - 

-  ^lcos(ot-Kjx-Xjt)  •I’glOtl’fXjl)  sin(9t))). 

(39) 

Xt  nay  bo  noted  that,  for  a  syncetrlc  olccent 
(AX|  «  dX)  •  dx)  centered  at  the  origin  (Xj  ■  0). 
the  limit  at  a  great  distance  is 


One  nay  next  use  the  Fourler-transfom  method 
which,  after  some  algebra,  gives 


cxpdkx)  jj  p 

»eg*  ] 
( 

k  -  eVg  ♦  lyo  eg 

) 

W^/ 

The  location  of  the  pole  in  the  integral 
to  be  given  by 

k  -  -  -  l.a  , 

is  seen 

(34) 

iukdicating  that  the  K  integral  should  be  dc- 
tomed  above  the  polo  if  0  >  0.  and  below  the 
pole  if  a  <  2  .  We  can  extract  the  desired 
laagtnary  part  of  Equation  (33)  by  evaluating 
one  half  of  the  difference  of  two  solutions  in 
whidh.  0  is  positive,  and  negative,  respectively. 

AfteV  sceo  further  work,  the  following  result 
Is  cbtarnedi 

4  “  “  (coi(0C  -  K|x|)  -  ^  g(}kx|)  sin(ot>)  - 

-  p/pg  »  (35) 

where  k  •  o^/g  «  (3$) 


sin®(ikdx)  cos(0t  -  ktxj)  .  (40) 

showing  that  no  free  wave  is  generated  when 

ykdx  •  nr  for  n  •  1.  2.  3  ...  (41) 

Figure  7  illustrates  sene  nunorical  experi¬ 
ments  with  a  hainonic  wavefom  generated  by  com¬ 
bining  olerentary  pressure  triangles.  By  using 
IE  elements  per  cyclo.  a  very  good  approximation 
to  a  sinusoid  may  bo  achieved. 

Figure  7a  corresponds  to  a  spatially  symetric 
element  with  a  dimensionless  period  given  by 
T^g/dx  «  6  .  The  wave  profile  is  shown  after  a 
time  of  2.  4.  6  and  8  cycles  have  elapsed.  The 
development  of  the  steady-statn  profile  is  clearly 
seen.  \  ith  the  part  further  away  taking  longer 
to  bo  established. 

Figure  7b  shews  the  diecrepancy  in  the  results 
of  Figure  7a  from  the  steady-state  analytic  result 
of  Equati<»)  (39).  The  dlocrspancy  is  defined  as 
the  actual  wave  elevation  minus  the  steady-state 
value.  After  8  cycles,  the  steady-state  profile 
is  developed  over  a  dimensionless  distance  of 
about  10. 


and  g  is  one  of  the  two  auxiliary  functions 


A  situation  in  which  no  steady-state  wave 
will  occur  is  displayed  in  Figure  7c.  In  this 


fi^re  7i  Sinusoidal  Wivcfora 
(d)  W4tvo-G«noratin^  Frequency 


case,  alter  an  elapsed  tltao  o£  8  cycles/  the 
prolilo  has  reached  the  steady-state  aero  value 
over  a  dieensionless  distance  of  about  l.S  . 

Test  cases  were  also  cooiputed  for  the  tri¬ 
angular  wavefons  shown  In  Figure  4i  Slnilar 
results  to  those  for  the  sinusoidal  one  wore 
obtained,  but  are  coitted  here  for  the  saXo  of 
brevity. 

Travelling  Pressure  Eloaent 

Tho  last  test  ve  consider  is  depicted  in 
Figure  8.  In  tho  four  cases  shown,  the  pressure 
is  increased  unlfonaly  at  first,  up  to  a  diswn- 
sionless  tisw  given  by  t/g/dx  •  5  «  and  then 
naintained  constant,  iho  elenent  Is  also 
•Accelerated"  unlforaly  up  to  the  <Jeslred  speed 
by  the  sane  tine,  and  then  Xept  running  at  a 
constant  speed, 

ft  should  bo  eaphasized  here  that  a  pure 
travelling  and  tine-varying  elenent  was  not 
developed.  However,  tho  continuous  travelling 
behavior  can  bo  approximated  by  positioning  each 
additional  olcaent  (which  Is  stationary)  at  a 
new  position  at  each  tine  step. 

Figure#  8a  and  8b  show  tho  prefiU#  developed 
when  tho  Frouda  nurbor  based  on  tho  element 
length  of  2  Ax  is  0.5  .  Figure  8a  relates  to  the 
case  in  which  a  rather  coarse  tl«ae  step  of 
At/g/Sx  •  1.5  is  used,  while  an  obviously  super¬ 
ior  value  of  0.375  I#  used  in  Figure  Sb. 


0  5  10  15  20  25 

x/Ax 

Figure  7i  Sinusoidal  Havofom 
(b)  Discrepancy  at  Wavc-Gcneratlng  Frequency 


Figure  7i  Sinusoidal  'Javefom 
(c)  Konwave-Genorating  Frequency 


56? 


n 

V 

18  jll 
! 

y^°  1 

li 

.Tv 

H 

__  ’’ 

ll 

ll 

ic 

\  li 

0  -f-y 
0  5 

F 

t/g/Ax 

V 

“■rk: 

Fg  -  0.2&21 

O-f-^ 
0  5 

t/gTS; 

At/g/Ax  •  1.5 

ri<yiir«  Oi  contuni  rotvArd_y»locitY 
(a)  Speed  with  At/9/Ax  *•  l.$ 


riguro  «»  constant  rotvard .Velocity 
(c)  tow  Speed  with  it»i/4x  •  liS> 


0  $  t»'9  /  i" 


\// 

^  1  0  5  f^g/Ax 

Lyi 

PTl 

1/ 

y 

V 

'V 

»  0.5 

Ati^dMx  *“  0.375 

Sicady-Swie 

Unit 

I  r  J  SWaiJ/- 

yfl  1]  swio  ■ 

P/Pj  \\l  Jl  uoll 


^  V'# 

0.26.  ^ -  VU  ! 

/  ‘U‘//F  -  0.2821 

\V^  0  -- 

0  $  tv'g/Ax  \J  at/g/'ix  *0.375 


Pi^ar©  81  C<»v«Jtant  iVTvaid_VelocttY 

(b>  High  Siwcd  with  At/9/0<  •  O.J1& 


Ftgur©  8s  Conswnt  Forward  Velocity 
(d)  Low  Speed  with  it/g/Ax  0.375 


If  VC  concentrate  on  ri^uio  Hb,  it  ia  peasible 
to  aee  the  develo{»ent'of  additional  wave  crests 
*s  the  tifte  increase's.  Also  shown  on'tKe  diagran 
are  a  series  oi  points  indicating  the  stead/'^tate 
lisit.  The  solution  for  this  last  case  was  given 
by  Doctors'*  as 

^  •«(-», )(j:«„(x,)  -»,u . 

(iglli*,!)  sin(Xj)  -Xjl)- 

(7JJ(|>3i)  ♦HI-XjXJ  sIn(X,)  -X,I)j, 
<42) 

vhere  K  is'the  xfeavisidc  stop  function,  is 
the  fundaaental  wave  nusber  givee.'by 

k,  .  g/c‘  <4J) 

ind 


equation 

k  -  2tA  f  (<8) 

V  w 

^md  the  angular  frequency  of  the  wave  is  given  by 

<f^  •  .  1^9) 

dhe  bow  has  an  initial  hei>iht  h^  glven.by 
Dquaticn  (47) ,  with  t  •>  0  ,  x  •  0  and  s  ••  Os 

hfl  -  h^  cos(fc^x^)  .  (50) 

After  the  initial  point  of  conuct,  the  height 
of  the  bow  h  (posltiw  upward)  nay  bo  an  arbi¬ 
trary  function  of  tine. 

Ihe  horizontal  eotlcn  of  the  bow  s(t)  and 
its  pitch  angle  \i(t)  (positive  upward)  arc  also 
given  functions  of  tieo.  Finally,  the  bow  itself 
is  assizacd  to  be  flat  (z  ••  0)  behind  the  knuckle 
(X  <  0),  and  to  have  a  prescribed  shape  z(x) 
ahead  of  the  knuckle  (x  >  0). 


^1,2,3  * 

After  an  elapsed  tine  of  t»'g/Ax-»  30  ,  one 
can  see  that  the  stcady^state  wave. profile  has 
alaost  been  ds'/eloped  over  the  range  coverco  by 
Figure  8b. 

the  dewnstrean  Unit  (x  «  •  •)  c**  equation 
(42)  is  easily  found  to  be 

^  ■k^*‘"*‘2''0 “"'V  ' 

free  uhleh  it  can  Le  seen  that  there  should  be 
no  trailing  wave  when 

jk^ix  •Tit  <0-  n  •  1,  2,  3  ...  <46) 

A  case  with  no  stcady-uute  downstroaa  wave 
is  oannidered  in  Fibres  8c  and  dd,  with  the 
s^kee  two  titw  steps  used  in  Figuies  8a  and  8t. 
the  vonvergente  to  the  steady  Itott  Is  perhaps 
not  quite  as  rapid  at  this  lower  Froude  nueber. 
Kcvortheless,  it  is  possible  to  see  the  devolop- 
Bient  of  the  peculiar  kink  in  the  frce-surface 
profile  at  X  »•  0  (the  center  o£  the  ele&ent), 
which  if  verified  by  the  sveady-state  result  of 
equation  (42). 


4.  AsSQgblv  of  the  4letaents 


Ffob._eta  Definition 


Figure  9  sho-ws  the  bow  In  two  positions.  In 
the  fiist  case,  the  bow  has  Just  »ade  contact 
with  the  water,  wo  shall  assusM  that  the  sur- 
iaco  is  initially  doforsed  by  the  presence  of  a 
simple  travelling  wave  as  followst 

*w  ■ 

where  is  the  wave  aopiitudo,  k^  is  the 
wave  number  and  Xwo  is  the  origin  of  the  wavs. 
Ihe  horizontal  distance  travelled  by  the  bow 
s(t)  also  enters  t]>e  equation  because  the  refer¬ 
ence  frame  is  moving  with  the  craft,  the  wave 
ft'inber  is  related  to  the  wave  length  by  the 


The  Kinenatie  Condltion 


because  the  bow  is  replaced  oy  the  equivalent 
pressure  distribution  (see  Figures  2  and  10) ,  the 
gccoeotric  requirement  that  the  water  must  be  de¬ 
formed  in  order  to  natch  the  bow  profile  may  be 
expressed  by  adding  the  influences  of  all  the 
pressure  eUaents.  In  the  follow.ng  equation, 

1  and  i'  are  the  field-point  positten  and 
tine  indices*  and  J  and  J'  are  the  correspond¬ 
ing  source-point  Indices  I 


(SI) 


in  which  it  is  assumed  that  n^  elements  are  in 
use  at  each  tine  step.  Ihe  shorthand  notation 
used  in  cquatlcti  (SI)  is  defined  as  followst 


P)j.  •  P<»j.  tj.)  (52) 

and 

■  O^t/Po  ■  (53) 

Cither  side  of  Equation  (S3)  represents  the  dis- 
t'trbanco  (that  is,  the  freo-surface  elevation) 
at  the  field  point  (x.,  t,,)  duo  to  a  pressure 
element  of  unit  oagnitudo^at  the  source  point 


The  Meth(?d  of  Solution 


"She  solution  proceeds  by  marching  through 
the  time.  In  order  to  apply  Cquatl(»a  (51),  one 
must  know  the  vetted  length.  The  movements  in 
the  attachment  and  detacliment  points  xc  and 
are  computed  from  a  consideration  of  the 
relative  slope  of  the  bow  to  the  water  surface 
at  the  previous  time  step,  as  well  as  the  doin- 
ward  movement  of  the  bow  during  that  int^rv^li 

‘"c  ’  ■  v/tif  •  “  •  jr] 


where  Ah  is  the  movement  of  the  bow  d..r 


Interference  of.  Veter  Surface  with  Bod/ 


Occurrence  of  ve^atlve  Preoture 


Figure  9i  Problen  Definition 


Figure  lOj  The  Attadisent  and  Detachment  Points 


time  increment  (negative  downward) ,  and  Is 
a  factor  usually  chosen  to  be  t/2  ,  which  tak«* 
into  account  the  rise  of  the  water  during  the 
impacting  process*  Of  course*  at  the  start  of 
the  slam  the  wetted  length  is  zero*  that  is* 

•  0  .  A  fonaulacsimilar  to  Equation  (b4) 
is  used  to  evaluate  the  correction  , 

For  the  first  time  step*  there  is  only  one 
row  of  pressure  eletaents  <i*  •  2  in  Equation 
(51)  because  i'  «  1  corresponds  to  the  time 
at  the  point  of  impact) *  and  these  may  be  found 
frcn  a  solution  of  the  set  of  simultaneous  linear 
^equations. 

For  later  time  steps*  the  pressures  at  the 
steps  are  known*  and  their  contributions 
to  the  disturbance  can  be  detensined.  Thus*  at 
each  time  step*  an  extra  row  of  pressure  elements 
is  added  to  the  system,  as  shown  in  Figure  2. 

The  extrapolations  for  the  wetted  length  in 
Equation  (54)  are  corrected  if,  for  example* -the 
resulting  water  surface  intersects  the  bow  as 
shown  In  the  upper  part  of  Figure  10.  Such  an 
occurrence  implies  that  the  vetted  length  is  to 
bo'increased*  and  the  correction 


(55) 


damping  factor*  usually  ta)ien  to  be  unity.  A 
similar  correction  may  apply  at  the  detachment 
point  . 

Should  the  wetted*lerigth  estimate  be  too 
largo*  this  would  be  indicated  by  the  appearance 
of  a  negative  pressure*  as  shown  in  the  Icwer 
part  of  Figure  10.  Xn  such  a  case*  the  adjust* 
Rent 


(56) 


is  made  to  Equation  (54)  at  the  next  time  step. 
Here  x^p  defines  the  point  at  which  the  pres¬ 
sure  becccses  negative.  Again*  a  similar  equation 
to  this  one  is  used  should  there  be  a  region  of 
negative  pressure  near  the  detachment  point  xj, . 


Finally*,  the  wetted  length  it  given  by 


(57) 


The  Forces 


The  forces  can  be  computed  at  each  instant 
by  suming  the  effects  of  each  el^sent.  First* 
the  contributicn  to  the  lift  free  one  element  is 


Is  edied  to  that  in  Equation  (54)  at  the  next 
time  step.  Here  x^^  is  the  point  of  intersect¬ 
ion  of  the  water  with  the  bw  near  the  attachment 
point*  is  the  outermost  point  where  the 

kinematic  condition  it  applied  and  v  is  a 


*'•1 '  '“fi  ■  *1-1  >  • 

The  total  lift*  drag  and  center  of  pressure 
can  then  be  found  frcn  the  three  formulasi 
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I  -  I  4I.J  , 


n 


*  "  3L  ^^2  **i-l  *  *1  *  *1+1* 


(59) 


(60) 


Iha  last  ^antity  of  intarcst  it  th«  surface 
shape  around  the  bow,  which  is  obtained  fron 
susning  the'distutbances  fron  all  the  pressure 
elenents  in  both  space  and  tine: ' 


profiles  in  Fi^re  11a. 

The  predicted  lift  given, by  Equation  (59)  is 
next  plotted  as  a  series  of  syasbols  in  Figure  11c. 
Using  the  previously  mentioned  nosers  of  sub« 
tine  steps  (n^  "  1,  2,f4  and  8),  t»e  obtains 
essentially  the  sane  lift  at .the  end  of  the  first 
tine  step,  when  t/g/i  ■  0.2  .  ht  the  end  of  the 
second  tine  step  (t»'g7i  •  0.4),  there  is  a  con¬ 
siderable  scatter.  At  later  time  ste^,  the 
situation  has  deteriorated  so  l^dly  that  a 
native  lift  is  even  predicted  when  n^  ■  4  . 
this  was  caused  by  the  pressures  at  an  earlier 
tine  having  too  large  jut  effect  later  on.  As  a 
cens^ence,  the  later  pressures  had  to  be  over- 
corrected.  No  results  are  shown  for  *  1,  2 
and  8  for  these  later  tines,  as  the  program 
autonatically  stopped  on  encountering  pressure 
distributions  which  would  yield  multiple  values 
of  Xbp  and  Xcp  (see  Figure  10). 


1  r’‘  r' 


•jj* 


(62) 


5.  Numerical  Experiments 


Xt  is  instructive  to  compare  these  results 
with  those  of  Pierson'^.  His  Equation  (22)  may 
be  quoted  as 

p/p  -  /a2  -  x2  V  +  - 

-  v2/2(aVx^  -  i)  ♦  v2/2  ,  (63) 


Symmetric  Wedge  Plunging  at  a  Constant  Velocity 

For  the  first  test  case,  we  examine  the 
standard  problem  of  a  wedge  entering  a  previously 
undisturbed  water  surface,  as  shown  in  the  small 
sub-diagram  of  Figure  11. 


where  a  •  the  half-wetud  length,  the 

expansion  parameter  X  in  Equation  (63)  may  be 
used  to  obtain  the  vetted  length  by  means  of 
the  relati'onshipi 


/da 

dt 


In  this  diagram,  as  in  the  rest  of  the  figures, 
the  results  have  been  made  dimensionless  with 
respect  to  o  ,  g  and  i  ,  the  latter  being  a 
nominal  horizontal  lengtlt.  Zn  addition,  items 
such  as  the  free-surface  elevation  c  ,  and  the 
lift  L  are  further  divided  by  ,  the  wedge 
angle,  Ihis  second  process  is  required  because 
of  the  linearized  nature  of  the  mathematical 
problem. 

Four  cases  are  shown  in  Figure  11a,  all 
depicting  the  shape*of  the  water  surface  af a 
dimensionlesa  time  t/gTl  •  0.2  ,  for  a  case 
when  the  wedge  possesses  a  uniform  downward 
velocity.  Xhat  is,  •  I  .^where 

V  •  -  h  ,  the  plunge  velocity,  the  calculaticn' 
ttade  use  of  a  uniform  time  stop  of  it/g/t  •  i  > 
so  that  the  curves  correspond  to'the  state  af^i 
one  time  step.  Now  the  curve  with  nu  •  1  was 
obtained  using  the  method  described  in  the  pre¬ 
vious  section.  The  procedure  was'found  to  be 
unstable,  and  the  first  attempt  to  euro  it  con¬ 
sisted. of  dividing  each  time  step  into 
sub-time  sups.  In  this  way,  it  was  anticipated 
that  one  could  approximate  an  element  vhi^ 
varied  aentimoualy  in  length  between  time  steps. 
(The  length  of  an  element  is  non-varying.)  The 
curves  indeed  show  that  using  8  such  sub-timo 
steps  essentially  models  a  cwjtinuously  varying 
pressure  element. 

He  turn  now  to  the  pressure  distributions  in 
Figure  11b,  which  highlight  the  unsUble  nature 
of  the  numerical  process.  Zt  is  remarkable  that 
such  different  pressure  distributions  can  both 
satisfy  the  kinematic  condition  given  by 
Equation  (51)  and  produce  almost  identical  wave 


•  I  .  (54) 


We  sha)l  now  substitute  this  result  in 
Equation  (63) ,  and  take  the  linearized  limit  as 
0^  approaches  zero.  This  gives 


irPV^  1  - 

^  /I  -  xVaZ  ' 


(65) 


in  which 


(66) 


Equation  (6$)  shows  that  only  the  instant  speed 
is  important  when ‘gravity  is  neglected  in  the 
linearized  theory.  Equation  (66)  implies  that 
the  wetud  length  Is  8/2  greater  than  the 
value  obtained  fren  hydrostatic  consideratiens 
alone.  The  lift  may  be  obtained  by  tnugratlng 
Equation  (65)  over  the  wetted  length,  that  is, 
from  -  a  to  a  ,  The  result  obtained  is 


■This  curve  has  been  plotted  as  a  ccntlnuous 
line  in  Figure  11c.  Zt  should  be  pointed  out 
that  the  linear  relationship  of  this  last  equat¬ 
ion  appears  as  a  curve  in  the  graph  because  the 
ordinate  is  plotted  on  an  inverso-hypexbollc- 
slne  scale  -  a  scale  which  is  linear  for  small 
arguments  and  logarithmic  for  largo  ones.  This 
curve  does  sh^  tha*',if  an  impact  speed  of 
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Figure  ill  Syimetric  Medg®  Plunging  «t  a 
Con*t«ht  Velocity,  (e)  Pree-Surface  Profiles 


Figure  lit  Syruetrlc  Wedge  Plunging  at  a 
Constant  Velocity,  (b)  Pressure  Distributions 


v/o^/gT  ■  1  can  be  considered  high  enough  for 
gravity  to  be  neglected^  then  the  nunertcal 
technique  does  start  off  correctly  before  be¬ 
ginning  to  oscillate. 

SvBPetric  Wedge  Plunclnn  with  a  Constant 
Acceleration 

Experlnents  vlth  a  vedge  Impinging  on  the 
wawr  surfece  with  a  censtant  d^vard  acceler¬ 
ation  of  unity ’are  displayed  in  Figure  IJ,  This 
example  shows  ewdi  greater  nvoericel  stability 
than  the  previous  one  for  a  constant  velocity. 

The  free-surface  profiles  in  Figure  I2a  be¬ 
have  in  a  akanner  to  be  expected  fron  a  linear 
theory.  There  is.  of  course,  no  spray  jet  at 
the  edge  of  the  vetted  surface.  The  shapes  are 
further  seen  to  be  approximately  similar.  Only 
in  the  infinite-velocity  case  (no  gravity)  could 
the  hydrodynamics  be  solved  on  a  similarity  basis. 

Figure  I2b  illustrates  the  development  of  the 
pressure  distributions.  One  ca.*^  see  a  pressure 
peak  developing  near  the  ideal  spray  line,  and 
ultimately  vlth  a  fine  enough  mesh  (a  sufficiently 
large  value  of  ) «  the  square-root  singularity 
contained  in  Equation  (6S)  vov  be  reproduced. 

The  figure  also  shovs  the  tendvney  of  the  pres¬ 
sure  to  misbehave  near. the  center.  A  regten  of 
negative  pressure  is  seen  there  when  t/g/t  «  0.4 . 

The  vetted  length  is  plotted  as  a  series  of 
symbols  in  Figure *12c.  The  different  sysbols 


Figure  11 i  Symmetric  Wedge  Plunging  at  a 
Constant  Velocity,  (c)  ihe  Lift  Force 
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Fi<;ur«  Ui  Synnctrlc  Plunging  At  a 

Conttint  Accel«ration.  (a)  -Fr«e-Sorfaco>rofii«» 


Figure  12i  Synmtric  Hedge  plunging  at  a 
Conetant  Acceleration,  (b)  rrcMure  Dletrlbutlooe 


correspond  to  various  nuaerical-experiiients  in 
-which  both  ^stsnt'tiiae  steps  (Indicated  with 
'a-^C") , 'andiitliM  steps'^proportional'to'the  tlae 
(Indicated  with  a  *P”) ,  were  used  different 
’MSh  sizes, -related  to' the  value 'of  "nx  §  were 
also  tested,  these'  results’' collapse  onto  the 
line'  developed  by  ' Pierson /^equivalent  to 
Equation  (64) 

Finally,  the  lift  is  plotted  in  Pi'qure  12d; 
where  again  the'  validity  of  the  nuaerical.pro* 
cedure  is  sup^rted  by  the  way  the  results  of 
the'  various  experlMnts  collapse  onto  a  single 
lino..  In  this  exai^le  of  constant  downward 
acceleratloni'the  linearized  qravity>free  result 
of  Pierson,' .analogous  to  Equation  (67)  is 


Without  attempting  to  interpret  the  comparison 
too  literally,  it  is  possible  to  see  that  the 

effect  of-  the  gravity  is  more  iiq>ortant 
at  large  values  of  the  time.  In  fact,  it  is 
clear  that  initially  the  impact  must  obey  the 
laws  of  similarity.  Only  when  the  wetted  length 
becomes  appreciable,  do  the  gravitational  effects 
c<we  into  play. 

The  Entry  of  a  Bow  into  a  Wave 

As  a  last  example,  we  consider  the, Impact  of 
a  bow  into  a  wave.  Ihe  Initial  configuration  is 
shown  in  the  sub^diagrams  of  Figure  13,  where  it 
should  be  noted  that  the  wave  Is  travelling  to 
the  left.  The^bow  motion  consists  of  a  downward 
acceleration  V,,  and  an  angular  rotation 
w  •  •  a  . 

Figure  13'a  displays  the  develcFoent  of  the 
fluid  motion  efter  the- initial  Impact,  One  can 
see  tlie  rise  In  water  around  the  bow.  xt  is 
interesting  to  note  that  the  "hole*  made  by'the 
bow  is  not  purely  wedge  shaped.  This  indicates 
that  the  vetted  length  is  generally  too  small  - 
particularly  near  the'attachment  point  x^  .  At 
each  time. step,  the  formulation  given  by 
Equation  ($$)  is  insufficient  to  increase. the 
length  properly.  A  larger  value  of  the  parameter 
Vs  would  cure  this  problem. 

Figure'''S3b  shows  the  pressure  distibution  at 
various  points  in  time.  The  asymmetry  in  this 
pr^lem  is  revealed  by  the  generally  higher 
pressures  on  the  forward  face  of  the  bow  •  lead*. 
Ing  to  a  positive, value  of  the  drag. 

Ihe  vetted  Icitgth  is  plotted  in  Mgure  13c, 
in'whlch  the  test  results  from  various  computer 
runs  collapse  onto  a  single  slightly  curved  line 
when  plotted  on  the  double-logarithmic  scale. 

fl^re  13d  shows  that  the  lift  tends  to  drop 
off  in  logarithmic  terms  as  the  slam  progresses. 

The  drag  (positive  to  the  left)  is  shown  in 
Figure  i3e,  and  the  center  of  pressure  of  the 
lift  in  Figure  13f.  Ihe  scatter  of  the  numerical 
results  is  somewhat  greater  In  these  two  diagrams. 
The  center  of  pressure  is  slightly  ahead  of  the 
bow  knuc)(le,  Indicating  that  the  effect  of  the 
water  on  the  forward  side  is  greater  than  that 
on  the  underside. 


6.-  Ooncludihg  Remarks 

Present  work 

'The  results  of  this  paper'fall  into  two 
groups.  The, first  group  concerns  the  disturbance 
generated  by  a  single  pressure  element  undergoing 
various'  types  of  time-varying  motion,  and  may  be 
seen  in  Figures  5  through  8. 

These  trial  cases  were  developed  to  test  the 
formulation  of  the  pressure^element  behavior  - 
particularly  in  regard  to  the^final  result  in 
Equations  (26)  and  (26). 

The,  second  group  of  results^  refer  to  the  bow- 
.gluming 'problem  Itself,  and  they  .can  be  seen  in 
Figures  IX,  12  and  13.  There  is  a  note  of  dis- 
appointsmnt  because  of  the  instability  difficul¬ 
ties  referred  to  in  the  previous  section. 

Additional  attempts  to  eliminate  the  numerical 
oscillations  were  made.  One  of'them  was  to  maxe 
an  adjustment  to  the  locations  of  the  rcw  of 
pressure  elements  at  the  last  sub-time  step. 

-Tills  correction  was  based  on  the  fact  that  the 
elements  in  the  latest  row  are  in,  fact  only  half 
eloaents.  Since  those  elements  are  half-trian¬ 
gular  with  respect  to  time  (see  the  lower  part 
of  Figure  1) ,  their  effective  centers  of  effort 
should  be  displaced  to  poeitions  obtained  by 
back-tracking  cne-third  of  a  sub-time  step, 
this  modification,  however,  produced  no  appreci¬ 
able  inprovement  in  the  stability. 

One  other  major  change  to  the  computer  pro¬ 
gram  incorporated  smoothing  of  the  pressure  dis¬ 
tribution  at  each  time  step,  in  an  attempt  to 
prevent  the  occurrence  of  negative  pressures 
near' the'  center.  This  idea  was  also  unsuccessful. 

The  last  modification  was  to  allow  the  use 
of  an  uneven  mesh  in  the  spatial  direction. 
However,, concentrating  elements  near  the  ends  of 
the  vetted  length  only  exacerbated  the  problem. 

Cn  the  other  hand,  it  was  encouraging  to  see 
the  consistency  of  the  results  using  differing 
numbers  of  elements  (the  value  of  in 
Equation  (51)),  different  time  steps,  and  differ¬ 
ent  types  of  time  step  (both  constant  and  pro¬ 
portional)  . 

Furthermore,  numerical  results  correlated 
well  with  previously  obtelned  gravity-free  anal¬ 
ytic  results  -  thus  confirming  the  validity  of 
the  basic  numerical  method  outlined  here. 

Future  Work 

Further  effort  should  be  expended  on  removing 
the  temporal  instability  displayed  in  some  of  the 
figures  of  this  paper. 

One  approa^  with  a  good  chance  of  success 
is  to  satisfy  the  kinematic  equation  by  matching 
the  vertical  vslooity  of  the  bow  and  water  at 
the  field  points.  raUier  than  by  matching  the 
vertical  positions  in  Equation  (51) • 

This  idea  involves  developing  the  response 
dV^t  frots  a  pressure  element.  The  result  is 
obtained  by  differentiating  Equations''''(26)  and 
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Figure  Ui  Entry  of  a  Sew  Into  a  Wave 
<e)  Ttie  Drag  Forre 


Plgui©  13i  Entry  of  a  Bow  into  a  Wave 
(f)  The  Center  of  Pressure 


(3S)  with  respect  tontine, 

^e.then  needs  to  differentiate  Equation  (SI) 
In  a  similar  manner^  The  resulting  computer 
program  would  require  only  minor  modifications 
In  order  to  accept  this  fundamental  alteration 
to  the  numerical  procedure. 
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INITIAL  ASYMPTOTICS  IN  PROBLEM  OF  BLUNT  BODY  ENTRANCE  INTO  LIQUID 

V.V.  PukhMChov  And  KA.  KorobUn 
(.•vrvnt^tv  Intthut*  of  Hydrodynamics 
eaOOtO  Novosibirsk,  U  $  S.R. 


Abstract »  Sobs  problsas  cooscmins  of 
the  Initial  period  of  interaction  bet¬ 
ween  solid  body;and  ideal  incMipre^- 
aible  liquid  are  investigated.  In  the 
BiOBeat  tso  the  bodjr  touchs  liquid 
free  surface.  Typical  examples  of  this 
situation  aM  following:  the  synaetri- 
cal  entrance  of  parabolic  contour  into 
liquid  filling  a  h^f  -  plane  and  the 
iapact  of  liquid  drop  on  a  solid  plane. 
In  this  paper  the  method  for  calculating 
of  the  aiailar  aotion  initial  aaynpto- 
tics  is  suggested.  This  method  consists 
in  construction  of  outer  and  inner  ex¬ 
pansions  (relatively  to  the  contact 
line)  for  Buler  equations  which  are 
written  in  Lagrange  coordinates.  Here 
the  role  of  a  asall  parameter  plays  the 
snail  t.  The  offering  method  admits 
generalisation  on  non-symsetrical  rnd 
three-dimensional  motions  and  allows 
to  take  into  account  the  presence  of 
gravity  and  surface  tension  also. 

Introduction.  This  paper  deals  with 
the  problem  of  unsteady  liquid  motion 
occupying  the  volume  changing  in  timst 
with  its  boundary  consisting  of  a  free 
surfacst  a  solid  wall  and  a  contact 
line  between  them.  The  velocity  range 
is  assumed  such  that  the  Reynolds  num¬ 
ber  is  R  >  1  t  and  the  Mach  number 
M  <1  .It  allows  the  liquid  to  be 
considered  ideal  and  incompressible. 
Besldesi  in  most  cases  under  considera¬ 
tion  external  mass  forces  and  surface 


tensions  will  be  ignored. 

Firstly  the  problem  of  the  blunt  bo¬ 
dy  entrance  into  liquid  (a  plane  case) 
was  considered  by  H.  Vagner  In  1952C1I. 
The  method. for  calculating  the  resis¬ 
tance  force  developed  by  Vagner  is  ba- 
'sed  on  the  aesumptlon  that  the  velocity 
distribution  on  a  free  surface  at  each 
instant  of  time  is  identical  to  that  im¬ 
mediately  after  the  impact  of  a  floating 
plate  whose  width  is  to  be  determined. 
Using  this  aesumptlon  it  is  possible  to 
detexnlne  the  free  surface  configura¬ 
tion  at  any  Instent  of  tine.  In  1955 
C.  Schmieden  applied  this  method  for 
calculating  of  the  rotation  body  ent¬ 
rance  [2]  » 

The  problem  of  the  body  entrance  in¬ 
to  liquid  has  the  following  pecullarl- 
tieei 

1.  The  flow  region  is  not  pre-de 
termlned. 

2.  It  is  necessary  to  find  not  on¬ 
ly  the  flow  ragioni  but  also  the  contact 
line. 

5.  It  is  possible  that  at  the  in¬ 
terface  between  a  free  surface  and  so¬ 
lid  body  there  can  appear  some  singula¬ 
rities  of  the  solution. 

The  new  approach  to  solving  such 
type  problems  is  based  on  introducing 
Lagrange  coordlnates'in  which  the  flow 
region  has  already  been  fixed  [5 1  * 

This  approach  is  applicable  for  descri¬ 
bing  a’  wide  class  of  problwis  about  the 
interaction  between  a  solid  body  and  a 


free  surface,  in  pajrticul^,  tlie  prob¬ 
lem  of  the. dr op  iapaet  onto  a  plane .The 
problMs  under  ooneideration  in  an  ex¬ 
act  statement  are  complicated.  Be¬ 
low  tbe  method  of  extracting  a  main  asy¬ 
mptotics  term  of  an  initial  motion 
st^e  will  be  suggested. 

Let  Q  be  flow  region  in  Lagrange 
Cartesian  oo'ordinates  § »  n  •  4  •  which 
is  predeter^ned.  In  Lagrange  wariablee 
unknown  factions  are  the  coordinates 
X,  y,  s  of  a  liquid  particle  iH}ich,at‘ 
tso,  takes  the  position  ^  » t}  i  C  • 

The  Euler  equations  writte'n  down 
in  Lagrange  coordinates  tak:e  the  fora($] 

“‘^t+VVjP-o.  (0.1) 

dot  U  ■  1  cin  Q* 

Tbe  boundary  conditiop^  are  in  the  fora 
P  ).  S  0 

and  the  initial  conditions  are  as  fol¬ 
lows: 

Here  Ua  d(^)/d(  is  the  Jacoby  mat¬ 
rix,  U  *  is  the  matrix  conjugated  with 
»  P  the  pressure,  y  the  density, 

2  the  normal  to  «  A  free  boundary 
and  solid  iapermeable  surface  whose  po¬ 
sition  in  Euler  coordinates  is  known, 
are  denoted  by  and  ,  respecti¬ 
vely.  It  la  worthy  to  note  that 
though  the  flow  region  Q  is  fixed’, 
the  dividing  of  Its  boundary  into  com¬ 
ponents  Is  to  be  deter¬ 

mined,  together  with  the  solution  of 
the  problem  <0.1)-(0.3). 

As  any  information  about  tbe  solu¬ 
tion  of  the  problem  (0.I)-(0.5)  ip  an 
exact  statement  ie  not  available.^ Let 
ue  analyze  its  approxiaate  formulation 
based  on  linearization  of  this  problem 
in  the  vicinity  of  an  initial  state  of 
rest.  It  can  be  expected  that  tbe  stu¬ 
dy  of  a  linear  model  gives  the  idea 
about  tbe  asymptotics  of  the  li^id  mo- 
tiont  if  t>*  0  « 

Let  us  determine  the  particle  dle- 
placemej^t  from  the  formula  X  s  x  - 
where  X  »(X,  Xy  Z) «  Let  us  linearize 


tbe  equation  (0*1)  holding  the  terms 
of  zero  and  first  order  smallnees  with 
respect  to  dieplacemente.  We  obtain 

-1  '  - 
X^,.+ Y  «  0,  divg  X  «  0. 

This  suggests  that  for  the  linearized 
problem  it  ie  poeeible  to  introduce  the 
displaceiMnt  potential^^^t^  •  C  )  « 
so >  that  X  b  •  Due  to  equatioh  of 
continuity,  A  will  be  the  function 
harmondc  in  Q  .It  follows  from  the 
linearised  equation  of  im^ulae  that 
there  exist  the  connection  between  tbe 
pressure  and  displacement  potential: 

(0.5) 

With  taking  into  account  (0.5),  the  con¬ 
dition  on  a  free  surface,,  after  a 
double  ^tegration  over  t  and  with  the 
use  of  initial  conditions,  is  written 
down  in  the  form  ®  .  The  slip 

condition  dependent  on  a  solid  wall 
configuration,  is  to  be  linearized  in 
each  case  separately. 

1.  A  plane  problem.  Thie  problem 
deals  with  the  case  of  a  plane  unsteady 
motion  of  an  ideal  incompresaible  liqu¬ 
id  filling  a  half -plane  y'<0  at  the 
inetant  of  time  t'ao  and  initially 
resting  (here  and  below  dimensional  va¬ 
riables  are  primed).  Tbe  line  y'sO  at 
an  initial  instant  of  time  is  a  free 
boundary;  It  is  assumed  that  a  surface 
tension  and  external  mass  forces  •are 
absent. 

Let  iC  and  V  be  positive  con¬ 
stants.  At  fixed  t*  the  equation 

y’  n  1  K  X'*  -  Vt' 

2  (1.1) 

dufinea  a  parabola  on  the  plwe  x',y'  , 
which  will  be  identified  with  a  solid 
undeformable  contour. 

When  t*sO,  this  contour  is  tangent 
to  a  free  surface  at  point  x'bO.  The 
relation  (1.1)  prescribes  tbe  contour 
motion  along  axis  y'  with* constant 
velocity  V.  It  ie  required  tVfind  the 
notion  of  liquid  assuming  that  a  part 
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of  its  boundary,  not  boin^  a  part  of 
s  soUd  eontoiw,  rests  free*  The  abover 
-aentioned  assuaption  aesns  that  on  the: 
plane  of  Lagrange  coordinates 
the  regionvoccupled  hy  U^d  is  knomi. 
This  is  a' half  ~  plane  ”>}’  <  0. 

Let  the  radius  of  cu^a^e  1/K 
of  parabola  (1*1)  at  point  x*aO  and 
1/E7  be  aseuaied  as  the  length  scale  and 
tiae^scale  respeetively*  now  turn  to  di~ 
aensioless  ▼ariables  (here  dlaehsioiH 
less  variables  aren*t  primed).  In  Lag- 
range  variables  the  unknown  Ametions 
are  dlaensionless  coordinated-'  x^y  of 
the  liquid  particle  which  takes  a  posi¬ 
tion  i  ,  Tj  •  if  tsO.  Sew  it' is  ap¬ 
propriate  to  turn -to  the  dlsplacoaents 
5  I*!  *t)  I  it>.  of,  liquid  partic¬ 
les  defined  b;  the  equalities  X»x~  $ » 
a  y-  T)  .  The  functions  I,  Y  satis¬ 
fy  the  following  equations  [3]  t 


(1.2) 

(1.3) 


■  ’fst®  0- 

The  first  of  them  is  the  equation  of 
continuity!  and  the  second  expresses 
the  condition  of  the  absence  of  eddies 
(It  .should  be  noted  that  the  motion  is 
generated  from  the  state  of  rest  and 
external  forces  are  absent).  It  is  re¬ 
quired  to  find  the  solution  of  the  sys¬ 
tem  (1.2),  (1.3)  in  the  domain  n<  0, 
0<t<'r  at  the  initial  conditions 


XbYiiO,  X^aY^aO  When  t-O 


(1.4) 


and  the  boundary  conditions  which  will 
be  formulated  below. 

A  physical  statesent  of  the  prob¬ 
lem  possesses  a  symmetry  that  makes  it 
possible  to  find  its  solutions  where  Z 
and  T  .are  uneven  and  even  functions 
of  the  coordinate  4  respectively.lt 
is  aesumed  that  for  any  t  from  the 
interval  [0,T  3  the  line  n  ■  0  boun¬ 
ding  liquid  consists  of  the  three  com¬ 
ponents: 

i<  l5|s  «<t),  {  >  «(t), 


whero  a(t)  is  to  be  determined.  The 
sections  'Ul  >  a(t)  of  this  line  are 
free  boundaries  on  which  we  assume  that 

’'tt  *  *  h^tt  =  0 

(1.5) 

when  Tj  s  0,  1^1  >  a(t). 

The  above  condition  is  the  sequence  of 
the  impulse  equation  having  a  L^range 
form  and/^constant  pressure  equation  on 
the  free  surface  [  3  j  *  Now,  let  us 
assume  that  the  image  of  section 
15  I  <  a(t)  ,  n=  0  ,  when  mapping 

to  the  plane  of  Euler  coordinates  x,y, 
coincides  with  the  part  of  a  rigid 
contour  wetted  at  the  instant  of  time  t. 
On  this  section  the  condition  of  flow¬ 
ing  round  is  prescribed,  ai^,  according 
to  (l.l),  in  terms  of  displacements, has 
the  form 

Y  -  i  (  5+  X)*  +  t  =  0 
2 

when  q=0,  1  £  a(t)  .  (1*6) 

3esides.the  equalities  (1.4)-(1.6),the 
functions  X,Y  must  satisfy  the  ine¬ 
quality 

n.Y-l(j.x)*.tso 

when  n  £  0  and  for  any  i  .  The 
inequality  (1.7)  means  that  moving  li¬ 
quid  particles  can't  work  into  the 
"forbidden”  region  bounded  by  moving 
impermeable  contour  and  determined  on 
plane  x,y  by  the  inequality  y-xV2+ 

♦  t  >  0. 

2,  Linear  approximation.  It  foll¬ 
ows  from  the  statement  of  the  problem 
(1,2)-(1.7)  that  a=o,  X=Y=0  when 
tsO.  Let  us  linearize  the  above  - 
-  mentioned  relations  holding  only 
the  zero-  and  first  -  order  terns  with 
^respect  to  the  required  functions. 

When  linearizing  (1.6),  it  is  worthy 
to  note  that  when  \i  |  £  a(t)  , 
is  a  quadratlcally  small  term.  As  a 
result  the  following  problem  is  0V7 
tained:  it  is  necessary  to  find  th’i> 
functions  X(4»4»t),  Y(i,tJ»t)  and 
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(2.10) 


a(t)  so  that  in  the  region  t)  <0*  t;>0 
the  following  eouations  are  satisfied: 

'  (2.1) 

when  tso,  the  initial  conditions 

X  »  Y=0,  X^=  0,  a  =  0,  (2.2) 

when  rjs  0  »U  t  >  a(t)  »  the  bouc'* 
dary  condition 

X„  =  0  j  (2.3) 

when  t)=  0,  15  I  <  a(t)  i  '=>>«  boun¬ 
dary  condition 

Y=l5*-t,  (2.4) 

2 

as  well  is  when  t  ^  0  ,  n  ^  0  and 

for  any  §  the  addity>nal  condition 

Y<  ^5*  -  t  -  n  -5X  (2.5) 

are  satisfied. 

The  relation  (2,l)“(2.4)*can  he 
sisplified.  Integrating  the  second  equ¬ 
ation  of  (2.1)  over  t'  and  using  the 
condition  (2.2),  we  cone  to  the  Cauchy- 
-Rienann  systea  for  functions  in 

variables  $  >  ^  •  It  is  assuned 

that  the  function  a(t),  monotonously 
increases  (this  assumption  will  be  va¬ 
lid  aposteriori).  Then  it  follows  from 
(2.i),  after  integrating  over  t.with 
allowance  for  (2.2),  that  XsO  when 
n  »  0  ,  U  I  >  a(t).. 

After  the  substitution  of  variables 
in  the  obtained  equalities 

a  A  , 1  a  a*u  i  (2.6/ 
we  come  to  the  following  problem:  in 
a  half-plane  p  <  0  it  is  necessary 
to  find  the  solution  of  Cauchy-Riemano 
system 

u^- Vji.  0,  V;^=  0  (2.7) 

under  the  conditions 
u  3  -  q(t)  whenjisO,  lAl<1  (2,8) 

V  a  0  when  n»0,  |A|  >1  (2.9) 

where  q  «  a‘'^*t.  In  new  variables  the 
condition  (2.3)  takes  the  form 
u<  2^*-q  -  a"*'  ♦  a  A  V 


when  n  £  0  • 


evidently,  the  description  of  an  initial 
stage  of  motion  in  a  linear  approxima¬ 
tion  reduces  to  solving  the  two  -  di¬ 
mensional  problem,  i.e.  the  variable-t 
enters  into  the  relations  (2.7)-(2.10) 
as  a  parameter.  Designate*  C- ^  *  Ih  ; 
by  virtue  of  (2.7)  the  function  w(  ^)s 
s  u  -f  Iv  will  be  an  analytical  func¬ 
tion  of  C  -  variable  in  the^  region 
Itt  ^  <  0  .  Restrict  ourselves  with  sol¬ 
ving  the  problem  (2,7)-(2.9),  where  the 
function' *w(  ^)  has  a  finite  limit 
when  4  w  and  integrable  singulari¬ 
ties  at  point  ^  s  tl  .  Acceding  to 
the  Keldysh  -  Sedov  theorem  [4  j,  the 
general  solution  of  the  problem  (2.7)  - 
(2*9)  in  the  above  -  stated  class  has 
the  form 


w=^(5-V5*-'i)^ 


1 

4 


-9* 


(2.11) 


Here  ,  A,  are  the  real  constants, 
function  has  positive  values 

when  C  ore  real. 

The  constructed  solution  of  (2.1)- 
(2.9)  contains  two  arbitrary  constants 
and  an  a.rbltrary  function  of  t.  An  ad¬ 
ditional  one-side  inequality  (2.10) 
can*t  eliminate  this  arbitrarity.  Now 
let's  put  one  more  condition  to  the  so¬ 
lution,  namely,  the  condition  of  fini¬ 
teness  of  the  kinetic  energy  of  the 
liquid  motion.  The  motion  energy  divi¬ 
ded  by  ,  where  y  Is  the 

liquid  density,  is  expressed  by  the  in¬ 
tegral 

ivt)?  i  /  /  (X*.  X*  )4  5  in  . 

2  n<o  ® 

it  follows  froa  (2.5),  (2.11)  that  this 
integral  converges  if  and  only  if  A^s 
3  s  0  ,  and  d8/dts2.  From 

here  and  from  the  condition  a(o)sO  it 
follows  that  q  =  V 
w  =  J(5-  vF^)*  .  (2.12) 


iS2 


15  I  <  2  Vt 


(2.16) 


•  °  ^  •  (2.13) 
Now,  let  ue  show  that  for  sufficiently 
small  t  >  0  the  obtained  solution  sa- 
tlsfles  the  inequality  (2.10)  with 
q  ■  1/  4  .  According  to  (2.1c'),  0 

when  X  >  0  ,  the  function  y  is  une¬ 
ven  in  X  ,  and  consequently,  Xv^O. 
Thus,  the  validity  of  (2.10)  can  be  es¬ 
tablished  after  having  proved  that 


Substituting  it  into  the  formxila  for 
the  resistance  force  in  the  linear  ap- 
prox^ation 

F(t)*  /  P(CtO,  t)d5, 


u< 


lx*-  i  . 

2  4  2V^ 


(2.14) 


Let  us  replace  the  variable 
5+  Vs*  -1  ®  2ar(C08  ^-tiCOS  <p). 


In  plane  z  the. domain  ^  <  0 
corresponds  to  -  n  <  9  <  0. 

Vilth  allowance  for  (2*12),  the  inequa¬ 
lity  <2.14}  is  transformed  as  follows: 
r*-  “  -  ^  sin^-  (rt  -  )*8in*  £ 

r*  Vt  r 

>  0  . 


It  is  evident  that  the  latter  bolds 
true  when  r  ^1  f  -  z  S<p:SO|  OS  t  £1  • 

This  means  that  the  inequality  (2.10) 
also  takes  place  at  least  for  t  e [0*1]. 

In  conclusion  let  us  calculate  in  a 
linear  approximation  the  free  boundary 
position  in  plane  x,  y  and  the  resis¬ 
tance  force  acting  to  a  body.  The  free 
surface  equation  is  easy  to  obtain  from 
(2.6),  (2.12),  (2.15); 
y  =  ‘»tV  (x*  )* . 


I  X  I  >  2Vt  •  (2.15) 

The  free  surface  height,  yst,  is  naxi« 
mum  at  the  contact  points  mat  2V^ 
with  the  solid  body,  and  the. tangential 
to  the  free  surface  at  the  above  points 
is  directled  vertically. 

To  calculate  the  resistance  force, 
let  us  use  the  Impulse  equation  (0*4), 
Neglecting  non-complicated  calculations 
based  on  the  impulse  equation  and  the 
relation  ( 2.6), (2. 12), (2. 13) *  we  obtain 
the  expression  for  dimensionless  pres¬ 
sure  p  in  the  wetted  part  of  the 
contour:  ^ 

p(5  iOit:)»  — ~i:"  ■:  > 

V'tt:  -  r 


we  obtain  that  ?  s  2  is  • 

3  »  Some  remarks.  It  becomes 
evident  from  the  above  considerations 
that  the  problem  under  investigation 
is  rather  trivial.  Nevertheless  ,  its 
solution  has  some  peculiarities  typical 
for  more  complicated  problems  of  a  si¬ 
milar  type,  such  as  a  three-dimensional 
analog  of  this  problem,  the  problem  of 
a  drop  falling  onto  a  solid  plane,  the 
problem  of  blunt  body  entrance  into  a 
heavy  liquid  in  their  linear  statements. 

If  gravity  and  capillarity  are  ab¬ 
sent,  when  linear! ting  at  rest  we  cone 
to  stationary  problems  with  time  as  a 
parameter.  These  problems  have  effici¬ 
ent  eolutions  in  a  plane  and  axisymmet- 
rical  cases.  Particularly,  using  the 
method  described  it  is  appropriate  to 
consider  the  problem  of  entering  into 
water  symmetric  smooth  contour  moving 
with  a  variable  velocity.  In  this  case 
the  condition  (2.4)  is  changed  by 

Uli  5)-8(t)  when  n»0,  U  1  £  *(«)•■ 

Here  1  and  s  are  the  smooth  func¬ 
tion  of  their  arguments,  l(o)  s  8(0)m0, 
l<x)  >  0  and  8(x)  >0  when  x  >0, 
and  the  function  1  is  even.  It  is 
proposed  that  l(x)»bx^+  0(x^*^), 

8(t)»  +  OCt*^"  )  , 

where  b  «  X  ere  the  positive  cons¬ 
tants,  n  is  non-negative,  and  m21 
is  an  integer*  In  so  doing  the  main 
term  of  the  flow  asymptotica  is  self  - 
similar  and  takes  the  form  X»a^^,p)» 
y*a^  u(  X,  n  ).  The  functions  u,v 
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of  variables  X  i1 

are  fou^  solving  the  boundary  value 
problem  (2  ?)*''( 2*9)  where  the  condition 
(2*9)  is  replaces  by 
u  a  b  X^  -4 

■,whea  0>  |X  |  <  1  • 

?he  condition  (2*10)  is  transforaed  in 
a  similar  manner*  'The  constcmt 
q»2'*“  (aii)l  (mir'b 
is  defined  uniquely  by  the  requirement 
of  the  fluid  energy  finiteness*  7he 
problem  solution  is  written  down  in 
quadratures*  The  function  a(t)  has  the 
fora  a  sot  ^  t  where  p  a(n4‘1) /2m( 

C  =  (q  /  A)’/*"  . 

The  method  described  admits  genera* 
lizationa  over  plane  non*syaaetric 
flows.  A  non-symaetry  may  be  conditio¬ 
ned  by  the  profile  configuration  or  by 
the  fact  that  It  enters  liquid  at  an 
erbitrary:angle«  Here,'  instead  of  a 
function  a(t),  we  have  to  defined  two 
functions  prescribing  the  contact  point 
coordinates  naO|  ka1|2. 

TaJcing  into  account  the  gravity 
force  and  surface  tension  in  a  lineari¬ 
zed  statement  leads  to  replacing  the 
condition  (2*5)  by 

=0  (j.i) 

when  T]M  0|  |§I  >  a<t) 

Here  Pr  sV*!^  6  is  Proude  number, 

Vo  syV*/  K  o  -  Weber  number  the  gravi¬ 
ty  force  acceleration,,  g  the  surface 
tension  coefficient*  To  (3«1)  the  fol¬ 
lowing  relation  is  added: 

Y^s  tge 

when  n  =  0,  |4  I  s  a(t), 
where  e  is  the  givon  boundary  angle. 
A  formal  solution  of  the  problem  (2*1)- 
<2.9)  with  the  changes  condition  (2*3) 
is  as  follows: 


a  =  E  ' 

kao  “ 

X  =  a*  E  (  A I  |i  )  I 

kao  “ 


(J.2) 


I  «  a*  E  vu^C  X  ,  |i )  , 

kso  ‘ 

where  the  constants  and  fune^ 
tions  are  found  from  tthe  solu¬ 

tion  of  a  recurrent  sequence  ofa  the 
boundary  problemc  such  as  (2*l)-(2*5)* 
The  functions  kat1y2*** 

turn  out  to  be  determined  non-uniquely 
and  possess  some  singularities  at  the* 
contect  points  |^|s  a(t),  t)  s  0  * 

Thus,  series  (5*2)  are  to  be  interpre¬ 
ted  as  an  "external  expansion"  of  this 
^oblem  solution  with  respect  to  the 
contact  points*  In  a  small^yicinity  of 
these  points  the  nonlinear  terms  of  ini¬ 
tial  relations  (1*2)-(1*6)  are  of  great 
importance*  Below  this  problem  will  .be 
considered  in  sore  detail.  But  here  it 
should  be  Hyted^that  on  constructing 
the  external  expansion  the  gravity 
effect  is  observed  from  the  third:tdrm 
of  the  series  (3*2)  and  the  capillarity 
•effect  -  from  the  forth  one. 

Substantiation  of- a  linear  approxi- 
sation  in  the  problem  under  considera¬ 
tion  is.  rather  complicated  (a  rough  pic¬ 
ture  of  it  is  given  in  [>]  ),The  first 
stage  of  constructing  the  solution  is  a 
formal  asymptotic  expansion  satisfying 
(1*2)-(1. 7)  accurate  to  OCt®)  unifor¬ 
mly  in  i  and-  n  if  t-*0  where  a 
is  any  pre-scribed  positive  number.  It 
is  worthy  to  note  that  the  solution  of 
the  linearized  problem  (2.l)-(2.3)  sa- 
tisfios  the  above-mentioned  relations 
throughout  with  an  accuracy  of  0('\/t  ) 
except  narrow  zones  in«the  vicinity  of 
the  contact  points  r)  sO,  t  2y7 
which  size  is  of  the  order  of  t*'* 
w&en  t  0  .  Within  then  the  linear 
approximation  is  invalid,  and  it  is  ne¬ 
cessary  to  construct  an  "internal"  ex¬ 
pansion  describing  a  fine  structure  of 
flow  in  the  vicinity  of  the  contact 
polnbs. 
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4.  Internal  expansion.  Let  us 
consider  a  snail  vicinity  of  the  eon* 
tact  point  I  M  aCt}i  n  s  o  t 
gathered  up  to  one  point  when  t  0* 
The  vicini'^  of  the  second  contact  p^ 
int  itf  “  »(*)  t  n  »  0  is  analysed 
in  a  sii^lar  manner4  Let  us  determine 
’’Internal  variables’!  ot  ,  0  and  some 
unknown  functions  P|Q  from  the  for* 
nulas 

5=  2  Vt  ♦  t^O,  t|  «t’‘  Pi 

I  a  t^(  (X|  Pi  t)i 

(4.1) 

Y  =  t  +  ti“p(  «!  Pit), 

where  k  and  n  are  the  positive 
numbers  and  k>  1/  2* 

lt^ should  be  noted  that  uaually 
the  method  of  matching  of  asymptotic 
expansions  [?]  Is  applied  for  solving 
probieas  containing  a  saall  parameter* 
In  our  case  t  plays  the  role  of  it. 

Substitute  (4.1)  into  <1.2)-(1.6) 
and  hold  main  terms  when  t  -*0  .The 
condition  of  thSsnoa  -  trivial  solu¬ 
tion  of  the  problem  with  respect  to  P 
and  Q  leads  to  the  requirement  that 
k=m  .  In  this  case  P  and  Q  satisfy 
the  relations 

^oa  ^  ^p^oa  “ 

”  ^a^ap  "  ®  * 

(4.2) 

+2Q when  a  >0,  P*0,  (4.3) 

P  =  0  when  a  <  0,  P  »  0,  (4.4) 

whore  t  nppeers  as  a  parameter. 
Acooidlns  to  the  asymptotic  expansion 
matcl^ng  principle  [5]  It  Yoliowe  from 
(2.12),  (2.13),  (4.1)  that 

^-k/j  -3/*  (  o  +1  P  )■■'/*  (P+IQ)  -  -2 

when  t  •*  0 


(«’/'>0  when  a  >  0  ).  From  here 
ntek/2  +  3/4,  and  m=k=3/2.  Now  the 
above  -  mentioned  condition  gives  the 
external’  limit  of  the  internal  expansi¬ 
on:  . 

((i+ip)“^/*CP  +  i<l)  •*  -2 

when  a  +  i  p  •*  »  (4.5) 

The  one  -  side  inequality  (1*7)  written 
down  in  internal  variables  takes  the 
form 

P  P  <  0  when  P  £0  gj 

Considering  that  the  region,  in  which 
the  internal  expansion  is  constructed, 
vanishes  in  limit  when  t  0  ,  the  ini¬ 
tial' conditions  (1.4)  don't  lead  to 
additional  restrictions  for  P  and  Q. 

The  relations  (4.?)-(4.6)  form  a 
non-  linear  boundary  -  value  problem 
with  a  restriction  In  plane  (  «»  P  )• 
The  main  difficulty  in  study  of  this 
problem  ie  connected  with  the  fact 
that  the  quaailinear  system  (4.2)  is 
of  compound  type,  namely,  ia  aay  solu¬ 
tion  of  P  and  Q  of  this  system  there 
exist  two  families  of  complex  cbaracte- 
tisticB  and  a  real  family  Psconat. 

In  future  it  is  proposed  to  study  this 
problem  numerically.  In^this  paper  the 
authors  restrict  themselves  with  analy¬ 
zing  the  approximate  model  of  the  prob¬ 
lem  (4.2)-(4.6)  based  on  linearisation 
of  (4.2).  In  this  case  a  non  -  linear 
condition  on  a  free  boundary  remains 
constant. 

The  approximation  described  corres¬ 
ponds  to  the  substitution  of  the  Cauchy- 
-Riemenn  system  with  a  simultaneoua  con¬ 
servation  of  the  condition  (1*5)  in  a 
rigorous  form  for  (1.2)-C1.4).  Firstly 
such  a  model  was  used  by  V.I.  Nalimov 
in  Biuiy  of  Cauchy-roisson  problem  [e]. 
Th.  problom  (4.2)-(4,5)  in  Kalinov's 
model  is  written  In  the  fora 

Ogj-Tp*  0,  Op+  when  p  <  0 

o*+t*+2t  “0  when  o  >0,  P*  0 


m 


<r  s  0  irtMn  a  <  0»  ^  »  0 

.  -1/* 

0<f  i  T  •*  •  tt  '  '  iriitn  •  -♦  » 

Her#  o»  t'xm  Q  a+  1  ^  . 

When  deriving  these  relations  the  se> 
cond»linearized  equation  (4*2)  and  the 
condition  (4.4)  were  differentiated 
with  respect  to  a  •  The  condition 
(4*7)  expresses  the  Batching  condition 
in  terss  of  new  unknown  functions  c 
and  T  • 

The  obtained  problea  can  be  exact- 
ly  solved  by  the  godograph  nethod.  In 
the  godograph  plane  0+  i  v*  x 
the  half  -  circle  o*+t*+2t<0»  o  <0 
is  the  definition  doaain  of  the  un¬ 
known  analytical  functin  «  (  X  )  • 

The  boundary  conditions  for  «  are 
followings  iBtta  0  on  the  half  - 
-  circle  boundary,  x*“  •*  when 
X  •»  0  .  It  is  easy  to  check  that  the 
function 

.  1  (-It  24.  )«  (4.8) 

4  X 

satisfies  the  necessary  conditions. 
Using  synnetry  principle  and  luiville 
theorea  [4]  it  is  established  that 
the  solution  (4.8)‘l8  unique  in  the 
class  of  functions  having  the  second  - 
-order  pole  at  the  point  x* 

Resolving  the  relation  (4,8)  with 
respect  to  x  *4^  integrating  the 
equality  d(P+  iQ)/d«ax(w) 
with  the  condition  (4,5)  we  obtains 

Pfi<^  -2v^  *  iln(1+  2i 

(  In  1.a  0  )•  Due  to  (4,9)i  we  have 
P<  6  vdiec^  a  0  for  any  «  •  Frost 
here  the  validity  of  (4.6)  resusts* 

In  conclusion  it  is  worthy  to<nbte 
that  the  obtained  solution  has  two  ia- 
, portent  qualitative  properties.  Firstly, 
as  is  seen  froa  (4*9) »  the  free  boun¬ 
dary  01  >0)  paO  coats  to  the  contact 


point  at  a  zero  angle.^(Note  that  in 
the  external  expansion  the  tangent  .to 
the  free  boundary^  at  a  contact  point 
was  vertical  (see  2.15)*  Second, pressu¬ 
re  on  the  wetted  pai’t  of  the  contour 
is  liaited,  and  at  the  contact  point 
a«  0  turns  to  zei*o.  The  above  r 
aentloned  stateaents  result  froa  the 
expressioD'for'pressure  in  internal  va- 
riabler.  To  obtain  it,  it  is  appropri¬ 
ate  to  use  the  iapulso  equation  (0.1) 
in  projection  to  the  axis  4(  Y*  ‘^) 

(1. 


and  turn  to  internal  variables.  Assu- 
p.  t*’  n  (  a ,  8  ,t)  ond  using 
(4.1)  in  the  main  order  we  have 

t  -  0  . 

Froa  here  and  the  condition  n  **  0 
when  a  w  ,  ^  b  0  i  we  obtain 

n»  -<)  jCP'  +  Q  a  )  /  2  -0° 

wsttsd  part  or  tha  contour  we  have 

n(a,0)»'t  |o|’'*(1t2,ja| a  <  0. 

In  external  variables  this  corresponds 
to  the  siuality 


p(5,0,t)a 


(4;10). 


when  5<  2t’/*,a’/‘-C=0Ct*'^*),t..6 
If  aat"’/*(  {-2t’'^*)  -  <• 
and  at  0  when  t  -»  0  i  ^ain 
pressure  terms  determined  from  the 
formulas  (2.16)  and  (4.10)  coincide: 

p .  0(1)],  • 

•Along  with  the  oboveaentloned  at  the 
'contact  point  ^  •  2  VH  ,  i)  a  0 
ihc  formula  (2.10)  gives  an  infinite 
pressure  value,  as,  p(£>/5  i  0,t)  »  0 
according  to  (4.10).  After  all,  it 
should  be  noted  that  at  fixed  t  "the 
internal  pressure”  on  the  contour 
P(  5iOt  t  )  achieves  its  maximum 
at, point  B  2t'/*  -  t*/*  /  2 
equal  to  l/2t* 


5.  Elliptic  paraboloid  entrance. 

In 'the  previous  section  the  plane  ao- 
tions  were  considered,  ^en  the  slap* 
lest  three>difflensional  of  this  class, 
i.e.  an  initial  stage  of' the  elliptic 
paraboloid  entrance  into  a  weightless 
liquid,  leads  to  a  noD-triviaI  probl«B 
with-an  unknown  .boundary  for's  hamo- 
nic  function  in  a  half-space.  Dlstiaet 
to  Section  1,  where  it  was  necessary  to 
find  the  fimction  of  one  variable  a(t) 
only,  here  the  curve  r(t)  on  the  pla¬ 
ne  ^  s  0  must  be  found.  Its  iaage 
in  Euler  coordinates  is  the  interface 
between  a  free-surface  and  a  solid  body. 

So,  let  us  consider  the  unsteady 
motion  of  an- ideal  liquid  filling  in 
the  half-space  z*  <0  and  initially 
being  at  rest,  when  t*  aO  •  The  equa¬ 
tion 


***  b( 


)-  Vt» 


<S1) 


determines  the  elilptlc  paraboloid 
(  b  >  a  )  moving  along  the  axis  s' 
with  velocity  -  7  end  at  an  initial 
ffloment'tangent  to  a  free  surface  at  an 
origin. 

In  Lagrange  coordinates  Vin'tC 
the  half-space  ^'<0  is  the  region 
occupied  by  liquid.  To  determine  the 
motion  asymptotics  when  t*  •*  0  ,  the 
scheme  suggested  in  Section  2  is  used. 
After  having  linearized  the  relations 
(0.1),  (0.2),  we  cone  to  the  boundary- 
-value  problem  for  the  displacement  po¬ 
tential  «  (  t  ,_n  ,  C  I  t  ):, 
d«a  0  when  C  <  0 

*  .0  «h«n  c-o, 

(5.E) 

when  S«0t(4,i|)CD 


The  equation  (^*2)  are  written  down  in 
dimensionless  variables 


1  wh"’?',  trt"’  Vt, 


tab”* 


The  ellipse  eccentricity  formed  on  in¬ 
tersection  of  the  surface  (^•l)  with 
pl^es  s'  3  const  is  designated  by 
e.(1-  .‘A*)’/*  •  The  domain  D(t) 

in  plane  0  is  a  pre  -  image  of 
the  wetted  part  of  the  ptfaboleid  in 
Lagrange  coordinates.  The  boundary  0 
is  designated  by  1 

The  problem  (^.2)  admits  a  self  - 
-similar  solution,  where  4C§tnt&»t)s 

»(r/v?,  i)/Vt»  fAAi) 

and  1  is  determined  by  the  equation 
y(  5/V^»  the  curve  1  is 

to  be -found  in  the  class  of  ellipses 
with  a  great  half  -  axis  a  t^^^  and 
eccentricity  e,, 

<1-  ••)■’  I)*  . 

Let  us  determine  self  -  similar 
variables  u  ,  v  ,  w  and  a  new 
unknown  function  from  formulas 

^  5/®  v^»  V3  n/  a-s/tt  w*  C/  oVF  , 

v»  w  ),  C5.5) 

In  plane  wso  the  domain 

D(j>s  {u,v,w!  (1-e*)*’u*+  V*  <1,  w  30  } 

corresponds  to  D  • 

Let  us  continue  the  function  to 
an  upper  half-space  in  an  uneven  manner. 
Now  the  free  boundary  condition  is  sa¬ 
tisfied  automatically*  For  the  function 
the  Dirichlct  problem 
outside  the  elliptic  disk  is  ob-  . 
tained  with  an  additional  condition 
3  0  at  infinity.  This  problem  so¬ 
lution  can  be  written  doim  in  an  expli¬ 
cit  form,  with  the  help  of  ellipsoidal 
coordinates  p  ,  p  »  v  connected 
with  Cartesian  relations  [7  ] 

e*(1-e*)u  3(  p*-e*)(  p*-  e*)(e*-  v*  ), 

e*v*3  p*  p*  V*  I 

(W)w  p*-1)(1-p*'>(1  -V*  ). 


587 


thertby  0<v<c<|i<i<p  , 

It  follows  from  the  infinity  condi¬ 
tion  for  >  that  0  '  and  e*  are 
isterco&nected 


a*  * 


3(1- e*) 


2-  e' 


The  expreeeion  for  <|>  takes  the  form 


2a  (2-e*-c*)V«*-e*+1"’'"“i 

f  X  \A  t  \ 

.((1*  ajrfT- 

t*  -  s  (o) 


(5.*) 


S,<1) 


where  «,=[l*e*+(1-e‘+e*)’^*]/3  , 
»j.[l+e*-(1-  e*e  e*)’/*]  /j  , 
and  S^(  p)  ^  p)  are  the  Lama 
functlana  [7  ] , 


dp 


S,<p)«5<p*-aa )  - r-— .-Y- , 


S,(p)«5(p*-a, ) 


C9  dp 

p(p*-«^)V(P-a*)<p*-1) 


I 


Coming  back  to  variables  u  ,  v 
in  Oa^)  and  integrating  the  result 
over  w  ,  we  obtain  the  function  *0 
through  whichf  due  to  (5*^)  the  un« 
known  potential  ^  ,  n  ,  C  ,  t  ) 

is  expressed.  Tressure  p  is  determi¬ 
ned  from  (O.^).  In  this  case,  as  in  a 
plane  one,  pressure  has  an  integrable 
singularity  at  the  interface  between 
the  free  surface  and  the  solid  body. 

However,  in  contrast  to  a  plane  ca¬ 
se,  the  problem  (^.2)  has  a  non-unique 
solution,  i.e.  eccentricity  e  of  el¬ 
lipse  1  is  arbitrarily  selected.  It 
is  supposed  that  tho  above  -  mentioned 
non  -  uniqueness  can  be  ellfflinated  when 
natcUng  the  obtained  solution  with 


see 


the  internal  expansion  la  the  vicinity 
of  the  contact  point  (see. Section  4). 
It  should  be  noted  that  in  an  axisya- 
aetrical  case,  s  s  Q  ,  the  solution 
of  <5*2)  is  unique  and  in  agreement 
with  the  method  suggested  in  [S]  . 

6.  Drop  impact  onto  a  Plane. 

^he  above  -  considered  method . for  stu- 
dyi^  the  initial  motion  stage  is  ap¬ 
plicable  to  a  wide  claes  of  plane  and 
axisyamatrical  problems  of  interaction 
of  liquid  aaaaea  with  solid  surfaces. 

As  an  example,  let  us  consider  the  axi- 
syametrical  problem  of  a  spherical 
drop  fall  onto  a  solid  plane. 

The  drop  radius  a  and  a/2V  (V- 
-the  impact  velocity)  are  t&wen  as  a 
length  scale  and  time  scale,  respecti¬ 
vely  and  turn  to  dimensionless  vari¬ 
ables.  As  unknown  function  of  a  linea¬ 
rised  problem  (see  (^.2)  )  the  displa- 
cwent  potential  is  taken,  »  wft(r,6»tX 
where  radius  r  and  angle  6  are 
the  spherical  Lagrange  coordinates 
^connected  with  the  centres  of  drop 
/masses.  This  coordinate  system  is  not 
inert^l,  however,  the  mass  center  ve¬ 
locity  change  turns  out  to  have  the 
order  0(t*^*)  when  t  0  .To  cal¬ 
culate -the  main  asymptotics  term  it 
is  expedient  to  assume  it  constant. 

Now  it  is  suitable  to  introduce  the 
new  function  u  (  r,  e  »  t  )  such 
that 

u(r,  e,t).2»(r,  e,t)-(1-2t)rP,(oose)- 
-(t-1)r*P,(co.e)  /  2, 

Where  h)  ere  Legendre  polinomi' 
als.  The  boundary  -  value  problem 
written  down  for  u(r,  6 •  t  ) 
takes  the  form 

du  B  0  when  r<  1, 

UB(2t-1)P^(cos  e)+(1-t)P^(cos  e)/2 
when  tbI,  0^<e<K  (6.1) 


tt^  s  0  «hta  r  all  6  <  d^(t) 
yiii«re  6a'd^(t)  is  the  pre-laage 
of  the  interface  between  the  free  drop 
surface  and  the  solid  surface  d^<t) 
and  u(ri  dtt)  ue  the  u^own  func- 
tions*  The  distinctive  feature  of  the 
probXea  under  consideration  as  opposed 
to  all  previous' probleas  is  that  it 
doesn't  admit  a  self>slmilar' solution* 
The  solution  of  (6«1)  is  as  fol* 

lows 

as  S  (co«0).  (6.2) 

n^ 

Acceding  to  [s]  ,  the  probleA’*(6«l)  may 
be  reduced  to  regular  integral  ?red' 
holm  equation  for  a  supplementary  fun~ 
ction  9(z,  t)t 
A  n 

♦  (x,t)+i  /  K(x,7)  ^(y,t)dy  a 

•  *  <2Ao(t)-  |  t 


It  is  evident  that  0j-»  0 
«b*n  t  -»  0  .  If  in  (6.J)  it  is  assu- 
ned  that  e,s  0  it  has  an  exact  solu¬ 
tion.  This  Bakes  ittpossible  to  find 
the  solution  asynptotic's  for  (6.5)  at 
snail  Sg  I 

*(x,t)s  —  (2t-1)sin  ^  (l-t)* 

Jx  ‘  5* 

.asin  ■5*  +0(  B*)  when  t  ..  ,0 
2  0 


The  radial  displaceaent  of  the  liquid 
particle  which  is  placed  on  the  drop 
surface  when  tsO,  is  expressed  by  the 
foxnula 


e  ,t)« 


q  TC  QoCt)tt) 

^  ■\/2(coo  e^-cos  6) 


1  t)dy 

+  1  /  - ^  ■  "—r- 

^  BAt)  V2(co8y  -  cos  6) 


«  sin  ^  ♦  i-(t-1)  sin  ^  I 


t(  2. -t)P  (cos  e )-  ^t-1)P,(cose), 
2  ’  2 


uhose  kernel  has  the  fora 

K(x,y)«  E  ^Uln(nt  1  )x  8ln(n+  ^  )y. 
n=1  n 


Having  found  *  (x,t)  at  the  given 
AjCt),  it  is  poeslble  to  calculate  the 
coefficients  in  the  representation 
(6.2)  by  the  formulas 


I  (t)  ■  /  f  Cyit)  « 

^  2n 


M  sin<nt  -  )y  dy 
Z 


and  then  to  find  A  <t)  from  the  equa* 
0 

tion 

n  y 

/  ,  9(yit)»lo  -  dy  .  0 
e„(t)  2 


Bhare  8  >  6j(t)  .  Proa  here  it  is 
evident  that  only  under  the  condition 

»(  SgCt),  t)  a  0  (6.5) 

the  liquid  particles  couldn't  penet¬ 
rate  through  the  solid  surface  r  cos  8= 
a  t  -  1  .A  posteriori  it  is  che¬ 
cked  that  the  condition  (6.5)  is  also 
sufficient  for  a  fulfilment  of  the 
one  -  side  displacement  inequality. 
Using  (6.9)  and  (6.5),  ib  Is  possible 
to  obtain 

eo(t)a.yS  +  o(t’'^*)  when  t-»  0 

Following  from  the  representa¬ 
tion  (6.2)  end  formula  (0.5),  *e 
calculate  the  pressure  in  the  con¬ 
tact  area.  In  dimensional  variables 
we  have 


3yT* 

P- - +  0(1), 

*  V2(co8  e-cos'e^) 

whea  t  -  0,  0  S  e  <  e^(t) 
and'r=l.  Integrating  the  ei^reeaian 
for  the  contact  area  pressure,  we  find 
the  iapaet  force  dependence  p  on 
tine  when  t  **0  : 

y  >6YC3*’vt)’/‘  ♦  0(t) 

7*  Conclusive  coanentariee« 

A  quantitative  infomation  on  the  col¬ 
lision. process  of  liquid'-nassed  and 
solid  surfaces  can  be  obtained  only 
froa  nuaerical  calculations. 

However,  the  calculation  accuracy 

is  essentially  disereased  at  the  ao- 
aents,  when  the  flow  topology  is  ohaa- 
gee,  the  pressure  field  singularities 
or  infinite  accelaratlons  of  liquid 
particles  are  induced,  etc*  The  ana¬ 
lytical  methods  of  distinguisliiDg 
such  type  singularities  were  suggested 
above. 

In  most  enalytical  and  nuaerical 
investigations  of  the  plienooena  under 
consideration  C9-12]  the  model  of  an 
ideal  ccppresslble  fluid  is  ueed.The 
work  Cl3  3<loalt  with  the  nuaerical  cal¬ 
culation  of  the  problem  of  the  drop 
impact  onto  a  plane  in  the  assumption 
of  fluidincoi^reeslbility  ia  an  excep¬ 
tion  to  this  rule*  The  effects  of  gra¬ 
vity  and  surface  tension  aren't  taken 
into  account.  As  result's  from  the  works 
cited  the  compressibility  effect  tells 
within  a  rather  small itimecinterval  as 
long  as  the  shock  front  doesn't  go  out¬ 
side  the  contact  area*  As  the  experi¬ 
ments  show  [14]  ,  the  integral  charac¬ 
teristics  of  the  blunt  body  entrance 
into  liquid  are  weakly  affected  by 
Mach  number  within  the  range 

0<  M  <  0.75  . 


In  conclusion  it  should  be  noted 
that  there  can  exist  another, approach 
to  investigation  of  the  linearised  sub¬ 
mergence  problem ' based  on  reducing  it 
to  a  vtfiational  inequality  [l^]»  The 
problem  of  an  simple  solvability  of  the 
inequality  is  non-trivial  due  to  the 
flow  region  unboundedness  and  non-co- 
ercitivity  entering  into  the  inequa¬ 
lity  of  bi  -  linear  form*  In  the  case 
of  bounded  flow  region  (e*g*,for  a 
drop  falling  onto  a  plane)  a  varia¬ 
tional  statement  gives  the  theorem  of 
existence  and  uniqueness  of  a  solution, 
as  well  as  method  for  its  numerical 
construction. 
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ofth*p«p«f 

by  V.V.  Pukhntcbov  and  AA  Korobkfn 

INITIAL  ASYMPTOTICS  IN  PROBLEM  OF  BLUNT  BODY  ENTRANCE  INTO  LIQUID 


OUcussion 
by  J.C.W.  Rogers 


Isutnit  this  discussion  foUoMing  the  pa* 
per  of  V.V.  Puichnachov  and  A. A.  Korobkin»  as 
it  describes  results  for  the  initial  asymptotics 
in  Uie  case  when  at  the  oooent  of  iopact,  the 
rigid  body  surface  and  the  water  surface  have  in 
coonon  a  surface  Z  (as  would  be  the  case*  for 
exafflplei  if  the  rigid  body  had  a  flat  bottom  and 
fell  onto  a  flat  surface).  In  such  a  case  the 
appropriate  hydrodynanic  flow  in  a  nonclassical 
(energydissipating)  flow  which  satisfies  gene¬ 
ral  faed  £uler  equations.  The  energy  vAiich  has 
been  lost  is  assuaed  to  have  been  dissipated  by 
turbulence,  for  exanple.  suppose  the  water  is 
initially  quiescent,  l  is  flat,  and  the  rigid 
body  of  mass  H  initially  has  a  speed  V  and  is 
moving  in  the  direction  of  the  inner  normal  to 
the  water  surface  at  £  .  Ve  can  define  an  added 
mass  H4  as  the  density  of  the  water  times  the 
integral  over  £  of  d,  where  the  laplancian  of  0 
is  0  inside  the  water,  e  is  0  on  the  water  sur¬ 
face  except  fo-  r,  and  the  derivative  of  0  In 
the  direction  of  the  outer  normal  to  the  water 
surface, is  1  on  L  The  decrease  in  the  total 
energy,of  the  rigid  body  and  water  upon  impact 
is  " 


1 

7 


(jj — 


In  actuality,  collisions  of  rigid  bodies 
with  water  surfaces  in  which,  at  the  moment  of 
initial  impact,  the  rigid  body  and  water  have  a 
coBiwn  surfaccf  Z  of  positive  (nonzero)  measure 
will  occur  With  probability  0.  However,  there 
may  occur  cases  such  that  this  "almost*  happens, 
for  which  a  cavity  is  formed  between  the  water 
and  rigid  body  and  subsequently  collapses,  all 
in  a  short  time  interval.  The  hydrodynanic  flows 
describing  such  cases  are  also  nonclassical  and 
satisfy  the  generalized  £uler  equations.  The 
energy  lost  to  turbulence  in  these  situations 
may  be  expected  to  be  given  approximately  by 
the  expression  above. 


Authors'  reply 

The  decrease  in  totcl  energy  of  the  body 
and  water  upon  Impact  is  a  very  difficult  pro¬ 
blem,  and  It  seems  to  be  doubtful  this  expres¬ 
sion  is  satisfactory  for  quantity  of  dissipating 
energy.  The  energy  is  dissipated  because  of  vis¬ 
cosity  and  turbuier.ee.  A  part  of  the  energy  is 
spent  on  shock  wave  in  water.  Therefore,  expres¬ 
sion  for  dissipating  energy  must  contain 


characteristics  of  this  phenomena. 

Moreover,  in  our  opinion,  distribution  of 
pressure  on  blunt  body  bottom  is  more  important 
characteristics  for  practice  than  amount  of  dissi¬ 
pating  energy. 

A  air  layer  may  be  formed  between  a  solid 
body  bottom  and  free  surface  of  liooid  when  the 
body  falls  onto  free  turface  [1.  2]  .  This  lead* 
to  an  essential  change  of  entry  process  characte¬ 
ristics.  Theoretical  papers  are  concerned  mainly 
with  falling  solid  flat  plates  onto  the  free 
surface  of. an  ideal  incompressible  liquid.  The 
process  may  be  divided  into  two  parts.  In  the 
first  stage  a  air  flow  is  formed  when  the  flat 
plate  approaches  to  the  free  surface.  This  air 
flow  deforms  .'he  free  surface  before  the  plate 
touches  llqy.d.  Formed  cavity  is  closrf  in  the 
moment  whep/the  plate  edges  reach  the  deformed 
free  surfa;e.  In  the  second  stage  air  in  the 
cavity  isycompressed  and  the  cavity  is  submerged 
with  body  into  liquid,  Thus  the  body  transferees 
energy  to  water  through'the  air  layer.  A  size  of 
hydrodynamic  pressure  on  the  body  bottom  depends 
on  characteristics  of  the  air  layer. 

However,  this  air  layer  is  important  only 
for  the  flat  body  bottom  and  only  in  definite 
scope  of  body  velocities  13)  . 

1  Verhagen,  I.H.G.,  The  impact  of  a  flat  plate 
on  a  water  surface.  Int.  Ship,  Res.,  1967. 

U.  n®  4,  211-233, 

2  Fujita,  Y,,  On  the  impulsive  pressure  of  a 
circular  plate  falling  upon  a  water  surface 
0.  Soc.*Nav.  Archlt.  Japan,  1954,  94,  105- 

no. 

3  Lat«bach,  0.,  Impact  shock  on  a  blunt-nosed 
missile  striking  water  with  its  axis,  nortnal 
to  the  water  surface.  Dallas,  Sept.,  1964, 
SC-TM-64-987. 
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